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ANOMALOUS FLUCTUATIONS FOR A PERTURBED HAMILTONIAN
SYSTEM WITH EXPONENTIAL INTERACTIONS

CEDRIC BERNARDIN AND PATRICIA GONCALVES

ABSTRACT. A one-dimensional Hamiltonian system with exponential interactions per-
turbed by a conservative noise is considered. It is proved that energy superdiffuses and
upper and lower bounds describing this anomalous diffusion are obtained.

1. INTRODUCTION

Over the last decade, transport properties of one-dimensional Hamiltonian systems con-
sisting of coupled oscillators on a lattice have been the subject of many theoretical and
numerical studies, see the review papers [9, 11, 23]. Despite many efforts, our knowledge
of the fundamental mechanisms necessary and/or sufficient to have a normal diffusion re-
mains very limited. Nevertheless, it has been recognized that conservation of momentum
plays a major role and numerical simulations provide a strong evidence of the fact that one
dimensional chains of anharmonic oscillators conserving momentum are superdiffusive.

An interesting area of current research consists in studying this problem for hybrid mod-
els where a stochastic perturbation is superposed to the deterministic evolution. Even if the
problem is considerably simplified, several open challenging questions can be addressed
for these systems. In [2] it is proved that the thermal conductivity of an unpinned harmonic
chain of oscillators perturbed by an energy-momentum conservative noise is infinite while
if a pinning potential (destroying momentum conservation) is added it is finite. In the same
paper, diverging upper bounds are provided when some nonlinearities are added. This does
not, however, exclude the possibility of having a finite conductivity. Therefore much more
interesting would be to obtain lower bounds showing that the conductivity is infinite and
that energy superdiffuses, but this problem is left open in [2].

In [7], has been introduced and studied numerically, a class of Hamiltonian models for
which anomalous diffusion is observed. There, the investigated systems present strong
analogies with standard chains of oscillators. They can be described as follows. Let V and
U be two non-negative potentials on R and consider the Hamiltonian system (r(z),p(?) );>0
whose equations of motion are given by

dps dry
dt dt

where p, is the momentum of the particle x, g, its position and ry = gy — gx—1 is the
“deformation” of the lattice at x. Standard chains of oscillators are recovered for a quadratic
kinetic energy U(p) = p*>/2. Now, take V = U, and call M, = r, and 1, = p,. The
dynamics can be rewritten as:

dny(r) = (V,(nx+l )= V(N ))dt- 2)

=V'(rep1) =V'(r), =U'(p:) —U'(px+1), x€LZ, (1)
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2 CEDRIC BERNARDIN AND PATRICIA GONCALVES

Notice that with these new variables the energy of the system is simply given by Y ,.c7 V (1x).
In [7] an anomalous diffusion of energy is numerically observed for a generic potential V.
Then, following the spirit of [2], the deterministic evolution is perturbed by adding a noise
which consists to exchange 7, with 7,11 at random exponential times, independently for
each bond {x,x+ 1}. The dynamics still conserves the energy Y <7V (7,) and the “vol-
ume” Y 7 N, and destroys all other conserved quantities. As argued in [7], the volume
conservation law is responsible for the anomalous energy diffusion observed for this class
of energy-volume conserving dynamics. This can be shown for quadratic interactions ([7])
with a behavior similar to the one observed in [2]. For nonlinear interactions the problem
is much more difficult.

The aim of this paper is to show that if the interacting potential is of exponential type
then the energy superdiffuses. Therefore, for this class of related models, in a particular
case, we answer to the open question stated in [2]. With some additional technical work
we think that our methods could be carried out to the Toda lattice perturbed by an energy-
momentum conserving noise (considered e.g. in [19]).

The paper is organized as follows. In Section 2 we define precisely the model. The
results are stated in Section 3. To prove the theorems we first perform a microscopic
change of variables (Section 4) which permits to use a nice orthogonal decomposition of
the generator (Section 5). Roughly speaking the upper bound on the energy superdiffusion
is proved in Section 6 and the lower bound in Section 7. Section 8 contains a comment
about the possible extensions and comparisons of our model to others. In the Appendix we
prove the existence of the infinite dynamics.

Notations: For any a,b € R?, a- b stands for the standard scalar product between a
and b and |a| = v/a-a for the norm of a. The transpose of a matrix M is denoted by M” .
Ifu:x=(x1,...,x5,) € R" = u(x) = (u1(x),...,uq(x)) € R? is a differentiable function
then (dy;u;)(x) denotes the partial derivative of u; with respect to the i-th coordinate at x
and (Vu)(x) denotes the differential matrix (the gradient if d = 1) of u at x, i.e. the d x n
matrix whose (i, j)-th entry is (dy,u;)(x); if u := (uy,...,uy) : Z — RY then we adopt the
same notation to denote the discrete gradient of u defined by (Vu) := (Vuy,...,Vu,) with
(Vi) (x) = ui(x+ 1) — u(x).

2. THE MODEL

Let b > 0 and V,,(q) = e %7 — 1 +bq. We consider the system 1(t) = {n.(t) : x € Z}
on RZ defined by its generator L = A+ S, vy > 0, where for local I differentiable functions
f:R% — R we have that

anm =Y (Vine) = Vyme 1)) On )(0)

X€EZ

and
(sHm) = X, (£ = f(m)).
XeL
The deterministic system (2) with potential V}, is well known in the integrable systems
literature. It has been introduced in [20] by Kac and van Moerbecke and was shown to be
completely integrable. Consequently, the energy transport is ballistic ([7, 30]). As we will

IA function [ defined on an infinite product space is said to be local if it depends only on its variable through
a finite number of coordinates.



see this is different when the noise is added: the energy transport is no more ballistic but
superdiffusive.

The existence of the dynamics generated by L is proved in the Appendix for a large set
of initial conditions and in particular for a set of full measure w.r.t. any invariant state M3 7
(see bellow for its definition). '

The system conserves the energy ¥ .7 V(1) and the volume ¥ .7 1. In fact, we have

L(Vy(M:)) = =Vis1x(M),  L(Me) = Vi1 (M),
where the microscopic currents are given by
Joxr1 () = —bPePtNet) 4 p2(o =8 o =BTlesty _ yV (V1))
and
Texr1 (M) = be™ "M 4 be™ Mt —yVy,.
Every product probability measure Mgz on RZ in the form

() =[12"(B,A)exp{—Be "™ ~An.}, B>0,1>0

XEZL

is invariant for the dynamics. o o
Let <'>”B ; denote the average with respect to iz ;. We define 2:=2(,4),v:=v(B,A)
as the averages of the conserved quantities V,(1y), My with respect to Mg i respectively,

namely & = <Vb(nx)>,ul;l and v = <nx>'“B.Z .
A simple computation shows that

<./Tx~,x+l >“B,7L = bz(é - b‘j)z and <JT),r,x+l >,UB‘1 = Zb(e_* b‘j)' (3)
Hence, in the hyperbolic scaling, the hydrodynamical equations are given by

{8,e—b28q((e—bu)2) =0

4
A0 +2b 3, (e —bv) =0 “@

and can be written in the compact form 9, X + d,J(X) = 0 with

- [ ¢ = [ —b*(e—bv)?
This can be proved before the appearance of the shocks (see [7]). The differential matrix
of J is given by
< 5 —b(e—bv) b*(e—bo
(V3)(X) =2b ( (el ) (e_b ) ) .

