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2 ❙❝❤♦♦❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ▼❛♥❝❤❡st❡r

3 ❙t❛t❡ ❑❡② ▲❛❜♦r❛t♦r② ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❈❤✐♥❡s❡ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s

❆❜str❛❝t ❲❡ ♣r❡s❡♥t ❣❡♥❡r❛❧ ♠❡t❤♦❞s ❢♦r ♣r♦✈✐♥❣ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡
q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠s✳ ❖✉r r❡s✉❧ts ❛r❡
❜❛s❡❞ ♦♥ t❤❡ ❛❞✈❡rs❛r② ♠❡t❤♦❞ ♦❢ ❆♠❜❛✐♥✐s✳

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❣❡♥❡r❛❧ ♠❡t❤♦❞s ❢♦r ♣r♦✈✐♥❣ ❧♦✇❡r ❜♦✉♥❞s ♦♥
t❤❡ q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠s✳ ❆ ♥♦♥❛❞❛♣✲
t✐✈❡ ❛❧❣♦r✐t❤♠ ♠❛❦❡s ❛❧❧ ✐ts q✉❡r✐❡s s✐♠✉❧t❛♥❡♦✉s❧②✳ ❇② ❝♦♥tr❛st✱ ❛♥ ✉♥✲
r❡str✐❝t❡❞ ✭❛❞❛♣t✐✈❡✮ ❛❧❣♦r✐t❤♠ ♠❛② ❝❤♦♦s❡ ✐ts ♥❡①t q✉❡r② ❜❛s❡❞ ♦♥ t❤❡
r❡s✉❧ts ♦❢ ♣r❡✈✐♦✉s q✉❡r✐❡s✳ ■♥ ❝❧❛ss✐❝❛❧ ❝♦♠♣✉t✐♥❣✱ ❝❧❛ss❡s ♦❢ ♣r♦❜❧❡♠s
❢♦r ✇❤✐❝❤ ❛❞❛♣t✐✈✐t② ❞♦❡s ♥♦t ❤❡❧♣ ❤❛✈❡ ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ❬✹✱✶✵❪ ❛♥❞ ✐t
✐s ❦♥♦✇♥ t❤❛t t❤✐s q✉❡st✐♦♥ ✐s ❝♦♥♥❡❝t❡❞ t♦ ❛ ❧♦♥❣st❛♥❞✐♥❣ ♦♣❡♥ ♣r♦❜✲
❧❡♠ ❬✶✺❪ ✭s❡❡ ❬✶✵❪ ❢♦r ❛ ♠♦r❡ ❡①t❡♥s✐✈❡ ❞✐s❝✉ss✐♦♥✮✳ ■♥ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣✱
t❤❡ st✉❞② ♦❢ ♥♦♥❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s s❡❡♠s ❡s♣❡❝✐❛❧❧② r❡❧❡✈❛♥t s✐♥❝❡ s♦♠❡
♦❢ t❤❡ ❜❡st ❦♥♦✇♥ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠s ✭♥❛♠❡❧②✱ ❙✐♠♦♥✬s ❛❧❣♦r✐t❤♠s ❛♥❞
s♦♠❡ ♦t❤❡r ❤✐❞❞❡♥ s✉❜❣r♦✉♣ ❛❧❣♦r✐t❤♠s✮ ❛r❡ ♥♦♥❛❞❛♣t✐✈❡✳ ❚❤✐s ✐s ♥❡✈❡r✲
t❤❡❧❡ss ❛ r❛t❤❡r ✉♥❞❡rst✉❞✐❡❞ s✉❜❥❡❝t ✐♥ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣✳
❚❤❡ ♣❛♣❡r t❤❛t ✐s ♠♦st ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s ❬✶✹❪ ✭❛♥❞ ❬✽❪
✐s ❛♥♦t❤❡r r❡❧❛t❡❞ ♣❛♣❡r✮✳ ■♥ ❬✶✹❪ t❤❡ ❛✉t❤♦rs ✉s❡ ❛♥ ✏❛❧❣♦r✐t❤♠✐❝ ❛r❣✉✲
♠❡♥t✑ ✭t❤✐s ✐s ❛ ❦✐♥❞ ♦❢ ❑♦❧♠♦❣♦r♦✈ ❛r❣✉♠❡♥t✮ t♦ ❣✐✈❡ ❧♦✇❡r ❜♦✉♥❞s
♦♥ t❤❡ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ ♦r❞❡r❡❞ s❡❛r❝❤✱ ❛♥❞
♦❢ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤✐s ♣r♦❜❧❡♠✳ ❚❤❡ ♠♦❞❡❧ ♦❢ ❝♦♠♣✉t❛t✐♦♥ t❤❛t t❤❡②
❝♦♥s✐❞❡r ✐s ❧❡ss ❣❡♥❡r❛❧ t❤❛♥ ♦✉rs ✭♠♦r❡ ♦♥ t❤✐s ✐♥ s❡❝t✐♦♥ ✷✮✳
❚❤❡ t✇♦ ♠❡t❤♦❞s t❤❛t ❤❛✈❡ ♣r♦✈❡❞ ♠♦st s✉❝❝❡ss❢✉❧ ✐♥ t❤❡ q✉❡st ❢♦r q✉❛♥✲
t✉♠ ❧♦✇❡r ❜♦✉♥❞s ❛r❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♠❡t❤♦❞ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✱✷✱✶✶✱✶✷❪✮
❛♥❞ t❤❡ ❛❞✈❡rs❛r② ♠❡t❤♦❞ ♦❢ ❆♠❜❛✐♥✐s✳ ■t ✐s ♥♦t ❝❧❡❛r ❤♦✇ t❤❡ ♣♦❧②♥♦✲
♠✐❛❧ ♠❡t❤♦❞ ♠✐❣❤t t❛❦❡ t❤❡ ♥♦♥❛❞❛♣t✐✈✐t② ♦❢ ❛❧❣♦r✐t❤♠s ✐♥t♦ ❛❝❝♦✉♥t✳
❖✉r r❡s✉❧ts ❛r❡ t❤❡r❡❢♦r❡ ❜❛s❡❞ ♦♥ t❤❡ ❛❞✈❡rs❛r② ♠❡t❤♦❞✱ ✐♥ ✐ts ✇❡✐❣❤t❡❞
✈❡rs✐♦♥ ❬✸❪✳ ❲❡ ♣r♦✈✐❞❡ t✇♦ ❣❡♥❡r❛❧ ❧♦✇❡r ❜♦✉♥❞s ✇❤✐❝❤ ②✐❡❧❞ ♦♣t✐♠❛❧
r❡s✉❧ts ❢♦r ❛ ♥✉♠❜❡r ♦❢ ♣r♦❜❧❡♠s✿ s❡❛r❝❤ ✐♥ ❛♥ ♦r❞❡r❡❞ ♦r ✉♥♦r❞❡r❡❞ ❧✐st✱
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▼❆❚❍▲❖●❆P❙ ♣r♦❣r❛♠✳



❡❧❡♠❡♥t ❞✐st✐♥❝t♥❡ss✱ ❣r❛♣❤ ❝♦♥♥❡❝t✐✈✐t② ♦r ❜✐♣❛rt✐t❡♥❡ss✳ ❚♦ ♦❜t❛✐♥ ♦✉r
✜rst ❧♦✇❡r ❜♦✉♥❞ ✇❡ tr❡❛t t❤❡ ❧✐st ♦❢ q✉❡r✐❡s ♣❡r❢♦r♠❡❞ ❜② ❛ ♥♦♥❛❞❛♣t✐✈❡
❛❧❣♦r✐t❤♠ ❛s ♦♥❡ s✐♥❣❧❡ ✏s✉♣❡r q✉❡r②✑✳ ❲❡ ❝❛♥ t❤❡♥ ❛♣♣❧② t❤❡ ❛❞✈❡rs❛r②
♠❡t❤♦❞ t♦ t❤✐s ✶✲q✉❡r② ❛❧❣♦r✐t❤♠✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ t❤❛t
✇❡ ♦❜t❛✐♥ ✐s ✈❡r② ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ♦♥ ❛❞❛♣t✐✈❡ ♣r♦❜❛✲
❜✐❧✐st✐❝ q✉❡r② ❝♦♠♣❧❡①✐t② ❞✉❡ t♦ ❆❛r♦♥s♦♥ ❬✶❪✱ ❛♥❞ t♦ ▲❛♣❧❛♥t❡ ❛♥❞ ▼❛❣✲
♥✐❡③ ❬✶✸❪✳ ❖✉r s❡❝♦♥❞ ❧♦✇❡r ❜♦✉♥❞ r❡q✉✐r❡s ❛ ❞❡t♦✉r t❤r♦✉❣❤ t❤❡ s♦✲❝❛❧❧❡❞
♠✐♥✐♠❛① ✭❞✉❛❧✮ ♠❡t❤♦❞ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t ✐♥ ❛ ♥♦♥❛❞❛♣t✐✈❡
❛❧❣♦r✐t❤♠✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♣❡r❢♦r♠✐♥❣ ❛♥② ❣✐✈❡♥ q✉❡r② ✐s ✐♥❞❡♣❡♥❞❡♥t
♦❢ t❤❡ ✐♥♣✉t✳

