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Abstract

We apply the techniques of special Kahler geometry to investigate AdSy vacua of
general N/ = 2 gauged supergravities underlying flux compactifications of type II
theories. We formulate the scalar potential and its extremization conditions in terms
of a triplet of prepotentials P, and their special Kéhler covariant derivatives only,
in a form that recalls the potential and the attractor equations of N' = 2 black
holes. We propose a system of first order equations for the P, which generalize the
supersymmetry conditions and yield non-supersymmetric vacua. Special geometry
allows us to recast these equations in algebraic form, and we find an infinite class
of new N' = 0 and N/ = 1 AdS, solutions, displaying a rich pattern of non-trivial
charges associated with NSNS and RR fluxes. Finally, by explicit evaluation of the
entropy function on the solutions, we derive a U-duality invariant expression for the
cosmological constant and the central charges of the dual CFT’s.
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1 Introduction

The attractor mechanism [, 2|, [3, 4], initially discovered in the context of N/ = 2 black
holes, has been recognized as a universal phenomenon governing any extremal flow in
supergravity with an AdS horizon. It applies to both BPS and non-BPS solutions [5] 0],
ungauged [7] and gauged [8] supergravities supplemented by higher derivative terms, and
general intersections of brane solutions [9].

Also AdS, vacua arising in string theory compactifications with fluxes can be thought
as the near horizon geometries of extremal black brane solutions. In fact, the vacuum
conditions of flux compactifications display many analogies with the attractor equations
defining the near-horizon limit of extremal black holes. This was first shown in [5] in
the context of A/ = 1 orientifolds of type IIB on Calabi-Yau three-folds. In that paper,
first it was observed that the A/ = 1 scalar potential has a form close to the N/ = 2
black hole potential, with the black hole central charge Z replaced by the combination
et W involving the V' = 1 Kahler potential K and superpotential W, and with the NSNS
and RR fluxes playing the role of the black hole electric charges. Then, exploiting the
underlying special Kahler geometry of the Calabi-Yau complex structure moduli space,
the differential equations both for black hole attractors and for flux vacua were recast
in a set of algebraic equations. Explicit attracting Calabi-Yau solutions were derived in
[10], while extensions to non-Calabi-Yau attractors were elaborated in [11, [12]. A recent
review on the subject, including a complete list of references, can be found in [13], while
for exhaustive reviews on flux compactifications with a thorough bibliography see [14].

In this paper we develop the above ideas focussing on a four-dimensional N' = 2
setup. We consider general N' = 2 gauged supergravities related to type II theories
via flux compactification on non-Calabi-Yau manifolds, and we explore their AdS vacua
exhibiting partial (N = 1) or total (M = 0) spontaneous supersymmetry breaking. In
particular, we find infinite classes of AdS vacua for an arbitrary number of vector and
hypermultiplets, and we study their U-duality invariants. The solutions are derived by
solving a general system of first order conditions guaranteeing the equations of motion.

At the four dimensional level, the family of supergravities we consider can be obtained
by deforming the Calabi-Yau effective action. The latter is characterized by the choice
of two special Kéahler manifolds .#, and .#5: while .#5 defines the vector multiplet
scalar manifold, .#; determines via c-map the quaternionic manifold .# parameterized
by the scalars in the hypermultiplets [15, [16]. The deformation we study is the most
general abelian gauging of the Heisenberg algebra of axionic isometries which is always
admitted by #¢ [17, 18, [19]. The gauging involves both electric and magnetic charges in
a consistent way, the latter appearing as mass terms for tensor fields [20, 21 22} 23] [24].
From the point of view of compactifications, this deformation is expected to correspond to
a dimensional reduction of type IIA /IIB on SU(3) and SU(3) x SU(3) structure manifolds
(and possibly non-geometric backgrounds) in the presence of general NSNS and RR fluxes
[25], 26], 27, 28], 29, [30]. In this perspective, our setup provides a unifying framework for
the study of N' = 2 flux compactifications of type II theories on generalized geometries.

We start our analysis in section 2 by reconsidering the expression derived in [19] for
the NV = 2 scalar potential associated with the gauging described above. This expression
is manifestly invariant under the symplectic transformations rotating the flux charges



together with the symplectic sections of both the special Kahler geometries on .#; and
My. We derive a convenient reformulation of the scalar potential in terms of a triplet
of Killing prepotentials P, , x = 1,2,3, and their covariant derivatives. The P, encode
the informations about the gauging, and play a role analogous to the central charge Z
of N' = 2 black holes, or to the covariantly holomorphic superpotential e2W of N =1
compactifications. Interestingly, in our reformulation the only derivatives appearing are
the special Kahler covariant derivatives with respect to the coordinates on .#; and .#5,
with no explicit contributions from the .# coordinates orthogonal to .#;. This rewriting
is advantageous since it allows to take into account the hypersector continuing however
to dispose of the nice properties of special Kahler geometry.

In section [3 we move to the study of the extremization equations for the potential.
These are spelled out in subsection B.I], and resemble the attractor equations of N' = 2
black holes, though they are more complicated to solve. To achieve this goal, in sub-
section we propose a new general approach: this is based on a deformation of the
supersymmetry conditions to a set of first order equations in the P, and their special
Kéhler covariant derivatives, which still imply the (second order) equations of motion
and hence yield non-supersymmetric vacua. Again exploiting special Kéahler geometry,
our first order conditions can be reformulated in an algebraic form exhibiting manifest
symplectic covariance. The proof that these equations extremize the scalar potential is
worked out in subsection 3.3l

In section ] we find explicit AdS solutions for the wide class of supergravities whose
scalar manifolds .#, and .#, are symmetric with cubic prepotentials. These solutions
generalize those derived in [31] in the context of dimensional reduction of type IIA on
coset spaces with SU(3) structure (see footnote [@ below for the earlier history of the
solutions in [31]). Indeed, our analysis allows for an arbitrary number of vector multiplets
(subsection [4.1]) and hypermultiplets (subsection d.2)), as well as for a large set of fluxes.

Subsection is dedicated to the study of the U-duality transformation properties
of our solutions. We identify and evaluate the relevant U-invariants, and we provide a
manifestly U-invariant expression for the AdS cosmological constant.

In subsection £.4] we compute the central charge of the dual three-dimensional CFT’s
associated to the solutions found. This is done by employing the entropy function for-
malism [7], 32] originally introduced for black hole attractors, and then generalized to
the context of general black brane solutions [9]. The entropy function F' is defined as
the Legendre transform of the higher-dimensional supergravity action with respect to the
brane electric charges, evaluated at the near horizon geometry. Since in our description
the brane electric fluxes are assumed dualized to magnetic ones, F' corresponds just to
(minus) the supergravity action in the four-dimensional description. As we will see, the
central charge results then proportional to the inverse of the cosmological constant, and
hence determined by the same U-duality invariants mentioned above.

In subsection we come back to the explicit examples of type IIA dimensional
reductions on coset spaces studied in [31] (see also [33] for NV = 1 orientifold truncations
on the same manifolds). We give more details about the relevant scalar manifolds, and
we discuss the models arising from reduction of type IIB on the same manifolds.

In section Bl we draw our final considerations. Finally, the appendix contains a lot of



background material as well as some details of our computations. In appendix [Al firstly
we discuss how the most general scalar potential of N' = 2 supergravity with gaugings of
quaternionic isometries can be put in a form involving the P, and their special Kéhler and
quaternionic covariant derivatives (cf. eq. (A.11l)). Secondly, we prove that for the theory
we consider this expression reduces to a formula in which only special Kahler covariant
derivatives appear. In appendix [B] we deal with the N/ = 1 susy conditions, expressing
them both as differential conditions on the P,, and as symplectically covariant algebraic
equations [29]. Appendix [C illustrates how the gaugings we consider can arise from
dimensional reduction of type II theories on manifolds with SU(3) structure. Appendix
details the computations of the U-duality invariants that are relevant for our solutions.

2 Revisiting the A/ = 2 flux potential

In this section we reconsider the scalar potential V' derived in [19] by gauging the N' = 2
effective action for type II theories on Calabi-Yau three-folds, and we reformulate it in
terms of Killing prepotentials P, and their special Kahler covariant derivatives. From a
dimensional reduction perspective, V' arises in general type II flux compactifications on
6d manifolds with SU(3) and SU(3) x SU(3) structure (and non-geometric backgrounds)
preserving eight supercharges [25 26 28, [30, 27, 29]. An explicit dictionary between
the gauging and the fluxes is presented in appendix [C] for type ITA on SU(3) structures,
together with a further list of references.

Scalars in A/ = 2 supergravity organize in vector multiplets and hypermultiplets, re-
spectively parameterizing a special Kahler manifold .#5 and a quaternionic manifold .#,.
In the cases of our interest, .Z is derived via c-map from a special Kéhler submanifold
A [15, [16]. For both type ITA/IIB compactifications, we denote by hy + 1 the number
of hypermultiplets (where the 1 is associated with the universal hypermultiplet), and by
ho + 1 the number of vector fields (including the graviphoton in the gravitational mul-
tiplet), so that hy = dimc.#; and hy = dimc.#,. Furthermore, we introduce complex

coordinates z', i = 1,...hy on .4, and 2%, a =1,..., hy on .#5, and we denote by
I
= e?<gj), I=(0,i)=0,1,...,h,
A Ka X4
my = e (7 ). A=00=01. h (2.1)

the covariantly holomorphic symplectic sections of the special Kéhler geometry on .#; and
M5 respectively. All along the paper, indices in a double font like I and A correspond to
symplectic indices. The respective ranges are I = 1,...,2(hy+1) and A =1,...,2(hy+1).
To complete the geometric data on .#; and .#5, we introduce the respective Kéhler
potentials K, Ky, Kahler metrics g;;, 9,5, and symplectic invariant metrics C;, Cy:

K, = —log i(?jgj - ZIG[) ) 9i5 = 0;0;K1
Ky = —logi(X"Fa— XFa) . ga = 0uD4I
0 1
Ciy=CY= ( 1 0 ) = Copp =C® = CupCP = —6§ , CyC¥™* = —6f.
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Finally, the coordinates 2" € My are completed to coordinates on .#g by the real axions
&= (¢!, ¢)T arising from the expansion of the higher dimensional RR potentials, together
with the 4d dilaton ¢ and the axion a dual to the NSNS 2—form along the 4d spacetime.

