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Abstract

The classical exchange algebra satisfied by the monodromy matrix of AdSs5x
S5 string theory in the Green-Schwarz formulation is determined by using a
first-order Hamiltonian formulation and by adding to the Bena-Polchinski-
Roiban Lax connection terms proportional to constraints. This enables
in particular to show that the conserved charges of this theory are in in-
volution. This result is obtained for a general world-sheet metric. The
same exchange algebra is obtained within the pure spinor description of
AdS5 x S string theory. These results are compared to the one obtained
by A. Mikhailov and S. Schéfer-Nameki for the pure spinor formulation.

1 Introduction

Integrability plays a key role in the understanding of the correspondence between
string theory on AdSs x S® and superconformal N = 4 Yang-Mills theory. For
the AdS side of this correspondence, it has been proved in [[] that the classical
equations of motion can be cast into a zero curvature equation satisfied by a
Lax connection. This property leads to the existence of an infinite number of
conserved charges. However, determining the Poisson brackets of these conserved
charges has been a long-standing problem. As for any other integrable system, it
is natural to expect that these charges are in involution, i.e. that their Poisson
brackets (P.B.) vanish. Actually, from some conventional point of view, it is
a necessary condition in order to properly call this theory an integrable one.
For instance, for finite dimensional systems, it is a necessary condition in order
to apply Liouville’s theorem (see for instance [f]). Note however that at the
quantum level, the commutation of the conserved charges is not necessary for



the factorization of the S-matrix [f]. From the point of view of the AdS/CFT
correspondence, it is very unlikely that the conserved charges would not be in
involution. An early sign of this expected involution property is the observation
that the dilatation operator of N = 4 Yang-Mills theory corresponds to the
Hamiltonian of an integrable quantum spin chain at first order in perturbation
theory in the planar limit. This was first discovered in [, f] and more specifically
in the N = 4 context, extending the discovery of [[], in [[§. Evidence was then
presented in [§ that this integrability is present at higher orders.

It is therefore quite frustrating that this expected property of involution of
the conserved charges has not yet been directly proved. Furthermore, it should in
fact be almost as easy to prove that property as it has been to determine the Lax
pair in [[[]. Indeed, this should be a fundamental property of that theory. In other
words, this involution property should neither be specific to the Green-Schwarz
or to the pure spinor formulations nor be related to a specific gauge choice like,
for instance, the conformal gauge but should be valid in full generality. We show
in this article that it is indeed the case. As it has been achieved for a subsector
of AdSs x S%, the determination of the exchange algebra is also a necessary
step towards the computation of action-angle variables [, [[1]] and semi-classical

quantisation [[[0, [T)].

There has been many attempts to compute the classical exchange algebra and
to prove the involution property. The most successful one has been developed
within the pure spinor formulation in [[J. We will explain in section B.3 why
our result is different from the one obtained in [[J. Furthermore, our approach
is more direct and is valid for both Green-Schwarz and pure spinor formulations.
The other attempts can be found in [[3, [4, [3, [[G, [7]. In section B-3, the result
obtained by A. K. Das et al. in [[[3] is discussed relatively to our result. We will
also argue at the end of §P.4) that the approach chosen in [I3] to determine the
phase space variables appears in fact to be incomplete, contrary to the first-order
formulation considered in the present work.

The technical tool used in this article is a first-order Hamiltonian formulation
of coset models. In this formulation, the dynamical variables are the currents
instead of the group element. It is motivated at the beginning of section B.]] and
presented in detail in section . Let us however discuss immediately the main,
and rather simple, idea used for the computation of the exchange algebra. For
that, we recall basic properties of Lax connections. Consider a classical system
whose Lagrangian equations of motion can be cast in the form of a zero-curvature
equation

OaLy — O5Le — [La, L) =0 (1.1)

for a Lax pair L, (0o, ; z) taking values in some Lie algebra. Here (o, 7) are world-
sheet coordinates and z is a spectral parameter. We recall that the monodromy
matrix 7'(7;z) is the path-ordered exponential of the spatial Lax component



Ly(0,7;2):
2T
T(1;2) = Pé?p/ doL,(0,7;2) (1.2)
0

where we consider periodic boundary conditions. It follows from the zero curva-
ture equation ([[.1) and from the periodicity of the Lax connection in the variable
o that

0, T(t;2) = [L£,(0,7;2),T(T; 2)].

This implies that the eigenvalues of the monodromy matrix are integrals of mo-
tion. These conserved quantities are in involution only if the Poisson bracket
{T'(1;2),T (7, 2')} has a special form. The classical exchange algebra corresponds
then to this Poisson bracket. To determine it, one first needs to compute the
P.B. of L,(0,7; 2) with L,(o', 7;2").
The zero curvature condition ([[.T]) is invariant under the gauge transforma-
tions
Lo — LY =ULU ! +0,UU . (1.3)

We call this invariance a formal gauge invariance to avoid confusion with the other
gauge invariances present in AdSs x S° String theory. Under these transforma-
tions, T' transforms as T'(7, z) — U (2w, 7)T (7, 2)U~1(0, 7) and thus its eigenvalues
are invariant.

Consider now a Lagrangian system whose Legendre transformation leads to
Hamiltonian constraints. This property holds in the case of AdS5 x S° String
theory. Then, going from the Lagrangian to the Hamiltonian formulations, there
is nothing that forbids to add to the ”Lagrangian” Lax pair terms proportional
to the constraints. Having in mind the general theory of constrained systems,
this is actually an expected property. One can give an argument in favor of this
process. Indeed, from the Lax pair, we construct successively the monodromy
matrix and the conserved quantities. But the Hamiltonian itself is a specific
conserved quantity. And, as usual with constrained systems, it contains terms
proportional to the constraints and the Lagrange multipliers.

One can in fact construct an infinite number of ”Hamiltonian” Lax pairs. Of
course, by definition, all these Lax pairs have the same value on the constraint
surface. But, as usual with constrained systemsf], their Poisson brackets will not
be the same as one shall first compute the P.B. and only afterwards evaluate
them on the constraint surface. This discussion might sound rather strange to
the reader as we are presently claiming that there are many different exchange
algebras, in complete opposition with the title of this article | There is however
no contradiction. Once all unphysical degrees of freedom are eliminated, i.e. once
we introduce all the necessary gauge fixing conditions to have a complete system
of second-class constraints in order to define Dirac brackets, all these Lax pairs

1See [@] for a general reference on constrained systems. The definitions of first and second
class constraints and of the Dirac bracket are recalled in the appendix.



will have the same Dirac bracket. This is so because by definition the Dirac
brackets of the constraints with any phase space variable strongly vanish. This
is indeed only in the sense of Dirac bracket that one can talk about an unique
exchange algebra. However, and this is the crucial point, there might be a better
starting point to compute this algebra than just the one consisting in taking
straightforwardly the Lax pair obtained from the Lagrangian formulation. In
other words, there might exist a "natural” Hamiltonian Lax pair, whose Poisson
brackets have the simplest form. This is indeed what happens for AdSsx S° String
theory as it will be shown in section .

It is also necessary to make here another comment related to k-symmetry.
Under such a transformation, the Bena-Polchinski-Roiban Lax connection trans-
forms by a formal gauge transformation ([[33). This property is explicitly estab-
lished in [[[J] for the AdSy x C'P3 case (see also 20]). This means that the action
(in the sense of P.B.) of a first-class constraint on a Lax connection should cor-
respond to a particular case of a formal gauge transformation. It is therefore a
priori expected that if £ and £ are two Lax connections differing only through
a term proportional to a first-class constraint, then the P.B. of £ should have
the same form as the ones of L. However, the term that will be added to the
Bena-Polchinski-Roiban Lax connection is a mixture of first-class and second-
class constraints. We will discuss more precisely this statement in section B.3

Let us now quickly review known forms of P.B. of £ that lead to involution of
conserved charges and indicate which one we will find. In the following, we simply
denote L(0, z) = L,(0,7; 2). The standard simple form of Poisson bracketsf] of £
ensuring involution of the conserved charges is (for a review, see [2]])

{L1(0,21), L2(0', 22) } = [r12(21, 22), L4]0500 (1.4)

where 5, = d(c — 0’). We use conventional tensorial notations £, = £L ® 1 and
L2 =1® L (see section [A]]) and have introduced

£i = El((j’ Zl) + ,Cg(O', 22).