For given (¢,7) we denote by (7;7);>0 (resp. (7, );>0) the semigroup on S(R) x S(R)
generated by the linearized system

de+M" e =0, (resp.de—M" Jye =0), (6)

).

We omit the dependence of these semigroups on (&, v) for lightness of the notations. Above
S(R) denotes the Schwartz space of smooth rapidly decreasing functions.

where

Q)

M:=M(E7) = [Vi(®), &= (

<
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3. STATEMENT OF THE RESULTS

dZ
For each integer z > 0, let H(x) = (fl)ze‘)‘2 ﬁe’xz be the Hermite polynomial and
x

h.(x) = (z!v/2m) " 'H, (x)e’)‘2 the Hermite function. The set {/;,z > 0} is an orthonormal
basis of L?(R). Consider in I.?(R) the operator Ky = x> — A, A being the Laplacian on R.
For an integer k > 0, denote by H, the Hilbert space induced by S(IR) and the scalar product
(,) defined by (f,g)x = (f,Kkg)o, where (-,-)o denotes the inner product of L?(R) and
denote by H_ the dual of Hy, relatively to this inner product. Let {-) represent the average
with respect to the Lebesgue measure.

We take the infinite system at equilibrium under the Gibbs measure M3 7 corresponding
to a mean energy e and amean volume v. Our goal is to study the energy-volume fluctuation
field in the time-scale tn'*%, o > 0:

\/_ZG (x/n) - (&c(tn' %) — @), (7

X€Z

nOC
Y

where for g € R, x € Z,

Gi(q) - V(1)
G(g) = , Q=
o= ) o=("
and G|, G, are test functions belonging to S(R).

If E is a Polish space then D(R™,E) (resp, C(R™,E)) denotes the space of E-valued
functions, right continuous with left limits (resp. continuous), endowed with the Skorohod
(resp. uniform) topology. Let Q™% be the probability measure on D(R™,H _; x H_;)
induced by the fluctuation field %% and Mg 3 Let P”B . denote the probability measure on
D(R*,R?) induced by (1(¢));>0 and Mg ;- Let E# denote the expectation with respect
to P“B T

Theorem 1. Fix an integer k > 2. Denote by Q the probability measure on C(R*,H_ x
H_y) corresponding to a stationary Gaussian process with mean 0 and covariance given
by

Eo[%(H)%(G)|= (T, H - 3 Iy G)
forevery 0 <s <tand H,G in Hy x H,. Here } := Z(B_,Z) is the equilibrium covariance
matrix > of @y. Then, the sequence (Q"9),,>1 converges weakly to the probability measure

0.

As a consequence of Theorem 1 we obtain a Central Limit Theorem for the energy flux
and for the volume flux through a fixed bond. For that purpose fix a site x € Z, let &, (t)
(resp. 7", (t)) denote the energy (resp. volume) flux through the bond {x,x+ 1} during
the time interval [0,7n], defined as:

0= X {V(mm) =)} (resp. %hn()i= ¥ {ny(em)=ny(0)}).

y>x+1 y>x+1
Then, from the previous result we conclude that
Corollary 1. Fix x € Z and let Z;"* := \[{ e (1) — E“Bl (&0 1 (t)]}. For every k >

1 and every 0 <1y <ty--- <ty (Z, Z,'I’{’e) converges in law to a Gaussian vector

2See (18) for an explicit value.



(Zﬁ Ly ) with mean zero and covariance given by

2 _
EolZ:78] = == (1 — bB)s,

Bfi
forall s <t.
Corollary 2. Fix x € Z, let Z;"" := \[{ V() = E“B./l (1 ()]} For every k >
1 and every 0 <t <tp--- <1y, (Z,'iv, . Ztk’v) converges in law to a Gaussian vector
Zy -+, 7)) with mean zero and covariance given by

1] Ik 8
2

forall s <t.

We notice that, according to Corollary 1, the limiting energy flux Z¢ has a vanishing
variance for A = b which is equivalent to & = bv.

The theorem above means that in the hyperbolic scaling the fluctuations are trivial:
the initial fluctuations are transported by the linearized system of (4). To see a nontrivial
behavior we have to study, in the transport frame, the fluctuations at a longer time scale
tn'*® with a > 0. Thus, we consider the fluctuation field Z*%, & > 0, defined, for any
G € S(R) x S(R), by

B G) = " (T1G). ®)
According to the fluctuating hydrodynamics theory ([26], pp. 85-96), in the case of a
normal (dlffuswe) behavior o = 1, the field (@ Y a)t>0 should converge to the stationary
field (@ ):>0 simply related to the solution (ff )¢>0 of the linear two dimensional vector
valued (infinite-dimensional) stochastic partial differential equation

8,:@"\}:V~(.@V§’}\)+\/2@ZV~W,. )

Here W (x,t) is a standard two-dimensional vector valued space-time white noise and the
coefficient Z := (e, V) is expressed by a Green-Kubo formula ( see (12)).
Our second main theorem shows that the correct scaling exponent « is greater than 1/3:

Theorem 2. Fix an integer k > 1 and oo < 1/3. Denote by Q the probability measure
on C(RT H_; x H_) corresponding to a stationary Gaussian process with mean 0 and
covariance given by

Eo [#(H) %(G)| = (H - 7 G)
forevery 0 <s <t and H,G in Hy, x Hy. Then, the sequence (Q™%*),>| converges weakly
to the probability measure Q.

As in the hyperbolic time scale from the previous result we obtain limiting results for
the energy and volume flux. In this case, since we take the system in a time dependent
reference frame, we defined the energy and volume flux through the time dependent bond
{u*(n),u;*(n) + 1}, where u;°*(n) := —2bA /Btn' . For that purpose, fix a site x € Z
and let é;;(.a(”) (resp. ”//u’;‘(a ) (1)) denote the energy (resp. volume) flux through the bond

{u%(n),u;"* (n) + 1} during the time interval [0,7n'*%], defined as:
T @=L V() V()

y=ui % (n)

(resp Spay@ = L {n(n' ") = my(0)}).

y=u % (n)

(10)
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Then, from the previous result we conclude that

Corollary 3. Fixt >0, x € Z and o0 < 1/3. Then

. Va . ) 2]
r}groloE“Bi <7ﬁ{guf‘“(n)(t)]E#B‘z[ uf-“(,,)(t)]}) =0.

and

1 2
0 B 5 (ﬁ{qfﬁ«?%) 1) =g e )]}> =0

Similar results have been obtained in [18] by one of the authors for the asymmetric
simple exclusion process. The proof of the three corollaries above follows the same argu-
ments as in [18] once the previous theorems are proved. For that reason we will only give a
sketch of their proof. The proof of the theorems is more problematic since the multi-scale
analysis performed in [18] relies crucially on the existence of a spectral gap so that we
cannot follow [18]. Therefore we propose an alternative approach based on computations
of some resolvent norms.

