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Abstract

In this paper we invite the reader to a journey through three lambda calculi with re-
source control: the lambda calculus, the sequent lambda calculus, and the lambda
calculus with explicit substitution. All three calculi enable explicit control of re-
sources due to the presence of weakening and contraction operators. Along this
journey, we propose intersection type assignment systems for all three resource
control calculi. We recognise the need for three kinds of variables all requiring
different kinds of intersection types. Our main contribution is the characterisation
of strong normalisation of reductions in all three calculi, using the techniques of
reducibility, head subject expansion, a combination of well-orders and suitable
embeddings of terms.

Keywords: lambda calculus, resource control, sequent calculus, explicit
substitution, intersection types, strong normalisation, typeability

Introduction

It is well known that simply typed A-calculus captures the computational con-
tent of intuitionistic natural deduction through Curry-Howard correspondence [35].
This connection between logic and computation can be extended to other calculi
and logical systems [30]: Herbelin’s A-calculus [34], Pinto and Dyckhoff’s Anc-
calculus [51] and Espirito Santo’s ACZ_calculus [21] correspond to intuitionistic
sequent calculus. In the realm of classical logic, Parigot’s Au-calculus [50] cor-
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responds to classical natural deduction, whereas Barbanera and Berardi’s sym-
metric calculus [4] and Curien and Herbelin’s Auu-calculus [15] correspond to its
sequent version. Extending first, the Ax calculus of explicit substitution and later
A-calculus and A®%-calculus with explicit operators for erasure (a.k.a. weaken-
ing) and duplication (a.k.a. contraction) brings the same correspondence to intu-
itionistic natural deduction and intuitionistic sequent calculus with explicit struc-
tural rules of weakening and contraction on the logical side [25], as investigated
in [36, 37, 28].

On the other hand, let us consider type assignment systems for various cal-
culi. To overcome the limitations of the simple type discipline in which the only
forming operator is an arrow —, a new type forming operator N was introduced
in [13, 14, 52, 57]. The newly obtained intersection type assignment systems en-
abled complete characterisation of termination of term calculi [3, 24, 26]. The
extension of Curry-Howard correspondence to other formalisms brought the need
for intersection types into many different settings [19, 40, 44, 47].

Our work is inspired by and extends Kesner and Lengrand’s [36] work on
resource operators for A-calculus with explicit substitution. Their linear Alxr-
calculus introduces operators for linear substitution, erasure and duplication, pre-
serving at the same time confluence and full composition of explicit substitutions
of its predecessor Ax [9, 54]. The simply typed version of this calculus corre-
sponds to the intuitionistic fragment of Linear Logic’s proof-nets, according to
Curry-Howard correspondence, and it enjoys strong normalisation and subject re-
duction. Resource control in sequent A-calculus was proposed by Ghilezan et al.
in [28], whereas resource control both in A-calculus and Ax-calculus was further
developed in [37, 38].

In order to control all resources, in the spirit of Al-calculus (see e.g. [5]),
void lambda abstraction is not acceptable, so in order to have Ax.M the variable x
has to occur in M. But if x is not used in a term M, one can perform an erasure
(a.k.a weakening) by using the expression x © M. In this way, the term M does not
contain the variable x, but the term x © M does. Similarly, a variable should not
occur twice. If nevertheless, we want to have two positions for the same variable,
we have to duplicate it explicitly, using fresh names. This is done by using the
operator x <y\ M, called duplication (a.k.a contraction) which creates two fresh
variables x; and x».

Explicit control of erasure and duplication leads to decomposing of reduc-
tion steps into more atomic steps, thus revealing the details of computation which
are usually left implicit. Since erasing and duplicating of (sub)terms essentially
changes the structure of a program, it is important to see how this mechanism re-
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ally works and to be able to control this part of computation. We chose a direct
approach to term calculi rather than taking a more common path through linear
logic [1, 8]. In practice, for instance in the description of compilers by rules with
binders [55, 56], the implementation of substitutions of linear variables by inlin-
ing! is simple and efficient when substitution of duplicated variables requires the
cumbersome and time consuming mechanism of pointers and it is therefore im-
portant to tightly control duplication. On the other hand, precise control of erasing
does not require a garbage collector and prevents memory leaking.

Our main goal is to characterize the termination of reductions for term calculi
with explicit control of duplication and erasure, in different frameworks: natural
deduction, sequent style and with explicit substitution. We revisit the syntax and
reduction rules of three term calculi with explicit operators for weakening and
contraction: Ag (the extension of the A-calculus), k%z (the extension of the se-

quent lambda calculus A®%) and KX® (the extension of the Ax-calculus with explicit
substitution). We then introduce intersection types into all three calculi Ag), k%z

and A% Our intersection type assignment systems Ag(, k%zﬁ and AN integrate
intersection into logical rules, thus preserving syntax-directedness of the system.
We assign restricted form of intersection types to terms, namely strict types, there-
fore minimizing the need for pre-order on types. By using these intersection type
assignment systems we prove that terms in all three calculi enjoy strong normali-
sation if and only if they are typeable. To the best of our knowledge, together with
the conference version of this paper [27], this is the first treatment of intersection
types in the presence of resource control operators. Intersection types fit natu-
rally to resource control. Indeed, the control allows us to consider three types of
variables: variables as placeholders (the traditional view of A-calculus), variables
to be duplicated and variables to be erased because they are irrelevant. For each
kind of a variable, there is a kind of type associated to it, namely a strict type for
a placeholder, an intersection for a variable to-be-duplicated, and a specific type
for an erased variable.

We first prove in Section 1 that terms typeable in Ag-calculus are strongly
normalising by adapting the reducibility method for explicit resource control op-
erators. Then we prove that all strongly normalising terms are typeable in Ag-
calculus by using typeability of normal forms and head subject expansion.

Further, we prove strong normalisation for kg@tz and A%, in Section 2 and

!Inlining is the technics which consists in copying at compile time the text of a function instead
of implementing a call to that function.



Section 3, respectively, by using a combination of well-orders and a suitable em-
beddings of k%z—terms and N@—terms into Ag-terms which preserve typeability
and enable the simulation of all reductions and equations by the operational se-
mantics of the Ag-calculus. Finally, we prove that strong normalisation implies
typeability in k%z and 78((@ using head subject expansion.

Related work. The idea to control the use of variables can be traced back to
Church’s Al-calculus [5]. Currently there are several different lines of research in
resource aware term calculi. Van Oostrom [48] and later Kesner and Lengrand [36],
applying ideas from linear logic [32], proposed to extend the A-calculus and the
Ax-calculus, with operators to control the use of variables (resources). General-
ising this approach, Kesner and Renaud [37, 38] developed the prismoid of re-
sources, a system of eight calculi parametric over the explicit and implicit treat-
ment of substitution, erasure and duplication. Resource control in sequent cal-
culus corresponding to classical logic was proposed in [62]. On the other hand,
process calculi and their relation to A-calculus by Boudol [10] initialised investiga-
tions in resource aware non-deterministic A-calculus with multiplicities and a gen-
eralised notion of application [11]. The theory was connected to linear logic via
differential A-calculus in [20] and typed with non-idempotent intersection types
in [49]. In this paper we follow the notation of [62] and [27], which is related
to [48].

This paper is an extended and revised version of [27]. In addition to Ag-
calculus and k%z—calculus presented in [27], this extended version adds the treat-
ment of the Né@—calculus, the resource lambda calculus with explicit substitution,
together with the characterization of strong normalisation for this calculus. Also,
the proof that typeability implies strong normalisation in Ag-calculus is improved.

Outline of the paper. In Section 1 we first give the syntax and reduction rules for
A@-calculus, followed by the intersection type assignment system and the charac-
terisation of strong normalisation. Section 2 deals with X%Z—calculus, its syntax,
reduction rules, intersection type assignment system and the characterisation of
strong normalisation. Section 3 introduces Xé—calculus with its syntax, reduction
rules and intersection type assignment system, again followed by the character-
isation of strong normalisation. Finally, we conclude in Section 4 with some
directions for future work.
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1. Intersection types for the resource control lambda calculus Ag

In this section we focus on the resource control lambda calculus Ag. First we
revisit its syntax and operational semantics; further we introduce intersection type
assignment system and finally we prove that typebility in the proposed system
completely characterises the set of strongly normalising Ag-terms.

1.1. Resource control lambda calculus 7»®

The resource control lambda calculus, k®, is an extension of the A-calculus
with explicit operators for weakening and contraction. It corresponds to the Ay -
calculus of Kesner and Renaud, proposed in [37] as a vertex of “the prismoid of
resources”, where substitution is implicit. We use a notation along the lines of
[62] and close to [48]. It is slightly modified w.r.t. [37] in order to emphasize the
correspondence between this calculus and its sequent counterpart.



First of all, we introduce the syntactic category of pre-terms of Ag-calculus
given by the following abstract syntax:

Pre-terms  f = x|Ax.f|ff|xOf|x < f

where x ranges over a denumerable set of term variables. Ax.f is an abstraction,
ff is an application, x® f is a weakening and x <3} f is a contraction. The
contraction operator is assumed to be insensitive to the order of the arguments x;
and xp, i.e. x <3} f=x < f.

The set of free variables of a pre-term f, denoted by Fv(f), is defined as

follows:
Fv(x) =x;, Fv(hxf) = Fv(f)\{x}; Fv(fg) = Fv(f)UFv(g);
Fy(x® f) = {x}UFV(f);  Fo(x <3t f) = {x} UFv()\ fx1,32).

In x <§; f, the contraction binds the variables x| and x; in f and introduces a
free variable x. The operator x ® f also introduces a free variable x. In order to
avoid parentheses, we let the scope of all binders extend to the right as much as
possible.

The set of Ag-terms, denoted by Ag and ranged over by M,N,P,My,.... isa
subset of the set of pre-terms, defined in Figure 1.

feAp x€Fv(f)
x€Ag Ax.f € Ag

fehp g€ Ag Fy(f)NFv(g) =0
ngA®

feAg x¢& Fv(f) feAp x1 #x x1,x2 € Fv(f) x & Fv(f) \ {x1,x2}
xO f € Ag x<x f€Ag

Figure 1: Ag: Ag-terms

Informally, we say that a term is a pre-term in which in every subterm every
free variable occurs exactly once, and every binder binds (exactly one occurrence
of) a free variable. Our notion of terms corresponds to the notion of linear terms
in [36]. In that sense, only linear expressions are in the focus of our investigation.
In other words, terms are well-formed in A, if and only if bound variables appear
actually in the term and variables occur at most once. These conditions will be as-
sumed throughout the paper without mentioning them explicitly. This assumption




is not a restriction, since every traditional term has a corresponding Ag-term, as
illustrated by the following example.

Example 1. Pre-terms Ax.y and Ax.xx are not Ag-terms, on the other hand pre-
terms Ax.(x ©y) and Ax.x <3} (x1x2) are their corresponding Ag)-terms.

In the sequel, we use the notation X ©® M for x; ® ... x, © M and X <§ M
for x; <2! ... x, <3" M, where X, Y and Z are lists of size n, consisting of all
distinct variables x1, ..., X;, V1, .-, Yn, 215 ---, Zn. 1f 1 =0, i.e., if X is the empty list,
then X OM =X <§ M = M. Note that due to the equivalence relation defined in
Figure 4, we can use these notations also for sets of variables of the same size.

In what follows we use Barendregt’s convention [5] for variables: in the same
context a variable cannot be both free and bound. This applies to binders like
Ax.M which binds x in M, x <3} M which binds x; and x, in M, and also to the
implicit substitution M[N /x] which can be seen as a binder for x in M.

