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ENTROPY OF STATIONARY NONEQUILIBRIUM MEASURES
OF BOUNDARY DRIVEN SYMMETRIC SIMPLE EXCLUSION
PROCESSES

CEDRIC BERNARDIN AND CLAUDIO LANDIM

ABSTRACT. We examine the entropy of stationary nonequilibrium measures
of boundary driven symmetric simple exclusion processes. In contrast with
the Gibbs—Shannon entropy [ﬂ, @], the entropy of nonequilibrium stationary
states differs from the entropy of local equilibrium states.

1. INTRODUCTION

In the last decade important progress has been accomplished in the understand-
ing of nonequilibrium stationary states through the study of stochastic lattice gases
(B, B and references therein).

The simplest nontrivial example of such dynamics is the one-dimensional simple
symmetric exclusion process on the finite lattice {1,2,...,N — 1} with particle
reservoirs coupled to the sites 1 and N — 1. In this model the microscopic states are
described by the vector n = (n(1),n(2),...,n(N — 1)), where n(i) = 1 if the site ¢
is occupied and n(i) = 0 if the site is empty. Each particle, independently from the
others, perform a nearest-neighbor symmetric random walk with the convention
that each time a particle attempts to jump to a site already occupied the jump is
suppressed. At the boundaries, particles are created and destroyed in order for the
density to be a at the left boundary and g at the right boundary, 0 < «, § < 1.

We denote by Mé\{ 3 the stationary state of this system which is a probability
measure in the space of configurations and which can be expressed in terms of a
product of matrices [E] Since the particle number is the only conserved quantity
in the bulk, in the scaling limit N — oo, i/N — x € [0, 1], the system is described
by a single density field p(x), € (0,1). The typical density profile p(z) is the
stationary solution of a partial differential equation with boundary conditions. In
the context of symmetric exclusion processes,

plx) = a(l—2z) + Bz .

The nonequilibrium stationary states exhibit long range correlations [ which
are responsible in the large deviations regime for the non locality of the free energy
functional [H, f]. More precisely, if v stands for a density profile different from the
typical one p, the asymptotic probability of v is exponentially small and given by

Ha gl ()] ~ e NV

where the so called nonequilibrium free energy V,, g is a non local functional.

Key words and phrases. Nonequilibrium stationary states, Large deviations, quasi-potential,
boundary driven symmetric exclusion processes.
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Since in equilibrium the probability of such large deviations is determined by the
induced change in the entropy, it is natural to investigate the entropy of nonequi-
librium stationary states.

Denote by &y (v") the Gibbs-Shannon entropy of a state vV

GIN Zl/ ) logv™¥ () ,

where the sum is carried over all lattice configurations 7. Recently, Bahadoran [EI]
proved that for a large class of stochastic lattice gases the Gibbs—Shannon entropy of
nonequilibrium stationary states has the same asymptotic behavior as the Gibbs—
Shannon entropy of local equilibrium states. In our context of boundary driven
symmetric simple exclusion processes this result can be stated as follows. Denote
by Vé\f P the product measure

N—1

H (i/N) n(z [1— (i/N)]l—n(i) )

i=1
Thus, at site 7, independently from the other sites, we place a particle with prob-
ability p(i/N) and leave the site empty with probability 1 — p(i/N). Bahadoran
proved that

1 N 1 N
Ny ON () = Jim G ON(vas)
The long range correlations of the nonequilibrium stationary state is therefore not
captured by the Gibbs—Shannon entropy.

Derrida, Lebowitz and Speer [E] showed that for the symmetric simple exclusion
process the difference

Sn(uds) — Gn(vas)
converges as N — oo, and that the limit depends on the two points correlation
functions. Hence, the long range correlations appear in the first order correction to
the Gibbs—Shannon entropy.
In this article we examine the entropy of the stationary nonequilibrium states
Mé\{ g In the classical Boltzmann—Gibbs theory of equilibrium statistical mechanics

, the steady state ,uZBV (n) of a microstate n is given by

4 ) = =gy exp(=H ) (1)

where f is the inverse of the temperature, H(n) the energy of n and Zy(53) the
partition function. The Boltzmann entropy is then defined as the limit, when the
degrees of freedom N of the system converges to infinity, of 1/N times the logarithm
of the number of microstates with a prescribed energy:

S(E) = lim lim N~'log (Z 1{|H(n) — NE| < 5]\7}) :

6—0 N—oo
n

where the summation is performed over all configurations 7 and where 1{ A} is the
indicator of the set A. The pressure P(f) is defined by

P(3) = Jim_ o8 Zv(5)

N—o0
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and the Boltzmann entropy is related to the pressure function by
S(E) = inf {8P(8) + BE} .
B>0

In view of ([L1) and by analogy, we define the energy of a microstate 7 as
—log uO]X 5(n) and the entropy of the stationary nonequilibrium measure uO]X 5 by

Sas(E) = lim lim N*11og( 3 1IN logud 4(n) + E ga}).

6—0 N—oo
neEQN

We propose in @) a variational formula for the entropy function S, g in terms
of the nonequilibrium free energy V, g and the equilibrium Gibbs-Shannon entropy,
that we conjecture to be valid for a large class of boundary driven stochastic lat-
tice gases. This formula is based on a strong form of local equilibrium, stated as
assumption (H). We present in (@) an explicit formula for the entropy function
Sa,p and we show in (R.13) that it is strictly concave, being the Legendre transform
of a strictly concave function P, g, identified as the nonequilibrium pressure. This
last point is proved in section E

In Section E we compute the entropy of stationary nonequilibrium measures of
boundary driven zero range processes and in Section ﬂ we show that the entropy of
the nonequilibrium stationary states ,uO]X g is different from the entropy of the local
equilibrium states l/éX . In Section E, we determine the energy band and describe
the density profiles with lowest and largest energy. In Section E, we examine the
isentropic surfaces and in the appendix we show that the strong form of local
equilibrium holds for the symmetric simple exclusion process by using the ideas of

B.

2. STATIONARY NONEQUILIBRIUM ENTROPY FUNCTION

Fix an integer N > 1,0 < a < < 1 and let Ay := {1,..., N — 1}. Denote
by Qu := {0,1}*~ the configuration space and by 7 the elements of Qp, so that
n(z) = 1, resp. 0, if site = is occupied, resp. empty, for the configuration 7. We
denote by o¢™¥n the configuration obtained from 7 by exchanging the occupation
variables n(z) and 7(y), i.e.

nly) if z==
(@) (2) = qn(x) if z=y
n(z) if 2#ay,

and by o%n the configuration obtained from 7 by flipping the configuration at x,
ie.

SN (2) e 1—nx) if z==x
(")) {n(z) if z+# .