The quaternionic manifold .#; always admits a Heisenberg algebra of axionic isome-
tries [17], which are gauged once fluxes are turned on in the higher-dimensional back-
ground [I8, [19]. The NSNS fluxes, including geometric (and possibly non-geometric)
fluxes, are encoded in a real ‘bisymplectic’ matrix Q,", while the RR fluxes are encoded
in a real symplectic vector c*. Explicitly

I A
eA eA[ A p
QAH — < ) , ¢t = < ) . 22
mAT mA4, qa (22)

Abelianity and consistency of the gauging impose the following constraints on the charges
[18, [19]

QTC,Q=0C,QT=Q=0. (2.3)

In the context of dimensional reductions, these can be traced back to the Bianchi identities
for the higher-dimensional field strengths, together with the nilpotency of the exterior
derivative on the compact manifold [26], 28] (cf. appendix [C]).

The scalar potential generated by the gauging can be written as the sum of two
contributions: V = Vg + Vr, where Vg can be seen to come from the reduction of
the NSNS sector of type II theories, while Vi derives from the RR sector. Both these
contributions take a symplectically invariant form, and read [19]

Vas = —2¢% |TITQ"MLQII, + 17 QM QTl, + 4TIF CTQT (II,ITY + ﬁ2H§)QCJh}
Ve = —3e¥(c+ Q&)™ (c+Q8), (2.4)
with
Q" = (C3QCT)M, (2.5)

while (M )y and (M),p are symmetric, negative-definite matrices built respectively from
the period matrices (N7);; and (N2)ap of the special Kéhler geometries on .4 and .,
via the relation

= (o )T ) (e 1) 25

LA consistent formulation of N' = 2 supergravity involving both electric and magnetic charges can be
obtained by dualizing some hyperscalars to two-forms [20, 21], 22] 23] 24]. After a subset of the hypermul-
tiplets is transformed in tensor multiplets, the residual scalar manifold is no more quaternionic. Anyway,
it turns out that the correct expression for the scalar potential can be derived by employing the data
(vielbeine, Sp(1) connection) of the quaternionic manifold prior the dualization of the scalars, and by
reasoning as if the gauging was performed both with respect to electric and magnetic gauge potentials.
The resulting expression for V' reads as the symplectic completion of the standard formula [34] for the
potential following from a purely electric gauging. See appendix [Al for more details.

Also notice that in .#( the special Kahler coordinates are inert under the Heisenberg algebra symme-
tries of .4 [16, [17]. It is only the latter that is gauged in the supergravity description considered in this

paper.




Nicely, expressions (2.4) for Vs and Vi can be recast in a form that reminds that of
the N' = 2 black hole potential (as well as the N' = 1 supergravity potential), with the
NSNS and RR fluxes Q4" and ¢* playing a role analogous to the black hole charges. The
black hole central charge will here be replaced by the triplet of ' = 2 Killing prepotentials
P, x =1,2,3 which describe the gauging under study. These read (see appendix [A] for
details):

P. = P +iPy = 2°1IQC I,
P_ = 7)1 — ZPQ = 2¢% Hg@ Clﬁl
Py = e¥I;Cyc+ @5) . (2.7)

Here, P4+ encode the contribution of the NSNS sector, while P3 describes the contribution
of the RR sector [26], 2§].
We find that the NSNS and RR potentials (2.4]) can be recast in the suggestive form

Was = ¢"DoPiDyP+ g7 DPD;P, — 2P|

Vo = ¢”D,PsDyP;+ |Ps|%, (2.8)

whose main benefit is to involve only special Kahler covariant derivatives of the P,, which
are defined as

DiP, = (0i+20.K)P. ,  DyPy= 00+ 20.K)Ps. (2.9)

Egs. (2.8)) are the expressions for Vyg and Vg we are going to employ in the next sections.
An expression closely related to the above rewriting of Vyg in terms of P, appeared in
[19], and our derivation of Vx in terms of Ps follows the same methods. In order to prove
the equivalence between (2.4)) and (2.8]) we employ the following useful identities of special
Kahler geometry [35]:

¢"DIL DAL = —1(CTM,Cy +4Cy) — LI (2.10)
g DJILDY = —1(CIMLC, +iC,) — TILITL . (2.11)
These yield
gPDPLDP, = —2e¥(TIIQTMLQIL, + 2MITCTQTIL, T Q C,11y)
9"DiPD;Py = —2¢*(I; QM;Q"1I, + 21 CT Q"I 11 Q Cy11,)
2P ? = —8e*I[CTQTT,NIQC,IL
9D P D Ps + |Ps)? = —1e*(c+ Q€)M (c + QF) (2.12)

and the equivalence between (24]) and (Z.8)) is seen by addition of these four lines.

In appendix [Al we illustrate an alternative, ab initio derivation, where (Z8]) are ob-
tained starting from the general formula for the supergravity scalar potential given as a
sum of squares of fermionic shifts, and expressing the latter in terms of the P, and their
derivatives.



It is instructive to compare the quantities in (2.7]) with the black hole central charge,
which reads Zpy = IIZ C, ¢, where here ¢ = (p?, q4) is to be interpreted as the symplectic
vector of electric and magnetic charges of the black hole. In addition to the fact that
we are dealing with two quantities (P, and Ps) instead of a single one (Zpn), we face
here the further complication that these do not depend just on the covariantly holomor-
phic symplectic section Ily of the vector multiplet special Kahler manifold .45, but also
on the scalars in the hypermultiplets. However, the constrained structure of the quater-
nionic manifold, determined via c-map from the special Kahler submanifold .#;, comes
to the rescue, yielding a relatively simple dependence of P, and P3; on the 4d dilaton
e? (appearing as a multiplicative factor) and on the axionic variables ¢! (appearing in
Ps as a scalar-dependent shift of the charge vector ¢). Finally, the .#) coordinates enter
in P, via the covariantly holomorphic symplectic section II;, making P, a covariantly
‘biholomorphic’ object.

3 Vacuum equations and first order conditions

3.1 The vacuum equations

The extremization of the scalar potential (2.8)) corresponds to the equations
8¢V =0 < Vas+2Vg =0 (31)

Q™M (c+Q€) = 0 (3.2)

85\/ =0 &
V=0 & iCijkgjjgklngP_ngﬁJr — DiPiP, + g""DyDP,DyP, = 0 (3.3)
-

9,V =0 iCapeg™ g (D5P_D:Py + DyP3D:P3) — DyPi P + 2D, PsPs
+gijDiDaP+Dj§+ =0. (34)

To write (3.3]), we used the following characterizing relations of special Kahler geometry
[34]

DiDjﬂl = ZCijngDEﬁl y DiDjﬁl = gijﬁl y (35)
where Cjj;, is the completely symmetric, covariantly holomorphic 3-tensor of the special

Kéhler geometry on .#;. The analogous identities obtained by sending 1 — 2 and i, j, k —
a, b, ¢ have been used to derive eq. (3.4]). In particular, these relations imply

DZ‘DJ'P+ = ZkangD]}P_ 5 (36)
as well as
DanP+ = iCabCQCEDgﬁ_ and Danpg = iCabchEDaﬁg . (37)

The system of equations above, in particular eqs. (B3] and (B4, take a form which
reminds the attractor equations for black holes in A/ = 2 supergravity. In the remaining
of this section we will show how this set of equations is solved by a supersymmetry inspired
set of first order conditions accounting for both supersymmetric and non-supersymmetric
solutions.



3.2 First order conditions

In this subsection we propose a first order ansatz which generalizes the supersymmetry
conditions and allows to solve the vacuum equations BI)—(B4). First we will give a
summary of our results, then in the next subsection we will explicitly show how the
vacuum equations follow from the ansatz. Finally, in section [4] we will illustrate some
explicit examples of supersymmetric and non-supersymmetric vacua satisfying our first
order ansatz.

We consider the following set of equations, linear in the P, (and their derivatives),
and hence in the flux charges:

:f:€ii'y_i6'P:|: = UP;J,
+e D Py = v D,Ps
DP, = 0 = D;P_, (3.8)

where 7, u, v, @ are real positive parameters. While v will be just a free phase, the
other three parameters will need to satisfy certain constraints given below. The ansatz
(B8) generalizes the AdS N = 1 supersymmetry condition, which, as we illustrate in
appendix [B.1], corresponds to the particular cas

susy & wu=2 , v=1 , 6=0. (3.9)

Our aim is to implement the first order ansatz (8.8) to derive non-supersymmetric solu-
tions of the vacuum equations. We will restrict our analysis for the case in which .Z; is a
special Kéhler manifold with a cubic prepotential. Indeed, below we will show that (3.8])
extremizes the scalar potential if the parameters u, v satisfy

u® —vPv+utv =0, (3.10)
and — under the assumption that .#5 is cubic — if we further require that
D,Ps = a30,K2Ps, (3.11)

with a3 given by
. . du 1 — 0% e U
3iArg(as)+2iArg(Ps) _— _ [ 22 - - 2= . 3.12
© V3v2—uve20 ’ o] 3v (3.12)

As we will see, the second of (B:12) is actually a consequence of (B.8)) and (3.11]). Further-
more, notice that by evaluating the modulus square of both its sides, the first of (312l
yields a constraint involving w, v, 6 only:

4uv®cos(20) = 3u*® —duvt —4u+12v. (3.13)

2The N' = 1 conditions are completed by P3 = —iji, where fi # 0 is the parameter appearing in
the Killing spinor equation on AdS, related to the AdS cosmological constant A via A = —3|ji|?. See
appendix [B.1] for details.
For a study of the possible maximally supersymmetric configurations in N/ = 2 gauged supergravity, we
refer to [36].



We also consider the possibility of relaxing requirement (3.11]). While it will be clear
that condition (B.10) has to hold independently of the assumptions on the special geometry
on .#>, we will show that relation (3:13)) is also necessary, at least when .5 is a symmetric
special Kahler manifold.

It will be very useful for our purposes to rephrase eqs. (3.8) in a symplectically covari-
ant algebraic form. Following similar steps to the ones presented for the supersymmetric
case in appendix [B.2] we find that (B.8)) are equivalent tofd

0 = QI — iuPse” ¥Re(e”1) (3.14)
0 = QCiRe(e"1L;), (3.15)
0 = QQCllm(emﬂl) +2e¢ ¥(u+v)Re [e‘w fgCQHQ} — e?(Mav cos @ — Cyusin ) (c + @f)

(3.16)

Notice that, precisely as in the supersymmetric case, the second equation actually follows
from the first one (cf. below eq. (B13))).

3.3 Extremization of V from the Ansatz

We now come to the proof that the extremization equations ([B.I)—([3.4]) for the scalar
potential V' are satisfied by the conditions given above.