The set ® of reduction rules —g Of the A@-calculus is presented in Figure 2.

(B) (Ax.M)N — MIN/x]
Mm) «x <x2 A.M) — Ayx <M
(v2) X <x2 (MN) — (x<x} M)N, if x1,x, & Fv(N)
(’Y3) )C<x2 ( ) — M(x <§; N), if)C],X2 QFV(M)
(o) AM.(yOM) — yO(AaM), x#y
() (xOM)N — x©(MN)
(@3) (x®N) — x®(MN)
(Yo1) x<yg (YOM) — yO(x<g M), y#x1,%
(yoo) x<y (x1OM) — Mx/x2]

Figure 2: The set ® of reduction rules of the Ag-calculus

The reduction rules are divided into four groups. The main computational
step is B reduction. The group of () reductions perform propagation of con-
traction into the expression. Similarly, (®) reductions extract weakening out of
expressions. This discipline allows us to optimize the computation by delaying
duplication of terms on the one hand, and by performing erasure of terms as soon
as possible on the other. Finally, the rules in (y®) group explain the interaction
between explicit resource operators that are of different nature.

The inductive definition of the meta operator [ / |, representing the implicit
substitution of free variables, is given in Figure 3. In order to obtain well formed
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terms as the results of substitution, Fv(M) N Fv(N) = 0 must hold in this defi-
nition. Moreover, notice that for the expression M[N/x] to make sense, M must
contain exactly one occurrence of the free variable x and M and N must share no
variable but x.?> Indeed a substitution is always created by a B-reduction and, in
the term (Ax.M)N, x has to appear exactly once in M and the other variables of
Fv(M)UFv(N) as well. Barendregt convention on variable says that x should not
occur freely in N. Also, if the terms N and N, are obtained from the term N
by renaming all the free variables in N by fresh variables, then M[N; /x1,N/x;]
denotes a parallel substitution.

AN/x) 2N

(o M)N/x] £ Wy MIN/X, x#y

(MP)N/x| £ MIN/x|P. x¢ Fv(P)

(MP)N/x| £ MPIN/, x¢ Fv(M)
GOMIN/X] & yOMN/a, x#y
(xOM)[N/x] = Fv(N)oM
(Y < M)IN/x] = y <y M[N/x], x#y
(xS MIN/X] & FV(N) <) MIN /31, Mo/ )

Figure 3: Substitution in Ag-calculus

Definition 2 (Parallel substitution). M[N/x,P/z] = (M[N/x])[P/z]for x,z € Fv(M)
and (Fv(M)\{x})NFv(N)= (Fv(M)\{z}) NFv(P)=Fv(N)NFv(P)=0.

In the Ag-calculus, one works modulo equivalencies given in Figure 4.
Notice that because we work with Ag terms, no variable is lost during the
computation, which is stated by the following proposition.

Proposition 3. I[f M — M’ then Fv(M) = Fv(M’).
Proof. The proof is by case analysis on the reduction rules. U
The following lemma explains how to compose implicit substitutions.

Lemma 4.

ZWe prefer x not to belong to M in order to respect Barendregt convention on variable.



(€1) xO(YOM) =g yoO(xoM)

(€2) x<pM =g x<gM

(&) x<t(y<yM) =y x<uy<sM)

(€2) x<3 (y<uM) =y y<y (x<qg M), x#y1,52, Yy #x1,%

Figure 4: Equivalences in Ag-calculus

e Ifz€ FV(N) then (M[N/x])[P/z] = M[N[P/z]/x].
e [fz€ FV (M) then (M|N/x])[P/z] = (M[P/z])[N/x]

Proof.
Notice that for the expressions to make sense, one must have x € Fv(M) and

(Fy(M)\{x})NFv(N) =0, (Fv(N)\{z}) \Fv(P) =0 and (Fyv(M) \ {x}) N Fy(P) = 0.

o (x[N/x])[P/z] = N[P/z] and x[N[P/z]/x] = N[P/z]

o (M.M)[N/x])[P/z] = (\y.M[N/x])[P/z] = Ly.(M[N /x])[P /2] =11 A\y.M[N[P/z] /x] =
(Ay.M)[N[P/z]/x], x,z %y

o x & Fv(Q) (the case x & Fv(M) is analogous)
((MQ)EU\[’/);])][/P]/Z] = (MIN/x]Q)[P/z] =.cr(v) (MIN/x])[P/2]Q =11 MIN[P/2] /x]Q =
P/z|/x

(M

(YOM)[N/x])[P/z) & (yOMIN /x])[P/z) £ yOM[N/x][P/z] =1n y O M[N[P/z] /x| =
(YOM)IN[P/Z]/x], y+# x,z
(
(

o (x@M)[N/x))[P/2] = (FV(N) © M)[P/z] =cpyn)
2® {Fv(N) \ {z}} ©M)[P/2] = {Fy(P)UFV(N)\ 2} ©M = Fy(N[P/2]) ©

£ (xOM)[N[P/z]/x]
o ((y <3y M)[N/x])[P/z] £ (y <3, MIN/x])[P/z] = y <3} MIN/X][P/z] =
y <3s M[[P/2IN /x| =1 (y <33 M)[[P/z]N/x], x#y

N/x)[P/2] & (Fy(N) <prh!) MIN1 /x1,Na [xa])[P/2] 2

—

o ((x<yM)

Fy(N) <) MINy 21 [No /0] [P 2] =
£ <P ) < <P MIN i)V ) [ 2) 2
Fy(P) <potp) FYN)\ {2} <po(uh (o} MINy /1] IN2 32 [Py /2] P 22] =1
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Fy(P)UFV(N)\ {z} <poim) e\ ) MINVP /21 /1, Na[Pa 22] /o] 2
(x < M)[N[P/z] /x].
We used the fact that z; € Fv(N;) and zp € Fv(Na).

O

In the following lemma, by —* we denote the reflexive and transitive closure
of the reductions and equivalences of Ag-calculus, i.e., —*= (—>;¥® U=y ®)*.

Lemma 5.
(i) My©ON/x] =" y©MIN /x|

(i) y <33 M[N /x| —=* M[y <3} N/x], for y1,y2 ¢ Fv(M).
Proof. The proof is by induction on the structure of the term M.

(i) - M=x. Then M[yON/x] =x[yON/x]ZyON2yOx[N/x|=y®

MIN /x].

— M =)\z.P. Then M[y®N/x] = (Az.P)[y O N/x] = Az.P[y O N /x| =11
Az.(yOP[N/x]) =@, y© (Az.P[N/x]) £ y® (Az.P)[N /x] = y O M[N /x].

- M = PQ. We will treat the case when x ¢ Fv(Q). The case when
x € Fv(P) is analogous.
Then M[yON /x| = (PQ)[yON/x] = P[y©ON/x|Q — 1 (yOPIN/x])Q
—w, YO (PIN/x]Q) £ y© (PQ)[N/x] = y O M[N /x].

- M=zOP. Then M[y®ON/x] = (zOP)[yON/x] = zOP[yON /x| —1n
zOYOPIN/x] =¢, y©OzOPIN/x| = y©M[N/x].

- M=xOP. Then M[y®N/x] = (x®P)[yON/x| = Fv(y ON) O P =
YyOFV(N)®P£y® (x®P)[N/x] =y©®M]|N /x], since x & Fv(P).

- M =z<5 P. Then M[yON/x] = (z <3, P)yON/A] 22 <5 Py®
N/x] =1m 2<% (YO PIN/X]) =ye, y© (2 <z PIN/x]) =y © MIN/x].

- M=x<3) P. Then M[y®ON/x] = (x <3} P)[yON/x] &
Fy(y©N) <pr? N Plyy © Ny fx1,32 © N fxa] =1

Fv(y,0ON,)

Fv(y@N) <£ig£%§; y1 Oy @P[N] /xl,Nz/)Cz] =

Fv(N) <§:%g Y <33 Y1 ©y2 © P[N1 /x1,N2 /%3] =0,
Fy(N) <o) ¥ PNy /21, Na /0] =y
v

YOFV(N) <pont) PIN1/x1,Na/x2] £ y6 (x <3 PIN/x]) =y © MIN/x].
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(ii)

— M= Theny <3 MIN/x] =y <3 [N /2] 2y <4 N 2xfy <32 N /o] =
Mly <3, N/x.

— M =2z.P. Theny <3} M[N/x] =y <3} (Az.P)[N/x] £y <3} Az.P[N /x]
—ry A2y <3 PIN/x] =15 A2.Ply <33 N/x] & (A2.P)[y <33 N/x] =
Mly <y, N/,

- M =PQ, x ¢ Fv(Q). The case when x ¢ Fv(P) is analogous.

Then y <y, MIN/x] =y <3, (PQ)[N/x| £ y <3} PIN/x]Q —, (v <3y
PIN/x))Q —n Ply <3y N/x]Q £ (PQ)[y <3y N/x] = M[y <j; N/x].

- M =z® P, where 7 # x,y1,y2. Then y <3} M[N/x] =y <3} (z®
P)IN/x] 2y <3 2© PIN /x| —yo, 2@y <33 PIN/x] =11 2© Ply <j
N/x] = (z©P)[y <33 N/x] = M[y <5, N/x].

- M=x®P. Theny <3} M[N/x] =y <3} (x®P)[N/x] £y <3} Fy(N)®
P. Since y1,y2 € Fv(N) we have that y <3} y1 ©y2 @ Fv(N) \ {y1,72} ®
P =y, YO FV(N)\ {y1,y2} OP.

On the other hand, M[y <3} N/x] = (x ® P)[y <31 N/x] £ Fv(y <3}
N)OP=y®Fv(N)\{y1,y2} ® P, so the proposition is proved.
— M =z<3 P.Theny <! M[N/x] =y <3} (z <} P)[N/x] &
Y <3y <5 PIN/x] Spg 2 <5y <3 PIN/x] =1 2 <5 Ply <5y N/x] =
(z <5 P)ly <3y N/x] = M[y <3, N/x].
— v <MV =y <) (<3 PN/
F
y <y Fv(N) <F:%g P[N1/x1,N2/x2] =

(
Ny

/ 1 F /7 1!
y<Byn <ty < Fy N\ {02} <povn ot PIN 1, Na o] =3,
(

\ 55t

)

)
Y <y <y <§§ Fv(N)\{y1,y2} <§:&§§gi§g P[N1 /x1,N2/x2] =
v < < < YN\ Dk < PN N ] S
Y <y Vi <§:} y2 <:VV% Fv(N)\{y1,y2} <£:Eg§gg’;£ P[N1/x1,N2/x2] =g

F N /7 /1 / /
y <y Fv(N)\{y1,52} <F:EN3§&% y2 <§§ i <§/1/ PNy /x1,N2/x2] = 1Hx2
Fv(Ny)

N /, ! / /
y <3 FVIN\ D312} <o o PO <2 N1 /1, (72 <0 Vo) )]
On the other hand, rewriting the right hand side yields:
Mly <3, N/x] = (x <y P)[y <53 N/ =

11



FV(y3<§;N{) )’1 ! )’l /
Fy(ya<)IN3) Pl(y3 <3, Ny)/x1, (a4 <3, N3) /2]

By renaming y; — y| and y, — y{ in y3 <§é Nj and y; — y5 and
Y2 = ¥y inyg <5, Ny we get

Fv(y <§; N) <

FV()’3<§:1/NI) Y, ¥
Fv(y<p N)< ) Pllys <jp Ni)/x1,(va <y Na) /2]
FV()’4<y/2/N2) ! 2
2

where N[y /y1,Y]/y2] = N1 and Nj[y5 /y1,Y5 /y2] = Na.