For simplicity, we have considered a non-dynamical r-matrix i.e. which does not
depend on the phase space variables but only on the spectral parameters. The
P.B. of T" are then:

{T1(21), T2(22) } = [r12, T1(21)T2(22)].

This implies that the traces Tr[T"(z;)] and Tr[T™(z9)] are in involution. For
completeness, we recall that the r-matrix is antisymmetricf] and that the Jacobi
identity is satisfied when r is a solution of the classical Yang-Baxter equation,

[r12,718] + [r12, 28] + 113, 723] = 0, (1.5)

2 As these are equal-time P.B., the time dependence will not be indicated in this article.
3More precisely, Priz(za,21)P = —r12(21, 22) where P(A ® B)P = B ® A for any matrices
A and B.



where we have not explicitly indicated the spectral dependence. It is however
clear that such a form does not hold for AdS5 x S° String theory.

A generalization of the P.B. ([.4) has been given by J. M. Maillet in [22, 3, 24|
and is:

{5;(0'7 21)752(0/722)} = [TQ(21,Z2)7£+]500' - [SQ(Z1722>7£—]500’
— 2512(%1, 22)050450.  (1.6)

Again, we restrict ourselves to non-dynamical r and s matrices. We will call in
the future this form of P.B. the r/s form. r is antisymmetric while s is symmetric.
A sufficient condition for the Jacobi identity to be satisfied is that r and s are
solutions of the extended Yang-Baxter equation:

[r13 + 513,712 — S12] + [r2s + S23, 712 + S12] + [r2s + s23, 718 + 513) = 0. (1.7)

Contrary to the P.B. (L.4), the P.B. (L) involves non-ultra-local terms. As a
consequence, the P.B. of the monodromy matrix are not well defined. This is the
famous problem related to non-ultra-local terms. It is possible to regularizef] the
P.B. of the monodromy matrix [B4]. In that case one gets

{T1(21), To(22)} = [r12, T1(21)Ta(22)] + Ta(21)s12T2(22) — T2(22) 51271 (21),

which again leads to the involution of Tr[T"(z)]. Note that the vanishing of the
P.B. of Tr[T"(z)] with Tr[T™(z5)] is independent of the regularization chosen

kA
We will show that the P.B. of the Hamiltonian Lax spatial component of
AdSs x S° String theory has the r/s form.

The plan of this paper is the following. In section B}, we start by discussing
the first-order Hamiltonian formulation for the principal chiral model. The goal
is to present this formulation for the simplest case and to show how the P.B.
of the currents of this model are recovered. This method is then applied for
pedagogical reasons to a bosonic coset G/H model. Indeed, we will discuss there
a property related to the gauge symmetry of this model. This property has a more
complicated analogue (related to k-symmetry) in the Green-Schwarz formulation
of AdSs x S® String theory. The first-order Hamiltonian technique is applied in
section .J to the pure spinor case. The corresponding analysis for the Green-
Schwarz case is presented in the next section. Note that sections and 2.4
can be read independently. For the Green-Schwarz formulation, we start with
a general world-sheet metric and a general coefficient, x, in front of the Wess-
Zumino term present in the Lagrangian of this theory. Making the first-order

4This regularization is however not completely satisfactory as the Jacobi identity (for P.B.
involving the monodromy matrix) is not fully satisfied. It is only ”weakly” satisfied (see [@]
for details). This regularization has been however successfully used in [E]



analysis, we obtain primary constraints and, in order to ensure stability of these
constraints, a secondary one. We show then that, when x = +£1, i.e. when k-
symmetry is present, there is no further constraint. In the next step, we partially
gauge-fix the theory and eliminate variables that are redundant within the first-
order Hamiltonian formulation. The results of sections and P-4 include the
canonical variables, the constraints they satisfy, and their Hamiltonians.

In section [J, we start by introducing the Hamiltonian Lax connection and
compute in §B.7 the Poisson brackets of its spatial component. The main re-
sults of this article correspond to the equations (B.3) and (B.10)-(B.16). In §B.3,
these results are compared to the ones obtained in [[J] and in [[J]. Finally, we
make some comment on the link between the Green-Schwarz and pure spinor
formulations.

The appendix contains definitions and technical results used in sections P and
B and a reminder on constrained systems.

2 First-Order Formulation

2.1 Principal Chiral Model
The Lagrangian of the principal chiral model (PCM) is

L= (97" 9ogg™' 009 — 9~'9r99™'019)

N —

where g(o,7) takes value in some semi-simple Lie group, and where taking the
trace over the corresponding Lie algebra is understood. The equations of motion
are then dy(g~'0pg) — 01(g~101g) = 0.

Motivation We are only interested in determining the P.B. of the currents
Ay = —g7'0,9. Indeed, the Lax connection depends on ¢ only through A,. It
is therefore desirable to compute directly these P.B. without having to introduce
coordinates on the Lie group. Omne approach to do so, and which is used for
instance in [[3, Bg], is the following. Consider A; as the only dynamical variable.
Rewrite formally the Maurer-Cartan equation, dyA; — V1 A9 = 0, satisfied by the
currents as Ag = Vi (0pA4;). We have introduced here the covariant derivative
Vi = 01 — [A1,]. Compute then the conjugate momentum of A;. However, we
will explain in §B.3 why this procedure can be considered as incomplete when
constraints are present: It gives the right P.B. for part of the currents but does
not give any information for the remaining components. We will therefore proceed
differently.



Lagrangian Equations The starting point is the Lagrangian equations satis-
fied by the currents. Those are the Maurer-Cartan equation,

80141 — Vle = 0, (21)
and the equation of motion
80140 - 81A1 - 0 (22)

We start then with the Lagrangianf]
1
L= §(A0A0 — A1Ay) + A(0vA1 — V1 Ap)

where the independent dynamical variables are now (Ag, A1, A). It is clear that
the equation of motion of the Lagrange multiplier A impliesf] A, = —g~10.9.
Thus, at least classically, this theory is equivalent to the PCM.

Primary and Secondary Constraints Let us now do the Legendre transfor-
mation and the Hamiltonian analysis. One finds the constraints]

HOZO, Hl—AZO, HA%O

with obvious notations. The Poisson brackets of the canonical variables are writ-
ten in the appendix. The Hamiltonian density A is then

1
h=—5(ApAo — A1A1) + AV Ag + ally + BT — A) +91Iy +5C - (23)

where «a, (3, v and p are Lagrange multipliers. In eq.(R.3), we have already taken
into account the secondary constraint

C = A(] + le ~ O, (24)

coming from imposing stability of the primary constraint Il under time evolution.
Requiring that the constraints are preserved by the dynamics does not lead to
further constraints and fixes all the Lagrange multipliers:

R~ 0’ ﬁ ~ v11409
B _Al - [A,Ao], o~ 81141.

°I thank N. Beisert for suggesting this approach.
6Up to some global problems not considered here.
"The notation ~ stands for ”on the constraint surface”.



Hamiltonian Equations of Motion The equations of motion for Ay and A;
corresponding to the Hamiltonian H = [ doh aref]:
dA, dAy

?:/@ZV:[AQ and ? :azﬁlAl.

So they coincide respectively with the Lagrangian equations (B-1)) and (23).