Theorem 2 does not exclude the possibility of normal fluctuations, i.e. & = 1. In order
to show that the system we consider is really superdiffusive we will show that the transport
coefficient 2 which appears in (9) diverges so that the correct scaling exponent « is strictly
smaller than 1. Our third result, stated bellow, shows it is in fact less than 3 /4.

With the notations introduced in the previous section, the normalized currents are de-
fined by

ewntm = (5 ) 5@ - w@) (B 07)an

Up to a constant matrix coming from a martingale term (due to the noise) and thus
irrelevant for us (see [2], [7]), the coefficient & is defined by the Green-Kubo formula

9= [ By,

The signature of the superdiffusive behavior of the system is seen in the divergence of
2, i.e. in a slow decay of the current-current correlation function. To study the latter we
introduce its Laplace transform

XEZ

Z fx,x+1(l) [jO,l(O)] T] dt. (12)

F(1:2) :/0 eizlE,uB';L

Y o0 [fo,,<o>]T] i
xX€Z

which is well defined for any z > 0.
Our third theorem is the following lower bound on .%(7,z). Observe that .7 (7,z) is a
square matrix of size 2 whose entry (i, j) is denoted by .%; ;.

Theorem 3. Fix y > 0. There exists a positive constant ¢ := () > 0 such that
Fia(r,2) > ez V4

and
‘%,j(%z):()v (l71)7£(1a1)

Moreover, there exists a positive constant C := C() such that for any z > 0,

C'Z11(1,2/y) < Z11(1,2) <CF11(1,2)7). (13)



The last part of the theorem is easy to prove but has an important consequence. In [7]
numerical simulations are performed to detect the anomalous diffusion of energy. Since
it is difficult to estimate numerically the time autocorrelation functions of the currents be-
cause of their expected long-time tails, a more tenable approach consists in studying a non
equilibrium system in its steady state, i.e. considering a finite system in contact with two
thermostats which fix the value of the energy at the boundaries. Then we estimate the
dependence of the energy transport coefficient k(N) with the system size N. The latter is
defined as N times the average energy current. It turns out that K(N) ~ N % with a parame-
ter 6 := 6(y) > 0 increasing with the noise intensity y (except for the singular value 6 = 1
when y = 0 which is a manifestation of the ballistic behavior of the Kac-van Moerbecke
system). This result is very surprising since the more stochasticity in the model is intro-
duced, the less the system is diffusive. The same has been observed for other anharmonic
potentials in [7] and also for the Toda lattice perturbed by an energy-momentum conser-
vative noise ([19]). It has been argued in [19] that this may be explained by the fact that
some diffusive phenomena due to non-linearities, like localized breathers, are destroyed by
the noise. In [3] simulations have been performed directly with the Green-Kubo formula
for other standard anharmonic chains with the same conclusion: current autocorrelation
function decreases slower when the noise intensity increases. If all these numerical simu-
lations reproduce correctly the real behavior of the models investigated, they dismiss the
theories which pretend that some universality holds, e.g. [29]. It is therefore very impor-
tant to decide if the phenomena numerically observed are correct or not. The inequality
(13) shows that the time decay of the current autocorrelation function is independent of y
(up to possible slowly varying functions corrections, i.e. in a Tauberian sense). Therefore
the numerical simulations do not reflect the correct behavior of the system 3. Of course
we could imagine that the exponent  appearing in the transport coefficient defined by the
non-equilibrium stationary state depends on the intensity of the noise and not on the au-
tocorrelation function but this is very improbable. The last part of our theorem is in fact
valid for all the models cited above. It applies in particular to the framework studied in
[3] and shows that the numerical observations of that paper are not consistent with the real
behavior of the system.

4. A CHANGE OF VARIABLES

To study the energy-volume fluctuation field 2%, we introduce the following change
of variables &, = e?", for each x € Z. Then, the previous Markovian system (1(¢)),>0
defines a new Markovian system (& (¢));>0 with state space (0, +0)” whose generator .#
is equal to b%.o7 + 7.7, where for local differentiable functions f : (0,+o0)” — R we have
that

(Z)E) = X &&= &1) (@ )(E)
X7
and
(ZNE) = X, (&)= 1)
X€Z

Observe that the energy and volume conservation laws correspond, for the process
(&())r>0, to the conservation of the two following quantities Y ,c7 &y, Y, czlogé,. The
corresponding microscopic currents are defined by the conservation law equations:

L&) =—Vi1x(8), L(logé&)=—Vj, 1 .(E),

31t would be very interesting to understand why the numerical simulations are so sensitive to the noise.
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where

jx,x+1 (5) = _bzgxé)ﬁ»l - 'yvng j),r,erl (é) = _bZ(gx + €x+1) - yV(logix)

We have the following relations between the microscopic currents

v . . K, 1 .
Jxx+1 (n)= Jxx+1 (é) *va,xﬂ (é)a J,lv,x+l (n)= *Zl;,xﬂ (é) (14)
If 7 is distributed according to 1 3 then & defined by &, = e~bMx is distributed accord-
ing to the probability measure vg 3 on (0, +o0)% given by
v (dE) = [1Z7'(B.A)1 g -0) exp{—BE: + Alog(£0)}

XEZL

with Z(f3,A) the partition function and
B=B, A=-1+4+1/b. (15)

Remark that vg ; is nothing but a product probability measure whose marginal follows
a Gamma distribution ¥, ,; g1 with parameter (A +1,B71). In particular, we have Z :=
Z(B,A) =B~ A+tUT(A 4 1), where I is the usual Gamma function.

Thus, the process (& (#));>0 has a family of translation invariant measures vg ; parame-
terized by the chemical potentials (8,4) € (0,+o0) X (—1,—|—°°).