Finally, by renaming y3 — y; and y4 — y, we get

Y1
F V1 N FV(y1<y/l/N1) P Y N ¥h —
vy<mN) < o Pl <y Ni)/Jx, (2 <3 Vo) fxo] =
FV(y2<y/2/N2)
F N /7 i /! /
¥ <3 FIN\ D312} <o o) PLOT < N1 /31, (02 <32 Na) /)]
which completes the proof.

O

Since the last case of the previous lemma is a bit tricky, let us illustrate it with
the following example.

Example 6. Let M = x <3} x;x; and N = y;y;. Then
y <y MIN /x| =y <3, x <3 x1x2[(v1y2) /4] =
Fv(z1z

¥ < Fv(1y2) <p) xin[(21z2) /2, (wiwa) ] =
Y <y Y1 <ty ¥2 <ty xixa[(z122) /x1, (Wiw2) /%] Spg (3xes)
y <y y1 <& y2 <wl (z1z2) (wiwn) = M.
On the other hand:

X1 Y1
x <xy X1x2]y <y, y1y2/x

Fy(y3<3hy1y2)
Fv(y <3, y132) <Fv(yz<;zy1y; (e1x2)[(v3 <5y y1v2) /31, (y4 <5 y1y2) [%2] =

y <33 (73 <33 y1y2) (v4 <33 Y12)-

By renaming y; — z1, y2 — 22 in the first bracket, and y; — wy, yo» — w» in the
second one we obtain: y <33 (y3 <3} z122) (y4 <wi wiwz).

By renaming y3 — y1, y4 — y2 we get y <y, (y1 <3 2122)(y2 <up wiwz) = M.
Finally, My —y, y, M>.

12

1.2. Intersection types for g
In this subsection we introduce an intersection type assignment system which
assigns strict types to Ag-terms. Strict types were proposed in [3] and used in [23]
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for characterisation of strong normalisation in A®%-calculus.
The syntax of types is defined as follows:

Strict types 6 = p|lo—0C
Types o = N'o;

where p ranges over a denumerable set of type atoms, and N}c; stands for 61N
...Noy,, n > 0. Particularly, if n = 0, then ﬁ?ci represents the neutral element for
the intersection operator, denoted by T.

We denote types with a., B, ..., strict types with &, T, p,v... and the set of all types
by Types. We assume that the intersection operator is idempotent, commutative
and associative. We also assume that intersection has priority over the arrow op-
erator. Hence, we will omit parenthesis in expressions like (N/1;) — ©.

Definition 7.

(1) A basic type assignment is an expression of the form x : o, where x is a term
variable and o is a type.

(ii) A basis T is a set {xj : ap,...,x, : &} of basic type assignments, where
all term variables are different. Dom(I") = {x1,...,x,}. A basis extension
I',x : o denotes the set 'U{x : o}, where x € Dom(T").

(iii) A bases intersection is defined as:

I'MA={x:anB|x:acl&x:B A& Dom(I') = Dom(A)}.
(v) TT ={x: T |x € Dom(')}.

In what follows we assume that the bases intersection has priority over the
basis extension, hence the parenthesis in I, (A; M...MA,) will be omitted. It is
easy to show that ' M A = A for arbitrary bases I" and A that can be intersected,
hence I'" can be considered the neutral element for the bases intersection.

The type assignment system Ag( is given in Figure 5. Notice that in the
syntax of Ag there are three kinds of variables according to the way they are in-
troduced, namely as a placeholder, as a result of a contraction or as a result of a
weakening. Each kind of a variable receives a specific type. Variables as place-
holders have a strict type, variables resulting from a contraction have an inter-
section type and variables resulting from a weakening have a T type. Moreover,
notice that intersection types occur only in two inference rules. In the rule (Cont)

13



(Ax)

x:0Fx:0

Cx:oF-M:o I'EM:Nit;—+0 AgFN:Tp...AFN:T,
_>
CF M o—o [,A] NAM...NA, FMN: G

(—E)

x:a,y:pEFM:o
Lz:oanBkz<yM:o

I'EM:o
x: THFxOM:o

(Cont) (Weak)

Figure 5: AgN: Ag-calculus with intersection types

the intersection type is created, this being the only place where this happens. This
is justified because it corresponds to the duplication of a variable. In other words,
the control on the duplication of variables entails the control on the introduction
of intersections in building the type of the term in question. In the rule (—g),
intersection appears on the right hand side of - sign which corresponds to the
usage of the intersection type after it has been created by the rule (Cont) or by
the rule (Weak) if n = 0. In this inference rule, the role of Ay should be noticed.
It is needed only when n = O to ensure that N has a type, i.e. that N is strongly
normalizing. Then, in the bottom of the rule, the types of the free variables of
N can be forgotten, hence all the free variables of N receive the type T. All the
free variables of the term must occur in the environment (see Lemma 8), therefore
useless variables occur with the type T. If n is not 0, then Ay can be any of the
other environments and the type of N the associated type. Since A" is a neutral
element for 1, then AT disappears in the bottom of the rule. The case for n = 0
resembles the rules (drop) and/or (K-cut) in [43] and was used to present the two
cases, n =0 and n # 0 in a uniform way. In the rule (Weak) the choice of the
type of x is T, since this corresponds to a variable which does not occur anywhere
in M. The remaining rules, namely (Ax) and (—;) are traditional, i.e. they are
the same as in the simply typed A-calculus. Notice however that the type of the
variable in (Ax) is a strict type.

Lemma 8 (Domain Correspondence for AgN). Let I' = M : G be a typing judg-
ment. Then x € Dom(I") if and only if x € Fv(M).

Proof. The rules of Figure 5 belong to three categories.

1. The rules that introduce a variable, namely (Ax), (Cont) and (Weak). One
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sees that the variable is introduced in the environment if and only it is intro-
duced in the term as a free variable.

2. The rules that remove variables, namely (—;) and (Cont). One sees that the
variables are removed from the environment if and only if they are removed
from the term as a free variable.

3. The rule that does not introduce and does not remove a variable; namely
(—E).

Notice that (Cont) introduces and removes variables. U

The Generation Lemma makes somewhat more precise the Domain Corre-
spondence Lemma.

Lemma 9 (Generation lemma for Ag).

(i) TFAM:1 iffthere exist & and G suchthat T=a— 6 and I',x: ok
M:o.

(ii) T'F=MN :o iff there exist Aj and tj, j=0,...,n such that Aj=N :7;
and T’ =M : N!'t; — ©, moreover F:F’,AgﬂAlﬂ...l_lAn.

(iii) Thrz<yM:c iffthereexistT", o, suchthat T =T",z:aNP
and T x:o,y:BHM:o.

(iv) ThrxoOM:o iff T=0"x:Tand I'-M:o.

Proof. The proof is straightforward since all the rules are syntax directed. U
The proposed system satisfies the following properties.

Lemma 10 (Substitution lemma for AgN). If T',x: N/t; =M : 6 and for all
j€{0,...,n}, Aj-N:7j then T,Aj MA;M...MA, - M[N/x] : ©.

Proof. The proof is by induction on the structure of the term M. We only show
the interesting cases.

e Base case M = x. By the axiom x : T x: T where T = ﬂ}rl—, i.e.n=1, hence
the second assumption is A N : T which proves the case since N = x[N /x].

e M =x®P. Now we assume I, x : ﬂ?’c,- Fx®P:oand A; - N : 1; for all
i €{0,...,0}, in other words I',x: THFx®P:cand Ag - N : 19 (i.e. N is
typeable). By Generation lemma 9(iv) we get I' - P : 6. Since Dom(Ag) =
Fv(N) by applying the (Weak) rule multiple times we get I',A] = Fv(N) ®
P I o which is exactly what we want to prove.
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e M =x <3 P. From I',x: N!1; b x <3} P : o, by Generation lemma 9(iii)
we get that N/t; = N T, N ﬂ?:mH’ci for some m < nand I',xy : N/"T;,x2 :
My 1Ti = P 0. From the other assumption A; =N : t; forall j € {0,...,n},
by renaming the variables in A; (i.e. the free variables of N) we get two dif-
ferent sets of sequents: A’ Ny : T; and A7 =N, : T;. By applying TH twice,
we get [, Ay MAY M. ..MAL A NAY 1L AL - (PN /x1])[Na/x2] - 6.
Now, we apply the definition of the parallel substitution, and perform con-
traction on all pairs of corresponding (i.e. obtained by the renaming of the
same variable) elements of A} and A} by introducing again the original
names of the free variables of N from A; and finally get what we need:

FV(N])

T, Ag NAIM...TAy = FY(N) <piive)

P[N1/x1,N2/x3] : ©.

O

Proposition 11 (Subject reduction and equivalence). For every Ag-term M: if
I'M:6 andM — M orM =M, then THM' : o.

Proof. The proof is done by the case analysis on the applied reduction. Since the
property is stable by context, we can without loss of generality assume that the
reduction takes place at the outermost position of the term. Here we just show
several cases. We will use GL as an abbreviation for Generation lemma 9.

e Case (B): LetI'+ (Ax.M)N : 6. We want to show that I'- M[N /x] : 6. From
' (Ax.M)N : 6 and from GL(ii) it follows that I" = F’,Ag NAM...TTA,,
and that there is a type ﬂ;?:()’cj such that for all j =0,...,n, A; - N : 1j,
and I'" - Ax.M : N't; — ©. Further, by GL(i) we have that I, x : N't; -
M : 6. Now, all the assumptions of Substitution lemma 10 hold, yielding
I",Aj MA;M...MA, - M[N/x] : o which is exactly what we need, since

C=0",A) MAT...MA,.

e Case (Yo): Let T x <3l x; ©M : 6. We show now that I' - M[x/x;] : G.
From the first sequent by GL(iii) we have that ' =T",x: N and I", x; :
o,x2 : BFx; ®M : o. Further, by GL(iv) we conclude that a = T, x :
TNB=PandI",x,: P+ M:oc. Since B = N?1; for some n > 0, by applying
Substitution lemma 10to I, xy : p-M:candx:TjFx:1;, j=0,...,n we
getI'F Mx/x;] : o.

e The other rules are easy since they do not essentially change the structure
of the term.
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Due to this property, equivalent terms have the same type.

1.3. Typeability = SN in AgN

In various type assignment systems, the reducibility method can be used to
prove many reduction properties of typeable terms. It was first introduced by
Tait [60] for proving the strong normalisation of simply typed A-calculus, and
developed further to prove strong normalisation of various calculi in [61, 31,
42, 26, 29], confluence (the Church-Rosser property) of fn-reduction in [41, 59,
45, 46, 29] and to characterise certain classes of A-terms such as strongly nor-
malising, normalising, head normalising, and weak head normalising terms (and
their persistent versions) by their typeability in various intersection type systems
in [24, 18, 16, 17].

The main idea of the reducibility method is to interpret types by suitable sets
of lambda terms which satisfy some realizability properties and prove the sound-
ness of type assignment with respect to these interpretations. A consequence of
soundness is that every typeable term belongs to the interpretation of its type,
hence satisfying a desired reduction property.

