
HAL Id: ensl-00202320
https://ens-lyon.hal.science/ensl-00202320

Submitted on 5 Jan 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Does the electric Lehmann effect exist in cholesteric
liquid crystals?

Alain Dequidt, Patrick Oswald

To cite this version:
Alain Dequidt, Patrick Oswald. Does the electric Lehmann effect exist in cholesteric liquid crys-
tals?. European Physical Journal E: Soft matter and biological physics, 2007, 24 (2), pp.157-166.
�10.1140/epje/i2007-10226-0�. �ensl-00202320�

https://ens-lyon.hal.science/ensl-00202320
https://hal.archives-ouvertes.fr


DOI 10.1140/epje/i2007-10226-0

Eur. Phys. J. E 24, 157–166 (2007) THE EUROPEAN
PHYSICAL JOURNAL E

Does the electric Lehmann effect exist in cholesteric liquid
crystals?

A. Dequidta and P. Oswald
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Abstract. Experiments have shown that cholesteric droplets or cholesteric fingers may be put into motion
by the action of an electric field. The former rotate whereas the latter drift perpendicularly to their
axes. In all cases, the texture moves without visible material transport. The electric Lehmann effect was
initially used to interpret these observations but, recently, alternative explanations were found, based
on electrohydrodynamics. Another experiment in this area was that of Padmini and Madhusudana (Liq.
Cryst. 14, 497 (1993)). Performed in 1993 with a compensated cholesteric liquid crystal under fixed planar
boundary conditions, it was also explained in terms of electric Lehmann effect. We conducted the same
experiment and extended it to a π-twisted planar geometry. Although our experimental results agree
with those of Padmini and Madhusudana, we demonstrate that they are incompatible with an electric
Lehmann effect. By contrast, an explanation based on flexoelectricity allows us to interpret the whole data
set obtained in both geometries. The consequence is that there is at the moment no clear experimental
evidence of the electric Lehmann effect.

PACS. 61.30.Gd Orientational order of liquid crystals; electric and magnetic field effects on order – 77.65.-j
Piezoelectricity and electromechanical effects – 42.70.Df Liquid crystals

1 Introduction

In 1900, Otto Lehmann observed that the texture of par-
ticular droplets of a cholesteric liquid crystal spread out
between two glass plates could be put into motion when
heated from below [1,2]. The Lehmann rotation was ex-
plained qualitatively 68 years later by Leslie [3], who sho-
wed that the chirality allows the existence of an internal
torque associated with a heat current. In 1974, de Gennes
noticed that an electric current could similarly induce a
torque on the director n, of expression [4]

Γ Lehm = −νE(n × E) × n, (1)

thus predicting the existence of an electromechanical cou-
pling with the electric field E analogous to the thermo-
mechanical Lehmann effect. For this reason, we will speak
abusively in the following of “electric Lehmann effect”.

In the past, several experiments in cholesteric liquid
crystals were initially explained by using this concept, but
in most cases another explanation was found.

The first example is that of the “rotating drop” of
Madhusudana and Pratibha [5,6]. In their experiment, a
flattened cholesteric drop sandwiched between two glass
electrodes wetted with a liquid epoxy resin was subjected
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to a DC electric field. They observed that the drop tex-
ture was spinning clockwise under an upwards-pointing
field, and counterclockwise when the field was reversed.
They interpreted this continuous rotation in terms of elec-
tric Lehmann effect and estimated the corresponding elec-
tromechanical coupling coefficient. They found that its
sign was positive (respectively negative) for a right- (re-
spectively left-) handed cholesteric. It turns out that an-
other model, only based on classical electrohydrodynam-
ics, was recently proposed by Tarasov and Kramer [7].
According to them, there is no need to introduce a sup-
plementary electromechanical coupling to explain the drop
rotation.

The second example deals with cholesteric fingers (CF)
(for a review about them, see [8,9]). The latter form when
the liquid crystal is sandwiched between two glass plates
treated for strong homeotropic anchoring and when the
helical pitch is comparable to the sample thickness. Ex-
periments showed that CFs can form spirals which rotate
at constant angular velocity under AC [10–12] or DC [13]
electric field. The spiral formation is mainly due to a drift
of the fingers perpendicularly to their axes. A good can-
didate to explain the drift is the electric Lehmann effect
and was indeed proposed by Gil et al. [14,15]. Neverthe-
less, further experimental investigations showed that the
drift was directly related to the ionic force of the sample,
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suggesting an electrohydrodynamic origin [16]. This inter-
pretation was reinforced theoretically in 2003 by Tarasov
et al. [7,17] who proposed that electrohydrodynamic ef-
fects (induced by Carr-Helfrich charge separation under
AC field and by flexoelectric charge generation under DC
field) could describe quantitatively the drift of the fingers.
So, it appeared again that there was no need to introduce
an electric Lehmann effect to explain the spiral formation.