9,V =0

We start by considering the extremization of V' with respect to the 4d dilaton ¢, namely
eq. (31). Let us preliminarily show that the linear ansatz above implies
U

|DPs|* = —|Ps[, (3.17)

v

where here and in the following we denote |DP,|?> = g“BDaPngfx. This can be seen
fro

|DP3|2 = —%64@ (C+@£)TM2(C+©’§) _ |’P3‘2
- 0 Dt
N (:COSU@) e*(c+ Q&) CyRe[Il,Py e~ — |Py?
u
e (3.18)

where for the first equality we used (ZI2), for the second equality we employed condition
(B106) and the constraints (2.3), while for the third one we recognized expression (2.7))

3The equations in appendix are recovered by substituting the values (89)) of u, v, 8, and setting
iP3 = ji. As shown in [29], these supersymmetry conditions match the ‘pure spinor equations’ derived in
[37, 138] and characterizing the ' = 1 backgrounds at the 10d level.

*An analogous computation leads to [DP|? = “|v|*|P3|?, which is consistent with ([38) and @I7).



for P3. From (B.8) and (B.I7) we deduce the following chain of relations

1 1
;\Dmﬁ = v|DPs|* = u|Ps* = E'Pi|2‘ (3.19)
Also recalling D;P, = 0, the dilaton equation (3.1]) becomes just a condition on u and v:
0 = [DP* = 2[P* +2(|DPs[* + |Psf*)
= (uv— 20+ 2=+ 2)|Ps], (3.20)
v

which corresponds to eq. (310).
As an aside, we remark that using (BI7) the potential at the critical point can be
rewritten as

V= —Va=—(1+2) P, (3.21)

Notice that in the supersymmetric case this yields V = —3|Ps|?> = A (cf. footnote 2 for
the relation between Ps; and the AdS cosmological constant A), which is consistent with
the Einstein equation on AdS,.

85]1‘/ == 0

Next we observe that the ! equation ([B.2) follows from eq. (3.16)) after multiplying it from
the left by the matrix Q7 C,. The first and the last terms in the obtained equation vanish
due to constraint (23]), while the second one vanishes after using eq. (8.14]) I Notice that
to satisfy this equation it is crucial that u and v be real.

o,V =0

Taking into account D;P, = 0, the only non-trivially vanishing term in (3.3]) is the last
one, containing both the D, and D, derivatives. In order to see that also this term is
zero, we evaluate

9" DuDPLDyP, = 4* DIl C{Q" (—3CIMLC; — 5C, — TLIIE) QCyTL
— et T QT{ 2(u + v)Re[ Pse " *CIM,IL,]
+ v cosB(c + Q€) + efv sin§ CL My (c + @5)}

= %ei“’(u + v)[e‘w PsD; P, — " PgDif_] = 0.
where in the first line we used (2.I1]) to obtain the right hand side, whose last two terms
actually vanish due to constraint (Z.3)) and to condition D;P_ = 0. The second line follows
from substituting QC,I1; from (B3.15)), (3.16) and using the identity CIM,CyM, = 1. The
last line is derived employing again (2.3)) and the identity MyIly = —iCylly, recalling
that (B2]) is satisfied, and recognizing the expressions (Z7) of Py. Both terms in the
parenthesis vanish due to (3.8).

SHere we followed parallel steps to the proof [38, app. A] that in type II theories the general N' = 1
conditions of [38] imply the equations of motion for the RR field-strengths on the internal manifold Mg.
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9,V =0

Finally we consider eq. (84). Let us first show that the term involving both D, and D;
derivatives vanishes under the ansatz ([3.8). We compute

gD, D,P.DP. = 4e*DJIILQC (~ ACTMLC, — iC, — TLIIT )CTQ™TH,
= 2iue " P3e? D I Q[Re(e"M;1ly) — 2C I 1T CRe(e"11,) |
= ue " P3e? DI QCy (711 + eI
= %u e 0P, (ei“’DaPJr + e_i“’DaP_) = 0.

In the first line we used identity (2.I0); the term proportional to iC; cancels due to
constraint (2.3). Then the second line follows using (B.14]), while for the third line we
used MIT; = —iC,II; as well as IITCIT; = i. Recalling the expression ([Z.7) of Py, we
thus obtain the last line, which vanishes due to (B.8]).

Using ([B.8), eq. (3.4]) then reads

(1 = v2*)iClpeg” g DyP3DPs + (2 — wve %) D,P3Ps = 0. (3.22)

In the supersymmetric case (3.9), and only in this case, the terms in the two parenthesis
vanish separately, and the scalar potential is therefore fully extremized.

To solve the non-supersymmetric vacuum equations we focus on the case in which .#>
has a cubic prepotential, and require relation (3IT]). This condition, together with the
following property of cubic geometrie

iCaeg™ g 05K 0Ky = 20,Ko (3.23)
allows us to rewrite (3.22)) as
(1—v’e*)2a3 P + (2 — wwe ™) as|Ps|* = 0. (3.24)

where we used the relations g“l_’aaK 205 Ky = 3 (cf. footnote [B), that hold for cubic geome-
tries. Using the second of (312]) it is now easy to check that (3.24]) corresponds to the

first of (3.12).

We have thus proved that conditions ([3.8)), together with (BI0)-(3.12), guarantee (a
non-supersymmetric) extremization of the scalar potential.

6This can be verified using the relations given in (£2)), (&4) below.

11



Relations between symplectic invariants

One can wonder whether it is possible to find vacuum solutions of the type ([B.8)) that
do not require ansatz (B.I1]). Here we show that, even relaxing the latter condition, eq.
B13) is however still needed, at least in the case in which the special Kéhler manifold
Mo 18 symmetric.
We start by writing eq. (3.22)) as
i(1 — v2e2)

A S
D,Py = — Cueg®g°DyP3D:Ps . A=——~ 7 3.25
3 P, bed 9 L3 3 (2—uve—2“’) ( )

Contracting this equation with ¢?° D;P; one finds a necessary condition relating two sym-
plectic invariants:

A o _
|DP3|2=5— weg 9" 9% DaPs DyPsDPs . (3.26)
3

Replacing D;P3 and D:P5 in (3.25) by the complex conjugate of (3.27)) itself and using
the following identity, valid for symmetric special Kahler geometries:

g 4
gbbgcc CabcCB(JéCfg)é = gC(Jéfgg)a ) (3.27)
we get
4A A bb cc, dd
Da773 = — Dapg Cgéd’g g g Dbp3 Dcpg de3 . (328)
3P, P2

Using (3.26) and (B.I7) to rewrite the right hand side, we arrive at
4u
—JAP =1 3.29
3v = ’ (3.29)
which is precisely eq. (313).

Explicit solutions

In the next section we will present explicit vacuum solutions A, B, C (cf. (£28))-(430))
satisfying the linear ansatz of subsection B.2] with the parameters u, v, given by

AWN=0): u=3v=2/8 =1 (50
(1 —14v3)

CWN=1) : u=2=2, e =1. (3.30)

N[
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4 Vacuum solutions

Applying the results of the previous section, in the following we present new explicit
N =0 and N = 1 AdS, vacuum solutions of the N' = 2 gauged supergravities under
study, and we discuss the associated U-duality invariants.

For simplicity we focus on the case where the special Kahler scalar manifolds .#; and
My are symmetric manifolds G/H with cubic prepotentials; a complete list is given in
table [l below. We denote the cubic prepotentials on .#; and .#5 respectively by

Xexbxe AV AV A
X0 ’ zZ0
where dgp. and d;;;, are scalar-independent, totally symmetric real tensors.
Choosing special coordinates, for .#, we have
XA = (17:1:(1) ) fA:<_f7fa) )

1 b_.c
Va - §dabcx2x2 )

F = %dabc g = %dmk (41)

1 a, b .c _ 1 b,.c
f—gdabcl’ﬂ?ﬂ? ) fa—idabcxx

a, b, .c

_ 1 _ K
Y = gdabcx2x2x2 ) Cabc =€ 2dabc

Va
2V

where the complex coordinates ¢ are split into real and imaginary parts as 2% = z{ 429,
with 2§ < 0. Analogously, for .#; we have

Ky =—log(—8V) |, 0K, = (4.2)

zh = (LZi) . Gr=1(-9,9) ) g = %dijkzizjzk y  9i = %dijkzjzk
]} = édz-jk%%%“ ) f}z = %d”kzézé , Cijk; = 1 dijk
- Vi
2V
with 2 = 2! 4+iz% and 24 < 0. For the case of a theory with no hypermultiplets other than
the universal one, expressions (&3 are replaced simply by Z° =1, Gy = —i and X! = %
¢ | suay | su@a, S0(2,n) Sp(6,R) SU(3,3) 50*(12) Br(_25)
H U (1) UM X SomxUM) | SUE=UM) | SUGXSUB)XUM) | SUG)xU1) | FexS0(2)
Y Ga2) S0(4,n+2) Fa) Ee(2) Er(—5) Eg(—24)
Q| So@) 50(n+2)xSO(4) USp(6)x SU(2) SU(6)xSU(2) SO(12)xSU?2) | ErxSU(2)
Rg 2 (2,n+ 2) 14 20 32 56
Ry 0 n+1 6 (3,3) 15 27

Table I: The first row displays the complete list of symmetric special Kahler manifolds
G/H with cubic prepotentials (see e.g. [39, [17]). The second row shows the quaternionic
manifolds .#; related to the special Kahler manifolds in the first row via the c-map
[15]. The third row displays the symplectic G-representation under which the symplectic
sections (I} or I14) transform. Finally, the last row shows the H-representation under
which the scalar coordinates (2" or %) on G/H transform.
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Moreover, the following relations involving the metric g,; = 0,0; K3 on 45 are valid:

Yab = 4V2 — VYo = VVa) . ¢" =2(z5a}—20 V")

9V = Va3 gV, = 12V (4.4)

where Vy, = dgper§, and Ve is its inverse. Similar relations hold for the corresponding
quantities on .#; with a,b — 4,7 and V — V.

To perform the forthcoming computations, it is convenient to introduce the following
holomorphic prepotentials W, Wj:

K+ K.
Pi = e E 2+%0W:|: s 7)3_€2+2¢W3, (45)
whose Kéahler covariant derivatives are defined via

DoW, = (0a+ 0.K)W,

DW, = (0;+ 0, K1)W,, oW_ =0,

DW_ = (0;+ 0:;K)W_, oWy =0, (4.6)
with d, K3 and 0; K given in (£2) and (£3) respectively. Explicitly, recalling ([d3), (27,
and taking mA! = m#; = 0 for simplicity, one finds

W, = 2X%es'Gr —easZ") | W_ = 2X%es'G; —ear 27,

Wy = X*qa+ea'é —earé’) — Fap®, (4.7)

Recalling (4.2]) and defining f,;, = dgpex®, we preliminarily compute:
8aW+ = 2(eaIgI - eaIZI) > aaVV— = 2(6111(;[ - eaIZI) )
aaW?) = o+ eaIgI - 6aI§I + fapo - fabpb . (48)

To solve the vacuum equations ([B.I)—(3.4) in full generality is a challenging problem that
goes beyond the scope of this paper. In the following we present some simple solutions
as prototypes of the general case.