✷ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▼♦❞❡❧

■♥ t❤❡ ❜❧❛❝❦ ❜♦① ♠♦❞❡❧✱ ❛♥ ❛❧❣♦r✐t❤♠ ❛❝❝❡ss❡s ✐ts ✐♥♣✉t ❜② q✉❡r②✐♥❣ ❛
❢✉♥❝t✐♦♥ x ✭t❤❡ ❜❧❛❝❦ ❜♦①✮ ❢r♦♠ ❛ ✜♥✐t❡ s❡t Γ t♦ ❛ ✭✉s✉❛❧❧② ✜♥✐t❡✮ s❡t Σ✳ ❆t
t❤❡ ❡♥❞ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✱ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡❝✐❞❡s t♦ ❛❝❝❡♣t ♦r r❡❥❡❝t x✱
♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ♣r♦❞✉❝❡s ❛♥ ♦✉t♣✉t ✐♥ ❛ ✭✉s✉❛❧❧② ✜♥✐t❡✮ s❡t S′✳ ❚❤❡ ❣♦❛❧
♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t❤❡r❡❢♦r❡ t♦ ❝♦♠♣✉t❡ ❛ ✭♣❛rt✐❛❧✮ ❢✉♥❝t✐♦♥ F : S → S′✱
✇❤❡r❡ S = ΣΓ ✐s t❤❡ s❡t ♦❢ ❜❧❛❝❦ ❜♦①❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❯♥♦r❞❡r❡❞

❙❡❛r❝❤ ♣r♦❜❧❡♠ Γ = [N ] = {1, . . . , N}✱ Σ = {0, 1} ❛♥❞ F ✐s t❤❡ ❖❘

❢✉♥❝t✐♦♥✿ F (x) =
_

1≤i≤N

x(i).

❖✉r s❡❝♦♥❞ ❡①❛♠♣❧❡ ✐s ❖r❞❡r❡❞ ❙❡❛r❝❤✳ ❚❤❡ s❡ts Γ ❛♥❞ Σ ❛r❡ ❛s ✐♥ t❤❡
✜rst ❡①❛♠♣❧❡✱ ❜✉t F ✐s ♥♦✇ ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥✿ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❜❧❛❝❦
❜♦① s❛t✐s✜❡s t❤❡ ♣r♦♠✐s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① i s✉❝❤ t❤❛t x(j) = 1
❢♦r ❛❧❧ j ≥ i✱ ❛♥❞ x(j) = 0 ❢♦r ❛❧❧ j < i✳ ●✐✈❡♥ s✉❝❤ ❛♥ x✱ t❤❡ ❛❧❣♦r✐t❤♠
tr✐❡s t♦ ❝♦♠♣✉t❡ F (x) = i✳
❆ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠ A t❤❛t ♠❛❦❡s T q✉❡r✐❡s ❝❛♥ ❜❡ ❢♦r♠❛❧❧② ❞❡✲
s❝r✐❜❡❞ ❛s ❛ t✉♣❧❡ (U0, . . . , UT )✱ ✇❤❡r❡ ❡❛❝❤ Ui ✐s ❛ ✉♥✐t❛r② ♦♣❡r❛t♦r✳
❋♦r x ∈ S ✇❡ ❞❡✜♥❡ t❤❡ ✉♥✐t❛r② ♦♣❡r❛t♦r Ox ✭t❤❡ ✏❝❛❧❧ t♦ t❤❡ ❜❧❛❝❦ ❜♦①✑✮
❜② Ox|i〉|ϕ〉|ψ〉 = |i〉|ϕ ⊕ x(i)〉|ψ〉✳ ❚❤❡ ❛❧❣♦r✐t❤♠ A ❝♦♠♣✉t❡s t❤❡ ✜♥❛❧
st❛t❡ UTOxUT−1 . . . U1OxU0|0〉 ❛♥❞ ♠❛❦❡s ❛ ♠❡❛s✉r❡♠❡♥t ♦❢ s♦♠❡ ♦❢ ✐ts
q✉❜✐ts✳ ❚❤❡ r❡s✉❧t ♦❢ t❤✐s ♠❡❛s✉r❡ ✐s ❜② ❞❡✜♥✐t✐♦♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ A ♦♥ ✐♥♣✉t x✳ ❋♦r ❛ ❣✐✈❡♥ ε✱ t❤❡ q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ ❛
❢✉♥❝t✐♦♥ F ✱ ❞❡♥♦t❡❞ Q2,ε✱ ✐s t❤❡ s♠❛❧❧❡st q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ ❛ q✉❛♥t✉♠
❛❧❣♦r✐t❤♠ ❝♦♠♣✉t✐♥❣ F ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡rr♦r ❛t ♠♦st ε✳
■♥ t❤❡ s❡q✉❡❧✱ t❤❡ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠s ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✇✐❧❧ ❛❧s♦ ❜❡
❝❛❧❧❡❞ ❛❞❛❞❛♣t✐✈❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡♠ ❢r♦♠ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❛❧❣♦✲
r✐t❤♠s✳ ❙✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠s ❛❧❧ ✐ts q✉❡r✐❡s ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❆
♥♦♥❛❞❛♣t✐✈❡ ❜❧❛❝❦✲❜♦① q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠ A t❤❛t ♠❛❦❡s T q✉❡r✐❡s ❝❛♥
t❤❡r❡❢♦r❡ ❜❡ ❞❡✜♥❡❞ ❜② ❛ ♣❛✐r (U, V ) ♦❢ ✉♥✐t❛r② ♦♣❡r❛t♦rs✳ ❋♦r x ∈ S ✇❡
❞❡✜♥❡ t❤❡ ✉♥✐t❛r② ♦♣❡r❛t♦r OT

x ❜②

OT
x |i1, . . . , iT 〉|ϕ1, . . . , ϕT 〉|ψ〉 = |i1, . . . , iT 〉|ϕ1⊕x(i1), . . . , ϕT⊕x(iT )〉|ψ〉.

❚❤❡ ❛❧❣♦r✐t❤♠ A ❝♦♠♣✉t❡s t❤❡ ✜♥❛❧ st❛t❡ V OT
x U |0〉 ❛♥❞ ♠❛❦❡s ❛ ♠❡❛✲

s✉r❡♠❡♥t ♦❢ s♦♠❡ ♦❢ ✐ts q✉❜✐ts✳ ❆s ✐♥ t❤❡ ❛❞❛♣t✐✈❡ ❝❛s❡✱ t❤❡ r❡s✉❧t ♦❢
t❤✐s ♠❡❛s✉r❡ ✐s ❜② ❞❡✜♥✐t✐♦♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ A ♦♥
✐♥♣✉t x✳ ❋♦r ❛ ❣✐✈❡♥ ε✱ t❤❡ ♥♦♥❛❞❛♣t✐✈❡ q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ ❛ ❢✉♥❝t✐♦♥ F ✱
❞❡♥♦t❡❞ Qna

2,ε✱ ✐s t❤❡ s♠❛❧❧❡st q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ ❛ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠



❛❧❣♦r✐t❤♠ ❝♦♠♣✉t✐♥❣ F ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡rr♦r ❛t ♠♦st ε✳ ❖✉r ♠♦❞❡❧
✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♠♦❞❡❧ ♦❢ ❬✶✹❪✳ ■♥ t❤❛t ♠♦❞❡❧✱ t❤❡ |ϕ〉 r❡❣✐st❡r
♠✉st r❡♠❛✐♥ s❡t t♦ ✵ ❛❢t❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ U ✳ ❆❢t❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ OT

x ✱ t❤❡
❝♦♥t❡♥t ♦❢ t❤✐s r❡❣✐st❡r ✐s t❤❡r❡❢♦r❡ ❡q✉❛❧ t♦ |x(i1), . . . , x(iT )〉 r❛t❤❡r t❤❛♥
|ϕ1 ⊕ x(i1), . . . , ϕT ⊕ x(iT )〉✳
■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t ❢♦r ❡✈❡r② ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠ A
♦❢ q✉❡r② ❝♦♠♣❧❡①✐t② T t❤❡r❡ ✐s ❛♥ ❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠ A′ t❤❛t
♠❛❦❡s t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ q✉❡r✐❡s ❛♥❞ ❝♦♠♣✉t❡s t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥✱ s♦
t❤❛t Q2,ε ≤ Qna

2,ε✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r ❢♦r ❡✈❡r② k ∈ [T ] t❤❡ ✉♥✐t❛r② ♦♣❡r❛t♦r
Ak ✇❤✐❝❤ ♠❛♣s t❤❡ st❛t❡ |i1, . . . , iT 〉|ϕ1, . . . , ϕT 〉 t♦

|ik〉|ϕk〉|i1, . . . , ik−1, ik+1, . . . iT 〉|ϕ1, . . . , ϕk−1, ϕk+1, . . . , ϕT 〉.

■❢ t❤❡ ♥♦♥❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠A ✐s ❞❡✜♥❡❞ ❜② t❤❡ ♣❛✐r ♦❢ ✉♥✐t❛r② ♦♣❡r❛t♦rs
(U, V )✱ t❤❡♥ t❤❡ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠ A′ ❞❡✜♥❡❞ ❜② t❤❡ t✉♣❧❡ ♦❢ ✉♥✐t❛r②
♦♣❡r❛t♦rs

(U0, . . . , UT ) = (A1U,A2A
−1
1 , . . . , ATA

T−1
T−1, V A

−1
T )

❝♦♠♣✉t❡s t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥✳

✸ ❆ ❉✐r❡❝t ▼❡t❤♦❞

✸✳✶ ▲♦✇❡r ❇♦✉♥❞ ❚❤❡♦r❡♠ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❚❤❡♦r❡♠ ✸✳ ■t ②✐❡❧❞s ❛♥ ♦♣t✐♠❛❧ Ω(N)
❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ ❯♥♦r❞❡r❡❞
❙❡❛r❝❤ ❛♥❞ ❊❧❡♠❡♥t ❉✐st✐♥❝t♥❡ss✳ ❋✐rst ✇❡ r❡❝❛❧❧ t❤❡ ✇❡✐❣❤t❡❞ ❛❞✈❡rs❛r②
♠❡t❤♦❞ ♦❢ ❆♠❜❛✐♥✐s ❛♥❞ s♦♠❡ r❡❧❛t❡❞ ❞❡✜♥✐t✐♦♥s✳ ❚❤❡ ❝♦♥st❛♥t Cε =
(1 − 2

p

ε(1 − ε))/2 ✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳

❉❡✜♥✐t✐♦♥ ✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ w : S2 → R+ ✐s ❛ ✈❛❧✐❞ ✇❡✐❣❤t ❢✉♥❝t✐♦♥
✐❢ ❡✈❡r② ♣❛✐r (x, y) ∈ S2 ✐s ❛ss✐❣♥❡❞ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✇❡✐❣❤t w(x, y) =
w(y, x) t❤❛t s❛t✐s✜❡s w(x, y) = 0 ✇❤❡♥❡✈❡r F (x) = F (y)✳ ❲❡ t❤❡♥ ❞❡✜♥❡

❢♦r ❛❧❧ x ∈ S ❛♥❞ i ∈ Γ ✿ wt(x) =
P

y
w(x, y) ❛♥❞ v(x, i) =

P

y: x(i) 6=y(i) w(x, y)✳

❉❡✜♥✐t✐♦♥ ✷✳ ❚❤❡ ♣❛✐r (w, w′) ✐s ❛ ✈❛❧✐❞ ✇❡✐❣❤t s❝❤❡♠❡ ✐❢✿
✕ ❊✈❡r② ♣❛✐r (x, y) ∈ S2 ✐s ❛ss✐❣♥❡❞ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✇❡✐❣❤t w(x, y) =
w(y, x) t❤❛t s❛t✐s✜❡s w(x, y) = 0 ✇❤❡♥❡✈❡r F (x) = F (y)✳

✕ ❊✈❡r② tr✐♣❧❡ (x, y, i) ∈ S2 × Γ ✐s ❛ss✐❣♥❡❞ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✇❡✐❣❤t

w′(x, y, i) t❤❛t s❛t✐s✜❡s w′(x, y, i) = 0 ✇❤❡♥❡✈❡r x(i) = y(i) ♦r F (x) =
F (y)✱ ❛♥❞ w′(x, y, i)w′(y, x, i) ≥ w2(x, y) ❢♦r ❛❧❧ x, y, i ✇✐t❤ x(i) 6=
y(i)✳

❲❡ t❤❡♥ ❞❡✜♥❡ ❢♦r ❛❧❧ x ∈ S ❛♥❞ i ∈ Γ wt(x) =
P

y
w(x, y) ❛♥❞ v(x, i) =

P

y
w′(x, y, i)✳

❖❢ ❝♦✉rs❡ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛r❡ r❡❧❛t✐✈❡ t♦ t❤❡ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ F ✳

❘❡♠❛r❦ ✶✳ ▲❡t w ❜❡ ❛ ✈❛❧✐❞ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛♥❞ ❞❡✜♥❡ w′ s✉❝❤ t❤❛t ✐❢
x(i) 6= y(i) t❤❡♥ w′(x, y, i) = w(x, y) ❛♥❞ w′(x, y, i) = 0 ♦t❤❡r✇✐s❡✳ ❚❤❡♥
(w,w′) ✐s ❛ ✈❛❧✐❞ ✇❡✐❣❤t s❝❤❡♠❡ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s wt ❛♥❞ v ❞❡✜♥❡❞ ❢♦r
w ✐♥ ❉❡✜♥✐t✐♦♥ ✶ ❛r❡ ❡①❛❝t❧② t❤♦s❡ ❞❡✜♥❡❞ ❢♦r (w,w′) ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳



❚❤❡♦r❡♠ ✶ ✭✇❡✐❣❤t❡❞ ❛❞✈❡rs❛r② ♠❡t❤♦❞ ♦❢ ❆♠❜❛✐♥✐s ❬✸❪✮ ●✐✈❡♥

❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡rr♦r ε ❛♥❞ ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ F ✱ t❤❡ q✉❛♥t✉♠ q✉❡r② ❝♦♠✲

♣❧❡①✐t② Q2,ε(F ) ♦❢ F ❛s ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✷ s❛t✐s✜❡s✿

Q2,ε(F ) ≥ Cε max
(w,w′) ✈❛❧✐❞

min
x,y,i

w(x,y)>0
x(i) 6=y(i)

s

wt(x)wt(y)

v(x, i)v(y, i)
.

❆ ♣r♦❜❛❜✐❧✐st✐❝ ✈❡rs✐♦♥ ♦❢ t❤✐s ❧♦✇❡r ❜♦✉♥❞ t❤❡♦r❡♠ ✇❛s ♦❜t❛✐♥❡❞ ❜②
❆❛r♦♥s♦♥ ❬✶❪ ❛♥❞ ❜② ▲❛♣❧❛♥t❡ ❛♥❞ ▼❛❣♥✐❡③ ❬✶✸❪✳

❚❤❡♦r❡♠ ✷ ❋✐① t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡rr♦r t♦ ε = 1/3✳ ❚❤❡ ♣r♦❜❛❜✐❧✐st✐❝

q✉❡r② ❝♦♠♣❧❡①✐t② P2(F ) ♦❢ F s❛t✐s✜❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞ P2(F ) = Ω(LP (F ))✱
✇❤❡r❡

LP (F ) = max
w

min
x,y,i

w(x,y)>0
x(i) 6=y(i)

max

„

wt(x)

v(x, i)
,
wt(y)

v(y, i)

«

.