The one-dimensional boundary driven symmetric exclusion process is the Markov
process on 2y whose generator Ly can be decomposed as

Ly = Loy + Loy + Ly N,
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where the generators Lo n, L_ v, L4+ n act on functions f: Qy — R as
N-2

(Lo.nf)(n) = [fle™ ) — f)]

x=1
(L~ f)n) = {all =n@)]+ (1 —a)n()} [flo'n) — f(n)]
(Lanf)n) = {BL—n(N = D]+ (1= BN = 1)} [f(a™ ) — f(n)] -
We denote by 7; the Markov process on {2y with generator L. Since the Markov
process 7, is irreducible, for each N > 1, and 0 < a < 8 < 1 there exists a unique
stationary state denoted by ,uO]X 8
The entropy function S, g : Ry — {—o00} U [0,log 2] associated to the nonequi-
librium stationary state UOZY, 5 is defined by

N _
Sas(E) = %%zvlfloﬁlognezg L{|N" log ) 5(n) + E| < 6}
N

whenever the limits exist. To keep notation simple, we sometimes denote S, g by
S.
Note that we may include in the sum ugﬁ(n):

o] -
Sep(E) = E + lim Tim —logpug s{ [N~ og g s(n) + B| <0} . (21)

6—0 N—oo
In particular,

Jap(E) = E — Sap(E) (2.2)
is the large deviations rate function of the random variables —N ! log ufi 3 (n) under
the probability measure uO]X -

At equilibrium o = [, the stationary state ufi 3 1s a Bernoulli product measure
with density a and the entropy function is given by
E +log(1 — «)
~ loga —log(1 — a)) ’

Su(E) = Saa(E) = — s( (2.3)
where

s(0) = 0logd + (1 —0)log(1l —0)
represents the Gibbs—Shannon entropy. This formula is valid for E in the energy
band [E_(«), F+(a)] where

E_(a) = —log{max(a,1 — )}, Ei(a) = —log{min(a,1—a)}.

In the case a = 1/2 the energy band is reduced to the point log2 and S /5 (log2) =
log 2. Outside the energy band we have S, (E) = —oc.

Identity (@) can be derived from the large deviations principle for the random
variable —N~"log pl (1), which in the equilibrium case is an average of i.i.d.
random variables.

Denote by (-, -) the scalar product in L?([0,1]). Let M be the set of measurable
profiles m : [0, 1] — [0, 1] equipped with the topology induced by weak convergence,
namely m,, — m in M if and ounly (m,,,G) — (m, G) for every continuous function
G :[0,1] — R. For every m € M the nonequilibrium free energy [, f] Va.5(m) of
m is defined by

Vog(m) = /0 {m(:c) log 7;((;0; + (1 —m(z))log 1_7;((;? + log g_(xi} dz ,
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where F' € C*(]0,1]) is the unique increasing solution of the non linear boundary
value problem

(F)?
F(1—F)’ (2.4)
F0)=a, F(1)=4.

F" = (m—F)

To keep notation simple we frequently denote V,, 5 by V.
Decompose the set Ay into 7 = ¢! adjacent intervals K,..., K.-1 of size eN
and denote by M = (M, ..., M,) the number of particles in each box. Let

v(My,o M) = S0 ST @) = My D @) = M| b ()
neQN re Ky reK,
be the probability to find M; particles in the interval K;, 1 < j < r. Denote by
M(le, 5(-|M) the probability measure M(le, 5 conditioned to have M; particles in Kj,
j=1,...,r. The set of configurations 7 such that erKj n(x) =M;,1<j<r,is
denoted by Qn (M) and its cardinality by Zx(M). We shall assume that for every
0<a<p<l,

lim limsupsup sup i‘ log { Zn (M) ugﬁ(mM)} ‘ =0. (H)
=0 Nooo M ney (M) IV ’
We present in the appendix a formal derivation of this hypothesis.

Assumption (H) states that the stationary state uO]X 5 conditioned on the number
of particles on macroscopic intervals is uniformly close in a logarithmic sense to
the uniform measure as the number of intervals increases. As we shall see, this
alternative formulation of local equilibrium plays a central role in the investigation
of the entropy of stationary nonequilibrium measures. The first main result of this

article provides a variational formula for the entropy function. We claim that for
every 0 <a< <1, F>0,

Sop(E) = 7325)4 {S(m) : Vo 5(m) +S(m) = E} , (2.5)

where

sm) = - | " s(m(x)) dz

This formula is a straightforward consequence of assumption (H) and the large
deviations for the nonequilibrium stationary state uO]X 5- Indeed, we may rewrite

uﬁg(n) as ugﬁ(n|M)u(M). Hence, by definition of the entropy and by assumption
(H),

T -1 -1
S(E) = lim lim lim —log 1{\N log (M) — N " log Zy (M) + E| < 5} .
The previous sum can be rewritten as

3 Zn(M) 1{}N*1 log (M) — N~ log Zy (M) + E| < 5} .
M
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Recall that N~ !logv(M) ~ —V(m) and that N~ !log Zx (M) ~ S(m) where m(-)
is the macroscopic profile associated to M:

m = Zpil{[xia$i+l)}a pi =M;/(Ne), K; = {[Nai],...,[Nwita] - 1}.

Since for a fixed € the sum over M has only a polynomial number of terms in N and
since Zn (M) is exponentially large in N, only the term which maximizes Zy(M)
contributes. The result follows.

Note that by [ﬂ, Theorem 4.1], the functional V,, g + S is continuous in M.

2.1. The nonequilibrium pressure. Let A: R, — R,, P: R — R be given by
p dx

AB) = Ay p(0) = / , 0#0,

o [2f+ (1 —2)0)"?

Aa,p(0)

(2.6)

P(0) = Pas(0) = 91og( ) 040,

P(0) = —log2. As we shall see in (R.13), P is the Legendre transform of the
entropy function S and may thus be identified with the nonequilibrium pressure.
An elementary computation shows that log A is strictly increasing on the intervals
(—00,0) and (0,00) and that limg_, ¢ log A(f) = Foo. Moreover,

N
P'(0) = #/(B/(l V1 (+o)log(l+a) —aloga , o Al)
A0) 0% Jiaja—aye 1+a (210 +1) (2071 +20)1/0 B—a
2.7)

for 6 # 0, and
P'(0)

1 B dx
= 1og( / ) .
ﬁ — a \/ ZC(l — .’L')
We prove in Section E the following properties.
Lemma 2.1. The function P is a C? strictly concave function. Moreover,

Jim {P(O) ~0Ez} =0, lim {P(0)-6P'(0)} =0,

where

Ey = Ey(o,B) = 1Og(ﬁia/aﬁ min{md’:cl_‘r})7

8 d
B = w0 (7 [ )

It follows from this lemma that limg_, 4+ 0{P'(¢) — E+} = 0, and that for each
E € (E_, Ey), there exists a unique g = (o, 8, F) € R such that

P'(0g) = E. (2.8)
Define the functions v+ : R — R4 by
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and let Wi = Wy .k : [Y=(08),v7+(0r)] — [0,1] be the monotone function given
by

1 v dt
W = — .
E(-T) A(QE)QE /[oz/(l—oz)]eE (tl/GE +1)(t6E71 +t9E)1/0E

Clearly, Wg([a/(1 — a)]?®) = 0. On the other hand, the change of variables t =
[z/(1—2)]%2 shows that Wg([3/(1—/3)]?2) = 1 in view of the definition of A(#). Let
hg :[0,1] = [y—(0g),v+(0E)] be the inverse of Wg so that hg(0) = (a/(1 —a))?%,
hp(1) = (8/(1 - B)**.

2.2. An explicit formula for S, 3. We are now in a position to present an explicit
formula for the entropy function S. We claim that for every 0 < a < g < 1,
E*(O‘HB) <E< E+(O&,/3),

Sup(E) = S(%) | (2.9)

Indeed, consider the variational problem (E) Let 6 be the Lagrange multiplier
and let R(m,0) be the function defined by

R(m,0) = S(m) — 0{V(m)+S(m)—E} .