The aim of this paper is to reanalyze a last experi-
ment of Padmini and Madhusudana [18] designed to prove
the existence of the electric Lehmann effect in cholesteric
samples with fixed boundary conditions (whereas, in previ-
ous experiments of Madhusudana and Pratibha, the direc-
tor was free to rotate at the boundaries). This experiment
was performed with a compensated cholesteric liquid crys-
tal and was conceived to measure the electromechanical
Lehmann coefficient νE as a function of the spontaneous
twist q0 of the phase. The main conclusion of their work
was that νE vanishes and changes sign at the same tem-
perature as q0 (the so-called “compensation temperature”
Tc). Although this result was conform to theoretical pre-
dictions of Pleiner and Brand [19,20], it seemed to contra-

dict previous experiments of Éber and Jánossy [21], who
found that the “classical” thermomechanical Lehmann co-
efficient was different from 0 at the compensation temper-
ature. Intrigued by these contradictions, we recently redid
the experiment of Éber and Jánossy and confirmed their
results [22,23]. Being thus in disagreement with Pleiner
and Brand predictions and with Padmini and Madhusu-
dana findings, we felt it was important to also redo and
reanalyze the experiment of Padmini and Madhusudana,
while extending it to another geometry. Our results are
described below.

The plan of the paper is the following. In Section 2, we
recall the principle of the Padmini and Madhusudana ex-
periment and give our experimental results in this case. In
Section 3, we reanalyze the data using a theoretical model
that takes into account either the Lehmann effect, or the
flexoelectricity. In Section 4, we present a new experiment
in a π-twisted planar geometry. It is compared to the mod-
els in Section 5. Finally, we draw general conclusions in
Section 6.

2 The Padmini and Madhusudana experiment
in parallel planar geometry

In this experiment, a sample of a compensated cholesteric
liquid crystal is prepared between two transparent elec-
trodes treated for parallel planar anchoring. The sample
is subjected to an AC electric field and is illuminated with
a laser beam at normal incidence. The experiment consists
of extracting the first harmonic from the transmitted in-
tensity between crossed polarizers. This harmonic is inter-
esting because it gives information about distortions of the
director field which are linear in the applied electric field.
Such distortions may be induced by an electric Lehmann
torque or by a torque associated with flexoelectricity [24].
In the subsection below we describe our experimental pro-

cedure. Useful values of the material constants are given
in the following one. Finally, our experimental results are
given and compared with those of Padmini and Madhusu-
dana in the last subsection.

2.1 Experimental procedure

As in our previous experiment [22,23], we used a mix-
ture of 8OCB (4-n-octyloxy-4′cyanobiphenyl from Syn-
thon Chemicals GmbH & Co.) and of CC (cholesteryl chlo-
ride from Aldrich) in proportion 1:1 in weight. This mix-
ture has a compensation temperature Tc of 57.6 ◦C and
a clearing temperature Ti of 67 ◦C. Commercial electro-
optic cells from Instec, Inc. were used. They are treated for
anti-parallel planar anchoring and have a patterned ITO
area, 5mm×5mm in size. Each cell was filled by capillarity
at “high” temperature (typically 50–60 ◦C) to avoid crys-
tallization of the CC and was then placed inside a Mettler
oven which was mounted on the stage of a polarizing Leica
microscope. A semi-reflecting plate was placed under the
condensor of the microscope. It was inclined by 45◦ with
respect to the microscope optical axis, which allowed us
to visualize the sample in normal conditions while illumi-
nating it with a He-Ne laser beam. Thanks to this system,
it was possible to displace the sample inside the oven in
order that the laser beam did not intersect the spheri-
cal balls dispersed between the electrodes to control their
gap d within ±0.2µm. In addition, the sample was placed
between crossed polarizer and analyzer, with the former
making an angle of π/8 with the direction of the planar an-
choring to obtain maximal signal intensity. The laser beam
intensity was detected by a photodiode. A Stanford SR850
lock-in amplifier was used to measure the two components
X1 and Y1 of the first harmonic I1 of the signal I(t) com-
ing from the photodiode. We recall that X1 = |I1| cosΦ
and Y1 = |I1| sinΦ by denoting by Φ the phase shift of I1
with respect to the sinusoidal applied voltage V . As for
the the constant component I0 of the signal (harmonic 0),
it was measured with a Keithley 2000 Multimeter.