Let Py, ; be the probability measure on D(R™,(0,+e0)%) induced by (£ (t));=0 and vg »
and let IEVB , denote the expectation with respect to Pvﬁ 5

Let (-)y vg, denote the average with respect to vg 3. The averages p := p(B,A),0:=
6(B,A) of the conserved quantities for (§(¢)),>o at equilibrium under vg ; are defined by
p= <§x>"ﬁ-l and 6 = <log(§x)>vﬁ‘l. By a direct computation we get

A+1

p=l+e—bi=—p 6 =—bv=y(A+1)—log(B) (16)

where y is the usual digamma function, i.e. w =T"/T. o
It is understood, here and in the whole paper, that (8, 1) are related to (,A) through
(15). We will use the following compact notation, for each x € Z,

wx< logé(xéx) >, and a)< l(-)) >

Observe that @, = Aw, — < (1) ), where

1 —1
A:(O 1/b). (a7)

The covariance matrix x := ¥ (B,4) of @ under vg ; is given by
_ < djlog(z)  —dpalog(2) ) _ ( (A+1)B? B! )
-\ —dgalog(Z)  d7log(2) N —B! (logD)" (A +1)
Thus, the covariance matrix x of @ under vg  is related to the covariance matrix Y of
@y under e by
2 =AxA”. (18)
A simple computation shows that (jy | >"M = —b’p? and <jJ,€,x+1>Vﬁ,l = —2b%p.



The hydrodynamical equations for the process (& (¢));> are given by

{8,p —b29,(p?) =0

19
90 =200, =0 (1

and can be written in the compact form d, X + d,J(X) = 0 with

(). w-( %)

The differential matrix of J is given by
v [ =20 0
o= 52 0 )

As above, let (T;7),>¢ (resp. (7;”);>0) denote the semigroup on S(R) x S(R) generated by
the linearized system

oe+M" d,€ =0, (resp.die -MT 9, =0). (20)

where
M:=M(p,6) = (VJ)(®),
p and 0 are given by (16). We omit the dependence of these semigroups on (p,0) for
lightness of the notations.
We remark that the linearized system of (19) around the constant profiles (p, 0) is given
by the first equation on the left hand side of (20). It is easy to show that M = AMA~! and
AT =T AT,

5. ORTHOGONAL DECOMPOSITION

Observe that vg ; is a product of Gamma distributions. Let us recall that the Gamma
distribution 7, with parameter (o, k) is the probability distribution on (0, +e) absolutely
continuous w.r.t. the Lebesgue measure with density fq x given by

~1
farla) = (K*T(@)) q*'e %, g>0. @

Thus, we have VB A (dé) = [lez (f)LJrl,ﬁ*](éx)d‘:x) = [Lez (ﬁf)wrl,l(ﬁéx)déx)' The

generalized Laguerre polynomials (H,EM),,ZO form an orthogonal basis of the space L* (.1 1)
They satisfy the following equations:

P 1

3

Bl (s HP),

) (22)

d d
4 C L E®
(47t A r1—a)gtn)i® <o,

A A A
(n+ DH () = @n+ 144 q)HM () — (n+ VH (9)
and the normalization condition

w s
/0+ (H,(,M(q))zflwtl,l(Q)dq%%.



10 CEDRIC BERNARDIN AND PATRICIA GONCALVES

In particular, we have

HM(q) = —q+ (A +1),

24 A)(1+A 2 (23)
%,(ijz)quq_

Let X be the set composed of configurations ¢ = (0 ) ez € N such that 6, # 0 only
for a finite number of x. The number Y, Oy is called the size of ¢ and is denoted by |G]|.
LetY,={c€X; = (x1,...,x,) of Z", we introduce the
equivalence relation x ~ y if there exists a permutation p on {1,...,n} such that Xp(i) = Vi
forall i € {1,...,n}. The class of x for the relation ~ is denoted by [x]. Then the set of
configurations of ¥, can be identified with the class of n-tuples classes for ~.

A
HM (q) =

To any o € X, we associate the polynomial function Hﬁ A given by

HEM (&) = [ HS (&)

X€Z

Then, the family {Hg’}L o= Z} forms an orthogonal basis of Lz(vﬁyl) such that

: 2 A F(A+Gx+1) 1 .
/ HY Hff/ dvg ) = 66:6/HXGZWG_X!: So—c P (), (24)
where
IF'A+oc+1) 1
A X
WA IIXGZ TA+1) o! (25)

and & denotes the Kronecker function, so that 85— = 1 if 6 = ¢/, otherwise it is equal to
Zero.

The functions F' such that (o) = 0 as soon as || # n are called degree n functions.
A function F : £ — R such that F(o) =0 if o ¢ X, is also called a degree n function.
Any function F : ¥, — R is nothing but a symmetric function F : Z" — R through the
identification of ¢ with [x]. We denote by (-,-) the scalar product on ®L?(X,), each X,
being equipped with the counting measure. Hence, if F,G : £ — R, we have

=Y ¥ A0)G(0) = ¥ ¥ i)

n>00€k, n>0 XEZ”

with F},, G, the restrictions of F,G to X,. Since (,4) are fixed through the paper we
denote Hg’)“ by Hy.

If a local function f € L2(vp 3 ) is written in the form f(§) = Ygex F(0)Ho (&) then
we have

(f)(&) =) (UF)(0)Hs(§), (Sf)(§) =) (6F)(0)Hs (&)

) )
with
(6F)(0) =Y (F(c™!) ~F(0)),
x€Z
where 6***! is obtained from o by exchanging the occupation numbers o, and o, ;.

Let us now compute the operator 2. We have

(7Ho)(E) =B Y (Ecrt = &1)E(x) 9 Ho (§).

XEZL
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By the definition of Hs and by the second equality in (22), it follows that
(Ho)(&) = B Y (&1 — &) (0:Ho(8) = (0n+ MHo5,(8)),
xeZ

where ¢ — &, is the configuration where a particle has been deleted at site x (if there was
no particle on site x, then ¢ — &, = 0).
Now, noticing that the fourth equality in (22) can be written as

BaHM (Bg) = (2n+ 1+ M)HY (Bg) — (n+ 2)HY (Bg) — (n+ )H (Bg)

and performing some change of variables, we have that

(#Ho)(&) = ), a(y—x)(0x+2)(0y+ 1)Ho5-5(8)

X,yEL
P—yl=1

- Z (Gx+)’)(6x+1 - fol)H(rfSX(é)

X€EZ

+ Z (o4 1)(Ops1 — fol)chLEx(é)-
XEZL

Here, a(z) = —1if z= —1, a(z) = 1 if z= 1 and 0 otherwise. It follows that

Ql:m()‘i‘glf‘f'er

with

(AoF)(o) =~ ), aly—x)ox(oy+1+A)F(c+8—&)
X,YEZL
e—yl=1

@4 F)(0) ==Y (01 — 0 1)F (0 — &),
X€Z

A_F)(0) =) (6: =1+ A)(Ccr1 — O_1)F (G + &)

XEZ

Observe that if F* vanishes outside of X, then 2+ F vanishes outside of X,+1 and 2o
vanishes outside of X,,.
The Dirichlet form 2(f) of a local function f € ]Lz(vlm) is defined by

2
P = 1y =5 &, [ (FE) = 1(6)) v alat).
er
Here and below (,-)v, , denotes the inner product of L2(vg 2)-
If f has the decomposition f =Y .5y F(0)Hg then

Z Y. # (o) (F(c™*") = F(0))’. (26)
xGZ ock
LetAy ={(x,y) € Z*;y > x+1},A_={(x,y) € Z*;y <x—1}and Ag = {(x,x); x € Z}.
We denote by D; the Dirichlet form of a symmetric simple one dimensional random walk,
ie.
1
Dy (F) = EZ(F(X+1)—F(X))2,

X€EZ

where F : 7 — R is such that ¥, .z F?(x) < oo,
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We denote by D, the Dirichlet form of a symmetric simple random walk on Z> where
jumps from Ay to Ag and from Ag to Ay have been suppressed and jumps from (x,x) € Ag
to (x£ 1,x£ 1) € Ap have been added, i.e.