Since by [{,H] (6V/ém) = log[m/(1—m)]—log|F/(1—F)], the conditions (§R/ém) =
OpR = 0 imply that

(F/[1 - F))°
L+ (F/[1=F])°°
1 F/(.T)
/O {m(:c) log F(z) + [1 — m(z)] log[l — F(z)] — log (ﬁ_—a) } dr = —F,
(2.10)

m =

where F' is the unique increasing solution of the non linear boundary value problem
(B-4). We report the first identity in (R.10)) to (P-4) to get that

F_// _ F071 o (1 o F)Ofl F/
F (1-F)? + F? '

29—1 _ (1 _ Z)G—l
(1—2)0 + 29

Since d/dz [67 log((1 — 2)? + 29)] = and (log F") = F"/F' we

deduce from the previous equation that

1/6

F' = A[(1—F)? 4+ F°] (2.11)

for some positive constant A determined by the boundary conditions satisfied by
F:

1 F'(m)
A = dx .
|, e
The change of variables y = F(x) shows that A = A(f) is given by (R.6).
Recall the definition of vy (). Let go : [0,1] — [v—(0),v+(0)] be given by
g0 = (F/(1— F))e and observe that

gh = A0)0 (9" +1) (g)7 + g0V .
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Define Uy : [y—(0),v+(0)] = [0,1] by
1

r dt
U - -
0(1') A(9)9 (@/(1—a))® (t1/9 + 1)(t9—1 +t9)1/9
and remark that gy = Ue_l.
In the second equation of (R-10) replacing m by go/(1 + g¢) and F' by the right
hand side of identity (R.11]), we obtain that

Lty golx) A(0)
— ——— 1o ) —log(1l + go(x }dw—lo—:—E.
9/0 {1+ge(x) g go(z) — log(1 + go(z)) &5 o
Performing the change of variables y = gg(x), we get that
1 /(ﬁ/(lﬁ))e 1 zlogz — (1+z)log(l+x) dr — Io A0) E
A0) 0% Jiaja-ape 1+a (210 +1) (2071 +20)1/8 ®B-a =

(2.12)
In view of the explicit expression for P/, we may rewrite the previous identity as
P'(9) = E. Therefore, by (E), 0 = 0g, and hence Uy = Wg, g9 = hg. Moreover,
in view of (B.10), the density profile m which solves the variational problem (P.5)
is m = hg/[1+ hg|. This proves (2.9).

2.3. A variational formula for S, 3. We conclude this section showing that
P, s is the Legendre transform of S, 3 and can therefore be identified with the
nonequilibrium pressure.

Forevery 0 <a<pg <1, E>0,

E) = inf {0E—-P . 2.1
S(E) = jnf {0 0)} (2.13)
If E belongs to the energy band (F_, E;) the infimum is attained at g given by

(E9) and
S(E) = 0gE — P(0g) .
Moreover, S(E+) =0 and S(E) = —cc if E ¢ [E_, E].

By abuse of notation we shall call S the Legendre transform of P. Usually
the Legendre transform is defined as a supremum and involves convex functions.
However, by taking a minus sign we may transform convex functions into concave
functions and supremums into infimums.

The proof of (R.13) is simple. In section | we show that S % = —oo outside
[E_, E{] and that S(E1) = 0. On the other hand, by Lemma R.1j, E — P(6) is a
monotone non-decreasing function for £ > E. Hence, for E > E, infgcr{0F —
P(0)} = limg,_oo{0FE — P(6)}. By Lemma again, {0E — P(0)} converges to
—o0, 0 for £ > E,, E = E,, respectively. Therefore, by the first observation of
the proof, S(F) = inf{0F — P(0)} for E > E,. The case F < E_ is analogous.

By Lemma .1, limg ;1o {#E — P(0)} = +o0 for E € (E_, E;) and the function
0 — OF — P(0) is strictly convex on R. Hence, inf{0F — P(0)} = 0 E — P(0g),
where 0 solves (R.§). We may rewrite this expression as 0z P'(0g) — P(fg). In
view of (.7), to conclude the proof of (R.13) it remains to show that the first term
on the right hand side of (@) multiplied by 6 and computed at § = 0 coincides
with (R.9). This can be shown by performing the change of variables u = hp(z) in
(B.9) and recalling that W is the inverse of hp.

It follows from () that S is concave and that P, the Legendre transform of
the entropy, can be identified with the pressure.
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The equilibrium case can be recovered by letting o« — 5. In this case,

- 1 E +log(1 — a)
9(047 a, E> - 1og[a/(1 — Oé)] E+ lOg(CY)
E +log(1 — a)
o) =~ oga)

3. BOUNDARY DRIVEN ZERO RANGE PROCESSES

We compute in this section the entropy of stationary nonequilibrium measures
of boundary driven zero range processes. The model is described by a positive
integer variable n(z) representing the number of particles at site x € Ay. The
state space NV is denoted Q. At exponential times one particle jumps with rate
g(n(x)) to one of the nearest—neighbor sites. The function g : N — R is increasing
and g(0) = 0. We assume that the system interacts with particle reservoirs at the
boundary of Ax whose activity at the right is ¢4 > 0 and at the left is ¢_ > 0.
The microscopic dynamics is defined by the generator

Ly =LoN+L_N+LiN

where
Lo =Y {ona) FE™ ) — fn)] + glnia + 1) [FT=0) — F)]}

Lonfm) = gm@)[fF(STn) = f)] + ¢ [f(STn) — F(n)],
Linfm) = gn(N=1)[f(Sy_1m) — FM] + o4 [F(SF_1n) — f()]

in which
n(z) if z2#zy
@ n)() =4 n(m) -1 i z=a
nz)+1 if z=y

is the configuration obtained from 1 when a particle jumps from x to ¥, and

s ={ 0, 4 2

is the configuration where we added (resp. subtracted) one particle at xz. Note
that, since g(0) = 0, the number of particles cannot become negative.

The invariant measures of the boundary driven zero range processes can be
computed explicitly. Let pn : Ay — Ry be the linear interpolation between ¢_
and p:

(@) = (1-%) e + % (3.1)
on(z) = NP Ty e :
The invariant measure m’} is the product measure whose marginals are given

Y-t

by

N () — Y — 1 on (x)F
om0 =k} = ZEE d g F20

where Z(¢) =1+, ,¢"/[lg(1) - g(k)] is the normalization constant.
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Denote by R : Ry — Ry the density of particle under the stationary state with
activity equal to ¢ on both boundaries:

1 " pZ'(¢)
R(e) = Eny [n(z)] = >k = ;
i 2(p) = 9(1)---g(k) Z()
and by ® : Ry — R the inverse of R:
® =R,

Under the stationary state, the typical density profile p : [0,1] — Ry is the
unique solution of the elliptic equation

AD(p) =0,
p(0) = R(p-) , p(1) = R(p4) ,
where A stands for the Laplacian. As N 1 oo, the activity profile ¢ introduced

in (B.1]) converges to ®(p):

Jm ooy = @(p),

where ¢ : [0,1] — Ry is the function defined by ¢n(0) = p_, pn(2/N) = on(2),
x € An, ¢n(1) = ¢4 and extended to the interval [0, 1] by linear interpolation.