In the remainder of the paper we consider Ag as the applicative structure
whose domain are Ag-terms and where the application is just the application of
A@-terms. The set of strongly normalizing terms is defined as the smallest subset
of Ag such that:

MecSN MM
M e SN

Definition 12. For M, N\  C Ag), we define M — A C Ag as
M — N={NcAg |VMeM NMecN)}.
Definition 13. The type interpretation [—] : Types — 2® is defined by:
(I1) [p]] = SN, where p is a type atom;
(12) [o— o] = [of — [ol};

(13) [ = yflo] and ;] = S
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Next, we introduce the notions of variable property, reduction property, ex-
pansion property, weakening property and contraction property. Variable property
and expansion property correspond to the saturation property given in [6], whereas
reduction property corresponds to the property CR 2 in Chapter 6 of [33]. To this
aim we will use the following notation: recall that ® denotes the set of reductions
given in Figure 2. If u € ®, then redexf, denotes a redex, that is a term which
is an instance by the meta-substitution ¢ of the left hand side of the reduction u.
Whereas contrf, denotes the instance of the right hand side of the same reduction
u by the same meta-substitution ¢.>

Definition 14.

o A set X C Ag satisfies the variable property, notation VAR(X), if X con-
tains all the terms of the form xM ... M,, for M; € SN..

A set X C Ag satisfies the reduction property, notation RED(X), if X is
stable by reduction, in other words M € X and M — M’ imply M’ € X.

A set X C Ag) satisfies the expansion property, notation EXP,(X) where u
is a rule in ®, if*:

Mi € SN.. M, €SN contry My ... M, € X
redexﬁ M...M, € X.

EXP,,(X)

A set X C A satisfies the weakening property, notation WEAK(X) if:

MecX

———— WEAK(X)
xOMe X.

A set X C Ag satisfies the contraction property, notation CONT(.X) if:

MeX

T CONT(X)
x<]MeX.

3Meta-substitution is a substitution that assigns values to meta-variables.
4Notice that we do not need a condition that N € SA in EXPﬁ(X), as in ordinary A-calculus,
since we only work with linear terms, hence if the contractum M[N /x] € SA/, then N € SAL.
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Remark. In the previous definition (Definition 14) it is not necessary to explicitly
write the conditions about free variables since we work with Ag-terms.

Definition 15 (®-Saturated set). A set X C Ag is called ®-saturated, if
e X C SN and

e X satisfies the variable, reduction, expansion, weakening and contraction
properties.

Proposition 16. Let M, N\ C Ag.
(i) SN is ®-saturated.
(ii) If M and N are ®-saturated, then M — N is ®-saturated.
(iii) If M and N are ®-saturated, then M NN is ®-saturated.
(iv) For all types ¢ € Types, [[@] is ®-saturated.
Proof. (1)
o SN C SN, VAR(SN) and RED(SH) trivially hold.

e EXPg(SA(). Suppose that M[N/x|M, ... M, € SN and My, ...,M, € SN_.
Since M[N/x] is a subterm of a term in SA/, we know that M € SA. Also,
since M[N /x] € SN and M is linear, N € SA(. By assumption, My, ..., M, €
SN, so the reductions inside of these terms terminate. After finitely many
reduction steps, we obtain (Ax. M)NM;...M, — ... — (M.M')N'M| ... M,
where M - M', N — N', M} — M7, ...,M, — M),. After contracting
(A.M")N'M} ..M to M'[N' /x]M ...M,,, we obtain a reduct of
MIN/x|M, ... M, € SN_. Hence, (Ax.M)NM; ... M, € SN..

o EXP,(SN(). Analogous to EXPg(SA().

e WEAK(SA). Suppose that M € SN and x € Fv(M). Then trivially xOM €
SN, since no new redexes are formed.

e CONT(SA(). Suppose that M € SN, y # z, y,z € Fv(M), x ¢ Fv(M) \
{y,7}. We prove x <3 M € SN by induction on the structure of M.

— M =2Xw.N. Then N € SA_ and x <} M = x <2 (AW.N) =, Aw.x <3
N € SN[, since x <) N € SN by IH.
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— M =PQ. Then P,Q € SN andify,z & Fv(Q),x <t M =x <2 (PQ) =,
(x <2 P)Q € SN, since by IHx <3 P € SN..
The case of —, reduction is analogous.

—~ M=w®ON. Thenx < M =x <} (WON) =y, w® (x <3 N). By IH
x <t N e SN and w® (x <2 N) does not introduce any new redexes.

— M=y®N. Then x <} M =x <} (yON) —ye, N[x/z] € SN, since
N € SN by IH.

(i1)
o M — AN CSN. Supposethat M € M — A Then, forall N € M, MN €

AN. Since M is ®-saturated, VAR(M) holds sox € M and Mx € N C SN..
From here we can deduce that M € SN

e VAR(M — A). Suppose that x € var, and My, ..., M, € SN,n > 0, such
that xNFv(M;)N...NFv(M,) = 0. We need to show that xM;... M, €
M — N, ie. VYN € M, xM;...M,N € N. This holds since by IH M C
SN and N is ®-saturated, i.e. VAR(A) holds.

e RED(M — N)). LetM € M — A and M’ be such that M — M’ and let
N € M. We know that MN € N\  and MN — M’'N. By TH, M'N € A\ hence
MeM — N.

o EXPg(M — N[). Suppose that M[N /x|M; ..M, € M — N and My, ...,
M, € SA[. This means that for all P € M, M[N/x]M;...M,P € N\_. But
N is ®-saturated, so EXPg(A() holds and we have that for all P € A,
(Ax.M)NM, ... M,P € N . This means that (Ax.M)NM; ... M, e M — N..

o EXP,(M — A[). Analogous to EXPg(M — N[).

e WEAK(M — A[). Suppose that M € M — A and x & Fv(M). This
means that for all N € M, MN € N_. But A is ®-saturated, i.e. WEAK(A()
holds, hence x® (MN) € A[. Also EXPg, () holds so we obtain for all
NeM,(xOM)N € N,iexOMe M — AN

e CONT(M — N). Let M € M — A_. We want to prove that x <} M €
M — N fory+#z, y,z€ Fv(M) and x € Fv(M). Let P be any term in
M. We have to prove that (x <) M)P € N\[. Since M € M — N, we
know that M P € A\[. By IH x <2 (M P) € A\l. By reduction Y, and hence by
RED(N) we have (x <} M) P € N\[. Thereforex <} M € M — N\..
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(iii)

M NN C SN is straightforward, since M,N C SA_ by IH.

VAR(M NA[). Since VAR(M) and VAR(A) hold, we have that VM, ...,
M, € SN,n>0: xM;... M, € M and xM, ...M,, € N. We deduce that
VMy,....My, € SN,n>0: xMy ... M, € M NN, ie. VAR(M NA) holds.

RED(M NAN)) is straightforward.
EXPg(M NA() and EXP,(M N AN) are straightforward.

WEAK(M NA[). Let M € M NA and x € Fv(M). Then M € M and
M € AL. Since both M and N are ®-saturated WEAK(M') and WEAK(A()
hold, hence by IHxOM € M and xOM € N, i.e.xOM € M NN.

CONT(M NA[). Suppose that M € M NN, y # z, y,z € Fv(M), x &
Fv(M)\ {y,z}. Since both M and A are ®-saturated CONT(M) and
CONT(A) hold, hence by IH x <) M € M and x <) M € N[, i.e. x <2
Me MNAN.

(iv) By induction on the construction of ¢ € Types.

If @ = p, p a type atom, then [[Q]] = SA(, so it is ®-saturated using (i).

If = o — o, then [[@]] =[] — [[o]. Since [a]] and [[c]] are ®-saturated
by IH, we can use (ii).

If ¢ =No;, then [@]] = [No;]] = N![o;] and for all i = 1,...,n, [c;] are
®-saturated by IH, so we can use (iii). If ¢ = No;, then [@]] = SN

O

We further define a valuation of terms [—]|p : Ag — Ag and the semantic
satisfiability relation |= connecting the type interpretation with the term valuation.

Definition 17. Let p : var — Ag be a valuation of term variables in Ag. For
M € Ag, with Fv(M) = {x1,...,x,} the term valuation [, : Ag = Ag is de-
fined as follows:

[M]lp = Mlp(x1)/x1,- ., P(xn) /%n].

providing that x #y = Fv(p(x))NFv(p(y)) = 0.
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Notation: p(N /x) is the valuation defined as: p(N/x)(y) = { ]‘i,(y ) otlirxwie):)

Lemma 18.
(i) [MN]p = [M]p[N]p
(ii) [Ax.M]pN — [Mlo(n/)-

(iii) [[x© Mo = Fv(p(x)) © [M]p.
(v) [z <3 Mo = Fv(N) <pon) [MDow, vy
where N = p(z), N1, Ny are obtained from N by renaming its free variables.

Proof.

(i) Straightforward from the definition of substitution given in Figure 3.

(i) If Fv(de.M) = {xy,..., Xn}, then
[AxMJpN = (Ax.M)[p(x1) /x1,- -, P (Xn) /Xa]N —
(Mp(x1)/x15- -, P(xa) /Xnl)IN/X] = MIP(x1) /%1, P (on) 20, N /3] =

[M]]p(n/x)s

(iii) If Fv(M) = {x1,...,x,}, then
[xOM]p = (xOM)[p(x)/x,p(x1)/x1,. ., plxn) /5] =
Fv(p(x)) ©Mp(x1)/x1,. -, p(xn) /Xa] = Fv(p(x)) © [M]p.-

(iv) If Fv(M) = {x1,...,x,}, then
[z <y Mllp = (2 <y M)[N/z,p(x1) /%15, P(xn) /2n] =

Fu(N) <5 MIN /2. Nafy.p(r) 1, o) ] =

= Fv(N) <&

~ —

1)

N,
N) [(MIp (v, fx. v /)

—~

v
\4

Definition 19.
i) pEM:c < [M]peol:
i) pET <  (Vx:o)el) p() e [o;
(i) [EM:0 <«<— (VWp,pET'=pEM:o0).
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Lemma 20. LetI' =M :cand AEM : 1, then
pEILMAifand only if pET and p F A.

Proof. The proof is a straightforward consequence of the Definition 7 of bases
intersection . 0

Proposition 21 (Soundness of Ag). If'-M : o, then' =M : ©.

Proof. By induction on the derivation of I't- M : ©.
o If the last rule applied is (Ax), i.e. x : 6 F x : G the proof is trivial.
e The last rule applied is (—7), i.e.,
x:aFM:6 = I'FAxM:a— 0.

By the IHI,x: a =M : c. Suppose that p =I" and we want to show that
p = Ax.M : o — . We have to show that

[AxM]p € [o.— o] = [o]] — [o] ie. VN € [o]. [Ax.M]pN € [o].

Suppose that N € [[a]]. We have that p(N/x) =T, x:asincep =T, x ¢ T
and p(N/x)(x) =N € [af]. By IH p(N/x) =M : o, hence we can conclude
that [M]](n /) € [[0]]. Using Lemma 18(ii) we get [Ax.M|opN — [M]](n /x)-
Since [M]lo(n/x) € [0] and [o]] is ®-saturated, we obtain [Ax.M]|pN € [[o]].

e The last rule applied is (—f), i.e.
THM:N'1t—6,A0FN:Tg ... A, N:T, = T,A MAM...MA, FMN : .

Let p be any valuation.
Assuming that I' =M : N/t; — 6,A{ F N :1y,...,A, = N : T,, we have to
prove that if p = I, AJ MA; ...[1A,, then p F MN : ©.

ByIH I'=M: Nt —ocand Ag =N :1,...,Ay, =N :T,. Assume that
p =T, Ay MA|T...MA,. This means that p =T and p = AJ MA[1...TIA,.
From p |=T" we deduce by Definition 19 (iii) p = M : N}1; — & and by Defi-
nition 19 (i) [M], € [N}t; — o]]. By Definition 17 [M]), € N} [t] — [o].
Using Lemma 20 p = Aj MA;...1A, implies (p = AJ ) A (A p = A),
hence by Definition 19 (i) and (iii) we get ([N]]p € [T]) AAL; ([N]p € [%i]),
ie. [N]p € SN N NP]] = N}z, since [t;] € SA by Proposition 16(iv).
By Definition 12 of —, [M NJ|, = [M]|, [N]|p € [o] and by Definition 19 (i)
pEMN:o.