❍❡r❡ w r❛♥❣❡s ♦✈❡r t❤❡ s❡t ♦❢ ✈❛❧✐❞ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✳

❲❡ ♥♦✇ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✸ ✭♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❧♦✇❡r ❜♦✉♥❞✱ ❞✐r❡❝t ♠❡t❤♦❞✮
❚❤❡ ♥♦♥❛❞❛♣t✐✈❡ q✉❡r② ❝♦♠♣❧❡①✐t② Qna

2,ε(F ) ♦❢ F s❛t✐s✜❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞

Qna
2,ε(F ) ≥ C2

εL
na
Q (F )✱ ✇❤❡r❡

Lna
Q (F ) = max

w
max
s∈S′

min
x,i

F (x)=s

wt(x)

v(x, i)
.

❍❡r❡ w r❛♥❣❡s ♦✈❡r t❤❡ s❡t ♦❢ ✈❛❧✐❞ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤✐❝❤ ✐s ❛♥ ✉♥✇❡✐❣❤t❡❞ ❛❞✈❡rs❛r② ♠❡t❤♦❞ ❢♦r
♥♦♥❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠✱ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✸✳

❚❤❡♦r❡♠ ✹ ▲❡t F : ΣΓ → {0; 1}✱ X ⊆ F−1(0)✱ Y ⊆ F−1(1) ❛♥❞ ❧❡t

R ⊂ X × Y ❜❡ ❛ r❡❧❛t✐♦♥ s✉❝❤ t❤❛t✿

✕ ❢♦r ❡✈❡r② x ∈ X t❤❡r❡ ❛r❡ ❛t ❧❡❛st m ❡❧❡♠❡♥ts y ∈ Y s✉❝❤ t❤❛t

(x, y) ∈ R✱
✕ ❢♦r ❡✈❡r② y ∈ Y t❤❡r❡ ❛r❡ ❛t ❧❡❛st m′ ❡❧❡♠❡♥ts x ∈ X s✉❝❤ t❤❛t

(x, y) ∈ R✱
✕ ❢♦r ❡✈❡r② x ∈ X ❛♥❞ ❡✈❡r② i ∈ Γ t❤❡r❡ ❛r❡ ❛t ♠♦st l ❡❧❡♠❡♥ts y ∈ Y

s✉❝❤ t❤❛t (x, y) ∈ R ❛♥❞ x(i) 6= y(i)✱
✕ ❢♦r ❡✈❡r② y ∈ X ❛♥❞ ❡✈❡r② i ∈ Γ t❤❡r❡ ❛r❡ ❛t ♠♦st l′ ❡❧❡♠❡♥ts x ∈ X

s✉❝❤ t❤❛t (x, y) ∈ R ❛♥❞ x(i) 6= y(i)✳

❚❤❡♥ Qna
2,ε(F ) ≥ C2

ε max(
m

l
,
m′

l′
).



Pr♦♦❢✳ ❆s ✐♥ ❬✸❪ ❛♥❞ ❬✶✸❪ ✇❡ s❡t w(x, y) = w(y, x) = 1 ❢♦r ❛❧❧ (x, y) ∈ R✳
❚❤❡♥ wt(x) ≥ m ❢♦r ❛❧❧ x ∈ A✱ wt(y) ≥ m′ ❢♦r ❛❧❧ y ∈ B✱ v(x, i) ≤ l ❛♥❞
v(y, i) ≤ l′✳ �

❋♦r t❤❡ ❯♥♦r❞❡r❡❞ ❙❡❛r❝❤ ♣r♦❜❧❡♠ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❤❛✈❡ m = N
❛♥❞ l = l′ = m′ = 1✳ ❚❤❡♦r❡♠ ✹ t❤❡r❡❢♦r❡ ②✐❡❧❞s ❛♥ ♦♣t✐♠❛❧ Ω(N) ❧♦✇❡r
❜♦✉♥❞✳ ❚❤❡ s❛♠❡ ❜♦✉♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❊❧❡♠❡♥t ❉✐st✐♥❝t♥❡ss
♣r♦❜❧❡♠✳ ❍❡r❡ t❤❡ s❡t X ♦❢ ♥❡❣❛t✐✈❡ ✐♥st❛♥❝❡s ✐s ♠❛❞❡ ✉♣ ♦❢ ❛❧❧ ♦♥❡✲t♦✲
♦♥❡ ❢✉♥❝t✐♦♥s x : [N ] → [N ] ❛♥❞ Y ❝♦♥t❛✐♥s t❤❡ ❢✉♥❝t✐♦♥s y : [N ] → [N ]
t❤❛t ❛r❡ ♥♦t ♦♥❡✲t♦✲♦♥❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ r❡❧❛t✐♦♥ R s✉❝❤ t❤❛t (x, y) ∈ R
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ i s✉❝❤ t❤❛t x(i) 6= y(i)✳ ❚❤❡♥ m = 2, l =
1,m′ = N(N − 1) ❛♥❞ l′ = N − 1✳
❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✶✸❪✱ t❤❡ Ω(max(m/l,m′/l′)) ❧♦✇❡r ❜♦✉♥❞ ❢r♦♠ ❚❤❡♦✲
r❡♠ ✹ ✐s ❛❧s♦ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ P2(F )✳ ❚❤❡r❡ ✐s ❛ ❢✉rt❤❡r ❝♦♥♥❡❝t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✶✳ ❋♦r ❛♥② ❢✉♥❝t✐♦♥ F ✇❡ ❤❛✈❡ LP (F ) ≥ Lna
Q (F )✳ ❚❤❛t ✐s✱

✐❣♥♦r✐♥❣ ❝♦♥st❛♥t ❢❛❝t♦rs✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ P2(F ) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷

✐s ❛t ❧❡❛st ❛s ❤✐❣❤ ❛s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ Qna
2,ε(F ) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳

Pr♦♦❢✳ P✐❝❦ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ wQ ✇❤✐❝❤ ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ✏❞✐r❡❝t ♠❡t❤♦❞✑
♦❢ ❚❤❡♦r❡♠ ✸✳ ❚❤❛t ✐s✱ wQ ❛❝❤✐❡✈❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞ Lna

Q (F ) ❞❡✜♥❡❞ ✐♥
t❤✐s t❤❡♦r❡♠✳ ▲❡t sQ ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ❢♦r s ∈ S′✳
❲❡ ♥❡❡❞ t♦ ❞❡s✐❣♥ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ wP ✇❤✐❝❤ ✇✐❧❧ s❤♦✇ t❤❛t LP (F ) ≥
Lna

Q (F )✳ ❖♥❡ ❝❛♥ s✐♠♣❧② ❞❡✜♥❡ wP ❜②✿ wP (x, y) = wQ(x, y) ✐❢ F (x) = sQ

♦r F (y) = sQ❀ wP (x, y) = 0 ♦t❤❡r✇✐s❡✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② i ❛♥❞ ❛♥② ♣❛✐r
(x, y) s✉❝❤ t❤❛t wP (x, y) > 0 ✇❡ ❤❛✈❡ F (x) = sQ ♦r F (y) = sQ✱ s♦ t❤❛t
max(wt(x)/v(x, i), wt(y)/v(y, i)) ≥ Lna

Q (F )✳ �

❚❤❡ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❧♦✇❡r ❜♦✉♥❞ ❢r♦♠ ❚❤❡♦r❡♠ ✸ ✐s t❤❡r❡❢♦r❡
r❛t❤❡r ❝❧♦s❡❧② ❝♦♥♥❡❝t❡❞ t♦ ❛❞❛♣t✐✈❡ ♣r♦❜❛❜✐❧✐st✐❝ ❧♦✇❡r ❜♦✉♥❞s✿ ✐t ✐s
s❛♥❞✇✐❝❤❡❞ ❜❡t✇❡❡♥ t❤❡ ✇❡✐❣❤t❡❞ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ❚❤❡♦r❡♠ ✷ ❛♥❞ ✐ts ✉♥✲
✇❡✐❣❤t❡❞ max(m/l,m′/l′) ✈❡rs✐♦♥✳ Pr♦♣♦s✐t✐♦♥ ✶ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t ❚❤❡✲
♦r❡♠ ✸ ❝❛♥ ❛t ❜❡st ♣r♦✈❡ ❛♥ Ω(logN) ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♥♦♥❛❞❛♣t✐✈❡
q✉❛♥t✉♠ ❝♦♠♣❧❡①✐t② ♦❢ ❖r❞❡r❡❞ ❙❡❛r❝❤✳ ■♥❞❡❡❞✱ ❜② ❜✐♥❛r② s❡❛r❝❤ t❤❡
❛❞❛♣t✐✈❡ ♣r♦❜❛❜✐❧✐st✐❝ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐s O(logN)✳ ■♥ s❡❝✲
t✐♦♥ ✹ ✇❡ s❤❛❧❧ s❡❡ t❤❛t t❤❡r❡ ✐s ✐♥ ❢❛❝t ❛ Ω(N) ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡
♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ♣r♦❜❧❡♠✳