Elimination of Variables The first thing to do is to get rid of A and its
momentum conjugate. This is easy as the constraints II; — A and Il form a
set of second-class constraints, and as it means that we can simply forget about
[T, and replace everywhere A by II;. We have thus now the canonical variables
(Ao, A1, 1o, II1) together with the two constraints

HO =~ 0, C = A(] + V1H1 ~ 0. (25)

These constraints form a set of second-class constraints. Indeed, the matrix of
their P.B.
H()g(O'/) Cg(O'/)
H()l(O') | 0 _CQ(SJJ’ (26)
Ci(0) | Cizdoer [Crz, (Villi)2]d0e

is invertible. This matrix is written in tensorial notation, C2 being the quadratic
Casimir (see appendix for further definitions). Therefore, we can put the con-
straints (Ily, C) strongly to zero and compute the corresponding Dirac brackets for
the currents (Ag, A1). The definition of the Dirac bracket is recalled in eq.([A-G).
Although it is quite instructive to make explicitly this computation, we will use
in fact a shortcut. Indeed, a better interpretation of putting the constraints (2.3)
strongly to zero, is that we are then left with the variables (A, II;) and that A
is now completely identified with —VII;. Furthermore, due to the form of the
matrix (B.G), the variables (A,1I;) have the same Poisson and Dirac brackets.
This means that they remain canonical with respect to the Dirac bracket. We
then have:

{A11(0), A12(0”)} =0,
{(Villh)1(0), Ai2(0")} = [Chz, Ar2]do0r — C1205 000,
{(ViIl)1(0), (Vill1)2(0")} = [Ciz, (ViIL)2] 66
We recover in that way the P.B. of the currents of the PCM. Finally, starting
from the expression (B.3), the Hamiltonian can be rewritten as:
H= /da [—%(AOAO — A1 A) + TV Ag| = %/da(vlnlvlnl + A4,

For that, we have used the constraints (2.5) and integrated by parts. Thus, we
do recover both the Hamiltonian and the P.B. of the PCM.

8With the convention {A,II} = § (see appendix).

8



2.2 Bosonic Coset G/H Model

As this section is only here for pedagogical purpose, we skip unimportant details
and concentrate on important points relevant for a better understanding of the
AdS5 x S®case. Let G be the Lie algebra associated with G. To make contact
with the AdSs x S° case, we denote by H = G the Lie subalgebra corresponding
to H and write also the decomposition G = G @ G of G as a vector space. In
particular, [, GW)] c GiHimedZ2) For M € G, we write M = M© + M®),

Lagrangian Equations The equations satisfied by the currents are the Maurer-
Cartan equation

00/11 — VlA() (27)
and the equation of motion
A — 0, AP — (AP AP+ 1A AP = 0. (2.8)

The starting point of our analysis is the Lagrangian
1
L= 5(,452’,432) — AP AP + A0y Ay — V1 Ap), (2.9)
where again V, = 0; — [44,].

Primary and Secondary Constraints The primary constraints I1y, IT; — A,
[T, are the same as in the PCM. However, the secondary constraint is now:

C=A% +V,A~0. (2.10)
We separate explicitly the constraint (E-I() into:

"= (ViN) D=0 and  C? =AY + (ViA)P = 0.

Note that the constraint H(()O) is first-class since it commutes with all the con-

straints. The Hamiltonian density is
1
h— —§(Ag2>,452> — AP AP L AV, Ay + ally + B(IT) — A) + 114 + uC. (2.11)

Among the Lagrange multipliers, u?, a(?, 3, v are fixed and in particular ® ~
0. However, 1 and o are left unfixed.



Hamiltonian Equations of Motion The Hamilton equations for Ay and A;
are:

dA,

WZﬁ%VﬂAo—M(O)), (2.12)
dA
—=am A + A7 - p® AT~ (AP AP + a0, (2.13)

The reason why we concentrate on these equations of motion is the following.
At the Lagrangian level, the equations of motion (B.§) and the Maurer-Cartan
equation (27) are reproduced as the zero-curvature equation for the Lax connec-
tion. The Hamiltonian equations (B.13) and (R.13)) coincide respectively with the
equations (2.7) and (2-8) only when ;%) = 0. Therefore, one possibility is to mod-
ify the Lax connection accordingly by replacing everywhere A((]O) by A((]O) — 10,
This would actually only affect the time component of the Lax connection, and
is therefore irrelevant for the computation of the exchange algebra. Another pos-
sibility, explained in detail below, is to show that the condition x(® = 0 simply
corresponds to a gauge choice.

Elimination of Variables As for the PCM, after eliminating A and II,, we
are left with the canonical variables (Ag, A1, g, I1;). The next step is to impose
strongly the set of second-class constraints

¥ =0 and C*=AP + (V,I;)® =o0. (2.14)

This procedure leads us to the canonical variables (Ago), Ay, H(()O), I1;), the con-
straints
I” ~0 and C°=(ViII)® ~0 (2.15)

and the Hamiltonian density

1
h=3 ((vlnl)@wlnl)@) - A§2)A§2)> +a01y) — (A — e (2.16)
As already said, the constraint H(()O) is first-class. Before putting the constraints
(B:14) strongly to zero, the constraint C° had only non vanishing Poisson brackets
with the constraint C2. Therefore, it becomes also a first-class constraint in the

sense of Dirac bracket, which just means that it commutes with itself and with
.

Extended Action and Gauge Invariance In this section, we come back to
the problem of equations of motion and study gauge invariance. To do so, we
follow the approach explained in the book [[§] and define the so-called extended
action:

5= / dodr <H1A1 +IOAO - h) (2.17)

10



where h is given by eq.(.16). The equations of motion of the Lagrange mul-
tipliers a(® and p(® give the constraints (2.15). Furthermore, these first-class
constraints are associated with gauge transformations generated (in the sense of
Poisson/Dirac bracket) by [ doTr(¢I1L) + ¢C°), where ¢(o,7),4(0,7) € GO.
The corresponding gauge transformations of the fields are:

SAY) ==, 0A =Vip, O =0, Ol =[pIL).  (218)

The transformations of the Lagrange multipliers are determined in order the
action (R.17) to be invariant. We have found:

00 =8¢  and  ou® =—¢ — Aot — [ — AP y]. (2.19)

As already mentioned above, the action (R.I7) gives the equations of motion
(1) and (2:8) only when p(® = 0. This can be interpreted as discarding in the
action (2.I7) the term associated with the secondary constraint C°. The reader
is referred to [[§ for a detailed explanation. This property is however intuitively
quite clear as the Legendre transform of the Lagrangian (P.9) only gives the
primary constraints. In our case, this procedure can be viewed as imposing the
gauge (¥ = 0. The residual gauge transformations (2-1§)-(B-19) preserving that
condition are such that ¢ = —0dyy) + [Aéo), y]. The transformations (P-I§) give
then

SAL =gy — [AY ] and  6A; = O — [A, ).

Remembering that A(()z) is now identified with —(V,I1;)®, due to the second

constraint in eq.(EId), we also find 647 = —[AP,¢]. Thus, we recover the
Lagrangian gauge transformations of the currents A, of the coset G/H model.

2.3 Pure Spinor Formulation of AdSs x S°

We start the analysis of AdS5 x S° String theory within the pure spinor formula-
tionf|. The reason for this choice is that the pure spinor case is easier to consider
than the Green-Schwarz one. Indeed, in that formulation, x-symmetry is not
present but there is an invariance under a global BRST symmetry. Therefore,
for what concerns the Hamiltonian formulation, we will have to treat less con-
straints and the situation is similar to the one of the previous section. We refer

the reader to the appendix for some definitions and properties of the superalgebra
PSU(2,2[4).

9This theory contains ghosts. Here we just take the action and make the corresponding
canonical analysis.

11



Lagrangian Equations The pure spinor formulation of AdSs x S° String the-
ory is described by the Lagrangian[ [d]:

3

L=24@40 L LAw 46 £ 340 40 4 wdr 4 w0h — NAO — NAO — NN
2 4 4

It is written in conformal gauge[l. Here, A = —g‘i@g with 0 = 9y + 0, while
A = —¢g7'0g with 9 = 0y — 0;. The fields X\ and A are bosonic ghosts taking
values in GV and G® respectively. They satisfy the pure spinor conditions:

MAy =0 and [\, =0. (2.20)

w and w, which will be related below to the conjugate momenta respectively of
X and ), take values respectively in G® and GV, Finally, N and N are the pure
spinor currents defined by:

N = —[w,\; = —w\ = \w and N = —[w, Ny = —w\ — \w.

They take values in G(©. The equations satisfied by the dynamical fields of this
theory are the Maurer-Cartan equation,

BoA; = V1 Ay, (2.21)

where V| = 0; — [A1, ], and the equations of motion:

DX =[N, )],
DN = [N, NJ,
DAY = [N, AV] +- [N, AW,
DA® = [AD AD] 4 [N, A®] 4 [N, A®],
DAB) — [A(l), [1(2)] + [A(Q), [1(1)] + [N, ;1(3)] + [N, A(3)],
D) = [N, )], (2.22)
DN = [N, N,

Here D =0 — [A® ] and D =0 — [A©)].