4.1 Only universal hypermultiplet

We start by considering the case of a gauged supergravity with a single hypermultiplet (i.e.
hy = 0), which we identify with the universal hypermultiplet of string compactifications.
Concerning the vector multiplets, we allow for an arbitrary number of them, and we just
require that the associated special Kéhler scalar manifold is symmetric and has a cubic
prepotentlalﬁ specified by the 3-tensor dg;.. As it will be clear in the following, the latter
assumption will allow us to perform computations in a more explicit fashion. In addition

“In particular, the second property is relevant for type ITA compactifications on 6d manifolds Mg with
SU (3) structure, where the Kiihler potential K5 is expected to take the cubic form e %2 = 2 f JNINT,
where J is the almost symplectic 2—form on Mg. See subsection 5] and appendix [C] for more details.

14



we assume that the only non-vanishing entries of the charge matrix ) be e, = e,. We
remark that this choice might be generalized by using U-duality rotations. The constraints
(23) require that e,p® = 0. For this choice of charges the prepotentials become

W, = W_=—2e,2",
W3 = qo + <Qa - eag)xa +p0f - pafa ) (49>

where all along this subsection we denote & = £°.
It is convenient to introduce the following shifted variables (assuming p® # 0):

a a pa o qapa 2P . Pa
with
P = %dabcpapbpc ) P, = %dabcpbpC : (411)
In terms of these variables one finds
Wy = W_ =-2e,x", oW, =0,W_ = —2e¢,,
W3 = Qo + (qa - f%)Xa —|—p0f, aaW?: =qq — gea +p0fa ) (412)
with

b

f = %dabcx"x x¢, f, = %dabcxbxc. (4.13)

In writing (£.12) we have used that e,p* = 0. Notice that since x§ = z3, the expressions
in (44) can be equivalently written with the bold variable. The advantage of using the
bold variables introduced above is that the explicit dependence on p® is entirely removed.
Finally we introduce the following quantities built from the NSNS fluxes e, :

R = 1d"™e,epe., R* = Ld™ee.., (4.14)

where d¢ is the contravariant tensor of the symmetric special Kihler geometry satisfying
dabc db(d1d2 dd3d4)c _ %6(d1dd2d3d4). (415)
Solutions of the vacuum equations can be found starting from the simple ansatz
x* =x R*, q, =0, (4.16)

with © = x1 + ixs a complex function of the charges to be determined. This ansatz can
be motivated by noticing that once q, is taken to zero, the only contravariant vector one
can build with e,’s variables is R®. Using (£.I5) one finds the following relations:

dape R°R° =2 Re,, R%e, =3R,
V=(1)’R*,  V,=(12)’Req, f=2R*,  f,=2"Re,,
W.=—-6Rx, W3 = (qo — 3R¢x + p°R%*2?)
oW, =0,W_ = —2e,, O W3 = (p°Ra* — €)e,,
e F1 =2, e f2 =8V, (4.17)
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Moreover, the covariant derivatives of the prepotentials take the form

DaW, = 9Ky asWy = —2% a0, W, (4.18)
2LL’2R
with
2’i.§(]2 2ZRLU2(pOR 1’2 - 5)
—p 2t —1- . 419
o 3z s Qo — 3REx + PR (4.19)

Using the relation (here there is no sum over x):

9* D P DyPy = 3la,Pul, (4.20)
the scalar potential reads

Vo= TR (3lay P — 2) WP + "2 (3las]? + 1) W52 (4.21)

Let us now combine the ansatz (£.16) with the linear ansatz (3.8) that we have estab-
lished in the previous section. It is straightforward to verify that with (£I7), (£I8]), the
first two equations of (3.8]) are identically satisfied upon defining u, v, 6, as

. Rx [0 uezw .
0 _ p: Ki1/2—¢ o + —iy
1 = —-—F — . . 2
ue” = bre ) 3R 0R2 3 v Z , e 7 (4 2 )

Then the second equation of (3.12) can be solved for ¢ and yields

e~ @nt ' Beidatd) (g a0 tad+ad) (4.23)
R(322 + 23) R 3x3 + X3 ’ '
where we have rescaled z o asﬁ
do 1/
T =2+ i1y = <p0R2) (x1+ix2), (4.24)

in terms of dimensionless quantities x12. This also guarantees that v is real. Likewise,
equation (3.I0) can be solved for ¢ and yields

2/3
2o — 3 ( R ) / (3x1 + x3) (=31 + 5x3) ' (4.25)
PO} X5 (1 —4x3 +4x§ + 99X + 6x3xs + X3)

4

Moreover, from (£21]) we find for the scalar potential

vo- 2 ( R )1/3 (3x3 +23)(=3x3 + 5:3)?
32 \p’qp X5(1—4x3 +4x8 + IxIx3 + 6x3x3 + x85)

Remarkably, all dependence on the charges factors out.

(4.26)

8 For simplicity, we assume a sector of charges, where qg,p°, R > 0.
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It remains to solve the first equation of (B.12]), or equivalently (3:24]). Plugging (4.17)—
([4.24) into (B.24), this complex equation finally gives rise to two real polynomial equations
in x1,2, which can be solved explicitly, and admit precisely three real solutions

A x1 =0, Xo = —51/6
B: X1 =207, X2 = —V/32071/3
C: X1 = —32073, Xo = —2V15207 1% (4.27)

Putting everything together, the three solutions are given by
e Solution A (N =0) :

1/3 1/3
_ _ . -1 qO 1 5 R
o= A0 e (pORz) A v (poqﬁ) ’
s ( RO\
0

e Solution B (N =0) :

o (w )\ e (Ar'ad (2R

1 V3 2 20p0R2 ) 25R ’ V3 4p0qg 5
25 R4\ /?

V= -5 705 - 4.29

V3 (4p°q(5)) (4.29)
e Solution C (N =1) :

1/3 1/3 1/3

o i@ ) e (Pa / o vist (2R
PooveTr 2 \aop'R?) 0 > \sor ) T VR \pogd)

. 4\ 1/3
Vo= —8\/55‘3<2R) . (4.30)

POq)

The corresponding values of u, v, have been given in ([3.30) above. Notice that the as-
sumed positivity of the charges guarantees e¥ > 0, x5 < 0 and V' < 0. The above solutions
generalize to an arbitrary number of vector multiplets the ones derived in [31] in the con-
text of flux compactifications of massive type ITA on coset manifolds Furthermore, they
allow for non-vanishing charges p?, g, (satisfying q, = 0, namely p°q, = 3dapp"p°)-

9See subsection L5l for some more details. The ' = 1 solutions appearing in [31] sect. 6] were already
known: they were first found at the 10d level in [40], studied from a 4d perspective in [41] [42], and
extended in [43] [44]. The A = 0 solutions had already been derived from a 10d perspective in [45].
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4.2 Adding hypermultiplets

The three solutions above can be generalized to the case of a cubic supergravity with
arbitrary number of vector multiplets and hypermultiplets. For simplicity we focus again
to the case where the vector multiplet scalar manifold is symmetric. Here we consider
a vacuum configuration with non-trivial charges: e,’, e, = eq, p°, qo, while q, and all
remaining charges in Q,! are set to zero. Recalling (I0), the prepotentials and their
derivatives are now given by

W, = 2x%eq'gi — €q) , 0 W4 =2(ed' g — eq) W, = 2x%,7gi; ,

Ws = qo+ Xa(eaié - €a§0) + Pof ) O0uW3 = 6ai§i - €afo +p0fa> (4-31)

where g;; = dijkzk. The expressions for W_ and its derivatives are like those for W, with
g; — g; and g;; — g;;. Again we follow an educated ansatz for the solution:

x* =1z R, 2 =25, &=CT;, (4.32)
where R is defined as in (4.14]), and we introduced the combinations of NSNS charges

S'=e'R* , T =31duS'SS" T =1dpSSk. (4.33)
In addition we impose the following relation

dijkeaiebjeck = Bdape = Tie,' = Re, , T=p3R (4.34)

where R is the same as in (4.I4]), and [ is an arbitrary number. With these assumptions,
one has the following simplifications

V = (5)°R* | V, = (12)*Re, , f=2R* , f, = 2’Re,,

]> = (22)3T ) ]>7, = (22)27} , 9 = ZgT 5 g, = Z2iri
W, = 6Rx(*BR—1) , 0,W, =2(*BR—1)e, , OW, = 4zzT,
Ws = qo—3Rz{+p"R*® | 0,Ws = (p"Ra*—§)e,, (4.35)

where we introduced

§ =& - BRC. (4.36)

Now let us consider the first order conditions of subsection With respect to the case
of a single hypermultiplet, here we have in addition the last equation in (3.8). One can
see that its solution requires > 0 for consistency with the assumption R > 0, and reads

. _\/ﬁER (4.37)

Plugging this into W in (A3H), one gets Wy = —24xR and D, W, = —8e,. Comparing
with (4I7), we see that after substituting (£37) the Killing prepotentials P, of this
subsection are related to those of the previous subsection, here denoted by P.|n,—0, by

Pr = APx|n=o ; Ps = Pslj—0.e -5 (4.38)
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where the proportionality factor

N = 3%(%) (4.39)

arises from the different expressions for e's in the present (h; > 0) case with respect to the
universal hypermultiplet (h; = 0) case. It follows that the three solutions (4.28))—(4.30)
of the previous subsection generalize to the present case of an arbitrary number of vector
and hypermultiplets. Labelling by ...|,,—0 the quantities appearing in (£.28)—(430), we
infer the solutions for the current h; > 0 case:

NI

I = $1|h1:0 ) Ty = I2\h1:0 ) é = §|h1:0
Rig\’? ) RA*\ S

e = )\€g0|h1:0 ~ o2 y V=2 V‘h1=0 ~ 05 y (440)
P qp P qq

with z given by (A.31T).