23



e The last rule applied is (Weak), i.e.,
I'EFM:c =T x: THFxOM:o.

Bythe IHT' =M :cG. Supposethatp=T'\x: T < pETandpl=x:T.
From p =T we obtain [M]], € [o]. Using multiple times the weaken-
ing property WEAK and Lemma 18(iii) we obtain Fv(p(x)) ® [M]lp = [x©®
Ml € [[o]l, since Fv(p(x)) N Fv([M]p) = 0.

e The last rule applied is (Cont), i.e.,
Fx:o,y:pEM:0o = Lz:anBkz<M:o.

Bythe IHI,x:o,y: B = M :o. Suppose that p = I,z : N B.This means
thatp =T and p =z: NP < p(z) € [o] and p(z) € [[B]]. For the sake
of simplicity let p(z) = N. We define a new valuation p’ such that p’ =
p(Ny/x,N,/y), where Nj and N, are obtained by renaming the free variables
of N. Then p’ =T, x: a,y: B since x,y &€ Dom(I'), N; € [[o] and N € [[B].
By the IH [M]ly = [M]lp(n, /xn,/y) € [[O]- Using the contraction property

Fv(N
CONT we have that Fv(N) <F:ENB (Mo w3 jy) = 1z <3 Mlp € [[o]).
0J
Theorem 22 (SN[ for AgN). If ' =M : o, then M is strongly normalizing, i.e.

M e SN.

Proof. Suppose I' - M : 6. By Proposition 21 I' =M : a. According to Defini-
tion 19(iii), this means that (Vp =I') p =M : 6. We can choose a particular
po(x) = x for all x € var. By Proposition 16(iv), [[B] is ®-saturated for each type
B, hence x = [[x] p, € [B]] (variable condition for n = 0). Therefore, pg =I" and we
can conclude that [M],, € [c]. On the other hand, M = [M]],, and [c]] C SN
(Proposition 16), hence M € SA(. O

1.4. SN = Typeability in AgN

We want to prove that if a Ag-term is SN, then it is typeable in the system
A@N. We proceed in two steps: 1) we show that all Ag-normal forms are typeable
and 2) we prove the head subject expansion. First, let us observe the structure of
the Ag@-normal forms, given by the following abstract syntax:

M, = x|7\,x.Mnf|7\,x.x®Mnf|xMrllf...M,’llf|
X <3 MysNyg, with x; € Fy(Myf),x2 € Fy(Nyy)
an = x@Mnf|x®an
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Notice that it is necessary to distinguish normal forms W, since the term
Ax.y © M, s is not a normal form, since Ax.y © My,r — @, y © Ax.M,¢.

Proposition 23. Ag-normal forms are typeable in the system Ag.
Proof. By induction on the structure of M, and W,,;. [

Lemma 24 (Inverse substitution lemma). Let I'+ M[N /x| : 6 and N typeable.
Then, there are Aj and tj, j=0,...,nsuchthat AjF-N :t;, and ", x: NIt =M :
o, where T =T, AJ A M...TA,.

Proof. By induction on the structure of M. U

Proposition 25 (Head subject expansion). For every Ag-term M: if M — M', M
is a contracted redex and T'+=M' : G, then T' = M : G, provided that if M =
(Ax.N)P —g N[P/x] = M', P is typeable.

Proof. By case study according to the applied reduction. U

Theorem 26 (SN =- typeability). All strongly normalising Ag-terms are typeable
in the AgN system.

Proof. The proof is by induction on the length of the longest reduction path out
of a strongly normalising term M, with a subinduction on the size of M.

e If M is a normal form, then M is typeable by Proposition 23.

e If M is itself a redex, let M’ be the term obtained by contracting the redex
M. M’ is also strongly normalising, hence by IH it is typeable. Then M is
typeable, by Proposition 25. Notice that, if M = (Ax.N)P —pg N[P/x| =M,
then, by IH, P is typeable, since the length of the longest reduction path out
of P is smaller than that of M, and the size of P is smaller than the size of
M.

e Next, suppose that M is not itself a redex nor a normal form. Then M
is of one of the following forms: Ax.N, Ax.x ® N, xM,...M,, x®N, or
x <y} NP, x; € Fv(N), x, € Fv(P) (where My, ...,M,, N, and NP are not
normal forms). My,...,M, and NP are typeable by IH, as subterms of M.
Then, it is easy to build the typing for M. For instance, let us consider the
case x <y} NP with x; € Fv(N), x, € Fv(P). By induction NP is typeable,
hence N is typeable with say I', x1 : B = N : N?1; — ¢ and P is typeable with
say Aj,xy:Yj = P:t;, forall j =0,...,n. Then using the rule (E —) we
obtain ', AJ MA{ ..M A, x1 : B,x2 : N}y; = NP : 6. Finally, the rule (Cont)
yields T, Ay MA; ... A, x: BN (NMY) Fx <y NP:o.
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O
Finally, we can give a characterisation of strong normalisation in Ag-calculus.

Theorem 27. In Ag-calculus, the term M is strongly normalising if and only if it
is typeable in AgN.

Proof. Immediate consequence of Theorems 22 and 26. U

2. Intersection types for the sequent resource control lambda calculus 7»%2

In this section we focus on the sequent resource control lambda calculus k%z.
First we revisit its syntax and operational semantics; further we introduce an in-
tersection type assignment system and finally we prove that typeability in the
proposed system completely characterises the set of strongly normalising k%z—
expressions.

2.1. Resource control sequent lambda calculus 7»%2

The resource control lambda Gentzen calculus 7»%2 is derived from the ACt%-
calculus (more precisely its confluent sub-calculus k‘(jtz) by adding the explicit
operators for weakening and contraction. It is proposed in [28]. The abstract
syntax of 7»%2 pre-expressions is the following:

Pre-values F = x| flxOflx<i f
Pre-terms f == F|fc
Pre-contexts ¢ == X.f|f:uclxOc|x<ic

where x ranges over a denumerable set of term variables.

A pre-value can be a variable, an abstraction, a weakening or a contraction;
a pre-term 1is either a value or a cut (an application). A pre-context is one of the
following: a selection, a context constructor (usually called cons), a weakening
on pre-context or a contraction on a pre-context. Pre-terms and pre-contexts are
together referred to as the pre-expressions and will be ranged over by E. Pre-
contexts x ® ¢ and x <x} ¢ behave exactly like corresponding pre-terms x ® f and
x <y f in the untyped calculus, so they will mostly not be treated separately. The
set of free variables of a pre-expression is defined analogously to the free variables
in Ag-calculus with the following additions:

Fv(fc)=Fv(f)UFv(c); Fv(x.f)=Fv(f)\{x}; Fv(f:c)=Fv(f)UFv(c).
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Like in Ag-calculus, the set of kg@tz—expressions (namely values, terms and

contexts), denoted by A%Z U A%ZC, is a subset of the set of pre-expressions, de-

fined in Figure 6. Values are denoted by T, terms by #,u, v..., contexts by k,k’, ...
and expressions by e, ¢’

fEA%Z x € Fv(f)
x € A Ax.f € AG?

fEA%Z cEA%fC Fv(f)NFv(c)=0
Gt
chA®Z

FEAGT xEFV(f)  fEAG cEAFT Fy(f)NFy(c) =0
5. € NG ficeAGE

E € AZ*UAG? x ¢ Fv(E)

x@EeA%ZUA%fC

E € AS?UAS?. xi #x; x1,20 € FY(E) x ¢ Fy(E)\ {x1,x2}

x < E€ A%Z UA%?C

Figure 6: AG®tZ U AG®th: kG®tZ-expreSSi0ns

The computation over the set of k%z—expressions reflects the cut-elimination

process. Four groups of reductions in X%Z—calculus are given in Figure 7.

The first group consists of Bg, 7, 6 and u reductions from the A% New re-
ductions are added to deal with explicit contraction (Y reductions) and weakening
(o reductions). The groups of Yy and ® reductions consist of rules that perform
propagation of contraction into the expression and extraction of weakening out of
the expression. This discipline allows us to optimize the computation by delaying
the duplication of terms on the one hand, and by performing the erasure of terms
as soon as possible on the other. The equivalencies in kg@tz are the ones given in

Figure 4, except for the fact that they refer to k%z—expressions.
The meta-substitution #[u/x] is defined as in Figure 3 with the following addi-
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(Bg) (Axt)(u:k) — u(xtk)

(o) T(x.v) — v[T/x]

(m) (th)k' — t(k@Kk')

(u) xxk — k

(11)  x<d (A1) — Aypx<plt

(72) x < (tk) — (x<ad 0k, ifxy,x ¢ Fv(k)
(73) x <y (th) — t(x<d k), ifxy,xa ¢ Fv(r)
() x<d (1) = Jx<yo)

(vs) x<d (k) — (x<xbt):k, ifxy,x ¢ Fv(k)
(V) x<d(t:k) — t:(x<alk), ifxy,x & Fv(t)
(o1) A.(yOr) — yo(hxt), x#y
(o) (xOk — xO(tk)
(03) t(x®k) — xO(tk)
() x(yor — yo(xr), x#y
(0s) (xO1) 2k — xO(t:k)
(06) t:(x@k) — xO(t:k)

(Yor) x<y (yOe) — yo(x<ge) xm#AYFEx
(Yon) x<x (x1®e) —  elx/xa]
Figure 7: Reduction rules of kG®tZ-calculus
tions:
(tk)[u/x] = tlu/x]k, x ¢ Fv(k) (tk)[u/x] = tklu/x], x ¢ Fv(r)
)[u/x] = y.t{u/x]

(tk)u/x] = tu/x]:k, x¢ Fv(k)  (t:k)u/x] = t:klu/x], x¢& Fv(t)

In the & rule, the meta-operator @, called append, joins two contexts and is defined
as:

(x)@k' = x.tk (u:k)@k' = u: (k@)
(x@k)@k = xo (k@) (x<ik)@K = x<i (k@K).
2.2. Intersection types for k%z

The type assignment system k%zﬂ that assigns strict types to k%z—expressions

is given in Figure 8. Due to the sequent flavour of the X%Z—calculus, here we
distinguish two sorts of type assignments:
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- 't : o for typing a term and
- I;BF & : o, a type assignment with a stoup, for typing a context.

A stoup is a place for the last formula in the antecedent, after the semi-colon. The
formula in the stoup is the place where computation will continue.

The syntax of types and the related definitions are the same as in AgM. The
k%zﬂ system is also syntax-directed i.e. the intersection is incorporated into al-
ready existing rules of the simply-typed system. In the style of sequent calcu-
lus, left intersection introduction is managed by the contraction rules (Cont;) and
(Conty), whereas the right intersection introduction is performed by the cut rule
(Cut) and left arrow introduction rule (—). In these two rules Dom(I'1) = ... =
Dom(T',). The role of I} has been already explained in subsection 1.2.

x:Gl—x:G(Ax)
x:akFt:0 x:akFt:0
Fl—kx.tzoc—ms(_)R) Iakxt:o (Sel)
I'pkt:09 ... I'yFHt:0, A;ﬁ;f"cjl—k:p )
_>
Ty AT M N, A0 (Mo = T) ek p t
I'gFt:00 ... I'yFHt:0y A;Q?Gil_klf
= (Cut)
Iynyn..nl,A-tk:t
Cx:o,y:BFt:o -6
" :
Fz:anprz<jt:o (Conty) x: THxOt: 0 (Weak,)
Ix:o,y:B;vyFk:o Iykk:
x: 0y By (Conty,) Y ° (Weaky,)

F,z:om[?);yl—z<§k:6 Cx: T, yFx®k:o

Figure 8: A&*N: Ag*-calculus with intersection types

The Generation lemma induced by the proposed system is the following:

Lemma 28 (Generation lemma for )ug'@tzﬂ).
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(i) T'FAxt:t iff there exist & and & such that T=a — 6 and T')x: ok
t:o.