10We use the conventions of [R7.
HFor the question related to reparametrization invariance, see [@]
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Primary and Secondary Constraints For the first-order formulation, we
start accordingly with the Lagrangian[7

1

L=5 (AP A7 — AP AP) + (47457 — AV AY)
1
+35 (AP AP — AV AP + ABp Ay — V1 Ap) (2.23)

+ WA\ — WA + WO + 0N — (N + NYAY + (N — N)A” — NN

where the dynamical fields are now (Ag, A1, A, A\, \). The Hamiltonian analysis
goes as follows. As for the two previous cases, the set of primary constraints is:

Iy =~ 0, I, — A =0, I, = 0.

Concerning the pure spinor fields, —w, and —wg are respectively the conjugate
momenta of A* and A?. The P.B. of the canonical variables are given in section
[A-2 of the appendix. The Hamiltonian density h = I1;0pA; — wdy\ — WA — L
is then:
1 1
b= (AP AP — AP AP) - (AP AP — D AP) — L (a0 P - 404D
FwA — 0N+ (N+ NAY — (N = M)A + NN + AV, 4, (2.24)

+ ally 4+ BTy — A) + ~II + uC
where we have already included the secondary constraint
1

C=AV + AP + AP — 5(A§1> — A"+ VA - N - N. (2.25)

We then find:
{lg, H} = C — ' — p® — u®,
(T — A, H} = —y = [A, Ay — ] — (A + AP + A7)
+ %(Ag” — A"+ N - N, (2.26)
{Ix, H} = =Vi(Ag — p) + 0,
{c.H}=aW +a? +a® - ¥

where

1
U= (8 = 9) + [8.A] - Viy
+ (N = N) = [N, AP — @ — 40T — [N, AP — 1@ 4 A9 (2.27)

12Strictly speaking, one should also introduce the terms ¢[\, A + £I0,, where ¢ and & are
Lagrange multipliers respectively for the constraints [A, A]+ ~ 0 and IL; ~ 0. However, these
two constraints are first-class and thus we choose ¢ = 0 and & = 0 for simplicity. For a relevant
discussion, see [RF.
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Therefore, preservation of the constraints under time evolution implies in partic-
ular:

1M =0, 1~ 0, u® 0, (2.28)
B~ Vi(4g — ), (2:29)
Ural)4a@ 4o, (2.30)

Using the definition (R.27) of W, the result (B.26) for v and the results (P.2§)-
(B29), one finds that W(® =~ 0. This means that there is no further constraint.
The equations (2:27) and (E230) enable then to determine oY, a® and a®.
Therefore, all the Lagrange multipliers are fixed except ol?) and u(?). As expected,
this is the same situation as in the previous section.

Hamiltonian Equations of Motion The Hamiltonian equations of motion
are:

dA
d—l =~ Vl(Ao - M(O))>
-

dAy

"
AN i
TR ON +[AY @ AP+ NN,
dN _ _
——~—ON+ [AY — @ 4 4D 4+ NN,

To be more explicit, one needs to determine a™, a® and a®. This is a lengthy
but straightforward computation. In a similar way to the situation examined
previously for the bosonic G/H Coset model, one finds that the Hamiltonian

1)

equations of motion coincide with the Lagrangian ones, provided that A(()O) is

replaced everywhere by A((]O) — u0,

Elimination of Variables As usual now, we first eliminate A and II,. We
are left with the canonical variables (Ag, Ay, g, I1;, A\, w, A\, w) together with the
constraints Iy =~ 0 and

C' = (Vi) — (N + N) =0,

1
¢l = Al - §A§” + (V,IL)D &0, (2.31)
C? = AP + (V,11,)@ =~ 0, (2.32)
1
c? =AY + §A§3> + (V4I1)® ~ 0. (2.33)
- : (1,2,3) (1,2,3) :
We eliminate then the variables A and II; by putting strongly to zero
the system (IT15"*% C1:23) of second-class constraints.
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Summary The first-order Hamiltonian formulation of pure spinor AdSsx.S ® String
theory consists of the canonical variables (A((]O), H(()O), Aq, IIp, A, w, A, @), whose fun-
damental Poisson brackets are given in the appendix, and the first-class con-

straints )
NP ~0 and €= (ViI)® — (N + N) ~ 0. (2.34)

In particular, {C{(0),C3(c")} = [Cﬁo), C9]0s0r ~ 0. Finally, starting from eq.(229),
one finds the Hamiltonian density:

h= % [(vlnl)@)(vlnl)@) + A§2>A§2>}

3
4
+wi A — 0 A — (N = N)AY + NN + o011 — (A — ,@)cO,

1
+ (Vally) D (Vi) + [<v1n1><1>,4§3> - (vlnl)@)Ag”] 1240 A®

2.4 Green-Schwarz Formulation of AdS; x S°

We refer the reader to the appendix for some definitions and results related to
the superalgebra PSU(2,2|4). Our starting point is the Lagrangian [29,

1
L=—5 [ (7' 009) (97 059)? + k™ (971 0a9) " (97" 0p9)™] -

Here, the group element g(o,7) belongs to PSU(2,2|4); we use the convention
¥ = €77 = 1; 47 is the Weyl-invariant combination of the world-sheet metric
with dety = —1; taking the supertrace is not explicitly written. Finally, we have
taken a general coefficient in front of the Wess-Zumino term. Remember however
that invariance under x-symmetry imposes k = +£1.

Lagrangian Equations The equations satisfied by the current A, = —g~10,g
are the Maurer-Cartan equation

a()Al - VlAQ, (235)

where we have defined the covariant derivative V; = 0; — [Ay, ], and the equation
of motion

0aS® — [Aa, S =0 (2.36)

with S* = fyaﬁA(;) — 1ke? (A(ﬁl) — Ag’)). The equation (P.36) does not give
anything on G and gives respectively for G, G and G®):

1
0a(v"7AD) = 1AL, AP + Sre? ([AD, AP) = [AD, AP)) =0, (237)
[PPAR AP =0, (2.38)
(PAD, AP =0, (239)
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where the Maurer-Cartan equation (2.33) has been used. We have also introduced
af _ 1 af af
P:I: = 5(’}/ + ke )

These operators are orthogonal projectors when x = +1. Let us make here an
important remark. The equation of motion (2.37) is of the form 80A((]2) +..=
0. However, when they are written in terms of the currents, the equations of
motion on the odd gradings do not contain any derivative. This will have some
consequence below.

To these equations, one has to add the Virasoro constraints

p o

1
Tos = Str(APAY)) — i%ﬂwsu(/x@m@) ~ 0. (2.40)

The strategy we will follow concerning these constraints is the following. First of
all, we will not introduce conjugate momenta for the metric because the Hamil-
tonian would then become rather cumbersome. Thus, the Virasoro constraints
will be imposed ”by hand”. We will also consider at the beginning the theory
without imposing the Virasoro constraints. It will only be imposed later in the
process, when some of the redundant variables will already have been eliminated.
This procedure is correct because the matrix of the P.B. of the constraints we
will strongly put to zero remains invertible, even when Virasoro constraints are
taken into account.

Primary and Secondary Constraints Let us start therefore with the La-
grangian

L= _% [,yaﬁA((f)A(;) + KEaﬁAS)A(Bg)] + A(80A1 B VIAO) (2.41>

for the dynamical variables (Ag, A1, A) and do the Legendre transform. As usual,
the set of primary constraints is:

Iy = 0, I, — A =0, I, = 0.

The Hamiltonian density is then

=5 [1ADAD + ke AD AP + A(T140)

+ ally + G(I1; — A) + 41, + uC  (2.42)

|~

where the secondary constraint

= A+ B (A AP) + Tid 0 243
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follows from imposing the stability of the primary constraint II,. We then have
{Iy, H} ~ v°u® such that u® ~ 0. Stability of the constraint IT; — A leads to
the result

K

« 1 3
=7 AD — (A Ao — ] = (A = i) + (A7 — ) 4.