. . . N . .
The weight of a configuration 7 under the stationary state my;_ , is given by

mY () = exp Y {n@)ogn(@) - logla(1)-g(n(@))] — log Z(pn @)}

In the special case where g(k) = 1{k > 1}, the weight mfgﬂ(p+ (n) is a function of
the empirical density. Hence, if in this case we define for a profile p : [0,1] — Ry,

Ho oi(p) = /0 p(x)log ®(p(x)) — log Z(®(p(x))) du , (3.2)

we have that

mgﬂsw (p) ~ e

In general, the weight of a configuration is not a function of the empirical
density but a function of the field associated to the variables {(x) = n(x) —
loglg(1) - - g(n(x))]/ log o (a).

The nonequilibrium free energy functional is easy to compute in the context of
zero range boundary driven systems since the stationary state is a product measure.
A simple computation shows that

Veo_or(p) = /Ip(:c)lo (p(2)) 1 Mdz
Pt ;

NH«/LAPJF (p) .

Fo(pe) P Z@(p()

To present an explicit formula for the entropy function in this context, we need
to introduce some notation borrowed from the theory of large deviations of i.i.d.
random variables. Fix ¢ > 0, let M : R — R, be given by

1 k

® o (k)
Z(p) ,; g(1)---g(k) ’

M«p(a) =

where F, (k) = k — [log ]~ ' log[g(1) - - - g(k)], and let R, (a) = M/,(a)/M,(a). The
large deviations rate function I, : R — R4 for the mean of the ii.d. random
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variables &(z) = n(x) — [logp]tlog[g(1)---g(n(z))], 1 <z < N — 1, distributed
according to mf;c , 1s given by
Ip(z) = xR;l(x) - IOng(R;l(x)) .

In the particular case where g(k) = 1{k > 1}, we get that Z(p) = (1 — ¢)7!,
R(p) = /(1 =), ®(p) = p/(1+p), Fo(k) = k. &(z) = n(@), My(a) = (1=¢)/(1 -
we®), Ry(a) = pe®/[1 — pe®] so that

I, (x) = zlog - (14 2)log(1l + z) —log(l — x)
P
a) . Z0) (33)
Z(¥)
We emphasize that formulas (B.d) and (B.3) have been deduced only in the case

g(k) = 1{k > 1}, and may not hold in general.
For each 0 < ¢_ < ¢4, define the entropy function S, ,, :R — R by

1

Se- o (B) = lm lim —log > 1{’N*110gmgﬂw+(n)+E’ 35}
neEQN

= zlog

whenever the limits exist. We may introduce in the sum mgﬂsu (1) to get that the
entropy function is equal to

N _
E + }1&(1)]\]121100Nlogmf;’ﬂw+ {’N 1logmgﬂw(n) +E’ < 5}
N

0. (1) may be expressed in terms of the variables {{(z) : 1 < & <

Since logm

N — 1}, which are independent under mgfﬂu, the large deviations principle gives
that .
S¢77¢+ (E) — F = — ir)\lf/o Iq)(ﬁ(z))()\(l')) dx

where the infimum is carried over all profiles A : [0,1] — R such that

/0 A(w)log @ (p(x)) — log Z(®(p(a)) de = —E

In view of (B.d), (B.d), in the case where g(k) = 1{k > 1}, the entropy function
becomes

1
: P (p(x)) Z(®(p(x)))

Se_ . (F) — E = — mf/ p(x)log —= — log ———F%5de, (34)
o v Jo @ (p(x)) Z(®(p(x)))

where the infimum is carried over all density profiles p : [0,1] — R, such that

Moo (p) = —E. Therefore, in the case g(k) = 1{k > 1}, where an explicit

formula is available, up to a linear term, S,_ ., (¥) is obtained by minimizing the
free energy functional V,_ . over all density profiles p with energy H,_ .. (p)
equal to —F.

Finally, if we define §¢77¢+ :R — R by

§(E) = —inf{/o plog igg; —1og%dm:/o [p—ﬁ]logfb(ﬁ)dx:—E},

we obtain that

~

Se_or(B) = E + 8, (E+ / 1 {Plog () ~ 108 2(2(p)) } dx) .
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Note that S(E) < 0 and S(0) = 0. As above, we stress that the identity B4 and
all formulas thereafter were derived in the case g(k) = 1{k > 1}.

4. THE NONEQUILIBRIUM PRESSURE

We prove in this section Lemma @ Recall the definition of the function P
introduced in @) We first prove that P is strictly concave. A long and tedious

computation concluded with the change of variables t = x%/[z? + (1 — 2)?] shows
that for 6 # 0,

P = g [ s watat) — ([ st potan)
)

1 [P t
— 9_2/,4 t(lft)<log1_

where A =a’/[a’ + (1 — )], B=p%/[8% + (1 - B)7],
1 1 1
IU’Q(dt) = == = t(l 7t) tl/e T m )

2
1227 (dt) )

and Z(0) is a normalizing constant which makes 19 a probability measure on [A, B].

By Schwarz inequality, the first line of the expression of P without 62 is posi-
tive. Therefore, P is strictly concave on the interval (—oo,0). The strict concavity
on the interval (0, 00) follows from the claim that for all § > 0,0 < a < § < 1,

/ABS(t)Qﬂe(dt) - (/ABsum(dw)Q < 9A3t<1t>(1og1ft)2ue<dtz, |
4.2

It is enough to prove that

//ASTSKB{S(U — s(r)}? po(dr)pe(dt) < 0 /AB t1—1) <log : it)2ue(dt) ,

Let H(u) = 0~ {u™ /% + (1 — u)71/%}. Assume that 6 # 1 and denote by R the
primitive of H given by R(u) = (§—1)""{u'~/? —(1—u)'~/?}. Hence, by Schwarz
inequality, the left hand side of the previous inequality is bounded above by

/ /AB / (0 B~ ([ H@0) poarpatan

_ % du{s'(u /dr/ dt mg(r) me(t) {R(t) — R(r)} .

Since s'(r) = log[r/(1 —r)], to conclude the proof of Claim (fL3) for 6 # 1, it
remains to show that

% /A S ar / dt ma(r)mo () {R(t) — R(r)} < 1 (4.3)

forall >0,0#1land 0< A<u<B<I1.
The left hand side of the previous inequality can be written as

/uB mg(t) R(t) dt %/Au me(r)dr — /Aume(r) R(r)dr %/UB me(t) dt
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We need to show that this expression is strictly bounded above by 1 for A < u < B.
Let K be a primitive of my R and rewrite the previous expression as

Jap(u) = [K(B) - K(u)] M(u) — [K(u) = K(A)][1 = M(u)]
= K(B)M(u) + K(A)[1 - M(u)] — K(u),
where M (u) = Z~1 f[A,u] mg(r)dr. This expression represents the difference be-

tween the convex combination of K(A) and K(B), with weights M (u), 1 — M (u),
and K(u). For A < u < B, this difference is clearly absolutely bounded by the
variation of K on the interval [A, B]:

su J w)] < sup K(w) — inf K(v).
A§u23| as(w)] < ASUEB (®) A<v<B )

Maximizing over 0 < A < B < 1, we get that

sup |JAyB(u)‘ < sup K(v) — inf K(v).
0<A<u<B<1 0<w<1 0<v<1

A simple computation shows that

K(t) = — 5= log{t¥/? + (1 —)1/%} .

In particular, for 6 # 1, K(0) = K (1) = 0, K is symmetric around 1/2, K'(1/2) = 0,
K decreases on the interval [0,1/2] and increases on the interval [1/2,1]. Tts
total variation on the interval [0,1] is therefore equal to —K(1/2) = [0/(6 —
1)]log2'=1/¢ = log2 < 1. This proves (£.3) and therefore Claim ([.J) for 6 # 1.
The proof for # = 1 is identical, the only difference being the explicit expression for
the primitives.