(i) Tiybtuk:p iff D=0y NT{N.LATA, y= (e — 1),
Asnitjt-k:p and Tyt o, foralll €{0,...,n}.

(i) Thitk:o iff T=T, NI,N...NT,,A, and there existTj,j=0,...,n
such thatforall j € {0,...,n} the following holds: F} 11, and A;NIT; =
k:o.

(iv) Th,obxt:o iff Tx:akt:o.

(v) Thkz<jt:c iffthere exist ", o, B such that T =T",z: aNp and
IMx:o,y:Bt1:o0.

(vi) Thrxot:c if IT=I"'x:Tand T'+1t:o0.

(vii) TyyFz<{k:c iffthere existT',o,B such that T =T",z: NP and
[ x:o,y:B;yFk:o.

(viii) TiyyFxOk:o iff T=1",x:T and T';y+k:o.

The proposed system satisfies the following properties.
Lemma 29.
(i) If T+1t:0, then Dom(T') = Fv(t).
(ii) If T;o-k: o, then Dom(I") = Fv(k).
Proof. Similar to the proof of Lemma 8. U
Lemma 30 (Substitution lemma for k%zﬂ).

(i) If U',x:N'tij-t:0 andforall j=0,...,n, AjF-u:7tj, then
i J J
LA A M. T A, Ftu/x] : 0.

(ii) If U,x:Nit;obk: o andforall j=0,...,n, Ajl-u:tj, then
LA MA ML MA o k[u/x] 6.

Proof. By mutual induction on the structure of terms and contexts. U

Proposition 31 (Append lemma). If T'j;ou-k:t; forall j =0,...,n and
A; K c o, then Ty ML M...MT,, Ao k@K - 6.

Proof. By induction on the structure of the context k. U

Proposition 32 (Subject equivalence for k%zﬂ).
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(i) For every X(G@tz-term t:if THt:0 andt =g t',then Tt :o.

(ii) For every k%z—context k:if ;o k:0 andk =g K, then T;a -k :o.
Proof. By case analysis on the applied equivalence. U

Proposition 33 (Subject reduction for AS*).
(i) For every X(G@tz-term t:if Tkt:0 andt —t, then T+t :o.

(ii) For every k%z—context k:if Tyoabk:0 andk — K, then T;o -k : o.

Proof. By case analysis on the applied reduction, using Lemmas 30 and 31 for
the cases of (o) and (7) rule, respectively. O

2.3. Typeability = SN in AN

In this section, we prove the strong normalisation of the k%z—calculus with
intersection types. The termination is proved by showing that the reduction on
the set Ag@tz U A%ZC of the typeable k%z—expressions is included in a particular
well-founded relation, which we define as the lexicographic product of three well-
founded component relations. The first one is based on the mapping of 7»%2—
expressions into Ag-terms. We show that this mapping preserves types and that

every k%z—reduction can be simulated either by a Ag-reduction or by an equality

and each K%Z—equivalence can be simulated by an Ag-equivalence. The other
two well-founded orders are based on the introduction of quantities designed to
decrease a global measure associated with specific k%z—expressions during the
computation.

Definition 34. The mapping | | : A%Z — Ag is defined together with the auxil-
iary mapping | |k : A(G@tzc — (A@ — Ag) in the following way:

|x] = X %t ] (M) = (Ax[t))M
At = At [tk (M) = [kJk(M]z])
xor] = xO|t] xOk| (M) = xO |kJk(M)
lx <2 1] x < |t] lx <2 k(M) = x <3 |k]i(M)
1zd = |kJk([1])

Lemma 35.

(i) Fv(t)=Fv(|t]), fort € A%Z.
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(ii) |vit/x]] = |v][[t]/x], for v,t € Ag@tz.

We prove that the mappings | | and | |k preserve types. In the sequel, the
notation Agr-, o) stands for M| MeAp &'y M:c}.

Proposition 36 (Type preservation by | |).
(i) If Tkt:0, thenT'y [t] : 0.

(ii) If Tyt =k : o, then |k L A@ g ) = A@ran, o), forall j € {0,...,n}
and for some A = Ag OA M. TA,.

Proof. The proposition is proved by simultaneous induction on derivations. We
distinguish cases according to the last typing rule used.

e Cases (Ax), (—g), (Weak;) and (Cont;) are easy, because the intersection
type assignment system of Ag has exactly the same rules.

e Case (Sel): the derivation ends with the rule

I'x:akFt:c

Iok-xt:0 (Sel)

By IH we have that I',x : ek, [t] : ©, where oo = M]1;. For any M € Ag
such that Aj o M : 1, for all j € {0,...,n}, we have

Cox:Mitibag 1] 0
—>]>
Fl—;b®7ux.LtJIﬂ?’Ci—>G A()l—;b®MI’C()...An|—;\®M:Tn
T, Ag MAIML..TTA, by (Ax.[1))M - 6

(—E)

Since (Ax.|t])M = |x.t | (M), we conclude that |x.7 ] : A@ (g ) — A@Tagmym.naiy o).
e Case (—): the derivation ends with the rule

IgFt:00..1T,Ft:0, A;ﬁ;f"cjl—k:p
LANT (Mo —Tj) Ftek:p

(—L)
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for T =Tg NTM...MT,. By IH we have that T'; i [¢] : 0y, for [ €
{0,...,n}. Forany M € Ag suchthatF} Fag M :0foi =1, j=1,....m
we have

F;- Fx®Miﬂ?Gi—>1j I |—x® LIJ 100 ... I, l_l® LIJ 10y

Lo AT AT, T by Mt 21

(—E)

From the right-hand side premise in the (—) rule, by IH, we get that |k |
is the function with the scope |k]y : AR g = A" Iy o), for some
"= Fg'T ATy n..Nry). For I =T, I" and by taking M|z as the ar-
gument of the function [k|x, we get I',AT" by [k« (M][t]) : p. Since
[k|«(Mt]) = [t :: k] (M), we have that I, A, T by |2 22 k]k(M) : p. This
holds for any M of the appropriate type, yielding

|t kk: A®(r’q®m;ﬂcﬁ¢j> — A®<r,A,rﬂ®p), which is exactly what we need.
Case (Cut): the derivation ends with the rule

IoFt:t..IFt:t, Antibk:o
LgNTin...NT,Abth:o

(Cut)

By IH we have that I'; -y |¢] : 7; and [k] : AR T

forall j=0,...,nand for ' =T NI M...MT7,. Hence, for any M € Ag

such that I"; - M :T;, T, Al [k]k(M) : 6 holds. By taking M = |¢] and

g’ =T, wegetI', Al [k]k([t]) : 0. But [k[«([7]) = [tk], so the proof is
one.

) — A®(r’:mx® o)

Case (Weaky): the derivation ends with the rule

IBrk:o
Cx:T;pFxGk:o

(Weakk)

By IH we have that | k| is the function with the scope |k : A@ g =

Agryor

1
forall j € {0,...,n} holds T) ' M M.}, Ty [kJk(M) : 6. Now, we
can apply (Weak) rule:

M., ) meaning that for each M € Ag such that F;. Fig M 7T

0,0, N A, N, - k) (M) o
0, N0 N, TFxO k) (M) o

(Weak)

Since x® |k |k (M) = |x©k]k(M), this means that |x O k] : A@Tjyg ) =
A®(F,F6THF’]H...HFQ,x:T#;@ ), which is exactly what we wanted to get.
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o Case (Conty): similar to the case (Weaky), relying on the rule (Cont) in Ag.
U

For the given encoding | |, we show that each K%Z—reduction step can be
simulated by an Ag-reduction or by an equality. In order to do so, we prove the
following lemmas. The proofs of Lemma 38 and Lemma 39, according to [22],
use Regnier’s ¢ reductions, investigated in [53].

(MMN)P —  (Ax.(MN))P x ¢ P
My.MIN — M. ((xM)N) y ¢ N
M((AxP)N) — (A.MP)N x¢ M

Lemma 37. If M _>l® M, then Lka(M) —>x® ijk(Ml).
Lemma 38. [k |«((Ax.P)N) =g (Ax.[k]k(P))N.
Lemma 39. [f M € A® and k,K' € AZ%., then [K | o [k]W(M) =, [k@K |k (M).

Lemma 40.
(i) If x & Fv(k), then ([k]x(M))IN/x] = |k]k(M[N/x]).
(ii) If x,y & Fv(k), then z <j (|k]x(M)) g [k]k(z <y M).
(iii) [k]x(xOM) =g x© [k](M).

Now we can prove that the reduction rules of k%z can be simulated by the
reduction rules or an equality in the Ag-calculus. Moreover, the equivalences of
X%Z—calculus are preserved in Ag-calculus.

Theorem 41 (Simulation of k%z—reduction by Ag-reduction).
(i) Ifatermt e t', then [t] —g 7).

(ii) If a context k g k' by Y6 or ®g reduction, then k| (M) = |k'|«(M), for
any M € A®.

(iii) If a context k g k' by some other reduction, then | k| (M) =g [k |«(M),
for any M € A®.
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(iv) Ift =g v, then [t| =) |'], and ifk =g K', then | k|« (M) =) K |«(M),
forany M € Ag).

Proof. The proof goes by case analysis on the outermost reduction or equivalence
performed, using Definition 34. U

The previous proposition shows that B, T, G, u, 71 - ¥5, ®1 - 05, Y®; and
Y, K(G@tz—reductions are interpreted by Ag-reductions and that ys and g 7»(%2—
reductions are interpreted by an identity in the Ag. Since the set of equivalences
of the two calculi coincide, they are trivially preserved. If one wants to prove
that there is no infinite sequence of k%z—reductions one has to prove that there

cannot exist an infinite sequence of k%z—reductions which are all interpreted as

equalities. To prove this, one shows that if a term is reduced with such a 7»(%2—
reduction, it is reduced for another order that forbids infinite decreasing chains.

This order is itself composed of several orders, free of infinite decreasing chains
(Definition 45).

Definition 42. The functions S(), || [lc, || lw : A%Z — N are defined as follows:

Sx) =1 S(tk) = S(1)+S(k)
Sxt) = 1+5@) SEt) = 1+5()
S(xoe) = 1+8(e) S(tk) = S@)+S(k)
Sx<ie) = 1+5(e)
|x[lc = 0O [xlw =1
Axtlle = e [Axtw = 1+|t]lw
x@ellc = le]c [x©ellw = 0
Ix<zellc = [elle+S(e) Ix<zelw = 1+]lefw
ekl = lt]lc+ [I&]lc [tklw = 14 [|tllw+ [[&l[w
Ixtle = [l Xtw = 1+]t]lw
[t klle = [ltllc+ llklle [t kllw = T4 [ltllw+[kllw

Lemma 43. Forall e, € A%Z:
(i) If e —y, €, then |le|c > ||€/|]c.
(ii) Ife —q, €, then |le|c = €|

(iii) If e =)0 e, then |le|c = ||€|c.
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Lemma 44.
(i) Foralle,e € A%Z: Ife —, €, then |lellw > |€|w.
(ii) If e =)o e, then |e|w = ||€/|w-

Now we can define the following orders based on the previously introduced
mapping and norms.