K
2
For II,, one finds as usual

B=Vi(Ao— p). (2.44)

For the stability of the constraint C, we have to take into account the explicit
time dependence in the metric. We find:

U aC e HY = ~(07") AL — M0 —w

where we have defined:

K

U =1"8% 4 (8% — pW) +[3,A] - V1.

\)

The condition (dC/dT) = 0 requires therefore that
U~ — (07" )AB) — 40003 (2.45)
After some algebra, we find U(®) ~ 0, which is fine, and:
U m [AP —7%u® 4 2P% AP 4 [AP) — (42 4 k) u® + 2P AP, (2.46)
U 2 (AP, =+ 2P AD] + (A, — (0 — ) + 2P AL
For ¥® we have

U@ 81(710‘14&2)) + 701811482)
— 2y AD, AP — A1 AD AP 4 A0[AR | A0 — ) (2.47)
+ (5 =M [AP, AP — 1®] = (5 + M)A, AP — O],

Let us examine first ¥() and the corresponding condition on u®. We must have
UM =~ 0 (see eq.(B-4H)). Using the general result

01 2
9 + K O _ pla 11—k
o P = P+ S X, (2.48)

we rewrite the relation (R.46) as:

2 k2 —1
VO~ 2 PP AR, o POAR) — ) ——m
Y Y
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Thus, when x? = 1, which corresponds precisely to the condition in order to have
k-symmetry, there is no further constraint. We fix from now on x = 1. We then
have:

2 - ~
pO = PEAD O with [PRAR O R0, (249)
We obtain similarly:
2 - . ~
u0 = ® POAD 470 with  [PAD 5] ~ 0. (2.50)

At this point, one should not forget that the Virasoro constraints have also to
be taken into account. This is why we have included the terms (", This
freedom is indeed present when the Virasoro constraints (P-4() are also imposed
and is related to k-symmetry. For our purpose, which is the computation of
the exchange algebra, it is not necessary to exactly determine this freedom. It
is however clear that the analysis goes along the lines of the one presented for
instance in [[J] for the AdS, x C'P? case (see eq.(3.6) and (4.5) of that reference).

To summarize, the Lagrange multipliers a®, oM, o® 4 are unfixed and

D and p® are only partially fixed.

Partial Gauge-Fixing As the constraints H(()l) ~ 0 and H(()?’) ~ 0 are first-class,
they generate gauge transformations. We introduce the gauge-fixing conditions

D' =pPPAV ~0 and  D?=P*AP ~0. (2.51)

In conformal gauge, such conditions have been considered in [B]] to partially fix
rk-symmetry. In the present case, they are natural to introduce if we take into
account the expressions of u™ and p® and the general discussion page [ on
Hamiltonian equations of motion. Furthermore, it is immediate to see that they
are su1table gauge fixing conditions as they form a set of second class constraints
with I and TI\". For instance, {D} (o), H((]?;( N = (1/2)C! 12 3905, .. For the
time evolutlon of Dl and D?, we have:

dD! 1 1 1
5 5(00700)1481) (007 HAY + 2700 aV + 5(701 +1)8Y,
ap? 1 1

1 1

~ = (0o A( _2(d OIA() 00,,,(3)
— ~5(01") 5007 )AL + 57 a4 5
Imposing (dD'3/dr) =~ 0 and using eq.(2-44) gives a!) and a® in terms of the
Lagrange multipliers £, ™™ and ®. Thus, at this level, the only freedom left
is in the Lagrange multipliers o?, u©, 7™ and 7

(3 = 1.

Hamiltonian Equations of Motion Let uslook at the Hamiltonian equations
of motion. As in the previous cases, we first find

dA
d—l =~ Vi(4) — ) (2.52)
-
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for A;. For Ag, a first result is:

dAQ 1 1
—a~a (1) B _ 2 _ 0y A(2)
I —era +ao" +a 7OO\II 0 (O ) A, (2.53)

where we have used the relation between a? and U® (see eq.(2-49)). We consider
this equation grading by grading. On G(©, we obtain

Ay
= o, 2.54
dr @ (2:54)

Then, using the expression (2.47) of ¥?), the first equation of motion (.53) and
the constraints (E-51]), the projection on G® of eq.(B-59)) can be rewritten as:

Oaly™ P AG) = 7 [A, AP 2 A — @), AP
AT = AT A, AV (2.55)
+ A7, A = O] - (AP, A5 - @],

For the odd gradings, computing the equations of motion for Aél) and A(()?’), one
recovers the conditions (dD'/dr) = 0 and (dD?/dr) = 0.

Let us compare these results with the Lagrangian equations (£.33) and (£.37)-
(R:39). First of all, one recovers the Maurer-Cartan equation (P.35) only when
p® =0, 7V = 0 and g® = 0. The same property holds for the comparison
between eq.(R.59) and eq.(R.37). The equations (2.3§) and (R.39) corresponding
to the odd gradings are recovered, but as a consequence of the partial gauge-
fixing conditions (R-51]). This is so because P X, = 0 implies P{*X, = 0 (see

eq.(249)).

Elimination of Variables As usual, we first eliminate A and II,. Then, we
put strongly to zero the set of second-class constraints H(()Z) =0and C® =0. We

interpret this process as elimination of the variables H(()z) and A(()z). In particular,
putting strongly C® = 0 means that (see eq.(2:43)):

1

:W

AP [(V,I1)® — 401 AP)]. (2.56)

We eliminate then A"® (by using eq.(E51)) and ¥ This procedure leads to
the canonical variables (A(()O), Ay, H(()O), I1;) and the constraints
n” ~0, €= (Vi)® ~o0,
1 1
c' = (ViII,) ™ + 5,45” ~0, C=(VI)® — 5,453) ~ 0, (2.57)

1
Top = Str(ADAL) = 276 Str(APAP) =0,
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where we have now included the Virasoro constraints. The constraints H((]O) and
CY are first-class. In the second line, as usual in the Green-Schwarz formulation,
there is a mixing of first-class and second-class constraints, due to the Virasoro
constraints. We have[

@iy =10y, ~0, i=0,1,3 and {Ci,C3} = [0, Ch] ~
{C Cl}_[ 11237(V1H1) +A12]
{c,c3) = [o5), (vin)y — A

Finally, the Hamiltonian density is:

~ 1 1

h:—m(vlnl) 2(V,11,)® ~zw 00A<2A ——OOA§1>A§3)+7 (V4D AP
41 L (40 0 ), ~(1)p3 , ~(3)1

+T(V1H1) DAY — (4 — N + o011y + Ve + aBct. (2.58)

Comment Let us comment here another approach, which is sometimes used
to derive the phase space structure of coset models. As explained page [, this
approach is based on the relation 4y = V;*(9pA1). One problem of this approach
is that it does not give any information at all on certain variables like A; (0.1,3)

This is actually not a problem for the computation done in [[3 as the spatlal
"Lagrangian” Lax component does not depend on those variables. In fact, we
will also not need any information on those variables for the computation of the
P.B. of the ”Hamiltonian” spatial Lax component. This is however a problem
if one wants to go further in the Hamiltonian analysis and consider for instance

gauge-fixing conditions like (E25]]).