❘❡♠❛r❦ ✷✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❝♦♠♣❧❡①✐t②
❛♥❞ ❛❞❛♣t✐✈❡ ♣r♦❜❛❜✐❧✐st✐❝ ❝♦♠♣❧❡①✐t② t❤❛t ✇❡ ❤❛✈❡ ♣♦✐♥t❡❞ ♦✉t ✐♥ t❤❡
♣❛r❛❣r❛♣❤ ❛❜♦✈❡ ✐s ♦♥❧② ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡s❡
q✉❛♥t✐t✐❡s✳ ■♥❞❡❡❞✱ t❤❡r❡ ❛r❡ ♣r♦❜❧❡♠s ✇✐t❤ ❛ ❤✐❣❤ ♣r♦❜❛❜✐❧✐st✐❝ q✉❡r②
❝♦♠♣❧❡①✐t② ❛♥❞ ❛ ❧♦✇ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ q✉❡r② ❝♦♠♣❧❡①✐t② ✭❢♦r ✐♥✲
st❛♥❝❡✱ ❙✐♠♦♥✬s ♣r♦❜❧❡♠ ❬✶✻✱✶✵❪✮✳ ❈♦♥✈❡rs❡❧②✱ t❤❡r❡ ❛r❡ ♣r♦❜❧❡♠s ✇✐t❤
❛ ❧♦✇ ♣r♦❜❛❜✐❧✐st✐❝ q✉❡r② ❝♦♠♣❧❡①✐t② ❛♥❞ ❛ ❤✐❣❤ ♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠
q✉❡r② ❝♦♠♣❧❡①✐t② ✭❢♦r ✐♥st❛♥❝❡✱ ❖r❞❡r❡❞ ❙❡❛r❝❤✮✳

✸✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ✇✐❧❧ tr❡❛t t❤❡ t✉♣❧❡ (i1, . . . , ik) ♦❢
q✉❡r✐❡s ♠❛❞❡ ❜② ❛ ♥♦♥❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠ ❛s ❛ s✐♥❣❧❡ ✏s✉♣❡r q✉❡r②✑ ♠❛❞❡



❜② ❛♥ ♦r❞✐♥❛r② q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠ ✭✐♥❝✐❞❡♥t❛❧❧②✱ t❤✐s ♠❡t❤♦❞ ❝♦✉❧❞ ❜❡
✉s❡❞ t♦ ♦❜t❛✐♥ ❧♦✇❡r ❜♦✉♥❞s ♦♥ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠ t❤❛t ♠❛❦❡ s❡✈❡r❛❧
r♦✉♥❞s ♦❢ ♣❛r❛❧❧❡❧ q✉❡r✐❡s ❛s ✐♥ ❬✽❪✮✳ ❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐✲
t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳ ▲❡t Σ✱ Γ ❛♥❞ S ❜❡ ❛s ✐♥ s❡❝t✐♦♥ ✷✳ ●✐✈❡♥ ❛♥ ✐♥t❡❣❡r

k ≥ 2✱ ✇❡ ❞❡✜♥❡✿

✕ kΣ = Σk✱ kΓ = Γ k ❛♥❞ kS =
`

Σk
´Γ k

✳

✕ ❚♦ t❤❡ ❜❧❛❝❦ ❜♦① x ∈ S ✇❡ ❛ss♦❝✐❛t❡ t❤❡ ✏s✉♣❡r ❜♦①✑ kx ∈ kS s✉❝❤

t❤❛t ✐❢ I = (i1, . . . , ik) ∈ Γ k t❤❡♥ kx(I) = (x(i1), . . . , x(ik))✳
✕ kF (kx) = F (x)✳
✕ ■❢ w ✐s ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❢♦r F ✇❡ ❞❡✜♥❡ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ W ❢♦r

kF ❜② W (kx,k y) = w(x, y)✳

❆ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ t❤❛t Σ = {0; 1}✱ Γ = [3]✱ k = 2✱ ❛♥❞ t❤❛t x ✐s ❞❡✜♥❡❞
❜②✿ x(1) = 0✱ x(2) = 1 ❛♥❞ x(3) = 0✳ ❚❤❡♥ ✇❡ ❤❛✈❡ 2x(1, 1) = (0, 0)✱
2x(1, 2) = (0, 1)✱ 2x(1, 3) = (0, 0) ✳ ✳ ✳

▲❡♠♠❛ ✶✳ ■❢ w ✐s ❛ ✈❛❧✐❞ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❢♦r F t❤❡♥ W ✐s ❛ ✈❛❧✐❞

✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❢♦r kF ❛♥❞ t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ q✉❡r✐❡s ♦❢ ❛ q✉❛♥t✉♠

❛❧❣♦r✐t❤♠ ❝♦♠♣✉t✐♥❣ kF ✇✐t❤ ❡rr♦r ♣r♦❜❛❜✐❧✐t② ε s❛t✐s✜❡s✿

Q2,ε(
kF ) ≥ Cε · min

kx,ky,I

W (kx,ky)>0
kx(I) 6=ky(I)

s

WT (kx)WT (ky)

V (kx, I)V (ky, I)
.

Pr♦♦❢✳ ❊✈❡r② ♣❛✐r (x, y) ∈ S2 ✐s ❛ss✐❣♥❡❞ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✇❡✐❣❤tW (kx,k y) =
W (ky,k x) = w(x, y) = w(y, x) t❤❛t s❛t✐s✜❡s W (kx,k y) = 0 ✇❤❡♥❡✈❡r
F (x) = F (y)✳ ❚❤✉s ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✶ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❛♥✲
♥♦✉♥❝❡❞ ❧♦✇❡r ❜♦✉♥❞✳ �

▲❡♠♠❛ ✷✳ ▲❡t x ❜❡ ❛ ❜❧❛❝❦✲❜♦① ❛♥❞ w ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥✳ ❋♦r ❛♥② ✐♥t❡❣❡r

k ❛♥❞ ❛♥② t✉♣❧❡ I = (i1, . . . , ik) ✇❡ ❤❛✈❡

WT (kx)

V (kx, I)
≥

1

k
min
j∈[k]

wt(x)

v(x, ij)
.

Pr♦♦❢✳ ▲❡t m = minj∈[k]
wt(x)

v(x,ij)
✳ ❲❡ ❤❛✈❡ WT (kx) = wt(x) ❛♥❞✿

V (kx, I) =
X

ky:kx(i) 6=ky(i)

W (kx,k y)

≤
X

y:x(i1) 6=y(i1)

w(x, y) + · · · +
X

y:x(ik) 6=y(ik)

w(x, y)

= v(x, i1) + · · · + v(x, ik) ≤ kmax
j∈[k]

v(x, ij). �

▲❡♠♠❛ ✸✳ ■❢ w ✐s ❛ ✈❛❧✐❞ ✇❡✐❣❤t ❢✉♥❝t✐♦♥✿

Qna
2,ε(F ) ≥ C2

ε min
x,y

F (x) 6=F (y)

max

„

min
i

wt(x)

v(x, i)
,min

i

wt(y)

v(y, i)

«

.



Pr♦♦❢✳ ▲❡t w ❜❡ ❛♥ ❛r❜✐tr❛r② ✈❛❧✐❞ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛♥❞ k ❜❡ ❛♥ ✐♥t❡❣❡r
s✉❝❤ t❤❛t

k < C2
ε min

x,y
F (x) 6=F (y)

max

„

min
i

wt(x)

v(x, i)
,min

i

wt(y)

v(y, i)

«

.