Definition 45. We define the following strict orders and equivalencies on Ag@tzﬂ:

mt>@ﬂiﬁLﬂ%%ﬂﬂ;t:@ﬂiﬁLﬂz@Lﬂ

k> K iff | k]k(M) —>;t® |K'| (M) for every Ag term M ;
k=g k' iff  [k](M) = [K](M) or [k]k(M) = [K'|(M) for every Ag
term M,

(i) e>. € iff |e|c> |€]lc; e=cé€ iff |lellc=]€|c;
(i) e >y €' iff [lefw > [l¢'llw: e =w e iff leflw = €']lw;
The lexicographic product of two orders > and >, is defined as [2]:
a>1 Xjex >2b = a>1b or (a=1band a >, b).
Definition 46. We define the relation > on A%Z as the lexicographic product:
> = g Xlex Ze Xlex >w -

The following propositions proves that the reduction relation on the set of
typed kg@tz—expressions is included in the given lexicographic product >>.

Proposition 47. For each e € A%Z: ife—é, thene>¢.

Proof. By case analysis on the kind of reduction and the structure of >.

If e — €' by Bg, O, T, 1, Y1, V2. V3. Y4 V5, YOI, Y2, 1, ), 03 04 or W5 reduction,
then e > ¢’ by Proposition 41.

If e — ¢’ by Y6, then e =, ¢’ by Proposition 41, and e >, ¢’ by Lemma 43.
Finally, if e — ¢’ by ¢, then e =) ¢’ by Proposition 41, e = ¢’ by Lemma 43
and e >,, ¢’ by Lemma 44. O
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Strong normalisation of — is another terminology for the well-foundness of
the relation — and it is well-known that a relation included in a well-founded rela-
tion is well-founded and that the lexicographic product of well-founded relations
is well-founded.

Theorem 48 (Strong normalisation of the K%Zﬂ). Each expression in A%Zﬂ is
strongly normalising.

Proof. The reduction — is well-founded on A%Zﬂ as it is included (Proposi-
tion 47) in the relation > which is well-founded as the lexicographic product

of the well-founded relations >, >c and >,,. Relation > is based on the

interpretation | | : A%Z — Ag. By Proposition 36 typeability is preserved by the

interpretation | | and —).g 18 strongly normalising (i.e., well-founded) on AgN
(Section 1.3), hence >re is well-founded on A%Zﬂ. Similarly, >. and >,, are
well-founded, as they are based on interpretations into the well-founded relation
> on the set N of natural numbers. 0J

2.4. SN = Typeability in X%Zﬂ

Now, we want to prove that if a k%z—term is SN, then it is typeable in the
system k%zﬂ. We follow the procedure used in Section 1.4. The proofs are similar
to the ones in Section 1.4.

The abstract syntax of k%z—normal forms is the following:

= X| Aty | A x Oty | X(tnf 22 knp) |x <2 Y(tns 2 kny)
knf = )/c\.tnf|5c\.x®t,,f|tnf::knf|x<§ (tnfiiknf),yEFV(tnf),ZEFV(knf>
W 1= XOenf | XxOwyy

We use e,y for any K(G@tz—expression in the normal form.

Proposition 49. k%z—normal forms are typeable in the system X%Zﬂ.

Proof. By mutual induction on the structure of #,,7, k, and wy,y. U

The following two lemmas explain the behavior of the meta operators [ / | and @
during expansion.

Lemma 50 (Inverse substitution lemma).

(i) Let I'-t[u/x]: 6 and u typeable. Then, there exist Aj and T, j=0,...,n
suchthat AjFu:t; andT” x: N1kt : 0, whereF:F’,Agl_lAll_l...l_lAn.
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(ii) Let T';ytk[u/x] : 6 and u typeable. Then, there are Ajand tj, j=0,...,n
such that Aj - u:tjand U x : ity k2 o, where T =T",AJ A M...T1
Ay

Proof. By mutual induction on the structure of terms and contexts. U

Lemma 51 (Inverse append lemma). If I;o b k@K' : G, then there are Aj and
Tj, j=0,...,n such that Aj;o b=k : t; and It =K' @ o, where T =T",Aj I
ATT...TTA,.

Proof. By induction on the structure of the context k. U
Now we prove that the type of a term is preserved during the expansion.

Proposition 52 (Head subject expansion). For every K(G@tz-term trift—t, tis
contracted redex and Tt : 6, then TFt: 0.

Proof. By case study according to the applied reduction. U

Theorem 53 (SN = typeability). All strongly normalising 7»%2 terms are typeable
in the X(G@tzﬂ system.

Proof. Analogous to the proof of Theorem 26. U

Now we give a characterisation of strong normalisation in kg@tz—calculus.

Theorem 54. In k%z—calculus, the term t is strongly normalising if and only if it
is typeable in k%zﬁ.

Proof. Immediate consequence of Theorems 48 and 53. U

3. Intersection types for the resource control lambda calculus with explicit
substitution Ag

3.1. Resource control lambda calculus with explicit substitution kx®

The resource control lambda calculus with explicit substitution 78((@, is an ex-
tension of the A4-calculus with explicit operators for weakening and contraction.
It corresponds to the Alxr-calculus of Kesner and Lengrand, proposed in [36], and
also represents a vertex of “the prismoid of resources”.

The pre-terms of N@—calculus are given by the following abstract syntax:

Pre-terms  f = x|A.f|ff|fx:=fF)xOf|x < f
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The only point of difference with respect to Ag-calculus is the operator of explicit
substitution ( :=).
The set of free variables of a pre-term f, denoted by Fv(f), is defined as

follows:
Fv(x)=x; Fv(Ax.f)=Fv(f)\{x};
Fv(fg) = Fv(f)UFv(g); Fv(f(x:=g)) = (Fv(f)\{x}) UFv(g)
Fv(x® f) ={x}UFv(f): Fv(x <q f) ={x}UFv(f)\{x,x}.
In f(x:=g), the substitution binds the variable x in f.
The set of ?@@—terms, denoted by Aé@ and ranged over by M,N,P,Mj,.... is a
subset of the set of pre-terms, defined by the rules in Figure 9.

feNy x€Fv(f)
x €Ay kx.fe/\g@

FENG g€NG Fv(f)NFv(g) =0
f8e NG

fENG g€AG xEFv(f) (Fv(f)\{x})NFv(g) =0
flx:=g) € A

feNy x¢Fu(f)  fEMy xi#x2, xi,x0 € Fv(f) x& Fv(f)\{xi,x}
xOf €A x < fEN

Figure 9: Afy: Afy-terms

The notion of terms corresponds to the notion of linear terms in [36].
The reduction rules of k@—calculus are presented in Figure 10.
In the A%, one works modulo equivalencies given in Figure 11.

3.2. Intersection types for 7@5@

In this subsection we introduce intersection type assignment system which as-
signs strict types to k@—terms. The system is syntax-directed, hence significantly
different from the one proposed in [43].

The syntax of types and the definitions of type assignment, basis, etc. are the
same as in the case of the system AgN. The type assignment system 7»X®ﬂ is
given in Figure 12. The only difference with respect to the AgN is the presence of
one new type assignment rule, namely (Subst) for typing the explicit substitution.
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z
=

=

N N N R A

M(x:=N)

N

Ay.M{(x:=N)

M{x:=N)P, ifx ¢ Fv(P)
MP{(x:=N), ifx ¢ Fv(M)

Fv(N) oM

yOM(x:=N),ifx#y

FV(N) <£:%) M(xl I:N1><XQ I:N2>
M{x:=N(y:=P)), ify ¢ Fv(M)\ {x}
Ay.x <yt M

(x <@l M)N, if x1,x, & Fv(N)

M(x <} N), if x1,x0 & Fv(M)
M(y:=x <y N), ifxi,xo ¢ Fv(M)\ {y}
yO (Ae.M), x £y

x® (MN)

x® (MN)

X (M(y = N))

YO (x < M), y #x1,22

M(x; :=x)

Figure 10: Reduction rules of A% -calculus

xO(HYOM)

x<g M

x <z (y <y M)
x <y (y <33 M)
M({x:=N){y:=P)
(y <yp M){x:=N)

=x yOXOM)

= x<pg M

= x<y (y<i M)

=xe Y <y (x<u M), xF#y1,y2, ¥ #x1,%0

x M(y:=P)(x:=N), x¢ Fv(P),y ¢ Fv(M)
= y<p M{x:=N), x#y, y1,y2 ¢ Fv(N)

Figure 11: Equivalences in Xé-calculus
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The rules (—£) and (Subst) are constructed in the same manner, as explained in
subsection 1.2.

x:cl—x:G(Ax)
Fx:-M:o 'eEM:nit;—0 AFN:tp ... AFEN:7T,
’ (=) T (=e)
'CFAaM:a—0o Ay A TT..TTA,FMN : o
Cox:NitiEM:0 AyFN:tp ... AEN:T,
= (Subst)
A MAITTL.TTA, - M(x:=N) :0
x:o,y:pFM: o .
X0y p (Cont) I'eM:o (Weak)

Lz:oanBkz<yM:o Fx:THFxGM:o

Figure 12: A5 N: A -calculus with intersection types

Proposition 55 (Generation lemma for N@ﬂ).

(i) T'HAx.M : t iff there exist o and G such that T=o — 6 and T',x: ok
M:o.

(ii) I'FMN : 6 iff there exist Ajand Tj, j=0,...,n suchthat Aj+= N :7;and
I+ M: Nt — o, moreover T=T",A] MA|T...MA,.

(iii) T'F M(x := N) : ¢ iff there exist a type o0 = Mi_oTj, such that for all
j€{0,...,n}, AjEN:1jand I",x : NI't; =M : 6, moreover I' =T" x :
o, AJ MAI ... TTA,.

(iv) Tz <yM:c iff there exist T, o, B such that T =T",z: NP
and T, x:a,y:B+-M:o.

v) TFxoM:o iff T=T"x:Tand T'-M: 0.

The proposed system also satisfies preservation of free variables, bases inter-
section and subject reduction and equivalence.

3.3. Typeability = SN in AN

Now we prove the strong normalisation of the ké—calculus with intersection
types. We follow the procedure established for proving the strong normalisation
of the system kg@tzﬂ. In the sequel, we denote by A, the set of k@—terms, and by
AN the set of N@—terms typeable in the system 7»X®ﬂ.
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Definition 56. The mapping [ |:Af — Ag is defined in the following way:

[x] = x [M{x:=N)| = [M][[N]/x]
[Ae.M] = Ax.[M] [xOM] = xO[M]
[MN] = [M][N]  [x<aM] = x<z[M]

— x 5
Lemma 57. Fv(M) = Fv([M]), for M € A,

Proof. The proof is an easy induction on the structure of the term M. All the cases
are straightforward, we only present the case of explicit substitution.
Fv(M(x:=N)) = (Fv(M)\ {x}) UFv(N) = Fv([M]) \ {x}) UFV([N]) =
Fv((Mx. [M)[N]) = Fv(IM][[N]/x]) = Fv([M{x:=N)1) m

We prove that the mapping [ | preserves types.
Proposition 58 (Type preservationby | |). If T I—;% M : o, thenI' g [M] : 0.