3 Exchange Algebra

3.1 Hamiltonian Lax Connection

Pure Spinor Formulation The Lagrangian Lax connection for the pure spinor
formulation has been determined in [BZ]. Here we use a similar parameterization
as the one in B3] and introduce:

L(z) = (AD + N — 2'N) + 2AW + 224@ 22 46),
£(2) = (A9 4 N — 4 N) + 27240 4 224 | 14

with the same notations as in section and with z the spectral parameter. The
zero-curvature equation

oL —dL — [£, L] =0

13 As these P.B. are ultralocal, d,, is not indicated.
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implies the Maurer-Cartan equation (E-21]) and the equations of motion[ (B-23).
It can be easily checked that

Q(L(2)) = L(i2) (3.1)

and similarly for £(z), where Q is the Lie algebra homomorphism related to the
grading (see eq.([A]) in appendix). We are interested in the spatial component
ie. in

[L(z)—L(2)] = %[2A§°>+<1—z4>N—(1—z—4>N+A§”(z+z—3)+Ag”(z—z—3>

N | —

AP+ )+ AP -2+ AP P 12+ AP P - 2] (3.2)

The corresponding expression at the Hamiltonian level is found by using the
constraints (R.31)-(2.33), that we have put strongly to zero. As already mentioned
in the introduction, we add to this Lax component (B.J) a term proportional to
the constraint C° defined by eq.(2.34). In principle, the coefficient multiplying
this constraint is completely arbitrary. It just needs to satisfy the condition
(B.1) related to the grading. However, to simplify the discussion, we fix it to
a particular value and indicate in §B.3 what happens for other values of this
coefficient. Let us therefore add the term p(2)C° to the component (B2) with
p(z) = (1/2)(1 — 2%). The corresponding result is called the Hamiltonian spatial
Lax component and denoted by £;(z):

L1(z) = A” 4 aA + AP +cAP
+ p(Vlﬂl)(O) + W(Vlﬂl)(l) + 6(V1H1)(2) + a(Vlﬂl)(?’) + EN (33)

with
o) = i(?)z ) b(z) = %(% +2Y),
lz) = 32 +327), 1) = 57— 2),
B) = 5(7 = 2, a(z) = 57 = ),
o) = 51— ) f)= 5=+~ 2).

Green-Schwarz Formulation The Lagrangian Lax connection has been de-
termined in [[[. Here, we follow a similar parametrization as the one in [B4]. The
spatial component £;(z) of this connection is:

~ 1 1
Li(2) = A 4+ 240 4 714 4 52+ 2 2)A® 4+ (= Z72)400 A

148trictly speaking, for what concerns the ghosts, it only implies the equations of motion for
N and N.
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where z is the spectral parameter. At the Hamiltonian level, this corresponds to

~ 1 1
Li(z) =AY 4240 4 27140 4 5(22 +272)AP + 5(—z2 + 272)(V,I1,)@
where we have simply used the relation (B.56). We first add to this Lax component

terms proportional to the constraints (2.57),
1 1
cl = (ViI1,)® + §A§” ~0 and  CP=(ViI,)® — §A§3> ~0. (3.4)

Again, the coefficients multiplying these constraints are in principle completely
arbitrary. They just need to satisfy the condition (B-]]) related to the grading.
We will however fix them to a particular value. This value is chosen such that
the coefficients multiplying (VI1;)® and (V,II;)® in the new Lax component
are the same as in the pure spinor formulation (B.3). Similarly, we also add the
term (1/2)(1 — 24)C° where C° = (V;11;)© in the Green-Schwarz formulation.
Therefore, we define

L1(2) = L1(2) + %(2_3 —2)C' + %(2_1 —29C + %(1 —2HC°.

Using the relations (B.4), we actually find that £;(z) is exactly the same as the
Hamiltonian Lax connection (B-3) of the pure spinor formulation, up to the term
proportional to the ghost current N. Note that the world-sheet metric has not
been fixed and that it does not explicitly appear in the expression of £;(z), when
this component is written in terms of the phase space variables.

3.2 Poisson Brackets of the spatial Lax Component

As the Hamiltonian spatial Lax components are the same in both Green-Schwarz
and pure spinor formulations up to the term proportional to the ghosts, and
with the same P.B. for the canonical variables, we do the computation of the
P.B. {£1(0,21), L2(0’, 22)} including the ghost term. The result for the Green-
Schwarz case is then simply recovered by taking £ = 0. We note £(z) = Li(z).
All terms appearing in this Poisson bracket are straightforward to compute and
will be listed below. The real problem encountered is that all ultra-local terms
can be rewritten in two different ways due to the identities (JA.4). Therefore,
we need a strategy to organize this computation. It consists simply in starting
from the desired form of the result, namely the r/s form, and in determining if it
corresponds to what we actually obtain. Let us define therefore £ = L£4(21) £
L2(z2) and recall that the r/s form is:

{5;(0'7 21)752(0/722)} = [TQ(21,Z2)7£+]500' - [SQ(Z1722>7£—]500’
— 282(21, 22)80(500/ (35)
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where r is antisymmetric and s symmetric. The non-ultra-local terms are easily
identified. This leads to the result:

2812(21, 22) = [(Pl + P2)Cg)) + (0132 + 52/31)0§2)
+ (@100 + 7102)C£3) + (a2an + WQCI)CSI)} (3.6)
Let us then search rq2 as:
r1z = A1Cly) + BioCly) + DinCLyY) — Dy OV (3.7)

with A and B antisymmetric, i.e. Ajp = A(z1, 22) = —A(z22, 21) and similarly for
B. For completeness, we have D1y = D(21, 22) and Dg; = D(29, 2z1). Define in a
similar way

s12 = ApCiy) + B1oCyy) + DisCly) + Do O, (3.8)

according to the result (B.g). We work out the sought /s form. We use the fact

that all the ultra-local terms can be cast in the form [CS‘ ), Xz]. Therefore, we
first write

[r12, £4] = [s12, L] = [r12 — s12, La] + [r12 + S12, L2]. (3.9)

We keep then the last term in the r.h.s. of (B.9) as it has the right structure. To
treat the r — s terms, the following properties are used:

All these identities are obtained as a consequence of eq.([A-4). Let us insist that
in the r.h.s. of these identities, the spectral parameter is z;. For each different
projection of the quadratic Casimir, we collect now the diverse terms appearing
in (B.9). This gives the list of the terms we shall have in the P.B. {£y, Lo} if it is
of the r/s form. It is now time to compare this list with the terms we do have in
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the expression of this P.B. For each projection of the Casimir we look grading by
grading and term by term. This is summarized for C’g)) in the following table:

C’g]) Expected Found
Ag 24,y p1+ p2
Ailg) (A12 + Ar2)as + (Day + Day)ay | 72 + azps
A%) (A2 + 1112)132 — (B12 — §12)b1 Ba + bapr
A%) (A + 1112)02 — (D12 — 512)01 Qo + Capy
(V1H1)g) (Aiz + Ai2)ps — (A12 — A2y p1p2
(V1H1)(31) (A + 1112)72 + (Da1 + ﬁzl)% P172
(Vi)Y | (Aso + A12)Ga — (Biz — Bio)Bi | p1fs
(Vlﬂl)g) (A + %12)042 — (D12 — ?12)041 p10e2
Ng (Ao + A12)§2 — (Ay2 — A12)€1 —&&

The fifth row of this table together with the result (B.6]) simply give:

_1pi+0)
201 —p2

12

Then, the sixth to eighth rows enable us to compute respectively B and D. At this
stage, r is therefore completely determined. We will give its expression shortly.
It remains however to check that the conditions associated with the other rows
are also satisfied. This is indeed the case. We go on with all the other projections
but it is now just a matter of checking the tables that we have put in section
[A4 of the appendix. We find perfect agreement for all these conditions. We can
therefore summarize what we have found.

Summary The P.B. of the spatial component of the Hamiltonian Lax connec-
tion (B.J) for both Green-Schwarz and pure spinor formulations has the following
form:

{5;(0'7 21)752(0/722)} = [TQ(21,Z2)7£+]500' - [SQ(Z1722>7£—]500’
— 28172(21, 22)80(500/ (310)

with:
1 1
s12(21, 22) = 1(2 — zf - zé)Cg]) + Z(zl_2z2_2 - zfzS)Cf;)
1, o 1, o _
+ Z(Zl 322 T zlzg’)Cﬁg) + 1 (z2 3z1 - zzzi’)Cﬁl) (3.11)
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_ 1 A2 __4\2) ~(00)
r12(21, 22) = 1 =2 [((1 21)"+ (1 —2) )Cg
+ ((z% — 272+ (25— 25%) ) <z1z2C C’(?’1 z%Cﬁm)] . (3.12)

3.3 Discussion

Jacobi Identity and Yang-Baxter Equations As indicated page [, a suffi-
cient condition for the Jacobi identity to be satisfied is that r and s are solutions
of the extended Yang-Baxter equation ([[.7). To prove that this property holds
in the present case, we follow the analysis of [23] and write r and s aq"]

II12(21, 2 T (2 ) 2
riz + S12 = f(%)% and T12 — S12 = f(@)% (3.13)