1
Dy(F)=5 Y Y (Fxte)-F(x)+; Z 1) = F(x)),
le|=1xEAL x+ecAL xeAg

where F : Z? — R is a symmetric function such that ¥, ;2 F?(x) < +o.

Lemma 1. Ler f = Zﬁzl Yoex, Fu(0)Hs be a local centered function of degree less or
equal to 2. There exists a positive constant C := C(A), independent of f, such that

C ' Di(FA) +Da(F)] < 2(f) < CDi(F) +Da(F)].

Proof. Observe that
e IfoeX, then#(c)=(A+1).
o Ifo Xy, 6 =06+, x#y, then # (o) = (A+1)%if 6 €%, 6 = 28,, then
W(o)=[A+2)(A+1)]/2.
This follows from the relation I'(z+ 1) = zI'(z). Then, by using (26) and the identification
of functions F : X, — R of degree n with their representations as symmetric functions on
7", the claim follows. O

6. TRIVIALITY OF THE FLUCTUATIONS

In this section we prove Theorems 1 and 2 and the three Corollaries above. Since
V() — 1 =& —log(&), Ny = —b~'log(&,), the problem is reduced to study the fluctu-
ation field of the conserved quantities for the process (&(¢));>0 at equilibrium under the
probability measure Vg ;. The latter is defined by

2" Y G (x/n)- (@(tn""%) ~ @), 27)
\/_ XeL
where G is a test function belonging to S(R) x S(R). Recalling (17) we have
" ( Z (ATG)(x/n) - (@ (tn' %) — @) = 2" *(ATG). (28)
xGZ

By the relation M = AMA~', we are able to translate any result about the convergence
of 2% into a corresponding result for %%,

6.1. The hyperbolic scaling. For any local function g := g(&) we define the projection
P9 & of g on the fields of the conserved quantities by

(Zp.08)(5) =8(5) —&(p,0) = (V&)(p,0) - (0 — )
where g(p,0) = <g>vﬁ‘,1 and Vg is the gradient of the function g.
We have that

Proposition 1 (Boltzmann-Gibbs principle I). For every local function g € ]Lz(vﬁ, 2), for
every H € S(R) x S(R) and every t > 0,

2
limEy, (/ — Y H(/n) [67p.08(E(n >>]ds> ~o0,

xGZ

where for a local function g and & € (0,+)%, 1,8(€) := g(7.&) and & (y) := E(x + ).
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Since we prove a refined version of this proposition we omit its proof. As a consequence
of last result, we get that the fluctuation field (D%’f”’o)nzl converges in law (in the sense of
Theorem 1) to the solution of the equation at the right hand side of (20). Theorem 1 is a
simple consequence of this fact.

In order to prove Corollary 1 and Corollary 2 we follow the same argument as in the
proof of Theorem 4.2 of [18]. In order to compute the limiting variance for the energy flux,
we do the following:

Eo|Z/Z{) = Eg[{#(H) — %(H ) H(Hy) — o(Hy )]
= lim Eo[%(G)Z(G)) — % (G %(Gy) — (G %(Gy) + % (G %(Gy )

a6 ). Gl = (940 ).

Hy is the Heaviside function, namely Hy(x) := 1{y>¢y and Gy(x) := (1 —x/€)1{9<x<¢}- By
(28), Eo[% (H)%(G)] := (I, (ATH)- x AT G). By the definition of (7;”),>( we have for
G1, G, test functions in S(R):

T,< Gi(x) ) _ < %(Gz(x—szpt)—G (x))—i—Gl(x—szpt) )

where

2
Ga(x) Ga(x)
As a consequence we obtain that
1\2/A+1
EolZiZ{] = (1—;) (?)

x lim [ (G; (0)GS(x) — G4 (x)G(x) — G3(x)Gy(x) + Go(x) Gy (x))dx,

where fort > 0, Gj(x) := Gy(x — 2b%pt). Now, using (15) and (16) the proof ends. Anal-
ogously, by taking an approximation vector function as (0,Hy) we get the result for the
volume flux.

6.2. The longer time scale. Since in the hyperbolic time scale the initial fluctuations for
the field 2% are transported by the linearized system on the right hand side of (20), we
redefine the fluctuation field 2%, & > 0, on G € S(R) x S(R), by

Z%(G) = 2 (1,)G).
]:x,x+1 (5) ) ]

For & € (0,+o0)%, let J, .1 (&) be the microscopic current vector ( y
' xx+1 (5)

By Dynkin’s formula,

MG) = 21(6) - °(G) - [

| 0’ [+ (Z1%(6)) +a.Z(6)} ds

is a martingale with quadratic variation given by
t ,\ 2 ,\ ,\
("), = /0 ez (20G)) — e (219(6)) 2 (21(G)) ds.

A simple computation shows that Ey; , [(.¢™*),] vanishes as n goes to +oo for a < 1. This
is equivalent to saying that the martingale ./, vanishes as n goes to +oco in I.? (Pvﬁ.l)’
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for @ < 1. Observe that, by definition of (7,),>0, we have

QLG :*—ZZMT (TG) (x/m)] - (@4(sn %) — )
- 3, (56) (/)] M(on ) - o).

On the other hand, the first term in the integral part of the martingale .#,"* (G) is equal to

Z ((756) (“) (T,1G) <n>)~(Jx,x+l<é<sn”“>>Evﬁ‘lwx,xm).