Proof. The proposition is proved by induction on derivations. We distinguish
cases according to the last typing rule used. Cases (Ax), (—7), (—k), (Weak)
and (Cont) are trivial, because the intersection type assignment system of Ag has
exactly the same rules. The only interesting case is the rule (Subst). In that case,
the derivation ends with the rule

F,x:ﬂ?Til—xéM:G A()|—;\>(<®NI’C() . Ay I_XéNZTn
LA MA L. TA, P M(x:=N):o

(Subst)

By IH we have that I',x : M/1; -, [M] : o and forall j € {0,...,n},Aj by [N]:
7;. Now we can apply Lemma 10 yielding I, A MA; M...MA, Fag [MI[[N]/x]
c. Since [M|[[N]/x] = [M(x := N)], the proof is done. O

We now show that each 7»X®—reduction step can be simulated through the en-
coding [ 1, by a Ag-reduction or an equality.

Theorem 59 (Simulation of N((@—reduction and equivalence by Ag-reduction and
equivalence).

(i) If a Mg-term M — M, then [M] — [M'] or [M] = [M].

Notice that in [36] Fv(B(t)) C Fv(t) holds, where B is the mapping from Ag-calculus to
ordinary A-calculus without resources and that is why free variables disappear there. Instead, our
mapping [ | maps A -terms to Ag-terms.
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(ii) Ifa }\.X®-l‘€rmME}\‘><® M', then M| =) [M'] or [M] = [M"].

Proof. (i) Without losing generality, we prove the statement only for the outer-
most reductions. The rules y1,v2,73, ®©1,®2, W3, YO, YO, are simulated by
the corresponding rules of Ag. For the remaining rules we have:

Bx) (Ax.M)N — M(x:=N).

[ M)NT = [Me MT[NT = (M. [M])[NT =g [MI[IN]/x] = [M{x:= N)].
(61) x(x:=N) — N.

[x(x:=N)] = [x][[N]/x] =x[[N]/x] £ [N].
(62) (Ay.M)(x:=N) — Ay.M(x:=N).

[(Ay.M) (x:=N)] = [\y.M][[N1]/x] = (ky.[M])[[N]/x] = Ay.[M][[N]/x] =

Ay.[M(x:=N)| = [Ay.M(x:=N)].
(63),(64) (MP)(x:=N)— M(x:=N)P, ifx ¢ Fv(P).
(MP)(x:=N) — MP(x:=N), ifx ¢ Fv(M).
[MP(x:=N)| = ([M][P]][N]/x].
If x  Fv(P) then ([M][P)[[N]/x] £ [M][[N]/x][P] = [M{x := N)][P] =
[M{x:=N)P].
If x @ Fv(M) then ([M][P))[[N]/x] = [M][P][[N]/x] = [M][P{x :=N)| =
[MP(x:=N)].

(05) (xOM){(x:=N) — Fv(N)OM.
[(xOM)(x:=N)] = [xOM][[N]/2] = (x® [M])[[N]/x] £ Fv([N]) oM =
Fv(N)©® [M]| = [Fv(N) ®M], since Fv(N) = Fv([N]).

(66) YOM)(x:=N) =>yOM(x:=N), ifx #y.

[(YoM)(x:=N)] = [yoM][[N]/2] = (y& [M])[[N]/x] £ yO[M][[N1/x] =
YO[M(x:=N)| =[yoOM(x:=N)].

(07) (x <& M)(x:= N) = Fv(N) <)) M(xi = Ni) (2 1= Na).

[(x <M M) (= N)] = [x <3 M[[N] /2] = x <3 [M][[N] /2]
Fy([N1) <potind) TM1[NG /1, [N2] /2] =

TFv(N) <0 Mixy o= Np) (o o= No).

Fv(N,)
(0) (M{x:=N))(y:=P) = M{x:= N{y:=P)), if y & Fy(M)\ {x}
[(M{x:=N)) (yi= P)] = [M(x:= N)V([P] /3] = (MNP /5] =emma
[MI[[NTITPT/Y1/] = [MI[IN(y := P)]/x] = [M(x:= N{y:=P))]



(1) x <x) (M{y:=N)) = M{y:=x <3 N), if x1,x0 ¢ Fv(M)\ {y}.
e <3 (M (3= N))] =x <3 (M= [N)] =x <3 TN e s
[M[x <) [N/y] = x < (IM][N/y]) = [M(y:=x <y N)].

(04) M(y:=xON) —=x0(M{y:=N)).
[M(y —XQNH (MO INT/Y =7 opma sy *© IMI[NT/y] =
xO[M{y:=N)|=[xOM(y:=N))].

(i1) The equivalences € - €4 coincide in both calculi, hence we prove the state-
ment only for €5 and €.

=M(y:=P)(x:=N), x¢ Fv(P),y ¢ Fv(M).
PH [M{x:=N)|[[P]/y] = (WW 1/xDIP1/y] =
= x] = (IM1[[P1/yDIN1/x] =

(€6) y<§;M)<x::N>Ey<§;M(x:: N), x#y, y1,y2 ¢ Fv(N).

[(v <3 M) (x == N)] = [y <33 M][[N]/] = b <y [M])[[N]/x] £
y <y [M[[N]/x] =y <5, [M{x:=N)] = [y <3, M(x:=N)].

O

The previous proposition shows that each N((@—reduction step is interpreted ei-
ther by a Ag-reduction or by an equality. More precisely: By, ¥1,72,73, 01,02, ®3,
yo; and yw, reductions are interpreted by Ag-reductions, 6; — ©g reductions
are interpreted by identities, while y4 and w4 reductions are interpreted either by
A@-reductions or by Ag-equivalencies, depending on the structure of the term.
In order to define a lexicografic product of orders that forbid infinite decreasing
chains of Xé—reductions, we use two measures defined on the set AZ‘@, namely term
complexity 7 C(M) and interpretation I(M) (based on multiplicity M (M)), pro-
posed in [36] and already used for proving the strong normalisation of the simply
typed Alxr-calculus. We give their definitions here.

Definition 60 (Multiplicity [36]). Given a free variable x in a kx®—term M, the
multiplicity of x in M, written M, (M), is defined by induction on terms as follows,
supposing that x # y, x # z, x # w:

M(x) = 1 M,(xoM) = 1
M (Ay.M) My (M) M (yOM) M, (M)
M (MN) = M(M) ifxe Fv(M) M(x<iM) = M,(M)+M(M)+1
M (MN) = M(N) ifxe Fv(N) M(w<iM) = M(M)
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Mc(M(y:=N)) = MM) if x € Fv(M)\{y}
M(M(y:=N)) = M(M) - (M(N)+1) ifx € Fv(N)
Definition 61 (Term complexity [36]). The notion of term complexity 7 C(—) is
defined by induction on terms as follows:

TCx) =
TCAxM) =
TCMN) =

1
TC(M)
T C(M)+TC(N)

TC(M(x:=N))
TC(xOM)
TC(x<iM)

T C(M) + M(M)- T C(N)
TC(M)
TC(M)

Definition 62 (Interpretation [36]). The notion of interpretation 7(—): AX® —N
is defined as follows:

I(x) =
I10wM) =
I(MN) =

2
21(M)+2
2(1(M)+ I(N)) +2

I(M(x:=N))
I(xOM)
I(x<i M)

I(M)-(I(N)+1)
I(M)+1
21(M)

Definition 63. We define the following strict orders and equivalencies on Aé@ﬁ:

(i) M >y M'iff [M] —% [M"]; M =y M'iff [M] =5 [M'] or [M] =[M"T;

(i) M>go M iff TC(M)>TCM'); M=g,M iff TC(M)=TC(M);
C C

(i) M >; M iff I(M)>I(M'); M=;M iff 1(M)=I(M);

Definition 64. We define the relation > on Af, as the lexicographic product:

>y = >x§@ Xiex >7¢ Xlex =1 -

The following proposition proves that the reduction relation on the set of typed
N@—terms, Ax®ﬂ, is included in the given lexicographic product >>.

Proposition 65. For each M € Af: if M — M, then M >, M.

Proof. The proof is by case analysis on the kind of reduction and the structure of

>x.

If M — M’ by By, Y1, V2, Y3, ®1, 2, 3, YO or Yoy, reduction, then M > M’ by

Theorem 59.

ItM—M by G1, 05, 67 or g then M :78‘® M by Theorem 59, and M >TC M’
by ([36], Lemma 3).
Finally, if M — M’ by 03, 03, G4, G¢, Y4 OF M4, then M =X M’ by Theorem 59,
M =z M’ by ([36], Lemma 3) and M >; M’ by ([36], Lemma 4). O

Theorem 66 (Strong normalization of 7»X®ﬂ). Each term in AN is SN.

Proof. The proof is analogous to the proof of Theorem 48.
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3.4. SN = Typeability in AN

We finally prove that if a N(‘@—term is SN, then it is typeable in the system 7»X®ﬂ.
Due to the definition of the Af-terms given in Figure 9, particularly M (x := N)
where x € Fv(M) is required, as well as to the reductions (G| — Gg), the set of
k@—normal forms coincide with the set of k®—normal forms. This, combined with
the fact that all type assignment rules from Figure 5 exist also in the Né@ﬁ system,
has as a consequence the following proposition.

Proposition 67. N@—normal forms are typeable in the system 7»X®ﬂ.

Proposition 68 (Head subject expansion). For every k@—term M: if M — M,
M is contracted redex and T'=M' : o, then T'+ M : o, provided that if M =
(A.N)P —pg, N(x:=P)=M', P istypeable.

Proof. By the case study according to the applied reduction. U

Theorem 69 (SN = typeability). All strongly normalising k@-terms are typeable
in the 7»X®ﬂ system.

Now we can give a characterisation of strong normalisation in Kx®—calculus.

Theorem 70. In k>‘®—calculus, the term M is strongly normalising if and only if it
is typeable in ?@é@ﬂ.

Proof. Immediate consequence of Theorems 66 and 69. U

4. Conclusions
In this paper, we have proposed intersection type assignment systems for:
e resource control lambda calculus Ag, which corresponds to Acy of [37];
e resource control sequent lambda calculus k%z of [28] and
e resource control calculus with explicit substitution KX® of [36].

The three intersection type assignment systems proposed here give a complete
characterization of strongly normalizing terms for these three calculi. The strong
normalisation of typeable resource control lambda terms is proved directly by
an appropriate modification of the reducibility method, whereas the same prop-
erty for resource control sequent lambda terms is proved by well-founded lexico-
graphic order based on suitable embedding into the former calculus and the strong
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normalisation of the calculus with explicit substitution is given by its interpreta-
tion in the resource control lambda calculus. This paper expands the range of the
intersection type techniques and combines different methods in the strict types
environment. It should be noticed that the strict control on the way variables are
introduced determines the way terms are typed in a given environment. Basically,
in a given environment no irrelevant intersection types are introduced. The flex-
ibility on the choice of a type for a term, as it is used in rule (—) in Figure 5,
comes essentially from the choice one has in invoking the axiom. Unlike the ap-
proach of introducing non-idempotent intersection types into the calculus with
some kind of resource management [49], our intersection is idempotent. As a
consequence, our type assignment system corresponds to full intuitionistic logic,
while non-idempotent intersection type assignment systems correspond to intu-
itionistic linear logic.

The three presented calculi Ag), k%z and A, are good candidates to investigate
the computational content of substructural logics [58], both in natural deduction
and sequent calculus. The motivation for these logics comes from philosophy
(Relevant Logics), linguistics (Lambek Calculus) to computing (Linear Logic).
Since the basic idea of resource control is to explicitly handle structural rules, the
control operators could be used to handle the absence of (some) structural rules in
substructural logics such as weakening, contraction, commutativity, associativity.
This would be an interesting direction for further research. Another direction will
involve the investigation of the use of intersection types, being a powerful means
for building models of lambda calculus [7, 17], in constructing models for sequent
lambda calculi. Finally, one may wonder how the strict control on the duplication
and the erasure of variables influences the type reconstruction of terms [12, 39].
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