4.3 U-invariant cosmological constant

In this section, we propose a U-duality invariant formula for the dependence on NSNS
and RR fluxes of the scalar potential V' at its critical points. This defines the cosmological
constant A = V4,_, -

As considered in the treatment above, the setup is the following. The vectors’ and
hypers’ scalar manifolds are given by .#, = G/H and .#g. Here, G/H is a symmetric
special Kéhler manifold with cubic prepotential (d-special Kéhler space, see e.g. [17]),
with complex dimension hy, coinciding with the number of (abelian) vector multiplets. On
the other hand, .#( is a symmetric quaternionic manifold, with quaternionic dimension
hy+1, corresponding to the number of hyermultiplets. The manifold ., is the c-map [15]
of the symmetric d-special Kahler space # = 4/ C M, with complex dimension h;.
Thus, the overall U-duality group is given b

U=Gx9Y C Sp(2hy +2,R) x Sp(2hy + 2,R). (4.41)

The Gaillard-Zumino [46] embedding of G and ¢ is provided by the symplectic represen-
tations Rg and Re , respectively spanned by the symplectic indices A and I. The RR
fluxes c* = (p°, p%, qo, qa) sit in the (2hy + 2) vector representation R, whereas the NSNS
fluxes fit into the (2hs + 2) X (2hy + 2) bi-vector representation Rg x Rg

Al A

e -cgei= (", M. (1.42)
—€A —€Ar

A priori, in presence of ¢® and Q*!, various (G x &)-invariants, of different orders in

RR and NSNS fluxes, can be constructed. Below we focus our analysis on invariants of

total order four and sixteen in fluxes, which respectively turn out to be relevant for the

U-invariant characterization of A for the solutions A, B, C of subsections 1] and

10T this paper, we call U-duality group the symmetry group that has a symplectic action on special
Kahler manifolds .#> x .#, and not the whole symmetry group of the overall scalar manifold .#5 x .#(,.
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Only universal hypermultiplet

Special Kahler symmetric spaces are characterized by a constant completely symmetric
symplectic tensor dg,a,a44,- This tensor defines a quartic G-invariant Z, (c*) given by

I4 (04) = dA1A2A3A4CA1 .. .CA4 (443)

= —(0°q0 + 1°¢u)? + Zdave o "p° — 2d™ P’ quqvqe + daped™ ppgeqy .

The non-trivial components of du, s,a,4, are listed in (D.II). A similar definition holds for
the symplectic tensor dp,y,1,1, of the symmetric coset ¢ /.72
For the explicit solutions found above, the RR fluxes ¢* satisfy p° # 0 and q, = 0, i.e.
o 1 dabcpbpc
qa - 2 po
Plugging this into (4.43]) and using the relation (£I5]) (holding in homogeneous symmetric
d-special Kéhler geometries) one finds

. (4.44)

2 . 1 dapepp"p©
Is (04) - — (pO) qg with Ao = Qo + BT
(»°)
Notice that the full dependence on p® is encoded in the shift ¢ — q¢ and therefore we
can, without loosing in generality, restrict ourselves to the simple choice ¢* = (p, 0, qq, 0).

The RR and NSNS fluxes ¢* and Q*! are then given by

(4.45)

P’ 0
A __ 0 A __ O A0
— 5 f— 5 — 0 . 446
C Qo Q 0 0 Q ( )
0 —e,

Besides Z,(c!) one can build the following non-trivial quartic invariant
Zi(cQ?) = daypgngn, ™ Q20 Q%0 QMo = —2p"d™esere. = —p°R. (4.47)

Let us remark that Z,(cQ?) is also invariant under the group SO(2) = U(1) which,
due to the absence of special Kéhler scalars z* in the hypersector, gets promoted to
global symmetry. ¢ = SO(2) is thus embedded into the symplectic group Sp(2,R)
via its irrepr. 2, through which it acts on symplectic sections (Z°, Gy). The SO(2)-
invariance of Zy(c@?) is manifest, because the latter depends on the SO(2)-invariant
Z5((Qa)?) = (Quo)* + (Qa°)? = (Quo)? (no sum over A is understood).

It is easy to see that the expressions in eqs. (L.28)—(30) depend only on the two
combinations Zy(c¢*) and Z,(cQ?) given in (£43) and (E4T) respectively. In particular, we
obtain a manifestly (G x U(1))-invariant formula for the AdS cosmological constant at
the critical points

yo G Qb
Zi ()P e

Notice that RR and NSNS fluxes play very different roles in their contribution to A.

Indeed, the cosmological constant grows quartically on NSNS fluxes and fall off quadrat-

ically on RR charges. It would be nice to understand whether this is a general scaling
feature of the gauged supergravities under study.

(4.48)
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Many hypermultiplets

Next let us consider the case with arbitrary number of hypermultiplets. From (@40), it
follows that the cosmological constant A = V' in this case depend only on the combinations
T, = (pP°qo)? and Z15 ~ (p°)*RB? ~ Q. In order to write A in a U-duality invariant
form we should then find an invariant Z;4 built out of 12 ()’s and 4 ¢’s that reduce to
(p®)2R33 on our choice of RR and NSNS fluxes. The following (G x ¢ )-invariant quantity
does the job

4112 _
Tie (C Q ) = dﬂlﬂzhhdﬂsﬂsﬂﬂsdﬂgﬂmﬂuhzdAﬂBﬂ%]%dA235136]B7dA313913101311dA4IB4BsIBlz X

x M CAZCA%A“QBIHl .. .QB”H”. (4.49)

The explicit expression of Z15 (c*@'?) is rather intricate. Nevertheless, this formula under-
goes a dramatic simplification when considering the configuration of NSNS and RR fluxes
supporting the solutions found in subsection [£.2l As before we encode the full dependence
on p* in the shift gy — qo and therefore we restrict ourselves to the charge vector choice
= (p°,0,qp,0). More precisely, we take NSNS and RR fluxes with all components of
QM, ¢ zero except for

Qai = _6ai s QaO = —€q , CO - po ) Co = o, (450)
where e, satisfy the constraint (£34) for some 3 € R,. A simple inspection to ([Z.49),
shows that contributions to Z;5 come only from the components d°;;; = —% d;jx, of dy, 1,
and do""" = —1d®° of dyp,p,m, . Indeed using ([@I7) one finds (see appendix [Dl for
details)

4

T (Q%) = 2(*) RS 50

with]
1 aoc
7= g5ld Y dape + o + 3)°. (4.52)

We conclude that the cosmological constant of the AdS vacuum solutions obtained in
subsection can be written in a manifestly U-duality invariant form in terms of Zy(c*)
and Z14(c*@Q'?), and reads
T3 (AO12 4
A1 Gl %ﬁ) ~ Q—2 (4.53)
1Z4 (c*)] ¢

U Interestingly, the quantity d**°dgp., appearing in [#52) is related to the Ricci scalar curvature R of
the vector multiplets’ scalar manifold G/H , whose general expression for a d-special K&hler space reads
R = — (ha + 1) hy + d®d ., see [4T].
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4.4 Central charge via entropy function

According to holography, gravity theories on AdS space are related to CFT’s living on the
AdS boundary. The central charge of the CFT can be extracted from the so called entropy
function F evaluated at the near horizon geometry [9]. For AdS,, this function gives the
entropy of the black hole, for AdS; the Brown-Henneaux central charge. In general, F'
computes the extreme value of the supergravity “c-function” introduced in [48]. This
quantity is a U-duality invariant and provides us with the basic macroscopic information
about the boundary physics. In this subsection we apply the entropy function formalism
to our AdS solutions, and derive a U-duality invariant macroscopic formula for the central
charge of the dual CFT.

The entropy function F'is defined as the Legendre transform with respect to the electric
charge of the higher-dimensional supergravity action evaluated at the solution. In our
approach, we have dualized all electric charges (i.e. the 4—form flux along spacetime) into
magnetic ones (i.e. internal fluxes), hence F is simply minus the supergravity action
Reducing the higher-dimensional action down to four dimensions, taking the 4d scalars
to be constant and all the other non-metric fields to vanish, one has

1 . )
F=-Smn= _ﬁ d'z g4 [R4 - QV(W)] = _Tids [R4 - QV(W)] ) (4-54)
K* JAds,
where Ry is related to the AdS, radius raqs by Ry = —%, and we regularize the infinite
d

volume of AdS, in such a way that

1
4 _ 4
TAds = 53 /AdS4d /s - (4.55)

Any other choice of normalization redefines F' by an irrelevant flux independent constant.
The supergravity vacuum follows then by extremizing I’ with respect to the scalar fields
¢" and the AdS radius ragqs

oF or
- = =0. 4.56
0" Oraas (4.56)
Denoting by ¢g a solution of g(; = 0, one finds for the AdS radius raqs and the central

charge F
18

F=6r2,—=———_ . 4.57
AdS V(¢O) ( )
The right hand equation reproduces the Einstein equation that relates the AdS radius
raas (or, equivalently, the cosmological constant A = —3/r%4) to the vev of the scalar

potential V. Notice that solutions make sense only for V' < 0.

12We call electric the field-strengths filling the timelike direction.
13 Alternatively, the same results can be found by considering instead of the 6-form along the internal
space a 4—form electric flux along AdS,, and performing the Legendre transform on this flux variable.
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Taking into account the results of subsections 1] and 2] as well as eqs. (L.53]) and
(4.48), one obtains the U-invariant expressions of the central charge F', respectively for
the case with only universal hypermultiplet and many hypermultiplets

/6 2
IZ, ()] c
o~ — Fr g ~ —. 4.58
/6 2
IZ4 ()] c
T ey T T g o

Notice the different contribution of RR and NSNS fluxes to the central charge F'. Analo-
gously to the black hole entropy, the central charge grows quadratically in the RR charges
(RR fluxes), but falls off quartic in the NSNS charges (H-flux and (non-)geometric fluxes).
It would be interesting to understand whether this behaviour is a general feature of flux
compactifications.

4.5 Examples from type ITA /IIB compactifications

Explicit examples of compact manifolds Mg yielding N/ = 2 supergravity upon dimen-
sional reduction of type II theories are the cosets displayed in table [I. Type IIA reduc-
tions on such spaces have been studied in [31]; see also [41] 42], and [33] for the relative
N =1 orientifold truncations. The cosets Mg of table [Il admit an SU(3) structure (see
appendix [C] for a definition), and correspond respectively to the sphere S%, the complex
projective space CP? and the flag manifold F(1,2;3), endowed with a left-invariant met-
ricL9 On these spaces, the left-invariant metric and B-field deformations span a special
Kéahler manifold. In type ITA reductions, the latter corresponds to the vector multiplet
scalar manifold, and for the three cosets at hand one obtains respectively the 3, the st?
and the stu models of N' = 2 supergravity. In addition, the compactification yields the
universal hypermultiplet (a,gp,{o,go), parameterizing the quaternionic manifold Sg(é’)l),
whose isometries are gauged as described above.