2.2 Useful material constants

As we are dealing with electric measurements, it was im-
portant to characterize the electric properties of our liq-
uid crystal. To this end, we first determined its dielec-
tric constants by measuring the capacitance of planar and
homeotropic samples at the compensation temperature.
We found ε‖ = 9.4 ± 0.5 and ε⊥ = 4.5 ± 0.5. From these
measurements and others described in refs. [22,23], we cal-
culated the dielectric anisotropy εa = ε‖ − ε⊥ = 4.8± 0.3.
We recall that the subscripts ‖ and ⊥ refer to the director
orientation.

Another quantity of interest is the charge relaxation
frequency fc which characterizes the passage from the con-
ducting regime to the dielectric one. Its general expression
is fc = σ

2πε0ε
, where ε0 is the vacuum permittivity, ε the

dielectric constant, and σ the conductivity. This quantity
was obtained by measuring the electrical impedance Z of a
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Fig. 1. Real and imaginary parts of the electrical impedance
of a 5 µm thick planar sample measured at 0.5 V (a) and at
20 V (b).

planar sample at the compensation temperature as a func-
tion of the frequency f = ω/2π. A Hewlett Packard 4284A
LCR Meter was used for this measurement. As we can see
in Figure 1, this quantity depends on the applied voltage.
At low voltage (typically 0.5V, which is below the onset
of the Fréedérickz instability), the sample remains planar
so that fc = fc⊥ = σ⊥

2πε⊥
. On the other hand, at large volt-

age (20V, which is far above the onset of the Fréedérickz
instability), the director orients almost homeotropically,
so that we now measure fc = fc‖ =

σ‖

2πε‖
. To fit our ex-

perimental data, we used the model of Figure 2. In this
model, RITO is the resistance of the ITO layers, while R
and C are, respectively, the resistance and the capacitance
of the sample. To account for the Debye boundary layers
which form close to the electrodes at very low frequency,
a supplementary (RD, CD) element was introduced [25].
According to this model

Z = RITO +
R

1 +
(

f
fc

)2 +
RD

1 +
(

f
fD

)2

−i







R f
fc

1 +
(

f
fc

)2 +
RD

f
fD

1 +
(

f
fD

)2






, (2)

with fc = 1
2πRC

and fD = 1
2πRDCD

≪ fc. The best fits

of the experimental data to this law (solid lines in Fig. 1)
gave fc⊥ = 291Hz and fc‖ = 261Hz, from which we de-

RITO

C

CD

R

RD

Fig. 2. Electric equivalent model of the sample.

duced
σ‖/σ⊥

ε‖/ε⊥
= 0.86 ± 0.03 .

Six other quantities will be necessary in the following:
the three Frank elastic constants Ki (i = 1, 2, 3), the opti-
cal ordinary and extraordinary indices no and ne, and the
equilibrium twist q0. These quantities were measured in a
previous work [22,23]. For the first five ones, we found at
the compensation temperature:

K1 = (3.4 ± 0.4) × 10−12 N,

K2 = (2.8 ± 0.2) × 10−12 N,

K3 = (5.9 ± 0.6) × 10−12 N

no = 1.55 ± 0.01, and ne = 1.64 ± 0.01 ,

while the equilibrium twist is given as a function of the
temperature by the following formula:

qo = a(T − Tc) + b(T − Tc)
2

with a = 0.1365 ± 0.001µm−1K−1 and b = 0.0028 ±
0.003µm−1K−2.

Finally, we will need the value of the rotational viscos-
ity γ1. A classical method to measure it at the compen-
sation temperature (at which the phase has a “nematic”
structure) consists first of destabilizing a planar sample
and then, of observing the relaxation of the distorted di-
rector field after the electric field is switched off. To a first
approximation, the response of the director is given by

θ(z, t) = θ0e
− t
τ sin

πz

d
, (3)

where θ is the deviation angle of the director with respect
to the plane of the electrodes, t the time, z the coordinate
perpendicular to the electrodes, and τ the relaxation time

of expression τ = γ1d2

K1π2 [8]. Suppose now the sample is
placed between crossed polarizers oriented at 45◦ relative
to the anchoring direction. From formula (3) —which is
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Fig. 3. Fit of the measured transmitted intensity between
crossed polarizers (crosses) to the theoretical curve (solid line).
The sample was 68 µm thick. The fit gave 1/τ = 0.311 ±
0.01 s−1.

valid when θ is typically less than 1 rad— we can calcu-
late numerically the intensity of a laser beam crossing the
sample at normal incidence. The best fit of the measured
intensity to the theoretical one (solid curve in Fig. 3) led to

γ1 = 0.025 ± 0.003Pa · s .