XEZ

Performing a Taylor expansion, we can replace this term, up to a term vanishing as n goes
to +oo in IL2 (Pvﬁ‘l ), by

Z ( (94T.\G)(x/n) ) ( i (s T%) — <Jx,x+1>Vﬁ,)L)-

xGZ

Thus, in order to show that

—~ — 2
lim Ey,, [( 76) - () ] o, 29

n—oo
it remains to show that

2
lim By, , < / ds (04T aG)(x/n) - O(& (snl+a))> =0
X€ZL

n—yoo

where for & € (0, 4-00)%
®X(§) = Jx,x+1(5) - <Jx,x+1>vﬁvl _M(wx - (D)

Observe that in this formula, M := M(p, 6) is the differential w.r.t. (p,6) of the function
(Jxxt1 >"M as computed below (20). A simple computation shows that for & € (0, +o0)

—b* (&1 —p) (& —p) — (Y +b°p)VE,
(%)= < "LV, + ylog(£)) > '

The discrete gradient terms appearing in the previous expression, permit to perform
another discrete integration by parts and the resulting terms vanish in 1.2 (]P)"B, ,) as n goes
to +oo, for ¢ < 1. Using the smoothness of the function G, we see that it only remains to
show the following

Theorem 4 (Boltzmann-Gibbs principle I). Fix @ < 1/3 and let ¢ : R x R — R be such
that ¢(-,x) € S(R). For everyt >0

n—
“ xGZ

fim vy ; (/ \fzfpsn /1) (Ex(s '*“)—P)(5x+1(sn'+“)—P)dS> =0

Proof. In the following, C,Cy,Cy,... denote constants independent of n whose values can
change from line to line. Let f(&) be the function ¥ c7 ¢(s,x/n)Hs 5., (&) . We have
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the following upper bound

Ev,, l( /Olfs-na(é(snlw)))z]

IN

t
C [ (57 = 92) foa)y s
0 >

-1
c 1
B n'*“/o <fma ’ <sn'+“z> a>v;mds
sn
c I -
5 fy (e (W‘W ) )., 4

In the first inequality above we used the result of [25] applied to this setting. We notice
that since our test functions depend on time, the result of [25] has to be modified as written
here. To prove the last result one can simply adapt the proof of Lemma 4.3 of [10] to this
case. We also notice that for our purposes, we need to prove the result for ¢ equal to the
first component of the column vector 8q TJaG.

In order to simplify notations, let us define &€ = 1/sn'+%.

We denote by Zg the set of configurations ¢ of ¥, such that 6 = 26,, x € Z, and E% the
complementary set of Zg in X, i.e. the set of configurations o € X, such that 6 = 0, + 9y,
y # x € Z. Observe that f,« is a function of degree 2 with a decomposition in the form
fine = Yoex, Poue(0)Hy which satisfies dy,e(0) = 0 if 6 € £). We have that (see e.g.
[25])

IN

-1
1
<fsn"‘ ) <m - 7«7> Ssn >Vﬁ‘l = Sgp {2<fsn"‘7g>vlgvl - 8<g ’g>VB,)L - ’y@(g)}
where the supremum is taken over local functions g € Lz(v& 2)- Decompose g appearing
in this variational formula as g = ¥ ; G(0)Hy. Recall that {Hs; 0 € X} are orthogonal,
that the function f,« is a degree 2 function such that ®g,«(0) = 0 for any © ¢ E% and
formula (26) for the Dirichlet form %(g). Thus, we can restrict this supremum over degree
2 functions g such that G(c) = 0 if o € £9. Then, by Lemma 1, we have

—1
<fsn“a <m% %7> fma>m

2
<supg Y Doe(x))Gxy)—e Y Gy -CcY Y (G((x,y) +e)— G(xyy))
G x#£y (x,y)ez? le|=1 (xy)ea*
x#y (xy)+ecAt

where C := C(1,7), Ax = {(x,y) € Z?;x # y} and as usual we identify the functions
defined on X, with symmetric functions defined on Z".

To any symmetric function G defined on the set A, we denote by G its extension to Z?2
defined by

G(x,y) = G(x,y)ifx#y, G(x,x) = Z G((x,x)+e).

le[=1

NI
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It is trivial that

Z ny Z szy

(x.y)ez? (x,y)eZ?
xEy
- _ 2 2
G+ -Gy) <c Y L (Glxy)+e)—Gxy)
le[=1 (x,y)cZ? le][=1 (xy)eA*

(x,y)+ecA®

Thus, we have

-1
1
<fsn"‘ < yy) fma>"ﬁ,l

< Cosup Z q)sna(xay)G(xay)_Clg Z Gz(xay)

G |\ yez? (xy)€Z?

2

-Y Y ( (x,y)+e)— G(xyy))
le|=1 (x,y)ez?

where the supremum is now taken over all symmetric local functions G : Z> — R. By using
Fourier transformes, it is easy to show that this supremum is equal to

@ |q3sn"‘ (k)|2
0,12 C1e+4C, Y7, sin’ (7k;)

dk

where the Fourier transform <i>ma of @« is given by
k)= Y, Pyelry)d™ O k= (k&) € [0, 1%

(xy)ez?

1
By definition of fy,e, we have @« (x,y) = E((p(sn“,x/n) + go(sna,y/n)) if x—y|=1
and 0 otherwise. Consequently, we have

X 2
erZ (p(sn(x7x/n)62mx(k| +k7)

-1
<f - A > < dk
" o VB — 16 [0,1)2 Cie+4C 21-2:1 Sil‘lz(ﬂ'k,’)

2

CO o 2ixp / dkl
=— sn”,x/n)e
16/[0,1] u )EZ(’)( /n) 0,1] C1€ +4C,sin’ (k) +4C, sin®(m(p — ki)
2
C()/‘ . dky
<= d sn®,x/n)e> P /
— 16 Jj0,1] p )EZ('D( /m Jj0.1] C € +4C; sin® (mky)
2
c 2ixp
dp.
\/— 0.1 erZq) sn®,x/n)e p

Observe now that

o

2

Z ) x/n 2ixp

er

L ol/mol/m [ & rdp= ¥ g(x/m) < Cn

(x,y)€Z? x€Z
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Putting everything together, we get that

Bupa [( [ qu»sn /) (&l 1+“>—p><5x+1<sn1+“>—p)ds)z}

=)
Za 1
1+OC / \/_
Since € := 1/sn'T% last expression vanishes as n goes to oo, if & < 1/3.

Now, in order to prove Corollary 3 we follow the same arguments as in the proof of
Proposition 9.3 of [18] and we proceed as follows. We use the change of variables to
defined the energy (resp. volume) flux through the time dependent bond u;** (n) during the

time interval [0,¢n!%] as:
@=L (&0 ~&(0)
)
(resp. ey ()= L {loa(§(m' ™)~ log(§,(0))}).
y=uy (”)
By (14) we have that
(1) 7= ) O = Ve (1) Py (1) :*g%, “(n)(1):

Then, from (29) applied to the vector function Gé we obtain that

] ) i 2
(W{g.ffa(n) (0) = Evg b e (t)]}> ] -

On the other hand, applying (29) to the vector function

( 5Go(x—u*(n)) )
—Gy(x—uy*(n))
we obtain that

11 on n g
i By, | (580~ By [ O]} = 720~ Bvy s [ 1) | =0

Now, Corollary 3 follows easily from the previous results.

aim vy

7. DIFFUSIVITY

In this section we prove Theorem 3. Our proof is based on the resolvent methods intro-
duced in [4, 22] and developed in few other contexts (e.g. [5, 24, 28]). Some differences
with these previous works is the presence of two and not only one conserved quantity and
the degeneracy of the symmetric part of the generator.