The behavior of P in a neighborhood of 0 is obtained through a simple Taylor
expansion of the integrand. We have

I
PO) = —log2 + flogl; — 921—2 + 06 ,
1
where
5= 1 /B dx
YT B-al, Vvl —x)
and

n = o /ﬁ log]® + [log(1 — 2)°

2(8 - «a) x(1—x)
This completes the proof of the strict concavity of P on R.
We now turn to the claim that

lim {P(0) —0E+} = 0.

0—+oo
We consider the limit € 1 oo, the other one being similar. By definition of P, we
have to prove that
A(9)
lim {1 (—) ~E.} =0. 4.4
Jim 6{log (7— f=0 (4.4)

A preliminary computation shows that limg_,~ log[A(0)/(8 — )] = E_.
The proof of (@) depends on the positions of o and § with respect to 1/2, the
most difficult case being when 0 < o < 1/2 < 8 < 1. Write A(6) as

/2 4 B d B
[ e {gea e (55) 1) + [, Fow{-glos[t+ (55) ]}
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We concentrate on the first integral. Since |e? — 1 —gq| < (¢%/2)el?l, ¢ € R, the first
integral is equal to

1/2 dx 1 1/2 dx T 9 1
/a -z é/a 1—x10g[1+<1—$) } + e

where £(0) is a remainder absolutely bounded by [log2]? for # > 1. The second
integral in this expression vanishes as 6 1 co by the dominated convergence theorem.
Hence, log[A(0)/(8 — a)] = E_ + o(0~1), where §o(f~1) vanishes as § 1 co. This
proves ([£4).

We finally consider the last statement of the lemma. By (@) and by the change
of variables = u?, P(0) — 0P’(6) is equal to

dx

;/(ﬁ/(lﬁ))e 1 zlogz — (14 x)log(l + z)
HA(0) (a/(1-a)® 1+ (210 + 1)(2f~1 4 2)1/0
_ L/ﬂ/l_ﬂ du  u’logu® — (1 +u?)log(1 + u?) .

A0) Jajr—a (1+u) (1 4 uf)r+i/e)
We examine the case 6 T 0o, 0 < o < 1/2 < j3, the other ones being simpler. Since

A(0) converges to a constant as 6 T oo, only the integral has to be estimated. By
the dominated convergence theorem,

1 du  u?logu? — (1 4+ u?)log(1l + u?
lim u u’logu” — (1+wu”)log(l +u’)

=0
=00 Jo/1—a (1+u) (1 + uf)1+0/0]

because the numerator vanishes as # T co. On the other hand, the integral in the
interval [1, 5/(1 — 8)] can be written as

B /5/1_5 du  log(1+u=?) +u=%log(1+ u?)
L uitw (e onn

By the dominated convergence theorem, this expression vanishes as 6 1T co. This
concludes the proof of the lemma.

5. ENERGY BAND

In this section, we determine the energy band [E_, E.], i.e. the range of V +S.
Recall that M is the set of profiles m : [0,1] — [0, 1] and let M, M_ be the set of
profiles m of the form m(z) = 1{[0, zo]}, m(x) = 1{[zo, 1]}, respectively, for some
xo € 10, 1].

Lemma 5.1. For every 0 < a < g < 1,
sup {V(m)+S(m)} = sup {V(m)+S(m)} = E,, (5.1)
meM meM

and the supremum is attained for a unique profile m € M.

Proof. By [E, (2.11)],

V(m)+S(m) = }S;Lelp}g(m,F) (5.2)

where

G(m,F) = — /0 {m(x) log F(z) + [1 — m(z)] log[1 — F(z)] — log g’_(x; } .
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and F is the set of all C? increasing functions F : [0,1] — [0, 1] with boundary
conditions F(0) = a, F(1) = 8. Moreover, the supremum is achieved at the unique
solution F of the boundary value problem (£.4).

We claim that for all F'in F,

sup G(m,F) = sup G(m,F). (5.3)
meM meM
The first identity in (5.1]) follows from this assertion. To check (F.J), fix F in
F and note that the supremum is achieved by m = 1{[0,zp|} € M, where
xp = sup{z € [0,1]; F(z) < 1/2}, because F is increasing. Of course zp = 1 if
B<1/2and xp =0if a > 1/2.

We claim that the solutions of the variational problem (f.1) belong to M. As-
sume that there exists mo € M such that V (mg)+S(mg) = sup,,c p{V (m)+S(m)}.
Let Fy be the unique solution of the boundary value problem (@) associated to
mo, let 2o = sup{z € [0,1]; Fo(x) < 1/2}, let my = 1{[0, 0]}, and let F} be the
solution of (P-4) associated to my. By (F.9),

G(m1, Fo) < G(ma, Fr) = V(my) + S(mq) .
By definition of mg and by (@), the previous expression is bounded above by

sup {V(m) +S(m)} = G(mo, Fy) < sup G(m, Fy) = G(m, Fp) ,

meM meM
where the last identity follows from the argument presented in the previous para-
graph. Since the first and the last terms in this sequence of inequalities are the same,
all terms are equal and G(my, Fy) = G(mq, F1). Since, by (b.2), supy G(mq, F) is
uniquely attained at F' = Fy, Fy = Fy. Therefore, in view of ), 1 = Mo a.s.

Let my, = 1{[0, 0]}, xo € [0,1], and let F be the solution of the nonlinear

boundary value problem (R.4) with m = my,. On the interval [0, zo], F(z) = ae®
for some a > 0, and on the interval [z¢,1], F(z) = 1 — (1 — B)e*1=*) for some
A > 0. Since F must belong to C*([0,1]), a and A satisfy

aae®™ = (1 — f)AeA—0) |
et =1—(1- ﬂ)eA(l’zo) .

Thus,
A 1 A a 1
aro _ (1—z0) [ 5.4
¢ a+Aa’ ¢ a+Al1—-p" (5:4)
and therefore,
1 A 1 1 a 1
~log { ~1 + S 10g{ — =1 5.5
aOg a+ A« +Aog a+Al-0 (5:5)

Moreover, since xg belongs to [0,1], a, A must satisfy max{l — 8,1 — ae®} <
a/(a+ A) <min{l —a, (1 — B)e?}. Let f, g:[0,1] — R be given by f(z) = ae®®,
g(x) = 1 — (1 = B)eA=%) and let h(z) = f(x) — g(z). Since h is convex and
0 < g <1, h(zg) = W (z0) =0, h(0) > 0, (1) > 0. Hence, 1 —a < (1 — B)e4,
1—ae® <1-— [ so that

1-8 < <l-a- (5.6)

a
a+ A
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By the explicit expression of F and by (5.4), (F.3), S(ms,) + V(ma,) is equal

/Ollog{gl(x(i}dw _ /OI0 log F(x)dx — /1 log(1 — F(z)) d

Zo

to

1 A a 1
= -1 ( )1 1 (——)1 A — log(B—a).
a8 a+ A« oga + A8 a+Al-p o8 og(8 —a)
Therefore, by the concavity of the log function and by (@),

log{log (Aiﬂé) + log (ﬁﬁ)} — log(f — )
a

a 1
=1 1 1-— -1 —
Og{OgLHA( a+A)a(1fﬂ)}} og(f — )
By (@), the previous expression is bounded by

S(mzo) + V(m%)

IN

p(1—p)
pe[ls;%%_a] log{log [a = ﬂ)}} log(8—a) = B,
where the last identity follows by a direct computation. The last supremum is
realized for p=1—-if §<1/2, forp=1/2if a <1/2< B and for p=1— a if
1/2 < a.