2.3 Experimental results

All measurements were performed with 5µm thick sam-
ples. Harmonics I0 and I1 (or, equivalently, its components
X1 and Y1) were normalized to the value of I0 below the
threshold of the Fréedérickz instability. We also used the
dimensionless voltage Vrel = V

Vc
, where Vc is the critical

voltage. This quantity characterizes the shift to the thresh-
old of instability. We measured Vc = 0.87 ± 0.01V rms.
This value is independent of the frequency, except below
40Hz where it starts to increase because of the screening
of the electric field. In addition, we observed that the sam-
ples degraded faster at these frequencies, so we avoided to
work below 50Hz. We first measured harmonics I0 and I1
as a function of the voltage at a fixed frequency and tem-
perature (f = 95Hz and T = 55.6 ◦C, which was about
2 ◦C below Tc). At this temperature, the cholesteric was
unwound below the onset of the Fréedérickz transition in
spite of the fact that its equilibrium twist q0 was different
from 0, close to −0.27µm−1. The frequency (95Hz) was
chosen in order that the signal be strong enough to be
easily measurable and in order that the screening effects
associated with the Debye layers be negligible. Figure 4
shows that I0 starts to increase above the onset of insta-
bility, passes through a maximum when Vrel ≈ 1.4 and
then decreases. The behaviour of I1 is more interesting
as we show in Figure 5: equal to 0 below the onset of in-
stability, its component Y1 strongly increases above the
onset of instability with a critical exponent bigger than 1,
while its other componentX1 remains very close to 0. This
behaviour shows that the first harmonic is in quadrature
with the applied voltage (Φ ≈ π/2).
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In order to test the influence of the temperature, and
thus of the equilibrium twist qo, over these results, we
measured X1 and Y1 as a function of the temperature on
both sides of the compensation temperature Tc. The volt-
age was chosen equal to 1.3V rms, which gives Vrel ≈ 1.5
(independently of the temperature as Vc is almost inde-
pendent of the temperature). In all these experiments, the
cholesteric was still completely unwound below the onset
of instability. Figure 6 shows that both components X1

and Y1 vanish and change sign exactly at the compen-
sation temperature (within ±0.1 ◦C). In addition, X1 is
always very close to 0, which means that, to a first ap-
proximation, the first harmonic is in quadrature with the
applied voltage.

Finally, we studied the influence of the frequency f .
Measurements were again performed at 55.6 ◦C and at
voltage 1.3V rms. Figure 7 shows that the amplitude of
the first harmonic |I1| roughly decreases as f−1, while the
phase shift remains close to π/2.

All these results agree with those of Padmini and Mad-
husudana. In particular, we confirm that the first har-
monic develops only above the onset of the Fréedérickz
transition. To a good approximation, this harmonic is in
quadrature with the applied voltage and its amplitude
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decreases as f−1. And finally, it vanishes and changes
sign “exactly” at the compensation temperature (within
±0.1 ◦C), which is a crucial point in this problem.

These results were interpreted by Padmini and Mad-
husudana as due to an electric Lehmann effect which
would disappear at the compensation temperature. Al-
though this interpretation seems reasonable at first sight,
we show in the following that it is inconsistent with the
experimental data. By contrast, we demonstrate that flex-
oelectricity is a good candidate to explain the observed
phenomena.

3 Theoretical predictions in unwound
geometry

In this theoretical section, we analyze successively the role
of an electric Lehmann torque and of flexoelectricity on
the first-harmonic generation. All the calculations were
performed using Mathematica. But first let us give the
general torque equation we must solve before calculating
the transmitted intensity between crossed polarizers.

3.1 Torque equation

In this section, we assume that the director field n is in-
variant by translation in the horizontal (x, y)-plane. The
z-axis is taken perpendicular to the electrodes. Under
these hypotheses (which are verified experimentally in the
parallel planar geometry below and above the onset of the
Fréedérickz instability), the director has for components:

n=
(

cos θ(z, t) cosϕ(z, t), cos θ(z, t) sinϕ(z, t), sin θ(z, t)
)

.
(4)

Assuming velocity v = 0 (we are always experimentally
far below the onset of electrohydrodynamic instabilities
and we neglect “backflow” effects), the director obeys the
dynamical equation:

γ1n × ∂n

∂t
= n × h. (5)

The molecular field h contains several contributions: an
elastic term of expression

helas = h1 + h2 + h3 (6)

with, after setting q = n · (∇× n) and R = n× (∇× n),

h1 = K1∇(∇ · n),

h2 = K2

[

q∇ × n + ∇ × (qn) − 2q0∇ × n
]