We fix p > 0,60 € R and denote by 3,1 the chemical potentials given by (16). Let also
(B,A) be given in terms of (B,2) by (15).

Recall the definition of fx v+1 givenin (11). We introduce the normalized currents jy v 1,
Ji i1 and Jy ci1 corresponding to the process (&(7)),>0, which are defined by

jx,x+l (é) = jx,x+l (é) - <jX,X+l >Vﬁ‘l - ap <jX,X+l >Vﬁ71 (éx - p) - 89 <jX,X+l >Vﬁ71 (log(éx) - 9)7
j;c,)H»l (é) = j)/c,x+1 (‘:) - <j)/c,x+1>Vp‘A - aP <j)/c,x+1>vﬁ,1 (‘:x - P) - 89 <j)/c,x+1>vﬁ,1 (log(éx) - 9)7
Jx,x+l (é) :jx,erl (é) 7j;c,x+1 (é)
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Since (fuxt1)vy, = —b*p and (ji . 1)vy, = —2b°p, we get

Jras1 (&) = =02 (& — p)(&es1 — p) — (Y+5°0)V (&)
j;c,x+1 (&) _V(bz‘gx + vlog(&x)).

For any local compactly supported functions f,g : (0, +)% — R we define the inner
product < f,g >:=< f,g>p , of f and g by

<fg>=Y (<Txfg>vﬁ,1 = (v <g>vm)

X€EZL

= lim ) (<Txfg>vﬁ,f<f>m <g>vw)

k=00 Ix|<k

. 1
= kL‘Tw *1 xz;‘k{ Z <<7x+)’f Tyé’)vﬁ,l - <f>Vﬁ,x <g>vm) }

ly—x|<k

. 1 1
- klirfw< <\/2k+ I E;J) («/Zk—k I Efg) >

where the third equality follows from the invariance of vg ; by the shift. Observe also that
the first sum on Z is in fact a finite sum since f and g are assumed to be local functions.
We denote by .77j the completed space. Observe that any constant and gradient functions
are equal to 0 in J743.

By (30), the normalized current associated to the volume is a gradient and this shows
that % ;(y,z) = 0 if (i, j) # (1,1). By the definition of J, ;1 and by (14), we are only
interested in the behavior, as z — 0, of

(30)

"ﬁ,l

£(z) =< Jo,],(Z*$)71J0,1 >= /0 e < Jo,1 (1), Jo.1 (0) > dt.
Since gradient functions are equal to 0 in 7, this is equivalent to estimate
L) =b* < Wo1,(z— L) Wo1 >

where W, is the local function Wy, = (§&; —p) (&, — p).
In this section we prove there exists a constant C > 0 such that

< Wor,(z—-2) "W >> cz7 V4 3D

But before proving (31) let us show (13) which is a direct consequence of the following
lemma.

Lemma 2. For any y > 0, there exists a constant C := C(y) such that

<Wou, (z/y—b*d — ) Wo 1 >< C< Wy, (z— b2 —y.7) "Woy >
and

< Woi,(z— b2 — 1) Wo1 >< C< Wy, (z)y— b2 — ) "Wy >

Proof. Assume 7y > 1 the case y < | being similar. By Lemma 2.1 of [4] we have the
variational formula for < Wy 1, (z — %)~ 'Wp 1 >, where & = b>.o/ — y.%, given by

sup {2 < Wo1,f > — < f,(z—yI)f > b < df,(z—v7) A f >},
;
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where the supremum is carried over functions f belonging to the domain of the generator
£ or equivalently to a dense subspace included in this domain, say the space of smooth
local compactly supported functions. We have that

s$ﬂ2<ﬂwwf>%f<fﬂzfﬁyﬂﬁ>fﬁb<ﬂ7(zfﬂyYU%f>}
:Sl}p{Z KWoi.f> —y<f,/y—)f > by ' < df, (2)y— ) A f>}
zm;p{z KWou,f> -y < f.(e/y—L)f > by < df,/y—F) " d >}
:$%w4ﬂ<mmf>—<ﬁ@Mfyv>fM<ﬂm@MnyW7>}

where the penultimate inequality comes from y > 1 and the ultimate is obtained by the
change of f into }/’1/ 2 f. The last term is equal to
)Fl <Wo,1, (Z/Y*bzﬂf*y)71W0,l >

and this proves the first inequality of the lemma.
For the second one we proceed similarly:

sup {2 < Wo,1,f > — < f,(z—vL)f > —b' < f,(z—v7) A [ >}
!
=sup {2 < Wo1,f > -y < f,(/y—L)f > by ' < df, )y ) A >}
f
<sup{2<Wou, /> =y < £, (/v =) > by <A f, (/Y-S A f>}
!

=sup {272 <Wor,f > = < [.(/y= F)f > —b* < o f,e/y—7) >
f

=y< W, (Z/’)’—bzﬂ—y)ilW()yl >
O

Recall the orthogonal decomposition obtained in Section 5. Let f =Y F(0)Hs and
g =Y. G(0)Hs be two centered local functions (i.e. F(0) = G(0) = 0, where 0 denotes
the empty configuration of X). The shifted configuration ¢ by z € Z is denoted by 7.c. We
identify F,,G,, the restrictions of F,G to ¥,, to symmetric functions on Z". By (24) we
have that
< f.g>=) Y F(r.0)G(o)¥# (o),
ZEZ OCEL
where # was defined in (25).
With some abuse of notations, we denote by < F, G > the scalar product defined by
<F,G>=Y"Y F(t.0)G(0)¥ (o).

€Z0€EX

We also introduce the inner product < -, - > defined by

K F,G >free = Z Z F(1,0)G(0).
yEZOoEXL

Since the function 7 is invariant by the shift, we have a very simple relation between
these two inner products:

<FG>=<W"PFEW"?G >pee . (32)
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On the set ¥, we introduce the equivalence relation x defined by o x ¢’ if and only if
there exists u € Z such that 7,6 = ¢’. Let I} = ¥,/ be the set of classes for this relation
and X* = U,,>X5. We can rewrite the scalar product < -, - >free as

K F,G >free= Z F(é)é(é)
Gexr
Here F is defined by F(6) = (¥,cz 7F) (0) where o is any element of &. The function
# being invariant by the shift, it makes sense to define #'(&) by #'(0), 6 € 5, 6 € L*.
Then, we have
<F,G>»= Y % (6)F(56)G(5).
Ger

Lemma 3. There exist constants C := C(n, ), c := ¢(n,A) such that for any local function
F : X, — R of degree n and any positive real z > 0

(1)
C U< FF>fe <<KF,F>< CLF,F > .
(2)
C ' < F—6F > << F,—6F > < CKF,—6F > .
(3)

CF,(z=Y8) "F>=<#'"?F , (z—vS) ' W'?F > .