Up to this point, we proved that sup,,c v{S(m m)} < Ey. Assume that
B < 1/2 and set o = 1. In this case, by (@ ), a/( a+A = 1 [ and all inequalities
in the previous argument are in fact identities. In particular, S(my) + V(m;) =
Sup,,e m1S(m)+V(m)} = E,. Moreover, since log is a strictly concave function and
since by (54) a/(a+A) > (1—p) for o < 1, S(m1)+V (m1) > S(my,)+V (M) for
zo < 1. In the same, way, if o > 1/2, S(mg) + V (mo) = sup,,e p{S(m) +V(m)} =
E. and S(mg) + V(mo) > S(my,) + V(mg,) for zo > 0.

Finally, if o < 1/2 < 3, let « = log(2«)/ log[4a(1l — ()] and observe that

S(ms) + Vima) = sup (S(m) + V(m)} = By

and that S(my) + V(my) > S(my,) + V(my,) for o # . O
Lemma 5.2. For every 0 < a < < 1,
muelfvt {V(m)+S(m)} = mlg}\f/’(f {V(m)+S(m)} = E_.

Proof. Recall (5.9). Since for each F in F, G(-, F) is a continuous function for the
weak topology, V' + S is lower semicontinuous. In view of the explicit expression of
G and by Jensen’s inequality, V +S is bounded below. Hence, there exists mg € M
such that V(mg) + S(mg) = infem{V(m) + S(m)}.

Let E* = inf,epm{V(m)+ S(m)} = inf,,ce pmsupper G(m, F'). This expression
is bounded below by sup ¢ inf,,ear G(m, F). By the explicit expression of G,

where mp belongs to M_. If « > 1/2, 8 < 1/2, mp =1, mp = 0, respectively.
Otherwise, mp = 1{[zF, 1]}, where zp is the unique point where F' is equal to 1/2.

Assume that o > 1/2. In this case, E* > suppcrG(1, F) =V(1)+S(1) > E*.
To conclude the proof of the lemma it remains to compute suppc»G(1, F') which
can be done as in the previous lemma. The case § < 1/2 is similar.
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Assume that o < 1/2 < . In this case we have that E* > suppcrG(mp, F) =
SUPg<z<1 SUPper, G(1{[z, 1]}, F'), where F, = {F € F: F(z) =1/2}. Fix 0 <z <
1. In each interval [0,z], [x, 1], the variational problem suppez G(1{[z,1]}, F) is
similar to the one in (5.9). In the interval [0, z] the solution F, o of this variational
problem solves the differential equation (E) with m = 0 and boundary conditions
F(0) = a, F(x) = 1/2. Analogously, in the interval [x,1] the solution F; 1 solves
the differential equation (R.4) with m = 1 and boundary conditions F(x) = 1/2,
F(1) = 8. These solutions can be computed explicitly and one obtains that

Fyoly) = 1—(1—a)exp{—wy}, 0<y<uwz,
Foa) = Be { B2 1)) wcy<r,
sup G(1{[z, 1]}, F) = xlogw + (1—x)log% — log(f — «a) .

FeF,

Maximizing over z we deduce that 2* = log[2(1 — «)]/ log[4(1 — «)f] is the optimal
value of x and that

1 g dx
E* > 1 .
- Og{ﬂfa/a max{x,l—z}}

Moreover, a simple computation shows that for Fj. ,(z*) = Fj. (z*). Hence,
the function G : [0,1] — [a,f] defined by G(y) = Fupo(y)1{y € [0,2*]} +
Fo1(y)1{y € (z*,1]} belongs to F and solves the boundary value problem (P.4)
for m = 1{[z*,1]}. Hence, by definition of E* and by (f.9)

EL < S({[z",1]}) + V(A{[z",1]}) = G(1{[z",1]},G)

B
- IOg{ﬂia/a max{::lfx}}'

This proves the lemma and shows that a profile with minimum energy is given by

s — 1{[M 1]}

log[4(1 — a)p]’
O
We proved in the previous lemma that
inf sup G(m,F) = sup inf G(m,F).
meM FEI_;: ( ) Fer} meM ( )
Fix 0 < o < 8 < 1 and assume that V(m) + S(m) = E*. Then,
m(l—m) =0 a. s. (5.7)

Indeed, fix a profile m in M. Since V(m) + S(m) = G(m, F), where F is the
solution of (24),

om om 5F  om
Since F' solves the Euler equation (@) associated to the variational problem
sup; G(m, G), G(m, F)/0F = 0. On the other hand, 6G/ém = —log[F/(1 — F)],
so that

6[V +S](m)  6G(m,F) N oG(m, F) oF

o[V + S](m)
om

- 1
1" F
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This expression does not vanish because F' is strictly increasing. Therefore, the
extremal values of V' + S are attained at the boundary.

This formal argument can be made rigorous. By the proof of Theorem 7.1 in
[ﬂ], V' and therefore V + S is Gateaux differentiable, and the Gateaux derivative of
V + S at m is equal to —log[F/(1 — F)].

It follows from the previous results and the variational formula (@) that for
0<a<pg<l,

S(F)=—-occfor E ¢ [E_,E;] and S(Ey) = 0. (5.8)

6. ISENTROPIC SURFACE

We determine in this section the isentropic surfaces defined by

= (E>0:5.4(E) =K}, Kel0log2].

6.1. The equilibrium case. Assume that « = . We have already seen right
after (@) that the energy band is reduced to the point log2 in the case o = 1/2.
Assume therefore that o # 1/2 and fix K € [0,log2). There exist exactly two
solutions 0 < m_(K) < 1/2 < m4(K) < 1 of —s(m) = K. Hence, in view of (2.3),
the level set Ex = {F_(K), E4+(K)}, where

Ei(K) = —log(l —a) — loglfami(K).

For K = log?2, &k is the singleton {—(1/2)[loga + log(1l — «)]}.

6.2. The nonequilibrium case. Assume now that « < 5. Let D : R — R be
given by D(0) = 0P'(9) — P(0). Since D'() = 6P"(9) and since, by Lemma P-1],
P is strictly concave, D is strictly increasing on (—oo;0] and strictly decreasing
on [0, +00). Moreover D(0) = log?2 and, by Lemma P-J}, limg_, 1o D(f) = 0. In
particular, for every K E (0,10g2) there ex1st exactly two values 0_(K) < 0 <
04 (K) such that 6 (K K)) K)) =K.

Fix 0 < K < log?2. By @ E belongs to £ if and only if K = 0P’ (Ag) —

P(0r) = D(0g), where P'(6g) = E. Hence 0 = 04 (K) so that E = P'(04(K))
and

Exc = {P'(0+(K)), P'(9_(K))} .
If we let a and (8 vary, we see that the K-isentropic surface is composed of the
two manifolds F = P'(04(K)) and Ej; = P'(0_(K)) which satisfy

Ex(a,8) < Ef(o,B) .

7. COMPARISON WITH LOCAL EQUILIBRIA

In this section, we compare the entropy function S, g with the entropy function
associated to product measures with a slowly varying density profile that will be
called local equilibrium entropies.