,

h3 = K3

[

R × (∇ × n) + ∇ × (n × R)
]

for, respectively, splay-, twist-, and bend-type deforma-
tions; follow a dielectric term of expression:

hdiel = ε0εa(n · E)E, (7)

a flexoelectric term given by [26]

hflexo = (e1 + e3)
[

(∇ · n)E − ∇(n · E)
]

+e3
[

2(n · ∇)E − (∇ · E)n
]

, (8)

and a Lehmann term of expression

hLehm = νEn × E. (9)

For the last term, two hypotheses may be considered: ei-
ther νE is proportional to the equilibrium twist as Pleiner
and Brand claim [19], in which case νE = ν0q0 (with ν0 a
constant), or νE is proportional to the local twist q of the
director field as proposed by Akopyan and Zel’dovich [27],
in which case νE = νq (with ν a constant). We emphasize
that a constant term νC only function of the concentra-
tion in chiral molecules could also exist in νE . On the other
hand, we observed that the first harmonic vanishes at Tc,
which implies that this term (if it exists) is not measurable
and negligible within our experimental errors [28].

We shall note here that hdiel is quadratic in the electric
field E, contrary to hflexo and hLehm which are linear in
E. So only the last two terms can lead to first-harmonic
generation.

In the following, we will solve the problem in particular
cases and make predictions which are compared with the
experimental results.
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3.2 Predictions with a Lehmann coefficient νE

proportional to q0 (no flexoelectricity)

Within this hypothesis, the director experiences the
Lehmann torque even below the Fréedérickz threshold. It
is possible to calculate analytically θ and φ by solving
equation (5). To a first approximation, we obtain

θ(z, t) = A sin
πz

d
, (10)

φ(z, t) =
q0d

4π
A2 sin

2πz

d
− ν0q0

E

γ1ω
sinωt+ φb, (11)

where φb represents matching terms to boundaries and

A =
2
√
K1

√

K3 −
(

q0d
π

)2

K2

{
√

V −Vc
Vc

, if V > Vc,

0, if V < Vc.
(12)

It is worth noting that when θ is different from 0 (i.e.,
above the onset of instability), the director field twists to
gain elastic energy on condition that q0 6= 0. This explains
why the static part of φ contains a term proportional to
q0 when V > Vc. By contrast, the term in φ due to the
Lehmann torque is the same below and above the onset
of instability.

The next step was to calculate the transmitted inten-
sity between crossed polarizers. A straightforward calcula-
tion using the Jones matrices showed that the amplitude of
the first harmonic is maximum when the polarizer makes
an angle of π/8 with the anchoring direction, in agreement
with experiments. Under this hypothesis, we obtained the
general formula

I

Iinc
=

1

2
sin2 ψ

2

− sin
ψ

2
Im

(

e−iψ
2

∫ d

0

dφ

dz
eik

R

z

0
(n(z′)−no(z

′))dz′

dz

)

(13)

in which ψ = k
∫ d

0
(n(z) − no(z))dz is the phase shift be-

tween the extraordinary and the ordinary rays and Iinc

the intensity of the laser.
This formula first allowed us to compute numerically

the constant part of the signal I0 (harmonic 0). This term
is independent within an excellent approximation of the
Lehmann or flexoelectric torques. It is shown in Figure 8
after normalization to 1 below the threshold of instabil-
ity. Its behaviour agrees very well with the experimental
observations (Fig. 4).

We then calculated the first harmonic I1. Its normal-
ized components X1 and Y1 are shown in Figure 9. To plot
this graph, we used the experimental values of the mate-
rial constants given in Section 2.2. We took additionally
ν0 = −1.4×10−14 kg · m · V−1 · s−2. This value was chosen
in order that the theoretical prediction fits the experimen-
tal value of Y1 measured 30% above the threshold of the
Fréedérickz instability.

This graph is clearly incompatible with the experimen-
tal data. Indeed, it shows that Y1 starts to significantly
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increase proportionally to the applied electric field from
0, without important change in order of magnitude at the
onset of the Fréedérickz instability.

The immediate implication is that the initial assump-
tion was wrong: the Lehmann coefficient cannot be propor-
tional to q0 [29].

This conclusion is in contradiction with the interpreta-
tion given by Padmini and Madhusudana [18]. The reason
is that these authors assumed without real justification
that the plane of polarization of the light was rotating adi-
abatically below the onset of the Fréedérickz instability, so
that the director oscillations were impossible to detect. On
the other hand, they interpreted the fact that they could
observe the oscillations above Vc according to the Mau-
guin criterion because of the decrease of the birefringence
due to the director tilt. Our calculations contradict this in-
terpretation, inasmuch as the change of optical sensitivity
is not so important as they expected. As a consequence,
we affirm that there is no director oscillations below Vc.