❲❡ s❤♦✇ t❤❛t ❛♥ ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t✐♥❣ kF ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡rr♦r ≤ ε
♠✉st ♠❛❦❡ str✐❝t❧② ♠♦r❡ ♦♥❡ t❤❛♥ q✉❡r② t♦ t❤❡ ✏s✉♣❡r ❜♦①✑ kx✳ ❚❤✐s ✇✐❧❧
♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② s✉❝❤ k ✇❡ ❤❛✈❡ Qna

2,ε(F ) > k ❛♥❞ t❤✉s ♦✉r r❡s✉❧t✳
❋♦r ❡✈❡r② x ❛♥❞ I ✇❡ ❤❛✈❡

WT (kx)

V (kx, I)
≥ 1

❛♥❞ t❤✉s ❜② ❧❡♠♠❛ ✷ ❢♦r ❡✈❡r② x✱ y ❛♥❞ I = (i1, . . . , ik)✿

WT (kx)

V (kx, I)

WT (ky)

V (kx, I)
= min

„

WT (kx)

V (kx, I)
,
WT (ky)

V (kx, I)

«

max

„

WT (kx)

V (kx, I)
,
WT (ky)

V (kx, I)

«

≥ max

„

WT (kx)

V (kx, I)
,
WT (ky)

V (kx, I)

«

≥
1

k
max

„

min
j∈[k]

wt(x)

v(x, ij)
,min

l∈[k]

wt(y)

v(x, il)

«

.

■♥ ♦r❞❡r t♦ ❛♣♣❧② ▲❡♠♠❛ ✶ ✇❡ ♦❜s❡r✈❡ t❤❛t✿

min
kx,ky,I

W (kx,ky)>0
kx(I) 6=ky(I)

WT (kx)WT (ky)

V (kx, I)V (ky, I)
≥

1

k
min

x,y,i1,...,ik
w(x,y)>0

∃m x(im) 6=y(im)

max

„

min
j∈[k]

wt(x)

v(x, ij)
,min

l∈[k]

wt(y)

v(x, il)

«

≥
1

k
min
x,y

F (x) 6=F (y)

max

„

min
i

wt(x)

v(x, i)
,min

i

wt(y)

v(x, i)

«

❇② ❤②♣♦t❤❡s✐s ♦♥ k✱ t❤✐s ❡①♣r❡ss✐♦♥ ✐s ❣r❡❛t❡r t❤❛♥ 1/C2
ε ✳ ❚❤✉s ❛❝❝♦r❞✐♥❣

t♦ ▲❡♠♠❛ ✶ ✇❡ ❤❛✈❡ Q2,ε(
kF ) > 1✱ ❛♥❞ Qna

2,ε(F ) > k✳ �

❲❡ ❝❛♥ ♥♦✇ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳ ❙✉♣♣♦s❡ ✇✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t② t❤❛t F (S) = [m] ❛♥❞ ❞❡✜♥❡ ❢♦r ❡✈❡r② l ∈ [m]✿

al = C2
ε min

x,i
F (x)=l

wt(x)

v(x, i)
.

❙✉♣♣♦s❡ ❛❧s♦ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t a1 ≤ · · · ≤ am✳ ■t ❢♦❧❧♦✇s
✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t

a2 = C2
ε min

x,y
F (x) 6=F (y)

max

„

min
i

wt(x)

v(x, i)
,min

i

wt(y)

v(x, i)

«

,

❛♥❞

am = C2
ε max

l∈F (S)
min
x,i

F (x)=l

wt(x)

v(x, i)
.



❇② ▲❡♠♠❛ ✸ ✇❡ ❤❛✈❡ Qna
2,ε(F ) ≥ a2✱ ❜✉t ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ s❤♦✇ t❤❛t

Qna
2,ε(F ) ≥ am✳ ❲❡ ♣r♦❝❡❡❞ ❜② r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡r❡ ❛r❡

♦♥❧② t✇♦ ❝❧❛ss❡s ✭✐✳❡✳✱ m = 2✮✳ ▲❡t G ❜❡ ❞❡✜♥❡❞ ❜②

G(1) = · · · = G(m− 1) = 1

❛♥❞ G(m) = m✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✸ t♦ GoF ✱ ✇❡ ♦❜t❛✐♥ t❤❛tQna
2,ε(GoF ) ≥

am✳ ❇✉t ❜❡❝❛✉s❡ t❤❡ ❢✉♥❝t✐♦♥ GoF ✐s ♦❜✈✐♦✉s❧② ❡❛s✐❡r t♦ ❝♦♠♣✉t❡ t❤❛♥ F ✱
✇❡ ❤❛✈❡ Qna

2,ε(F ) ≥ Qna
2,ε(GoF ) ❛♥❞ t❤✉s Qna

2,ε(F ) ≥ am ❛s ❞❡s✐r❡❞✳

✹ ❋r♦♠ t❤❡ ❉✉❛❧ t♦ t❤❡ Pr✐♠❛❧

❖✉r st❛rt✐♥❣ ♣♦✐♥t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ♠✐♥✐♠❛① ♠❡t❤♦❞ ♦❢ ▲❛♣❧❛♥t❡
❛♥❞ ▼❛❣♥✐❡③ ❬✶✸✱✶✼❪ ❛s st❛t❡❞ ✐♥ ❬✾❪✿

❚❤❡♦r❡♠ ✺ ▲❡t p : S×Σ → R
+ ❜❡ t❤❡ s❡t ♦❢ |S| ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s

s✉❝❤ t❤❛t px(i) ✐s t❤❡ ❛✈❡r❛❣❡ ♣r♦❜❛❜✐❧✐t② ♦❢ q✉❡r②✐♥❣ i ♦♥ ✐♥♣✉t x✱ ✇❤❡r❡
t❤❡ ❛✈❡r❛❣❡ ✐s t❛❦❡♥ ♦✈❡r t❤❡ ✇❤♦❧❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ A✳ ❚❤❡♥

t❤❡ q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ A ✐s ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦✿

Cε max
x,y

F (x) 6=F (y)

1
P

i
x(i) 6=y(i)

p

px(i)py(i)
.

❚❤❡♦r❡♠ ✺ ✐s t❤❡ ❜❛s✐s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦✇❡r ❜♦✉♥❞ t❤❡♦r❡♠✳ ■t ❝❛♥ ❜❡
s❤♦✇♥ t❤❛t ✉♣ t♦ ❝♦♥st❛♥t ❢❛❝t♦rs✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✻
✐s ❛❧✇❛②s ❛s ❣♦♦❞ ❛s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳

❚❤❡♦r❡♠ ✻ ✭♥♦♥❛❞❛♣t✐✈❡ q✉❛♥t✉♠ ❧♦✇❡r ❜♦✉♥❞✱ ♣r✐♠❛❧✲❞✉❛❧ ♠❡t❤♦❞✮
▲❡t F : S → S′ ❜❡ ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥✱ ✇❤❡r❡ ❛s ✉s✉❛❧ S = ΣΓ ✐s t❤❡ s❡t

♦❢ ❜❧❛❝❦✲❜♦① ❢✉♥❝t✐♦♥s✳ ▲❡t

DL(F ) = min
p

max
x,y

F (x) 6=F (y)

1
P

i
x(i) 6=y(i)

p(i)

❛♥❞

PL(F ) = max
w

P

x,y

w(x, y)

max
i

P

x,y
xi 6=yi

w(x, y)

✇❤❡r❡ t❤❡ min ✐♥ t❤❡ ✜rst ❢♦r♠✉❧❛ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉✲

t✐♦♥s p ♦✈❡r Γ ✱ ❛♥❞ t❤❡ max ✐♥ t❤❡ s❡❝♦♥❞ ❢♦r♠✉❧❛ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ✈❛❧✐❞

✇❡✐❣❤t ❢✉♥❝t✐♦♥s w✳ ❚❤❡♥ DL(F ) = PL(F ) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

♥♦♥❛❞❛♣t✐✈❡ q✉❡r② ❝♦♠♣❧❡①✐t② ❧♦✇❡r ❜♦✉♥❞✿

Q2,ε(F ) ≥ CεDL(F ) = CεPL(F ).



Pr♦♦❢✳ ❲❡ ✜rst s❤♦✇ t❤❛t Q2,ε(F ) ≥ CεDL(F )✳ ▲❡t A ❜❡ ❛ ♥♦♥❛❞❛♣t✐✈❡
q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠ ❢♦r F ✳ ❙✐♥❝❡ A ✐s ♥♦♥❛❞❛♣t✐✈❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② px(i)
♦❢ q✉❡r②✐♥❣ i ♦♥ ✐♥♣✉t x ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ x✳ ❲❡ ❞❡♥♦t❡ ✐t ❜② p(i)✳
❚❤❡♦r❡♠ ✺ s❤♦✇s t❤❛t t❤❡ q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ A ✐s ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦

Cε max
x,y

F (x) 6=F (y)

1
P

i
x(i) 6=y(i)

p(i)
.