Let 1/2{ 5 be the product probability measure on {0, 1Pyt

given by

N-1

H (z/N)" (1 — p(x/N))
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where p : [0,1] — [o, 8] is the stationary profile p(z) = (1 — z)a + 2. Denote
by S := Sa5: Ry — {—00} U|[0,log?2] the entropy function corresponding to the
Gibbs state I/évﬁi

5 o1 _
S(E) = }lg(l)]\}gnooﬁlognezg 1{|N"tlogvY4(n) + E| < 6} (7.1)
N

Whenevgr the}imits exist.
Let P := P, 3 :R — R be the function defined by

PO) = — ﬂl L
()_ﬂfoz/a Og(z9+(1—z)9) *
Lemma 7.1. P is a C? strictly concave function and

P(9) ~

. -~V . M o ~/ _
Jm T = Bl (PO) - 0P @) = 0.

E ! /ﬁl ! dr, E ! /ﬁl ! d
T B—al, Ogmax{z,lfx} oo T B—al, Ogmin{z,lf:c} v
Moreover, as 0 — 0,

PO) = —log2 + dz + O(6?).

o [ 1
— [ log——
ﬁ —QJy \/m
The proof is elementary and left to the reader. It follows from this result that

lim P'(0) = E-+.

6—+o0

Proposition 7.2. For £ > 0,

S(E) = inf {0F —P(0)} .

If E belongs to the energy band (E_, E.), the infimum is attained at 0p = 0g (o, B)
the unique solution of P'() = E and S(E) = 0gFE — P(0p). S(FE) = —oo if
E¢[E_,Ey] and S(Ey) =0.

Proof. Multiplying and dividing the indicator in (F-]]) by 2V~!, we reduce the

computation of the entropy to a large deviations problem for independent Bernoulli
random variables and we obtain that
S(E) = sup {S(m) : I(m) +S(m) = E} ,
meM
where I stands for the large deviations rate function given by
1
m(x) 1—m(x)
I(m) = / {m(ac)log — + [1 —m(z)]log ———= }dac

0 plx) 1= p(x)

One should compare this expression with the variational formula (R.5) for the

nonequilibrium entropy.
Repeating the arguments presented in the proof of (@), we deduce that

_ 0
S(B) = S((1—59+ﬁ9) ’
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where 6 is the unique solution of P’(f) = E. The rest of the proof is similar to the

one of (R.13). O
Let Ey = P'(0), Ey = P'(0). By Lemma P.1] and [T,

B . B
EOZlOg(ﬂla/a \/ﬁdm), Eozﬂ%/a log(ﬁ)dw.

By Jensen’s inequality, E_ < E_, E, < E, and Ey < Ey. Since min{z,1 — z} <
1/2 < max{x,1—=a} and \/2(1 — z) < 1/2, we may compare all variables with log 2
to obtain in the end that E_ < E_ < log2 < Ey < min{ Fy, E‘+} < max{Fj, E‘+} <
E4 in the case a < 5.

The nonequilibrium and the local equilibrium entropy differ. For every 0 < a <
B < 1,8 < S in the interval (E_, Ey) and S < S in the interval (Ey, E ).

Indeed, fix E € (E_, Ey). By Jensen’s inequality, = P(0) < 6~1P(0), 0 € R.
Therefore, for every 6 > 0, 0E — P() < 0FE — P(#). On the other hand, since
E < Eyg and 0, = 0, P'(0g) = E < Ey = P'(0g,) = P’(0). Hence, since P’
decreases, 0 > 0. A similar argument shows that 0 > 0. In conclusion, by the
variational formula for the entropies presented in (R.13) and .3,

S(E) = inf {0B - P(0)} = inf {0F - P(0)}
< nf {6E - PO)} = inf {6E - P)} = S(E).
A similar argument proves the other claim.

Consider the sequence of random variables Yy () = —N ! log ,uozxﬁ(n), Yn (n) =
—N~'log 1/2{ 5(n) defined on the probability space Qn equipped with the probability
measure ué\{ 5 l/é\{ 5, Tespectively. By (B-1), the sequence (Yy : N > 1) satisfies a
large deviations principle with convex rate function J(F) = E — S(E). By similar
reasons, the sequence (YN : N > 1) satisfies a large deviations principle with convex
rate function J(F) = E — S(E).

Bahadoran [f[] proved that Euﬁg[YN] and Eyévﬁ [Yy] have the same limit given
by the Gibbs-Shannon entropy , ’

E/Ols@(x))dx,

where p(x) = a4+ (8 — a)z. This result can be recovered from ours.

Lemma 7.3. The nonnegative rate functions J and J wvanish at the same and
unique point - B

E=P(1)=P(1).
In particular, Y under ,uozyﬁ, and Yy under I/évﬁ converge in probability to E.

Proof. By Lemma @, the variational formula () and the assertions following
this formula, the nonnegative rate function J is strictly convex on [E_, E], dif-
ferentiable in (E_, Ey), and equal to +oo outside of the interval [E_, E]. It has
therefore a unique minimum F € [E_, E,].

By (R.13) and (R.9), S'(E) = 0 on (E_, E), where 0 is the unique solution
of P'(f) = E. By Lemma @, limg_ 400 P'(0) = E+. It follows from the previous
two facts that limg_, g, J'(E) = £oo. Since J is strictly convex, J has a unique
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minimizer £ in (E_, Fy) solution of 5 = S'(E) = 1. Applying P’ on both sides
of this equation, we deduce that £ = P'(1).

We claim that J(E) = 0. To prove this identity we need to show that S(E) = E
or, in view of (R.13), that 05 E — P(A5) = E. Since z = 1, this equation is reduced
to P(1) = 0, which is easy to check in view of the explicit formula (R.6) for the
nonequilibrium pressure.

The same argument applies to J and the result follows from the identity

P'(1) = P'(1) = —/O sla+ (B —a)z)de .
O

In [E, Section 7], the authors compute the limit of the variance of the sequences
(Yy : N >1)and (Yy : N > 1) and show that the limits differ. This result can be
recovered from a second order expansion of the entropy function S, 3.

We have seen that the rate function J has a unique minimum at E. It is well
known from the theory of large deviations that the asymptotic variance of the
sequence Yy is given by J”(E)™' = —S”(E)~!. Since 7 = 1 and since S is
the Legendre transform of the nonequilibrium pressure P, we have that S”(E) =
1/P"(05) = 1/P"(1). Hence, —P"(1) is the asymptotic variance of the sequence
Yn.

By taking 0 = 1 in ([.1]) we obtain that

ﬁfaéﬂt(1t>[log(%)}2dt

ﬁ/jdz /j dy (3(2) — 5())° .

A long and tedious computation shows that this expression coincides with the
limiting variance derived in [].

A similar computation in the equilibrium model gives that the asymptotic vari-
ance of the sequence Yy is equal to

/%a/jt(w[log ()] ar.

In particular, the asymptotic variance in the nonequilibrium model is strictly bounded
above by the asymptotic variance in the equilibrium model.