This conclusion led us to analyze a second hypothesis
about the Lehmann coefficient.

3.3 Predictions with a Lehmann coefficient νE

proportional to q = n · (∇ × n) (no flexoelectricity)

Under this new assumption (namely, νE ∝ q, where q is
the actual twist n·(∇×n)), θ and φ are exactly null below
Vc because there is no twist, and thus no Lehmann torque
acting on the director. Above Vc, the static contributions
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Fig. 10. Calculated harmonic 1 as a function of the voltage
assuming that νE ∝ q = n · (∇ × n).

to θ and φ are the same as in the previous calculation.
As for the oscillating part of φ, it is due to the Lehmann
torque induced by the appearance of a static twist q. In
complex notation, this part reads

φ1(z) = − i

2γ1ω
ν q0d

2E
κ2A2

4π2 + κ2

×
(

cos
2πz

d
−coshκz+sinhκz tanh

κd

2

)

eiωt (14)

with A defined as above and κ =
√

iγ1ω
K2

.

The corresponding intensity is plotted in Figure 10.
Here again, we adjusted the value of ν in order to match
the theoretical and experimental values of Y1 found 30%
above the threshold of Fréedérickz instability. This yielded
to ν = 9.3 × 10−13 kg · m · V−1 · s−2, which is two orders
of magnitude larger than the value of ν0 given previously.
This is consistent with the fact that q ≪ q0 above the
onset of instability. As expected, this model is in bet-
ter agreement with experiments, because it predicts that
there is no signal below Vc. On the other hand, the model
does not fit well the experimental data, either for X1 or
for Y1 which are predicted to increase above Vc with fi-
nite slopes, whereas the slopes are experimentally null (see
Fig. 5).

Thus, although this model was better than the previ-
ous one, it was not really satisfactory. For this reason, we
looked for another explanation based on flexoelectricity.
This is what we analyze in the next subsection.

3.4 Predictions in the presence of flexoelectricity (no
Lehmann effect)

Another linear term comes from the flexoelectric torque.
In order that hflexo does not reduce to surface terms, we
have to take into account gradients of E. They appear
naturally above Vc when the director field is distorted be-
cause of the anisotropy of the electrical conductivities (at
f < fc in the conducting regime) or of the dielectric con-
stants (in the dielectric regime at f > fc). We recall that
fc is the charge relaxation frequency defined in Section 2.2.
By contrast, E is constant within the cell gap below Vc as

the director field is homogeneous. This implies immedi-
ately that the first harmonic must be null below Vc within
this assumption.

Angles θ and φ were calculated by solving analytically
equation (5), assuming that the electric field was given
by the condition ∇ · j = 0, where j = σ̃E is the current
density and σ̃ the conductivity tensor. This condition is
justified as we are working at 95Hz which is smaller than
the charge relaxation frequency fc measured in our sample
(of the order of 300Hz, see Sect. 2.2). A straightforward
calculation showed that the static components of θ and
φ have the same expressions as in equations (10, 11), ex-
cepted that A is slightly modified as follows:

A =
2
√
K1

√

K3 −
(

q0d
π

)2

K2 + ∆σ
σ⊥
K1

{
√

V −Vc
Vc

, if V > Vc,

0, if V < Vc.

(15)
On the other hand, θ has now an oscillating part at fre-
quency f which reads

θ1 = θ∗1(t) sin
2πz

d

=
64A3(e3 − e1)Vc

15γd2 (35ω2
1 + 4ω2)

∆σ

σ⊥

×(2ω sinωt− 7ω1 cosωt) sin
2πz

d
(16)

with ω1 = π2K1

γ1d2 .

As for the oscillating part of φ, it is given by

φ1 =
ω2 A

ω2
2 + ω2

q0d

π

(

∂θ∗1
∂t

− ω2 θ
∗
1

)

sin
πz

d
(17)

with ω2 = π2K2

γ1d2 .

We can now discuss the effects of flexoelectricity.
The more immediate one is to induce an oscillation

of θ at frequency f as can be seen from equation (16).
At first sight, this should generate a harmonic 1 through
the first term of equation (13). In addition, this harmonic
should not vanish at Tc since it is not proportional to q0.
Nevertheless, it can be shown that the oscillation of θ is
odd with respect to the middle of the cell (in sin(2πz/d)),
so that ψ has no harmonic 1. This is why this term is
actually not observed.

However, two indirect effects of the oscillation of θ
arise, which we discuss below.