) )

with
Il12(21, 20) = Cg)) + zf%%Cﬁm + zl_?’z;’C&?)) Z2C12 , (3.14)
ﬁ_z(Zg, 21) = Cg)) + 22_2,2%052) + 22—1210&’») + 22_3210121 , (3.15)
1

f(z) = —5(1 — 242 (3.16)

Note that ﬁg(zg,zl) = Pl5(22,2)P where P(A® B)P = (—)IBIB® A for
any matrices A and B. Defining then

Xw: [TL3+SE,TQ—812]+[T@"‘SE,TQ—FSQ]—|—[7’E+SE,T§+SQ],

one finds that

B f(21) f(22)
X123 = (21 — 23) (21 — 23) (23 — Z§)Y&

with

Yizs = (25 — 23)[Tas (21, 25), Mg (20, 21)] + (2 — 25)[Tza (22, 25), Tz (21, 22)]
+ (21 — 22)[Maa (22, 23), T (21, 23)]-
The first contribution to Yia3 is a sum of terms proportional to [0(24 C’(J 9
Using the relationsf
ka—k) (id—i ka—k) (4—k-+i k—i
(O3, 1) = [0 o T,

k4— k 14—1 4—kk k+i4—k—1
(O3 O = —[os T, ol T,

151 thank J. M. Maillet for pointing out that method.
16These relations are obtained from eq.). We recall that the tensor product is graded

(see eq.(A.D)).
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it is possible to also Write the two other contributions to Yi23 as a sum of terms

proportional to [C’(Z4 ,CYUY ) Tt is then straightforward to collect all these
terms and to show that thelr sum vanishes.

Note that it is possible to show, by using the same method as above, that the
matrix r is not a solution of the Yang-Baxter equation ([[.F).

Exchange Algebra As already explained in the introduction, a consequence
of the result (B.10) is that the conserved charges of this theory are in involution.
Furthermore, the monodromy matrix defined by eq.([.2) satisfies the classical
exchange algebra:

{T1(21), Ta(22)} = [r12, T1(21)Ta(22)] + Ta(21)s12T2(22) — T2(22) 51271 (21).

It is understood here that the regularization introduced in [B4] is used.

Effect of first-class Constraints and Comparison with [[2] Let us start
from the Hamiltonian Lax component (B-3) and discuss the effect of varying the
coefficient p multiplying the first-class constraint C°.

Consider first the case p = 0. For the pure spinor case, this corresponds to
work with the Lagrangian Lax component, which has been used by A. Mikhailov
and S. Schéfer-Nameki in [[J]. Making the same analysis as above, we have found
that the P.B. has not exactly the /s form. Indeed, there is an additional term,
proportional to C°:

Furthermore, the matrices 7 and s° corresponding to this choice p = 0 differ

from the ones in (B.13) and (B.11]), but only by terms proportional to C’12 More
precisely, using the definitions given by eq.(B1) and (B-§), we have:

(1— (1 — 24) .
A==y’ ad AR =0
1 2

Apart from an inessential global factor, s¥ is the same matrix as the one in
[[3] while r° is the opposite of the one found in [[J]. However, the origin of this
discrepancy is probably only a matter of convention for the definition of the r/s
form. Indeed, the eq.(2.35) in [[Z], which is used for the extended Yang-Baxter
equation, corresponds to a convention where the sign of r (or equivalently of s)
is flipped with respect to our convention (B.J) and the corresponding extended
Yang-Baxter equation ([[.7).

The additional term (B.17) is absent in [[J]. However, this comes a priori
from the fact that the observables considered in [[J] are gauge invariant. Indeed,
this statement would be in agreement with the property that CY generates gauge
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transformations. An explicit comparison would therefore be possible by comput-
ing the P.B. of gauge invariant observables. This additional term (B.17) has to
be taken into account for the Jacobi identity. The actual presence of this term
explains why the matrices r® and s do not satisfy the extended Yang-Baxter
equation ([[T7) but a generalization of this equation (see [[Z7] for details).

Another Hamiltonian Lax connection leads to a r/s form for its P.B. It cor-
responds to the choice p(z) = (1/2)(27* — 1). Then, in the expression (B.J),
the term N has to be replaced by ¢N with £(z) = —(1/2)(z~* + 2* — 2). The
corresponding matrices r and s are obtained from the ones in (B.19) and (B.11)
by changing the terms proportional to Cﬂo):

1 1
S12 1(2 — 2 - zg)C’g)) — —1(2 — 2t - 22_4)C£0),
(1—=21)+ (1 —23)* o0 =2+ (1 =2 o
: — C Cis .
i iGh-= 2 7 e B

This discussion also illustrates the general comment made in the introduction,
page fl. Indeed, we concretely see on these two examples that the r/s form is
preserved, at least on the constraint surface, when the coefficient proportional to
the first-class constraint C° has been changed.

Effect of second-class Constraints What does happen now for the Green-
Schwarz case if we do not include the terms proportional to the constraints C°, C*
and C? in the Hamiltonian Lax connection, i.e. if we work with the Lagrangian
Lax connection ? This corresponds in (B.J) to:

p=0, v =0, a=0, a(z) = z, c(z) =271,
the other coefficients, b and 3, being unchanged. Then, the analysis goes as
follows. First of all, we also obtain the additional term (B.I7). For the matrix

S12, A and D vanish (see eq.(B-g)). For ri2, working out the terms proportional
to A§2) and (VI1;)®, one obtains that D15 = 0 and

_ 6162 3 1
— Biby — Boby By = By + b (A12b2 62)

Looking then at the terms proportional to Agl) and (V1I1;)®), one finds a dif-
ference between the expected and found terms. Furthermore, this difference is
not proportional to the constraint C'. Therefore, the systematic method used
here shows that the P.B. of the Bena-Polchinski-Roiban spatial Lax component
is not of the r/s form, even when it is evaluated on the constraint surface. This
is in agreement with the result obtained in [[J]. As part of the constraints C!
and C3 are second-class, this shows that changing the coefficients multiplying
second-class constraints affects the form of the Poisson brackets.

A12
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Link between Green-Schwarz and pure Spinor Formulations We have
found the same classical exchange algebra for both Green-Schwarz (G.S.) and pure
spinor (P.S.) descriptions of AdSs x S° String theory. One would like however
to see explicitly and at the level of this first-order Hamiltonian formulation, that
these two descriptions are equivalent. For that, one has to completely gauge fix
k-symmetry in the G.S. formulation, in the spirit of what has been done in [BF].
However, as we will discuss it in the conclusion, gauge fixing is a difficult task
within the first-order Hamiltonian formulation. Therefore, we only make a much
simpler observation. Consider the G.S. action in conformal gauge and the P.S.
action. A simple inspection of these two actions (see eq.(B.23) and (.41])) shows
that these formulations will "meet” if one does simultaneously the following|]

B2, B):

- For the G.S. formulation: Impose the conditions:

AV =AY and AP = —AP. (3.18)

- For the P.S. formulation: Discard the ghosts and impose the same conditions

Concerning the G.S. formulation, one has already imposed the conditions
(B.1§) in section RP.4: they correspond indeed to the conditions (R.51]) in the
special case of conformal gauge[. For the P.S. formulation, remember that the
meaning of the variables A((]l) and A(()?’) in Hamiltonian formulation is given by the
equations (P.31)) and (B.33), corresponding to constraints we have strongly put
to zero. Therefore, the conditions (B.1§) should be rather read as

1 1
§A§1) + (VIHI)(l) =0 and — 51453) —+ (Vlﬂl)(g) = 0. (319)

But these are precisely the constraints (2.57) encountered in the Green-Schwarz
formulation. It would remain to compute for the P.S. case the new Hamiltonian
preserving the constraints (B.19). However, as the equations of motion are the
same, it is clear that one shall recover the Hamiltonian density (B.5§).

4 Conclusion

We conclude by first making some comments in the framework of the more general
problem of non-ultra-local terms.