~P'(1) =

(7.2)

APPENDIX A. THE ASSUMPTION (H)

The stationary state uO]X 5 of the symmetric simple exclusion process with open
boundary conditions can be expressed in terms of a product of matrices [E] There
exists matrices D, E and vectors |V), (W] such that

DE — ED =D + E, {(1-B8)D-BE}|V) = |V),
(WH{aE-(1—-a)D} = (W|
and

wn (1)
1as ) = D+ BT
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where the weight wy(n) is given by

N-1
wn(m) = (W I] @)D +[1 = (@) E} V).
The partition function (W|(D 4 E)N=1V) can be computed explicitly [f}, (3.11)]:
N—1 (N4 1)
WID+E)"|V) = 3B—a)V (A.2)

Decompose the set {1,...,N — 1} into » = ¢~ ! adjacent intervals Ki, ..., K,
of size eN and denote by M = (M, ..., M,) the number of particles in each box.
We recall that ufi ﬁ(- |M) is the probability measure ufi 3 conditioned to have M;
particles in Kj, j =1,...,7.

Let n™, n~ be the configuration in (M) with all particles in each interval K
at the left most, right most positions, respectively. Hence, if K; = {z1,...,20},
M; = M, nt(z) = 1 if and only if 21 < = < xp, n (x) = 1 if and only if
rp-mi1 S x <z

Lemma A.1. ForO0<a<f<1,neQn(M),
p(n~ M) < p(nM) < p(n™ M) .

Proof. This is a simple consequence of the matrix product form of the stationary
state. Let 1 be any configuration in 2y and let 1 < x < N — 1 be any site such
that n(x) = 1,n(x + 1) = 0. Then, wx (c®**1n) —wy(n) is equal to

z—1 N-1
W ] (nw)D+ 11 = nw)]E} [ED - DE] [ {n(w)D + 1 —n@)]EHV)
y=1 y=x+2
z—1 N-1
= —WI[ D+ —nwIEYD+E] [ {n(wy)D+ 01 —ny)]E}V)
y=1 y=z+2

= —wny-1(§) — wn-1(¢) <€ 0,

where &, ¢ are the configuration of Qx_1 given by &£ = (n(1),...,n(z —1),1,n(x +

Hence, the derivation of the assumption (H) is reduced to the proof that

1
lim 1 —|tog Y 4 (M) — 1 N‘M’z.
=5 ﬁnffopsﬁpjv‘ 8 Hra, (1" [M) ~log pra g (7 IM) | = 0

or, equivalently, to the proof that

1
lim li —‘1 N () —1 N*‘:.
limn lim sup sup = log tos(n") —loguy s(n~)| = 0
For each fixed € > 0 and M, the configurations ™, n~ are associated to density
profiles p™, p~ : [0,1] — [0, 1] defined by p* =37, ., 1{[(i — 1), (i — L)e + pi)},
P~ =2 1<i<, Hlie — piyie)}, where p; = M;/N, 1 <i <r and 1{A} stands for the
indicator of the set A. Therefore, by the large deviation principle for the density
profiles under the stationary state ugﬁ [E, E, ﬂ, ,
*)

3

1
lim Nloguév,g(ni) = —Vas(p

N—o00
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where V, 5 is the functional introduced just before (R.4).
Hence, to prove assumption (H), it remains to show that

gi_%sgp Va,ﬁ(PJr)*Va,ﬁ(Pi)’ =0.

where the supremum is carried over all 0 < p; <&, 1 <i < r. Since p*(z) is either
0 or 1, we may replace in the previous formula, Vi, g by Vo g +S. By [E, Theorem
4.1], this functional is continuous in M. For each £ > 0, denote by p™¢ the profiles
which attain the previous supremum with V,, g by V, s +S. By compactness of M,
there exists a subsequence ¢ | 0 for which

Vas(p") = Vas(p?)

lim sup
e—0 P

= Jim Vo s(0"%) +S(pH ) = Vaslp™) = (o~ )

k—o0

and p1e* converges weakly to some profile p. Clearly, the sequence p~** converges
weakly to the same profile p. Since V,, g + S is continuous in M, assumption (H)
is proved.

Acknowledgments. The authors thank B. Derrida for indicating to them Lemma
@, L. Bertini, D. Gabrielli, G. Jona-Lasinio and J. L. Lebowitz for fruitful discus-
sions and the referees for their remarks. The end of Section 7, in particular, was
added by suggestion of one of the referees. The warm hospitality of IMPA is also
acknowledged by the first author.

REFERENCES

[1] Bahadoran, C., On the convergence of entropy for stationary exclusion processes with open
boundaries, J. Stat. Phys. 126 (2007), no. 4-5, 1069-1082.

[2] Bertini L., De Sole A., Gabrielli D., Jona-Lasinio G., Landim C., Macroscopic fluctuation
theory for stationary non equilibrium state. J. Statist. Phys. 107, 635-675 (2002).

[3] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, C. Landim, Large deviations for the
boundary driven symmetric simple exclusion process, Math. Phys. Anal. Geom. 6 (2003), no.
3, 231-267.

[4] Bertini L., De Sole A., Gabrielli D., Jona-Lasinio G., Landim C., Stochastic interacting
particle systems out of equilibrium. J. Stat. Mech. P07014. (2007)

[5] Bertini, L.; De Sole, A.; Gabrielli, D.; Jona-Lasinio, G.; Landim, C. Towards a nonequilibrium
thermodynamics: a self-contained macroscopic description of driven diffusive systems. J. Stat.
Phys. 135 (2009), no. 5-6, 857-872.

[6] Bertini, L.; De Sole, A.; Gabrielli, D.; Jona-Lasinio, G.; Landim, C. Action functional and
quasi-potential for the Burgers equation in a bounded interval. arXiv:1004.2225 (2010).

[7] Bodineau T., Giacomin G., From dynamic to static large deviations in boundary driven
exclusion particles systems. Stoch. Proc. Appl. 110, 67-81 (2004).

[8] Derrida, B., Non-equilibrium steady states: fluctuations and large deviations of the density
and of the current, J. Stat. Mech. P07023 (2007)

[9] Derrida,B., Lebowitz, J.L., Speer, E.R., Large Deviation of the Density Profile in the Steady
State of the Open Symmetric Simple Exclusion, J. Statist. Phys. 107 (2002), no. 3-4, 599-634.

[10] Derrida, B.; Lebowitz, J. L.; Speer, E. R.; Entropy of open lattice systems, J. Stat. Phys.
126 (2007), no. 4-5, 1083-1108.

[11] Farfan J.; Static large deviations of boundary driven exclusion processes. Preprint 2009,
arXiv:0908.1798v1

[12] Presutti, E., Scaling limits in statistical mechanics and microstructures in continuum me-
chanics. Theoretical and Mathematical Physics. Springer, Berlin, 2009. xvi+467 pp. ISBN:
978-3-540-73304-1

[13] H. Spohn, Long range correlations for stochastic lattice gases in a nonequilibrium steady
state. J. Phys. A 16 (1983), 4275-4291.



24 CEDRIC BERNARDIN AND CLAUDIO LANDIM

UNIVERSITE DE LYON AND CNRS, UMPA, UMR-CNRS 5669, ENS-LYON, 46, ALLEE D’ITALIE,
69364 LyoN CEDEX 07 - FRANCE.
E-MAIL: Cedric.Bernardin@umpa.ens-lyon.fr

IMPA, ESTRADA DONA CASTORINA 110, CEP 22460 R10 DE JANEIRO, BRASIL AND CNRS
UMR 6085, UNIVERSITE DE ROUEN, AVENUE DE L’UNIVERSITE, BP.12, TECHNOPOLE DU MADRIL-
LET, F76801 SAINT-ETIENNE-DU-ROUVRAY, FRANCE.

E-MAIL: landim@impa.br