First, as can be seen in equation (17), the oscillations
of θ are coupled with those of φ, proportionately to q0.
These oscillations generate a harmonic 1 via the integral in
equation (13). Calculations showed that the corresponding
signal varies near the onset of instability as (V −Vc)

2 and
decreases with the frequency as f−2. This signal is not in
quadrature with the voltage.

Second, the oscillations of θ become detectable also
through the integral in equation (13). Indeed, the expo-
nential in factor of dφ/dz contains an oscillating term at
frequency f which does not vanish after integration over
the thickness. Calculations showed that the corresponding
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Vc
, assuming

that the signal is due to a flexoelectric torque.
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Fig. 12. Harmonic 1 calculated as a function of the frequency
at V = 1.5Vc, assuming that the signal is due to a flexoelectric
torque.

harmonic 1 varies in that case as (V − Vc)
3, is in quadra-

ture with the voltage and decreases as f−1. As it is propor-
tional to the static part of φ, it is also proportional to q0.

Numerical calculations show that this second contri-
bution to the first harmonic becomes very rapidly much
larger than the first one above Vc. Nevertheless both were
kept in the numerics. The calculated intensity is plotted
in Figure 11 taking e3−e1 = 3×10−12 C · m−1. As before,
this value was chosen in order that the theoretical and ex-
perimental values of Y1 coincide at 30% above the thresh-
old of instability. Note that this order of magnitude for the
flexoelectricity anisotropy e3−e1 is quite typical for usual
liquid crystals [30]. In addition, we calculated the ampli-
tude of the first harmonic as a function of the frequency,
assuming that ∇ · j = 0 at low frequency (f < fc) and
that ∇ ·D = 0 (with D = ε̃E) at high frequency (f < fc).
Results are shown in Figure 12. This graph shows that the
signal decreases as f−1 within a good approximation.

In conclusion, the agreement with the experiment is
now much better than in the previous calculation based
on the Lehmann effect. Indeed, the calculated component
Y1 now starts from Vc with a horizontal slope and a crit-
ical exponent close to 3. The component X1 is negative
and small in amplitude with respect to Y1 which means
that the harmonic 1 is almost in quadrature with the ap-
plied voltage. Finally, the amplitude of the harmonic 1
decreases as f−1. All these results are in good agreement
with experiments.

Nevertheless, we cannot eliminate completely at this
level of the discussion the possible existence of a Lehmann
effect proportional to the actual twist q of the director
field. For this reason, we performed a new experiment in
a new geometry susceptible to provide further informa-
tion about this point. This experiment is described in the
following section.

4 Experiment in twisted geometry

As we pointed out in the previous section, we cannot com-
pletely eliminate the existence of a Lehmann torque pro-
portional to q, even if it does not explain the observed
phenomena as well as the flexoelectricity does. To know
if the Lehmann effect is pertinent in our experiments, we
looked for a new geometry allowing us to separate unam-
biguously the Lehmann torque from the flexoelectric one.

The simplest method was to study the behaviour of
the cholesteric twisted by π within the cell gap. The same
samples as in Section 2 were used for this experiment.
In order to achieve the twist condition, it was necessary
to change the temperature. We chose to work below Tc,
at 52.5 ◦C. This temperature was such that the equilib-
rium pitch was exactly equal to the sample thickness at
zero voltage (d = p/2). Observations and optical intensity
measurements were carried out between crossed polarizer
and analyzer, with the polarizer at an angle of π/8 with
respect to the anchoring direction. The frequency of the
applied voltage was 95Hz.

Figure 13 shows the behaviour of the harmonic 0 (nor-
malized to its value below the threshold of instability) as
a function of the applied voltage (in V rms). Two curves
are visible in this graph. Curve 1 was obtained by increas-
ing the voltage from 0. Examination of the sample under
the microscope showed that a banded texture developed
above a critical threshold Vc (Fig. 14). This transition
was found supercritical as long as the voltage was not
increased above a second voltage V +. When the voltage
was increased above V +, the stripes disappeared and the
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Fig. 13. Normalized harmonic 0 as a function of the applied
voltage in twisted geometry.
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Fig. 14. Banded texture observed above the onset of the
Fréedérickz instability in twisted geometry. The bands are
parallel to the anchoring direction (d = 5 µm, T = 52.5 ◦C,
V = 1.6 V rms and f = 95 Hz).
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Fig. 15. Normalized harmonic 1 as a function of the voltage.

sample became homogeneous. This abrupt texture change
was associated with a jump from curve 1 to curve 2 in
Figure 13. Once this new solution was reached, the sam-
ple remained homogeneous whatever the applied voltage
down to a voltage V − at which the intensity jumped again
to curve 1. Experimentally, we noticed that Vc was very
well defined, whereas V + and V − depended a little on the
speed at which the voltage was changed.