One can also consider type IIB compactified on the same cosets, again implementing
a left-invariant reduction ansatz. In this case, one gets a 4d N’ = 2 supergravity with no
vector multiplets and a number of hypermultiplets going from 2 to 4, depending on the
chosen Mjg. The special Kéahler coset moduli space, which for type ITA compactifications
was identified with the vector multiplet scalar manifold, in type IIB corresponds to a
submanifold of the hyperscalar quaternionic manifold, and determines the latter via the
c-map. The additional coordinates are given by the axion dual to the B-field in 4d, by
the 4d dilaton ¢, and by the scalars coming from the expansion of the type IIB Ramond-
Ramond potentials Cy, Cy and C4 in a basis of left-invariant forms of even degree on

Mg. For instance, for a compactification on % = S the quaternionic manifold is the
eight-dimensional non-compact coset 55—((24)), corresponding to the image of Sg(é’)l) under

the c-map [49]. Table [l collects the various scalar manifolds arising in these type IIA/IIB
coset dimensional reductions.

14The flag manifold F(1,2;3) is defined as the set of pairs made by a line and a plane in C? such that
the line belongs to the plane.
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Go a6 Sp(2) 3 SU@) ,
M som =5 | swaxom = CF | oaxom = F(1,23)
SUCLL 43 sua))? suan)?
My ~ f 36V t ( U(é)l)> ~ st? ( ) ~> stu
Type ITA M —— - —_
Mo SU(2,1) SU(2,1) SU2,1)
U(2) U(2) Uu(2)
Moy - T o
SU(1L,1) 3 sua1))? 3
Type IIB { . #, ~ g oy ( U%l) )) ~ st? (%) ~ stu
///Q Ga(2) S0(4,3) S0(4,4)
S0(4) SO(@)xS0(3) SO(4)xSO()

Table II: Supergravity scalar manifolds arising from N = 2 compactifications of type II
theories on the 6d coset manifolds Mg. We recall that .#5 is the special Kahler manifold
parameterized by the scalars in the vector multiplets, while .#; is the special Kahler
submanifold of the quaternionic hyperscalar manifold .#(, determining the latter via
c-map. We also display the form of the prepotentials f and ¢ associated respectively with
Mo and M.

For type IIA coset compactifications, the N' = 2 scalar potential and its vacuum
structure were studied in [31]. The further results obtained above — specifically, the first
order equations of subsection [3.2] and the formulae of subsections 4.3 and [4.4] for the case
of the universal hypermultiplet — hold in particular for these coset examples. Thanks to
the consistency of the reduction, which also was established in [31], the AdS vacua lift to
bona fide solutions of type ITA supergravity. Concerning type IIB, the reduction based
on a left-invariant ansatz can still be shown to be consistent using the same arguments
as for type ITA, and the scalar potential is a subcase of the general formula (2:4]) as well.
However, this IIB scalar potential turns out to be less interesting than for type ITA, since
it displays a runaway behaviour. Indeed, this case falls in the situation, considered in [19],
in which one has more hyper than vector multiplets, and the rank of the matrix @ is hy+1
(=1 here): then the equations of motion for the RR scalars &' imply (¢ + Q€) = 0, which
in turn sets Vg = 0. This leaves us with an effective scalar potential V' = Vg, which is
runaway due to the overall % factor.

An issue that is left open is whether it is possible to identify the type IIB mirrors of
type ITA compactified on the cosets Mg above.
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5 Discussion

In this paper we studied the scalar potential of N' = 2 gauged supergravities underlying
flux compactifications of type ITA/IIB theories. Exploiting the N' = 2 formalism — in
particular the special Kahler geometry on the scalar manifolds .#; and .#, — we have
written the scalar potential and the extremization conditions yielding AdS, vacua in terms
of the Killing prepotentials P, and their special Kéhler covariant derivatives. The vacuum
equations are solved via the system of first order conditions given in section[3.2] accounting
for both supersymmetric and non-supersymmetric solutions. This first order ansatz may
be thought as a possible alternative to the method of the “fake superpotential” [50] in the
search for a unifying principle to describe extremal solutions in supergravity. It would
be interesting to study the lifting of our ansatz to a ten-dimensional context, where
it corresponds to a deformation (by means of the parameters u,v,6) of the pure spinor
equations for ' = 1 backgrounds derived in [37, [38] employing the methods of generalized
complex geometry. In this perspective, it would also be interesting to investigate the
possible relations with the approach to “partially BPS vacua” developed in [45]. Notice
that also our first order ansatz leaves unbroken a subset of the supersymmetry conditions
(namely, the last line of (3.8])).

We found three (one supersymmetric and two non-supersymmetric) new infinite series
of AdS, vacua with a rich pattern of NSNS and RR fluxes. These generalize the solutions
of [31] for flux compactifications on cosets with SU(3) structure to the case of a general
N = 2 gauged cubic symmetric supergravity with arbitrary number of vector and hyper-
multiplets. We remark that starting from these specific solutions, one can generate orbits
of solutions by acting on the charges and on the symplectic sections of .#; and .#5 with
symplectic transformations of the U-duality group. We leave for the future a detailed
analysis of these orbits, as well as the search for the precise 10d lifting of our solutions. It
would also be interesting to go beyond our classical analysis and study quantum effects in
this context, possibly combining four-dimensional and string compactification methods.

Finally, a U-duality invariant formula for the cosmological constant built out of the
NSNS charges Q,!, the RR charges ¢*, and the characteristic quartic tensors dy,. 1,,
dp,..a, was proposed. This invariant describes also the central charge of the dual three-
dimensional CFT as follows from explicit evaluation of the entropy function on the AdS,
solution.
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A An alternative derivation of V

In the following first we discuss the general form of the scalar potential in N/ = 2 super-
gravity, then we provide an alternative way to derive expression (Z.8)) for the flux-generated
potential.

In any theory of extended supergravity, a general Ward identity implies that the
scalar potential V' is determined by the squares of the shifts that the gaugings induce in
the fermionic supersymmetry transformations. In the AV = 2 context, this Ward identity
reads

Voty = — 1257 Ses + g5 WA WEs + 2N/ N, (A1)

where A, B,C = 1,2 are SU(2) R-symmetry indices, and the matrices S5, W8 and
N are the fermionic shifts appearing respectively in the supersymmetry transformations
of the gravitini 1 4,, gaugini A and hyperini (;:

Ma, = ...+VuaA—SA3fyuaB
S = L+ Wy

A prominent role is played by the gravitino shift S 45, which is expressed in terms of the
triplet of Killing prepotentials P, = e%(PxAXA — PAF,), with = 1,2, 3, encoding the
gauging of the isometries in the hyperscalar manifold. Introducing as in the main text
P = P; £ iP5, one has the relation

_ i __ (=P P
SAB - 20-%/48 P.’E - 2 ( 733 73+ ) 9 (A3>

where (0,),° are the standard Pauli matrices, and the SU(2) index A = 1,2 is lowered
with the antisymmetric tensor €45, using a SW-NE convention, i.e. 0,45 = €gc(0.) L. We
also raise the index with P = —€B4, satisfying eCecp = —07, hence 048 = (0,),BeCA.

Given the gravitino shift S 4z, one has that the gaugino shift W48 and the hyperino
shift N/* are determined by the derivatives of the P, via [34] [51]

WA — g ABgb DD, (A.4)
1 _ _
NA = —guﬁ}uﬁgv@vm = UL k", (A.5)

where the index u labels the coordinates of the quaternionic manifold, and U4, are the

quaternionic vielbeine prior the dualization of a subset of the hyperscalars to tensor fields
(cf. footnote[d]). Furthermore, we put

U= e P (KU XA — FUAFy), (A.6)

26



where k% are the Killing vectors generating the quaternionic isometries being gauged with
respect to electric gauge potentials, and and k"4 are their magnetic counterparts. Finally,
the covariant derivatives are defined by

D,P, = (811 + %8GK2)PLL‘ (
-@upx - 8u73x + 6:(:yz((‘uy)u Pz - 2(Qx)uv k. (

Here (€2,)y, is the curvature 2—form of the hyperscalar quaternionic manifold, €, =
(Q2)wwdq™ A dq®. Given the isometries k“, relation (A.8)) actually defines the P, in N = 2
supergravity.

Substituting (A.3)—(A.5) in (A1) and tracing over the SU(2) indices A, B, one obtains
the following standard expression for the N = 2 scalar potential [34], 22], 23]:

Al
Al

Vo= dh KRy <g“l_’Da73ngfx - 3|7Dx|2) . (A.9)

This was the starting point adopted in [I9] to obtain expression (2.4]). Recalling (A.g))
and using the identity [34]

huv(Qx)Su(Qy)vt = _5xyhst - 6:(:yz(Qz)st> (AlO)

we observe tha can also be recast in the following form, involving just the P, and
their derivatived!®

V= 3 (3" AP.2P. + g DD, — 3PP (A.11)

z=1,2,3

For our purposes, however, it is more convenient not to trace over A, B: we will instead
consider the equivalent expression defined by taking A = B =2 in (A.1l). This readd!d

V = g®D,P DyPy + gD, PsDyPs + L b D, P, D, P, — 3|P, |2 — 3|Ps2. (A.12)

The two above expressions for the A/ = 2 scalar potential hold for any gauging involv-
ing just quaternionic isometries. We now evaluate the term in ([A.12) containing the
quaternionic covariant derivatives by specializing to the case of dual (also named special)
quaternionic manifolds, which arise in Calabi-Yau and generalized geometry compactifi-
cations of type II theories [I5] [16]. In this case, the quaternionic metric hy, is

o ) 2¢
huwdg'dg” = giyd2'dZ + (dp)? + % (da — £7Cydg)* — %dfTMldg, (A.13)

where ¢;; = 0,105 K is the metric on the special Kahler submanifold .#; of the dual
quaternionic manifold. We also need the Sp(1) connection 1-forms w,, which read [16]

wy +iwy = 2e¥ HlT(Cldf

2¢
(&

5Notice that h“”.@upl.%,f1 = huv.@uPQ.@Ufz = h“”.%ﬂ?g.@vfg.

160neﬁcan also see that all the remaining information contained in (AJ) amounts to the constraint
2(Q ) uvk“kY = €34.Py P, which is the abelian version of eq. (7.56) in [34], and has to be automatically
satisfied for consistency.
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where Q is the U(1) connection associated with the special Kéhler geometry on . [34]:

é ZIImg]JdZJ — C.C.
2 ZKIIIngLZL

Q = —3(dkids — K1d7) = — (A.15)

The abelian isometries of the quaternionic metric (A.13)) being gauged are generated by
the Killing vectors

9 0 ; ) 0
ka= _[2QA+€‘E(CI£)H]3_ — E‘a—fﬂ , — [— 2pA_|_mAH(C1£)ﬂa_ Al[a_gﬂ’
where eAH = (eAI’ eAI)T7 (m , ]) and the abelianity [k’A, ]{,‘B] = O’ etc. 1s

ensured by constraint (2.3]). Recalhng Gﬂ) and (2.3]), the quantity in (A.0) then reads

k= —T17Cy(2¢ + @5)82 HTQ—5 (A.16)

The Killing prepotentials P, associated with these isometries are given by [52] [19]
Pr = (wy)u k™. (A.17)

By plugging in (A.14]), (A.16)), one finds the expressions given in (2.7). In the context of
flux compactifications, the P, can be derived by reducing the higher-dimensional gravitino
transformation [26], 28].