❚❤❡ ❧♦✇❡r ❜♦✉♥❞ Q2,ε(F ) ≥ CεDL(F ) ❢♦❧❧♦✇s ❜② ♠✐♥✐♠✐③✐♥❣ ♦✈❡r p✳
■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t DL(F ) = PL(F )✳ ▲❡t

L(F ) = min
p

max
x,y

F (x) 6=F (y)

X

i
x(i)=y(i)

p(i).

❲❡ ♦❜s❡r✈❡ t❤❛t L(F ) ✐s t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r
♣r♦❣r❛♠✿ ♠✐♥✐♠✐③❡ µ s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥ts

∀x, y s✉❝❤ t❤❛t f(x) 6= f(y) : µ−
X

i
x(i) 6=y(i)

p(i) ≥ 0,

❛♥❞ t♦ t❤❡ ❝♦♥str❛✐♥ts
N

X

i=1

p(i) = 1 ❛♥❞ ∀i ∈ [N ] : p(i) ≥ 0.

❈❧❡❛r❧②✱ ✐ts s♦❧✉t✐♦♥ s❡t ✐s ♥♦♥❡♠♣t②✳ ❚❤✉s L(f) ✐s t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
♦❢ t❤❡ ❞✉❛❧ ❧✐♥❡❛r ♣r♦❣r❛♠✿ ♠❛①✐♠✐③❡ ν s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥ts

∀i ∈ [N ] : ν −
X

x,y
xi=yi

w(x, y) ≤ 0

∀x, y : w(x, y) ≥ 0, ❛♥❞ w(x, y) = 0 ✐❢ F (x) = F (y)

❛♥❞ t♦ t❤❡ ❝♦♥str❛✐♥t
X

x,y

w(x, y) = 1.

❍❡♥❝❡ L(F ) = max
w

min
i

P

xi=yi

w(x, y)

P

x,y

w(x, y)
❛♥❞ DL(F ) = 1

1−L(F )
= PL(F ). �

✹✳✶ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❖r❞❡r❡❞ ❙❡❛r❝❤ ❛♥❞ ❈♦♥♥❡❝t✐✈✐t②

Pr♦♣♦s✐t✐♦♥ ✶ ❋♦r ❛♥② ❡rr♦r ❜♦✉♥❞ ε ∈ [0, 1
2
) ✇❡ ❤❛✈❡

Qna
2,ε(❖r❞❡r❡❞ ❙❡❛r❝❤) ≥ Cε(N − 1).

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ w(x, y) =

(

1 ✐❢ |F (y) − F (x)| = 1,

0 ♦t❤❡r✇✐s❡.

❚❤✉s w(x, y) = 1 ✇❤❡♥ t❤❡ ❧❡❢t♠♦st ✶✬s ✐♥ x ❛♥❞ y ❛r❡ ❛❞❥❛❝❡♥t✳ ❍❡♥❝❡
P

x,y

w(x, y) = 2(N − 2) + 2✳ ▼♦r❡♦✈❡r✱ ✐❢ w(x, y) 6= 0 ❛♥❞ xi 6= yi t❤❡♥

{F (x), F (y)} = {i, i+1}✳ ❚❤❡r❡❢♦r❡✱ max
i

P

x,y
xi 6=yi

w(x, y) = 2 ❛♥❞ t❤❡ r❡s✉❧t

❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✻✳ �



❖✉r s❡❝♦♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻ ✐s t♦ t❤❡ ❣r❛♣❤ ❝♦♥♥❡❝t✐✈✐t② ♣r♦❜✲
❧❡♠✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♠♦❞❡❧✿ x(i, j) = 1 ✐❢ ij ✐s ❛♥ ❡❞❣❡
♦❢ t❤❡ ❣r❛♣❤✳ ❲❡ ❝♦♥s✐❞❡r ✉♥❞✐r❡❝t❡❞✱ ❧♦♦♣❧❡ss ❣r❛♣❤ s♦ t❤❛t ✇❡ ❝❛♥ ❛s✲
s✉♠❡ j < i✳ ❋♦r ❛ ❣r❛♣❤ ♦♥ n ✈❡rt✐❝❡s✱ t❤❡ ❜❧❛❝❦ ❜♦① x t❤❡r❡❢♦r❡ ❤❛s
N = n(n− 1)/2 ❡♥tr✐❡s✳ ❲❡ ❞❡♥♦t❡ ❜② Gx t❤❡ ❣r❛♣❤ r❡♣r❡s❡♥t❡❞ ❜② x✳

❚❤❡♦r❡♠ ✼ ❋♦r ❛♥② ❡rr♦r ❜♦✉♥❞ ε ∈ [0, 1
2
)✱ ✇❡ ❤❛✈❡

Qna
2,ε(❈♦♥♥❡❝t✐✈✐t②) ≥ Cεn(n− 1)/8.

Pr♦♦❢✳ ❲❡ s❤❛❧❧ ✉s❡ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛s ✐♥ ✭❬✻❪✱ ❚❤❡✲
♦r❡♠ ✽✳✸✮✳ ▲❡t X ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s ♦❢ ❛ ✉♥✐q✉❡ ❝②❝❧❡✱
❛♥❞ Y t❤❡ s❡t ♦❢ ❛❧❧ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s ✇✐t❤ ❡①❛❝t❧② t✇♦ ✭❞✐s❥♦✐♥t✮ ❝②✲
❝❧❡s✳ ❋♦r x ∈ X ❛♥❞ y ∈ Y ✱ ✇❡ s❡t w(x, y) = 1 ✐❢ t❤❡r❡ ❡①✐st ✹ ✈❡rt✐❝❡s
a, b, c, d ∈ [n] s✉❝❤ t❤❛t t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ Gx ❛♥❞ Gy ❛r❡ t❤❛t✿
✶✳ ab, cd ❛r❡ ❡❞❣❡s ✐♥ Gx ❜✉t ♥♦t ✐♥ Gy✳
✷✳ ac, bd ❛r❡ ❡❞❣❡s ✐♥ Gy ❜✉t ♥♦t ✐♥ Gx✳
❲❡ ❝❧❛✐♠ t❤❛t

max
ij

X

x∈X,y∈Y
x(i,j) 6=y(i,j)

w(x, y) =
8

n(n− 1)

X

x∈X,y∈Y
x(i,j) 6=y(i,j)

w(x, y). ✭✶✮

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✼ ✇✐❧❧ t❤❡♥ ❢♦❧❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ ❚❤❡♦r❡♠ ✻✳
❇② s②♠♠❡tr②✱ t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ✇❡ ❛r❡ ♠❛①✐♠✐③✐♥❣ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡
♦❢ ✭✶✮ ✐s ✐♥ ❢❛❝t ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡❞❣❡ ij✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ r❡♣❧❛❝❡ t❤❡
♠❛① ♦✈❡r ij ❜② ❛♥ ❛✈❡r❛❣❡ ♦✈❡r ij✿ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐s ❡q✉❛❧ t♦

1

N

X

x∈X,y∈Y

w(x, y)|{ij; x(i, j) 6= y(i, j)}|.