These observations showed the existence of two
solutions in the twisted geometry: a periodic solution
which develops above Vc via a supercritical transition and
a homogeneous solution which develops at high voltage
via a subcritical bifurcation characterized by voltages V +

and V −.

We also measured the first harmonic of the optical sig-
nal associated with the two branches of solution. Data are
shown in Figure 15: squares correspond to the component
X1 and circles to the component Y1. As we can see in this
graph, the two solutions described above are clearly dis-
tinct. But the main point we would like to stress here is
that there is no measurable signal below the threshold of
instability Vc in spite of the fact that the director field is
twisted by π. By contrast, the signal becomes measurable
as long as one of the two distorted solutions develops.
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Fig. 16. Predicted harmonic 1 as a function of the voltage
below the threshold of the Fréedérickz instability in a π-twisted
cell, in the case ν ∝ q.

In the following section, we calculate the two harmon-
ics below the threshold of Fréedérickz instability Vc.

5 Theoretical predictions in twisted geometry

As we pointed out before, there is no flexoelectric effect
below the threshold of instability. On the other hand, q is
different from 0 whatever the voltage (equal to π/d), so
if the Lehmann torque is really measurable, it should also
occur below Vc. Indeed, we calculate that in this case, the
angles θ and φ are now given by

θ = 0, (18)

φ =
πz

d
− ν π

E

γ1ωd
sinωt+ φb, (19)

where φb are the matching terms to boundaries. From this
solution we calculated the transmitted intensity in the
same optical conditions as in the experiment. The calcu-
lation was different from that in planar geometry because
we could no longer expand φ in series around 0. Neverthe-
less, it remained workable since θ is equal to zero. Finally,
we found for the first harmonic to the first order in ν and
in complex notations

I1
Iinc

= i π ν E
κ ψ2

γ1ω µ2 (κ2d2 + µ2)

×
(

κd(cosµ− 1) + µ tanh
κd

2
sinµ

)

eiωt (20)

with µ =
√

4π2 + ψ2.
To perform the numerics, we used the value of ν given

in Section 3.3. The predicted intensity below the thresh-
old of instability is shown in Figure 16. We notice imme-
diately that the first harmonic should have the same order
of magnitude as it had above the threshold in the previ-
ous unwound geometry. This prediction is not observed
experimentally as we had no measurable signal below Vc

in twisted geometry.
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We can thus conclude with certainty that the Lehmann
torque cannot be responsible for the signal detected above
the onset of the Fréedérickz instability in planar geometry
(Padmini and Madhusudana experiment) [31].

6 Conclusion

We have demonstrated that the absence of a measurable
first harmonic below the onset of the Fréedérickz instabil-
ity in the Padmini and Madhusudana experiment was not
due to particular optical conditions (i.e., to an adiabatic
rotation of the polarization plane of the light as claimed by
these authors) but rather to the fact that there is no mea-
surable Lehmann coefficient proportional to the equilib-
rium twist q0. This result does not confirm the predictions
of Pleiner and Brand according to whom the Lehmann co-
efficient is proportional to q0.

Our experiment in twisted geometry allowed us to also
exclude a contribution to the Lehmann coefficient propor-
tional to the actual twist of the phase q. Such a term was
predicted by Akopyan and Zel’dovich, but it is not mea-
surable in the present experiments even if it should exist
from our point of view.

Finally, as Padmini and Madhusudana already pointed
out, the absence of a measurable first harmonic at the
compensation temperature in addition eliminates the con-
stant term in the Lehmann coefficient which should also
exist because of the chirality of the molecules (this term
should depend on the concentration of chiral molecules).
This result is a little surprising because such a term was al-
ready observed experimentally by Éber and Jánossy and,
very recently, by ourselves, in the thermal case. This comes
perhaps from the lack of sensitivity of the technique used
in the present work to determine the first-harmonic gen-
eration.

To summarize, the experiment of Padmini and Mad-
husudana and its generalization to the twisted geometry
do not allow to detect any electric Lehmann effect.

On the other hand, the first-harmonic generation
above the onset of the Fréedérickz instability observed in
these experiments can be convincingly explained in terms
of flexoelectricity. From our measurements we were also
able to determine a value of the flexoelectric anisotropy
e3−e1 ≈ 3×10−12 C · m−1, which is quite compatible with
the values given in the literature for other liquid crystals.
This point reinforces our interpretation of the observed
phenomena.

We thank A. Zywocinsky for the purification of the 8OCB.
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