A priori, the first-order Hamiltonian formulation used in this article only
holds in the classical case so far. However, the next step would be to directly
find the quantum analogue of the classical exchange algebra. For instance, when

17Tt is also possible to see it at the level of the equations of motion but it requires more work
as one has to use the Maurer-Cartan equation.
BWith 490 = —1.
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this algebra has the form {T3,72} = [r12, T172], with r satisfying the classical
Yang-Baxter equation, this is a sign that in the quantum case one shall have

R12T1T2 — T2T1R12 (41)

where R satisfies the quantum Yang-Baxter equation [BG]. However, in the present
case, and as already mentioned, the P.B. of the monodromy matrix are not well
defined. Even if there exists a regularization[7] of these P.B. [B], the Jacobi
identity is only "weakly” satisfied, which is clearly a problem for finding the
quantum analogue of the classical exchange algebra. A generalization of the
quadratic algebra (1)) has been proposed, on general grounds, in [B]. It is
simply A19T1 B2 Ty = T5C15T1 D15. However, A and D satisfy the quantum Yang-
Baxter equation in the framework of [Bg]. This means that their classical analogue
satisfy the classical Yang-Baxter equation. But the matrix » we have found does
not satisfy the classical Yang-Baxter equation. It is therefore not clear at the
moment what is the quantum version of (B-I() and the only available results so
far consist in the approach developed in [[J] and the subsequent conjecture made
there.

A question related to the present discussion is: what is the link between
the matrix IT we have found and the classical r-matrices found in [B9] 7 Two
other related questions concern the algebraic origins of II and of the Hamiltonian
Lax component. We expect that both can be understood by generalizing to the
PSU(2,2|4) case the construction presented in [23.

In the case of the principal chiral model, a way to deal with non-ultra-local
terms corresponds to the Faddeev-Reshetikhin approach [[i0]. In the context of
AdSs x S? | it has been considered in [[]]. Tt would be very interesting to develop
this approach within the first-order Hamiltonian presented in this article.

This is however the Zamolodchikov-Zamolodchikov approach [[J], i.e. the
determination of the factorized S-matrix from its symmetries and properties,
which is the most successful in the context of AdSs x S° [fJ. For that reason,
it would be desirable to study the uniform light-cone gauge considered in [f4],
[[]. However, a strong limitation of the first-order Hamiltonian formulation is
that there is no direct access to the P.B. of the group element with the currents.
This information is however needed as the gauge-fixing conditions defining the
uniform light-cone-gauge are expressed in terms of the currents and the group
element. In fact, they even involve explicit use of coordinates. It is therefore not
obvious at all that the advantage of only dealing with the currents can be kept
in the process of fully gauge-fix the theory.

The first-order Hamiltonian formulation might however be more useful for
the study of the 2d duality of AdSs x S° [d] related to the dual superconformal
symmetry of scattering amplitudes in N = 4 super-Yang-Mills theory [[I7].

19Gee also [@] for another approach.
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Let us however conclude in an optimistic way by making the following general
remark concerning non-ultra-local terms. One should perhaps turn this discussion
the other way round. In the long-term, the study of AdSs x S° String theory
might lead to a better understanding of how to generally deal with non-ultra-
local terms. The fact that N. Dorey and B. Vicedo have been able to construct
action-angle variables from the finite gap solutions data and for a subsector of
AdSs x S° [B, might be considered as an encouraging sign since the Jacobi
identity is fully satisfied by action-angle variables.
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A Appendix

A.1 Definitions and Notations

The superalgebra SU(2,2/4) admits a Z4 grading induced by some Lie algebra
homomorphism M — Q(M) (see for instance [3] for details). This means that
it is decomposed as a vector space into the direct sum G @& G ¢ G @ G®.
Each subspace is an eigenspace of Q i.e., for any M®* e g*.

QMW =k p®). (A1)

We note generically t4 € G and for each grading t, € G©, t, € GV, t, € GP,
ts € G, We then have

Nap = Str(tatp), npa = (—)IA‘nABa nABnBo = 5é

where Str is the supertrace and |A| = 0, 1 respectively for even and odd gradings.
For M = M#t, we define M4 = Str(TyM). The graded commutator |, ] is defined
as

[ta ts] = tatg — (=) APltpty = £, 0,

where the structure constants satisfy
fagnoe = —()P g0 Pnpe = ()P faePins.
Tensor Product and Quadratic Casimir We use a graded tensor product

(ta@tp)(te @tp) = (=) B (tate) ® (tptp). (A.2)
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The quadratic Casimir is defined by:

Crz =n"Pta®@tp =n"t, @ty + 1ty @ ts + 07t @ t; + 7ty @ t,
00) 31
=Y v o)+ vl

It satisfies the property
[C12, M| = —[C12, Ma]. (A.3)
The relation ([A3) can be projected on the different gradings:

[C( )M(H-J)] [C']£42 JJ) M(2+J)] (A.4)

A.2 Poisson Brackets

Let IT; = II:'t4 be the conjugate momentum of A; = Aé't,. The canonical P.B.
is
{All((j)a ng(O'/)} = Cgéool. (A5)

In components, this corresponds to { A (o), 1P (0")} = n80,,.

Poisson Brackets for Ghosts in the Pure Spinor Formulation The P.B.
given below are ultralocal. Therefore we do not write explicitly 0,4-.

(M, we} = O, (M, @} = O,
(N1, Na} = —[CY), N, {Ny, Np} = —[C1Y), No).

A.3 Constraints and Dirac Bracket

For a constrained system:

A constraint is first-class if its Poisson brackets with all the other constraints
vanish on the constraint surface.

A set (C,) of constraints is a set of second-class constraints if the matrix M,z
formed by the P.B. {C,,Cs} is invertible. The Dirac bracket associated with this
set of second-class constraints is defined by

{f(0),9(c")}p = {f(0),9(c")} — /daldaz{f 7),Ca(0) HM ™ )ag(01, 02) %
{Cs(02), 9(0")}. (A6)

It satisfies {f,Co}p = 0 for any function f and enables therefore to put the
constraints C, strongly to zero.
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A.4 Tables relevant for Section B.2

C’&g) Expected Found
Ag 2Dy a1 + CaM1
A%) (D12 + D12)CL2 (A — Avlz)al Y1+ a1p2
A@ (D12 + D12)b2 + (Da1 + Do)y | ary + azm
A@ (D12 + DlZ)CZ (Bia — Bia)er | a1fs + bam
(Vlﬂl)(go) (D12 + Dlz)ﬂz (D12 — Di2)py Y10
(vlnl)(gl) (D12 + D12)72 (Aiz — Ai)m Y1P2
(vlﬂl)(;) (D12 + D12)52 + (Da1 + Do) Y2
(Vlﬂl)g’) (D12 + Dlz)a (Bi2 — ElZ)al Y152
Ng (D12 + D12)§2 (Do — D12)§1 0
Cﬁz) Expected Found
Ag 2B, b132 + bay
Aglg) (Bia + Elg)ag — (D12 — 512)a1 bia + 01
A%) (B2 + Eu)bz — (A2 — 1112)b1 B1 + bipz
A%) (B2 + §12)C2 + (Da1 + Zj21)cl azfr + b1
(V1H1)g) (Biz + Bi2)ps — (Biz — Bia)py 5152
(V1H1)(31) (Biz + Bi2)v2 — (D12 — Dia)m Prag
(ViIL)Y) | (Bio + Bia)fs — (Aia — A)Bi | Bupe
(Vlﬂl)g) (B2 + 512)042 + (Da1 + ij) 1 Y2
Ny (Bia + Bi2)é — (Biz — Bi2)& 0
Cﬁl) Expected Found
Ag 2Dy Q1az + €172
A%) (=Doy + ﬁzl)% — (B2 — §12>a1 by + c132
A%) (—=Da1 + 1321)52 — (D1 — 1512)51 10 + Co0
A@ (—Da1 + Doy)ea — (Ao — A)er | au +cips
(Vlﬂl)(go) (—=Da1 + Day)pa + (Day + Da)py Yo
(vlnl)(gl) (—Da1 + Da1)y2 — (Biz — Bia)m Baa
(Vlﬂl)(;) (=Do1 + 521)52 — (D12 — 512)51 31y
(Vlﬂl)g’) (=Do1 + 521)@2 — (App — ng)al a1p2
N, (=Do1 + D1)é + (Day + Do)& 0
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