◆♦✇✱ t❤❡ ❝♦♥❞✐t✐♦♥ x(i, j) 6= y(i, j) ❤♦❧❞s tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ij ✐s ♦♥❡
♦❢ t❤❡ ✹ ❡❞❣❡s ab✱ cd✱ ac✱ bd ❞❡✜♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤✐s
✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ ✭✶✮✱ ❛♥❞ ♦❢ ❚❤❡♦r❡♠ ✼✳ �

❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❝❛♥ ❜❡ ✉s❡❞ t♦ s❤♦✇ t❤❛t t❡st✐♥❣ ✇❤❡t❤❡r ❛ ❣r❛♣❤ ✐s
❜✐♣❛rt✐t❡ ❛❧s♦ r❡q✉✐r❡s Ω(n2) q✉❡r✐❡s✳

✺ ❙♦♠❡ ❖♣❡♥ Pr♦❜❧❡♠s

❋♦r t❤❡ ✏✶✲t♦✲✶ ✈❡rs✉s ✷✲t♦✲✶✑ ♣r♦❜❧❡♠✱ ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ❛ ❤✐❣❤❡r q✉❛♥✲
t✉♠ q✉❡r② ❝♦♠♣❧❡①✐t② ✐♥ t❤❡ ♥♦♥❛❞❛♣t✐✈❡ s❡tt✐♥❣ t❤❛♥ ✐♥ t❤❡ ❛❞❛♣✲
t✐✈❡ s❡tt✐♥❣✳ ❚❤✐s ♠❛② ❜❡ ❞✐✣❝✉❧t t♦ ❡st❛❜❧✐s❤ s✐♥❝❡ t❤❡ ❛❞❛♣t✐✈❡ ❧♦✇❡r
❜♦✉♥❞ ❬✷❪ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♠❡t❤♦❞✳ ❍✐❞❞❡♥ ❚r❛♥s❧❛t✐♦♥ ❬✼❪
✭❛ ♣r♦❜❧❡♠ ❝❧♦s❡❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❞✐❤❡❞r❛❧ ❤✐❞❞❡♥ s✉❜❣r♦✉♣ ♣r♦❜❧❡♠✮
✐s ❛♥♦t❤❡r ♣r♦❜❧❡♠ ♦❢ ✐♥t❡r❡st✳ ◆♦ ❧♦✇❡r ❜♦✉♥❞ ✐s ❦♥♦✇♥ ✐♥ t❤❡ ❛❞❛♣✲
t✐✈❡ s❡tt✐♥❣✱ s♦ ✐t ✇♦✉❧❞ ❜❡ ♥❛t✉r❛❧ t♦ ❧♦♦❦ ✜rst ❢♦r ❛ ♥♦♥❛❞❛♣t✐✈❡ ❧♦✇❡r
❜♦✉♥❞✳ ❋✐♥❛❧❧②✱ ♦♥❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✐❞❡♥t✐❢② s♦♠❡ ❝❧❛ss❡s ♦❢ ♣r♦❜❧❡♠s ❢♦r
✇❤✐❝❤ ❛❞❛♣t✐✈✐t② ❞♦❡s ♥♦t ❤❡❧♣ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠s✳
❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✿ ❚❤✐s ✇♦r❦ ❤❛s ❜❡♥❡✜t❡❞ ❢r♦♠ ❞✐s❝✉ss✐♦♥s ✇✐t❤
❙♦♣❤✐❡ ▲❛♣❧❛♥t❡✱ ❚r♦② ▲❡❡✱ ❋ré❞ér✐❝ ▼❛❣♥✐❡③ ❛♥❞ ❱✐♥❝❡♥t ◆❡s♠❡✳
❊♠❛✐❧ ❛❞❞r❡ss❡s✿ ❬P❛s❝❛❧✳❑♦✐r❛♥✱◆❛t❛❝❤❛✳P♦rt✐❡r❪❅❡♥s✲❧②♦♥✳❢r✱
❥✉❡r❣❡♥❴❧❛♥❞❡s❅②❛❤♦♦✳❞❡✱ ♣❤②❛♦✶✾✽✺❅❣♠❛✐❧✳❝♦♠✳



❘❡❢❡r❡♥❝❡s

✶✳ ❙✳ ❆❛r♦♥s♦♥✳ ▲♦✇❡r ❜♦✉♥❞s ❢♦r ❧♦❝❛❧ s❡❛r❝❤ ❜② q✉❛♥t✉♠ ❛r❣✉♠❡♥ts✳
■♥ Pr♦❝✳ ❙❚❖❈ ✷✵✵✹✱ ♣❛❣❡s ✹✻✺✕✹✼✹✳ ❆❈▼✱ ✷✵✵✹✳

✷✳ ❙✳ ❆❛r♦♥s♦♥ ❛♥❞ ❨✳ ❙❤✐✳ ◗✉❛♥t✉♠ ▲♦✇❡r ❇♦✉♥❞s ❢♦r t❤❡ ❈♦❧❧✐✲
s✐♦♥ ❛♥❞ t❤❡ ❊❧❡♠❡♥t ❉✐st✐♥❝t♥❡ss Pr♦❜❧❡♠s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❈▼✱
✺✶✭✹✮✿✺✾✺✕✻✵✺✱ ❏✉❧② ✷✵✵✹✳

✸✳ ❆♥❞r✐s ❆♠❜❛✐♥✐s✳ P♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ ✈s✳ q✉❛♥t✉♠ q✉❡r② ❝♦♠♣❧❡①✐t②✳
❏✳ ❈♦♠♣✉t✳ ❙②st✳ ❙❝✐✳✱ ✼✷✭✷✮✿✷✷✵✕✷✸✽✱ ✷✵✵✻✳

✹✳ ❩✳ ❇❛r✲❨♦ss❡❢✱ ❘✳ ❑✉♠❛r✱ ❛♥❞ ❉✳ ❙✐✈❛❦✉♠❛r✳ ❙❛♠♣❧✐♥❣ ❆❧❣♦r✐t❤♠s✿
❧♦✇❡r ❜♦✉♥❞s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ Pr♦❝✳ ❙❚❖❈ ✷✵✵✶✱ ♣❛❣❡s ✷✻✻✕✷✼✺✳
❆❈▼✱ ✷✵✵✶✳

✺✳ ❘✳ ❇❡❛❧s✱ ❍✳ ❇✉❤r♠❛♥✱ ❘✳ ❈❧❡✈❡✱ ▼✳ ▼♦s❝❛✱ ❛♥❞ ❘✳ ❞❡ ❲♦❧❢✳ ◗✉❛♥✲
t✉♠ ❧♦✇❡r ❜♦✉♥❞s ❜② ♣♦❧②♥♦♠✐❛❧s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❈▼✱ ✹✽✭✹✮✿✼✼✽✕
✼✾✼✱ ✷✵✵✶✳

✻✳ ❈❤r✐st♦♣❤ ❉ürr✱ ▼❛r❦ ❍❡✐❧✐❣♠❛♥✱ P❡t❡r ❍ø②❡r✱ ❛♥❞ ▼❡❤❞✐ ▼❤❛❧❧❛✳
◗✉❛♥t✉♠ q✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ s♦♠❡ ❣r❛♣❤ ♣r♦❜❧❡♠s✳ ❙■❆▼ ❏✳ ❈♦♠✲

♣✉t✳✱ ✸✺✭✻✮✿✶✸✶✵✕✶✸✷✽✱ ✷✵✵✻✳
✼✳ ❑✳ ❋r✐❡❞❧✱ ●✳ ■✈❛♥②♦s✱ ❋✳ ▼❛❣♥✐❡③✱ ▼✳ ❙❛♥t❤❛✱ ❛♥❞ P✳ ❙❡♥✳ ❍✐❞❞❡♥

tr❛♥s❧❛t✐♦♥ ❛♥❞ ♦r❜✐t ❝♦s❡t ✐♥ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣✳ ■♥ ❙❚❖❈ ✬✵✸✿

Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ t❤✐rt②✲✜❢t❤ ❛♥♥✉❛❧ ❆❈▼ s②♠♣♦s✐✉♠ ♦♥ ❚❤❡♦r② ♦❢

❝♦♠♣✉t✐♥❣✱ ✷✵✵✸✳
✽✳ ▲♦✈ ❑✳ ●r♦✈❡r ❛♥❞ ❏❛✐❦✉♠❛r ❘❛❞❤❛❦r✐s❤♥❛♥✳ ◗✉❛♥t✉♠ s❡❛r❝❤ ❢♦r

♠✉❧t✐♣❧❡ ✐t❡♠s ✉s✐♥❣ ♣❛r❛❧❧❡❧ q✉❡r✐❡s✳ ❛r❳✐✈✱ ✷✵✵✹✳
✾✳ P❡t❡r ❍♦②❡r ❛♥❞ ❘♦❜❡rt ❙♣❛❧❡❦✳ ▲♦✇❡r ❜♦✉♥❞s ♦♥ q✉❛♥t✉♠ q✉❡r②

❝♦♠♣❧❡①✐t②✳ ❊❆❚❈❙ ❇✉❧❧❡t✐♥✱ ✽✼✿✼✽✕✶✵✸✱ ♦❝t♦❜❡r ✷✵✵✺✳
✶✵✳ P✳ ❑♦✐r❛♥✱ ❱✳ ◆❡s♠❡✱ ❛♥❞ ◆✳ P♦rt✐❡r✳ ❖♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ q✉❡r②
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