Then the quaternionic covariant derivatives 2, P, = 0, Py + €4y (wy ) P- read

922'734_ = (0, -+ %alKl)P+ y 9¢P+ - P+
@(Q)P_;_ = —%€2wp+ y 9§HP+ 2@6“0773((?1111)1[ - _€2g07)+( 15)]1 .

The writing %(,) emphasizes that here a denotes the axion dual to the B-field, and should
not be confused with a special Kéahler index.
Also evaluating the inverse of (AI3), we finally arrive at

WD PLDPy = gIDPLDPy + [Py + 4P

Substituting this into ([A.I2)) we obtain precisely expression (Z.8) for the scalar potential.

B Elaborating the N = 1 susy conditions

In this appendix we work out the N/ = 1 supersymmetry conditions within the A/ = 2
theory under study, building on the analysis done in [29].

B.1 In terms of (derivatives of) the prepotentials P,

We impose the vanishing of the N/ = 2 fermionic shifts given in (A.2) under a single
supersymmetry parameter ¢. The latter is related to the (positive chirality) N = 2
supersymmetry parameters €; and €5 via £ = ag and €5 = be, with

a = |a|e™ , b= |b|e’ﬂ , lal> + |b)* = 1.
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The supersymmetry parameter ¢ is chosen to satisfy the Killing spinor equation on AdSy:
V,e = %,u%é*, whose complex parameter p is hence related to the AdS cosmological
constant A by A = —3|u|?.

The N = 1 supersymmetry conditions can be condensed in the following linear equa-
tions for the N/ = 2 Killing prepotentials P, introduced in (Z7) and their covariant
derivatives:

plla>=1p?) = 0 = J|a| = |b| in AdS (B.1)
+eFPL = 2Py = —2ij (B.2)
+e* D, Py = D,Ps (B.3)
DP, = 0 = DP_, (B.4)

where we introduced v = a — # + 7 and i = e~ . Furthermore, the AdS condition
la| = |b] is understood in (B.2)—(B.4). The derivation of the above equations is a variation
of the analysis done in [29] sect. 4]. Upgrading the notation to the current conventions,
in the following we write the equations given therein corresponding to the vanishing of
the fermion variations. The gravitino equation (d.1,.4) = 0 yields

—aP_+bPs = iaji
aPs +bP, = ibj, (B.5)

while the hyperino equation (§.(;) = 0 gives

2aP; +bP, = 0 (B.6)
aP_ —2bP; = 0 (B.7)
bP(ImG) 7 (Qra — Mk Q%,)y = 0 (B.8)
aPr(ImG) ™" (Qs — N1 yxQ%,)Iy = 0, (B.9)

with PIZ = (POZ,PZ-z) = (—eiiZi,eiz), where eii, (i,7 = 1,...,hy) are the vielbeine of
the special Kéahler manifold . (the flat indices are underlined, and the choice of special

coordinates Z! = (1, 2%) is understood). Finally, the gaugino equation (§.\%F) = 0 is

~—

aD,P_ —bD,P; = 0
aD,Ps +bD,P, = 0. (B.10)
Now it is easy to see that (B.5)—(B.7) yield (B.1), (B.2)), while (B.10) is (B.3)). Hence we

just need to prove that (B.8), (B.9) can be rewritten as (B.4). As a first thing, we use in
turn the following identities of special Kahler geometry

(ImG) ™ = —(lmNy )~ —2e™0 (2127 + 2127

—(ImN,) "M = 2e8 (D 21 M D27 + 71 77)
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to rewrite
P(ImG)~'" = 2¢f Py (D 2" M D27 — 2'27).

Next, recalling the definition of PIZ given below (B9), we observe that P;Z! = 0 and

that P;DZ" = P;6} = ;. Hence (B.8), (B9) are equivalent to (provided a and b do not
vanish, which is guaranteed by (B.) once one fixes p # 0)

D:Z7(Qua — Ny Q" )y = 0 = D;Z7(Qua — N1yxQ")15 .
Recalling that in special Kahler geometry D;Z7 N1 ;i = D;Gx , we arrive at
I;QC, DI, = 0 = IJQC, D114,

which is precisely the content of (B.4)).

B.2 In a symplectically covariant algebraic form

Continuing to revisit the analysis of [29] sect. 4], in the following we show that the N' =1
supersymmetry conditions (B.I)—(B.4) can be reformulated in a symplectically covariant
algebraic form as

I17Q — 2jie ¥Re(e"11]) = 0 (B.11)
QC1R6(6WH1) =0 (Bl?)
2QC,Im (e"11;) — 6Im (fie ?Colly) — e*My(c+ QE) = 0. (B.13)

Notice that, provided i # 0, eq. (B.12) is actually implied by (B.I1]), upon multiplica-
tion of the latter by QC; and use of constraint (23]). In the main text, we employ a
generalization of (B.II)—(B.I3)) to study the extremization of the scalar potential V.

In order to derive (B.IIl), we multiply the two equations in (B.4]) respectively by
g7 D;II{ and ¢g¥ D;I1T. Recalling (2.7) and the special Kihler identity (2.I0), we get

I;QCy (3CTMCy + £C +ILII]) = 0
- —T
I7QCy (ACTM;Cy — LCy +ILIL) = 0. (B.14)
Subtracting the second from the first, we have
2l Q + ie ?(P_II] — P,II}) = 0,

which yields (B.II) upon use of (B.2l). One can also see that summing up the two con-
ditions (B.I4]) the same equation is retrieved (the identity M;II; = —iCyII; is required
in the computation). We also checked that in the case of the universal hypermultiplet,
where (B.4)) does not hold, eq. (B.11]) follows from (B.2)) alone.
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To derive (B.12), (BI3) we start from the susy condition Dy(Ps F e*Py) = 0, and
multiply it by ¢?D;ll,. We obtain

0 = gDl D IIE [e#Colc + QE) F 2¢7QC, (Rell, = ilmll, )]
= (—1CIMLCy + LTy — ILIL)) [eCalc + QE) F 2¢57QC, (Rell; + ilmll;)]
= 3 (CIM, — i) [e?(c + Q€) £ 2e*C,QC, (Rell; £ ilmll,)] — 3ijie™ 1,

where to get the second line we use identity (Z.11]), while the third line is obtained recalling
(B.2). Adding up these two equations and taking the real part we arrive to (B.I3); no
further informations is contained in the imaginary part, since one can check that it is just
(B.13) multiplied by M. Analogously, taking either the imaginary or the real part of the
difference of the two equations above we get (B.12]).

Finally, we remark that in turn (B.II)-(B.13) imply (B.2)-(B.4), and are therefore
equivalent to them. Indeed, eq. (B.2) is obtained by contracting eq. (BI1)) with C,II;

as well as with C;II;, and eq. (BI3) with ITj. Contraction of (BI2), (BI3) with D,II]
yields (B.3)), while multiplication of (B.11l) by C;D;II; or by C;D;I1; provides (B.4]). The
following special Kahler geometry relations are needed in the proof:

MICyD,II, = 0 = I CyD,Il, (same with a — i, 2 — 1)
M2H2 = —1 CQHQ y MgDaHQ = +’L CgDaHQ .

C Flux/gauging dictionary for ITA on SU(3) structure

Gauged N = 2 supergravities with a scalar potential of the form studied in this paper
can be derived by flux compactifications of type II theories on SU(3) and SU(3) x SU(3)
structure manifolds. While we refer to the literature (see e.g. [25] 53], 54, 26] 28 [41], 27,
29| 142, (30, B1), 55]) for a detailed study of such general N' = 2 dimensional reductions and
the related issues in this appendix we provide a practical dictionary between the 10d
and the 4d quantities, with a focus on the scalar potential derived from SU(3) structure
compactifications of type ITA. In particular, we illustrate how the expressions one derives
for Vxg and Vi are consistent with the scalar potential (2.4)) studied in the main text.

C.1 SU(3) structures and their curvature

An SU(3) structure on a 6d manifold Mg is defined by a real 2—form J and a complex,
decomposable@l 3—form 2, satisfying the compatibility relation J A €2 = 0 as well as the
non-degeneracy (and normalization) condition

LONQ = $JANJAJ = volg # 0 everywhere. (C.1)

1"Tn this context, see also [56} 57, 58, 59, 60] for studies of compactifications preserving N = 1.
18 A pform is decomposable if locally it can be written as the wedging of p complex 1-forms.
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Q2 defines an almost complex structure I, with respect to which is of type (3,0). In turn,
I and J define a metric on Mg via g = JI. The latter is required to be positive-definite,
and volg above denotes the associated volume form.

SU(3) structures are classified by their torsion classes W;, i = 1,...5, defined via [61]:

dJ = %Im(WlQ)+W4/\J+W3
dQ = WiANJAT+WonJ+WsAQ, (C.2)

where W is a complex scalar, W5 is a complex primitive (1,1)—form (primitive means
Wy NJAJ=0), W5 is areal primitive (1,2) 4+ (2,1)—form (primitive < W3 A J = 0), W,
is a real 1-form, and W; is a complex (1,0)—form.

Ref. [62] provides a formula for the Ricci scalar Rg in terms of the torsion classes. We
will restrict to Wy, = Wy = 0, in which case the formula is

Rs = L(15|W4]* — WouWy — W3 W) . (C.3)
This can equivalently be expressed as
Rgvolg = —3[dJ A xdJ + dQ A #dQ — (dJ A Q) A(dJ AQ) ], (C.4)
as it can be seen recalling and computing
dUN=dQ = 12|W1Pvolg — J AW AWy = (12|W1]* + WaulW5)vols

dJ AxdJ = (IWi]* + W3 W3)volg
(dIAQAx(dTAQ) = 36|Wi|*vols . (C.5)

C.2 The scalar potential from dimensional reduction

The 4d scalar potential receives contributions from both the NSNS and the RR sectors of
type ITA supergravity. These are respectively given by

e%#

Ws = 57 MG(%H/\*H—R6*1)
2¢ - )
_ 2_7/ [H/\*H+dJA*dJ+dQ/\*dQ—(dJ/\Q)/\*(dJ/\Q)], (C.6)
Me
4o
Vk = % (F2%1 4+ Fy AxFy + Fy AxFy + Fy AxFg ), (C.7)
Mg

and the total potential reads V' = Vyg + Vk. In (C.6), H is the internal NSNS field-
strength, ¥ = [, volg, and ¢ is the 4d dilaton e = e~2?¥  where we are assuming
that the 10d dilaton ¢ is constant along Mg. The k—forms F}, appearing in expression ((C.7)
are the internal RR field strengths, satisfying the Bianchi identity dFj, — H A F_5 = 0.
The Fg form can be seen as the Hodge-dual of the Fj extending along spacetime, and
the term Fy A xFg arises in a natural way if one considers type IIA supergravity in its
democratic formulation [63].
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Expansion forms

In order to define the mode truncation, we postulate the existence of a basis of differential
forms on the compact manifold in which to expand the higher dimensional fields. For
a detailed analysis of the relations that these forms need to satisfy in order that the
dimensional reduction go through, see in particular [27].

We take wy = 1 and @° = ”3}6, and we assume there exist a set of 2-forms w, satisfying

Wa N *wy = 4 gap v0lg , Wa N\ Wy = —dgpe@®, (C.8)
where g,, should be independent of the internal coordinates, dg. should be a constant
tensor, and the dual 4-forms w® are defined as

O =—2g" xwy. (C.9)

From the above relations, we see that
~b _ b ~0 _ ~0
Wo N’ = —6, @ , W N\ Wp A We = dgpe0” (C.10)
We also assume the existence of a set of 3-forms ay, 3!, satisfying

ar A B’ = 6] a°. (C.11)

A 0 T

Adopting the notation w® = (04, w4)T = (@°, 0% wy, w,)T and o! = (8L, )T, we see
that the symplectic metrics C appearing in the main text are here given by

cf = - [alnat e = - [hen), (C12)

where the antisymmetric pairing (, ) is defined on even forms p, o as (p, o) = [A(p) Ao,
with A(pg) = (—)gpk , k being the degree of p, and [ |¢ selecting the piece of degree 6.
The basis forms are used to expand 2 as

Q= Za -G =e T ay, (C.13)
and J together with the internal NS 2—form B as:
J = 1w, , B=0bWVw, = P =X,—-Fio"= e_%ﬂéwA, (C.14)

where in the last equalities we define a; = Cya' = (a7, —8)7 and wy = Cupw® =
(wa, =0T, and we adopt the symplectic notation defined in (2.I). Here, (Z7,G;) and
(X4, F4) represent the holomorphic sections on the moduli spaces of Q and B + i.J
expanded as above, which (under some conditions [26, 27, 28]) indeed exhibit a special
Kéahler structure, and correspond respectively to the manifolds .#; and .#5 of the main
text. Notice that here X = (X0, X?) = (1,2%) = (1, —b* — iv), while F4 = 2%, where
the cubic holomorphic function F = %d[m% is identified with the prepotential on
M. The Kahler potentials on . and .#5 are recovered from K; = —logi [ QA Q and
Ky = —log % [ J A JAJ, the latter yielding the metric g, appearing in (C.8). Notice
that (CI)) implies e 51 = ¢=K2 = 8%,
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The matrices M defined in (2.6]) are given by
Miy = —/aﬂ/\*OéJ ;o Moap = —Z/(QBWA)k A *(ePwp)y (C.15)
k

and from the second relation one finds that the period matrix N3 on .#5 reads

i + gabbabb gabbb
gabbb Gab ’
(C.16)

bbb Sd b0

Re/\/ AB — —
< %dabcbbbc dabcbc

) s IHL/\/AB = —4Y <

which is in agreement with the expression derived from F via the standard formula [64]

— . D E 2
Nap = Fap + 2i05pmnlup X FAB = 555w - (C.17)
Finally, we also require the following differential conditions on the basis forms:
dw, = eloq do! = el do® = 0, (C.18)

where the e, = (e,!,e.) are real constants, usually called ‘geometric fluxes’. Defining
the total internal NS 3-form as H = H" + dB, and expanding its flux part as

Hﬁ = —6010é1—|—€0]/6] = —60]1(1]1, (019)

with constant ey, we can define e = (egl, e,")T, and thus fill in half of the charge matrix

@ introduced in (2.2)):

Qul = ( 66‘]1 ) . (C.20)

As first noticed in [28], more general matrices, involving the m4! charges as well, can
be obtained by considering non-geometric fluxes, or SU(3) x SU(3) structure compacti-
fications. The nilpotency condition d? = 0 applied to (CI8)), together with the Bianchi
identity dH = 0, translates into the constraint

€AH6B]1 =0 with €Al — CUﬁ’A"H, (C.Ql)

which, taking into account (C.20), is consistent with (2.3)).
In the following, by using the above relations we recast in turn expressions (C.6]), (C.7))
for Vxg and V in terms of 4d degrees of freedom, and show their consistency with (2.4]).

Derivation of Vxg

Recalling the expansions of J, H and () defined above, using the assumed properties of
the basis forms, and adopting the notation introduced in (2.I]), one finds

/ dJ AxdJ = v e My ey’ | / HA+H = —b*b% e 4" M, e’
/dQ A xdQ) = %H%eaﬂg“bewﬁ{ , /(dJ AQ)A*(dIAQ) = %H]{eaﬂv“vbewﬁ{,
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where we define b* = (—1,b%). Plugging this into (C.6)), we get the NSNS contribution to
V', expressed in a 4d language:

2

4y

Recalling (CI6)), noticing that 2-(g* — 4v0®) = —(ImN3) 190 — 42 (XX + X X?),
and recalling that e™%1 = e52 = 8%, we conclude that (C.22) is consistent with (2.4).

VNS [X €A M1 JeBJX f;l ngaﬂ(gab - 4v“vb)ebjﬁ°]1] . (C22)

Derivation of Vi

We consider the modified internal field-strengths V2 G = [e‘BF}k, which satisfy the
Bianchi identity dG — H% A Gx_s = 0, and we define the expansions

Gy =1p ; Gy = pw, , Az = —fo

Gy = Gﬁ +dAz = (qa - €aﬂfﬂ)@a ) G = GS — H"A Az = (QO — €or fH)JJO,
where p°, p%, qo, ¢, are constant, while the &' are 4d scalars. The Bianchi identities then
amount just to the following constraint among the charges

pleal =0, (C.23)

which, recalling (C.20), gives the last equality in (2.3]). Then the integral in (C.7) reads

b [Fonen = Y [5G nsPa) = 0+ Qe+ G0 (©21)

where for the second equality we use (CI8), and here (¢ + Q€)% = (p?, qu — earé")”.
The expression for Vg we obtain is therefore consistent with (2.4)).

D Details on U-invariance

The explicit expression of the quartic G-invariant associated to a d-geometry is [65]

4 A1 As Az A
Ta (c ) = dp,Agrgn,C ot C2CE M,

2 a a C
= 6d%0q5 (P°)” + 4dy™ P quqvge + 6d” 4qaqup P + 24d° %, q0p° qup” + 4d° . qop PP

aef, b, c

a, b.c %dabcp Gaqvqe + dabcd PP qeqy,

—(P°q0 + P°¢a)® + 3date 01"P’p
with dg,a,850, = daaza54,) throughout. Thus, the characterization of 7 (c') as an
Sp (2hy + 2,R)-scalar entails that the unique independent non-vanishing components of
the corresponding da, a,a4a, read as follows:

1 1 1
00 _ abc abc ab — eab a <b
d 00 — _6 3 do = _éd 5 d cd — 6 (decdd - 5(0660) 9
1 1
dooab = - E 51? ; doabc = 6 dabc 5 (D 1 )
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where dape = d(ape) and d®¢ = d(9%) are the covariant and contravariant d-tensor defining
the d-special Kéhler geometry of vector multiplets’ scalar manifold G/H. Notice that,
whereas dg. is always scalar-independent, d®° is generally scalar-dependent. Nevertheless,
(at least) in symmetric d-special Kihler geometries d*¢ is scalar-independent, and thus
so is Z; (¢*). The completely symmetric tensor da,a,a,4, Whose unique independent non-
vanishing components are given by (D.I]) is the unique invariant rank-4 tensor of the
repr. Rg of G. An identical argument can be used for the unique invariant rank-4 tensor
dr, 1,151, of the repr. Ry of &, defined in terms of the tensors d,j; and d“* determining
the d-special Kdhler geometry of ¢/, whose the hypermultiplets’ scalar manifold .
is the c-map [15].

We now detail computations of various quantities, generally covariant with respect
to Rg X Ry, useful in the treatment given in subsection Firstly, by using the rela-
tion (AI5]) (holding at least in homogeneous symmetric d-special Kéhler geometries), the
constraint (£44]) implies Z, (¢*) to read

9 ) 1d b papbpc
I (c') = = (»") a5 with  qo = qo + EMT (D.2)
(p°)
Now let us consider the invariant Z14(c*Q'?).
116 (C4Q12) = dH1H2H3H4dH5H6H7H8dHQHIOHIIHIZdAl]BIB2]BBdAZ]BSBG]B7dA3]BQBlO]BlldA4B4]BSBI2
hzehs Bl OBzl (D.3)
We set all components of Q*, ¢* to zero except for
Qai = _6ai s QaO = —€q 5 CO = pO ) Co = o - (D4)
With this choice the only contributions come from the components doijk = —% d;j of

dy, 1, and db02s of dam,B,B, - More precisely, one can write

1
AT (C4Q12) = @(po)‘l dH1H2H3H4dH5H6H7H8dHQHIO]IllHlQ
There are four different type of contributions depending on how indices are contracted.
They are given by & (p°)* 3% x
D3dhbsbize, e e = 6D R (D.5)
9D2 db2b3b4 db1b2b3 db4bsb12 Cby CbsChry = 18 D2 (h + 3) R
27D db2b3b4 db6b7bg db1b2b3 db5b6b7 db4b8b12 €b1€b5€h1, = 18 D (h + 3)2 R
27Ddb2b3b4 db6b7bg db10b11b12 db1b2b3 db5b6b7 db9b1ob11ddb4bsb12 €y CosChy = 6 (h + 3)3 R

with D = d®d;,. and R defined in (#14). In writing (D.5]) we use the symmetric d-special
Kahler identity

db1b2b3 db5b6b7 dbgb10b11 db4bsb12 Qb Iy Qb T2
PN )

4
dabfda(bcdde)f _ g(Slgbdcde) _ %(hz + S)dCde.

Collecting all pieces together one finds
1

Tis(c*Q"?) = & (P°)* 3R (D + hy + 3)%. (D.6)
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