Proof. Recall the definition of % from (25). Thus, #  is bounded from above (resp. from
bellow) by a constant C(n,2) (resp. C~!(n, 1)) independent of & € ¥,,. This is enough to
conclude (7). In order to prove (2), it is enough to use (32) and the fact that for any local
function F : £ — R we have that G(#'/2F) = #'/2>GF. Finally, for a local function F of
degree n, we have by (32) and the fact that

<F,(z—y8) " F>= sup {2<FG>-<G,(z2—75)G >},
G of degree n

the following equality
< F,(z—y8) 'F>=< #'"PF,(z— y&) "W ?F > e,

which proves (3).
O

Our goal is to get a lower bound for < Wy g, (z— X)"Wo’l > which by Lemma 2.1 of
[4] can be rewritten in the variational form

sup {2 < Wo1,f > — < f,(z2— v )f> b < df,(z—v7) A f >}
f

Any element & € ¥ can be identified with an element of N"~! through the application
which associates to (¢, ...,0, 1) € N*~! the class of the configuration & = & + 0oy +
oo Oyt 0ty -

Observe also that G is a self-adjoint operator with respect to < -,- > and with respect
0 < -y Sfree-

We restrict the previous supremum over degree 2 functions ' =¥, ez F ([, y]) Hjy -
In order to keep notation simple, whenever we identify a configuration ¢ € X, with [x] € Z"
we will simply write F(x), instead of F([x]).
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Up to some irrelevant multiplicative constant, a lower bound is given by

sup  {2F(0,1) — |[F|IF. = b*||”-F |12, . = b* |2 F |12 . = bY|AoF |12, .}
Fof degree 2
where [|F[|3, , =< F,(z— y&)*'F >>. We also introduce the corresponding H. ;-norms

associated to < -, - > free: ”FHzil,z,free =< F,(z— Y8)*'F >fee, for F: £ — R.
By Lemma 3, there exists a constant C such that this lower bound is bounded from
bellow by

sup {ZF(Ovl)fan”i],z,free
Fof degree 2

71)4”7/1/29[,}7”27 *b4||7/1/29[+F”271,z,free7b4||7/1/29[0F”271,z,free}.

1,z,free

Let us first show that if F is of degree 2 then the contributions given by ||#1/22_F|>
and || 7' 2AF ||| _ ;. are equal to zero.

The function # is constant equal to (A + 1) on Z; so that #/'/2%_F = /2 + 12_F. It
is easy to check that the degree one function 2_F satisfies

(QA_F)(u) = (A — 1)(F(uf 1,u) — Flu,u+ 1)).

1,z,free

For any degree one function G, we have
CUAF,G>ee= Y. Glut+y)(A—1) (F(u —u) — Fuyut 1)) —0
u,yeZ

by a telescopic sum argument. This shows that 2(_F is equal to zero in the Hilbert space
generated by < -, - >free.

Recall that if F is a degree 2 function, i.e. a symmetric function on 72, then F is
identified with a function F defined on N by

Fla)=Y F(uu+a)

ucZ

and as a consequence, for F' and G degree 2 functions it holds that

< F7G>>free = Z F(a)G(oc) (33)
aeN

Observe that (2oF)(u,v) is equal to

2(1+x)(F(u_1,u)_F(u,u+1)), ifu=v,

(1 2)(Flu—Lu+ 1) = Fluu+2)) + 24+ 4) (Flu,u) = Fut-1u+1)),
if (u,v) = (u,u+1),

(1+/'L)(F(u—1,v)—F(u+1,v)+F(u,vf 1)—F(u,v+1)), iflu—v|>2

and
A+1)(A+2)

W () = S22

W (u,v)=(A+1)>  foru#v. (34)
It is then easy to show that
WP (AF) (@) =0
for any o € N. Putting together the previous result and (33) it follows that:
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[#1PUF |2 - free =< W PUF | (2= 7S) " (#V2UF) > pree
=Y w12 F)(a) (A—yS) - [#1/2(AF)) () = 0.

aeN

Lemma 4. There exists a positive constant C such that for every symmetric function F of
degree 2, if F() =Y .c7 F(z,z+ @), then

c' Yy (F(y)—F(x))2 SKF,=6GF > < C ) (F(y)*F(X))Z-

x.y7#0, x.y7#0,
e—yl=1 be—yl=1

Proof. This follows easily from the following equalities together with (33):

SF(0) =Y (6F)(yy)

YEZ

=) (F(y+1,y+1)*F(y,y)) + (F(yf Ly— 1)*F(y,y)) =0,

YEZ

GF(1)=Y (SF)(yy+1)
YEZ

:yé(F(y— Ly+1)=Fny+1)) +y§Z(F(y,y+2)—F(y,y+1))

:2(F(2)—F(1)),
SF (@)= L(SF)0+a)

_%( y—ly+a)- y,y+oc) Z( v+ Lyt+a)- (y7y+06))
+%(F(y,y+oc+1)— y,y+a) Z( (ry+a—1)— (y,y+06))
=2(Fla+1)-F(@)) +2(Fla-1)-F(®), a>2

O

To any degree three function G, i.e. a symmetric function G on Z3, the function G is
identified with a function on N

Guyv)=Y Gu+yu+v+y).
YEZ

Since G is symmetric on Z>, then G is symmetric on Z>. As above, for F and G degree
3 functions it holds that

< F,G>fe= Y, F(a,p)G(a,p). (35)
(a,B)eN?

Let D3, acting on the local functions on N2, be defined by

Dy(G) =Y (G(u+1,0) (u 0) +Z( 0,v+1) G(o,v))2 (G(l 0)— G(o,l))2

uzl v>1
+ 2;1 (G(u+ 1,v)— G(u,v))2+ (G(u,er 1)— G(u,v))z_

(36)
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This is the Dirichlet form of a symmetric nearest neighbors random walk on N? where all
the jumps between {0} x N and N* x N**, all the jumps from N x {0} and N* x N* and
all the jumps from 0 have been suppressed, and a jump between (0, 1) and (1,0) has been
added.

Lemma 5. There exists a constant C > 0 such that for any symmetric function G on 7>
C71D3(G_) <K G, —-6G Sfree < CD3(G_)

Proof. We have the following equalities

&G (0,0) =0,

86 (0.1)=2(G(0.2) - 6(0.1)) + (G(1,0) - 6(0,1)).

G (0.8)=2(G(0.8+1)-G(0,8)) +2(G(0.6~1)~G(0.B)), B=2,
8G(1,0)=2(G(2.0) - G(1,0)) + (G(0,1) - G(1,0))

G (2,0)=2(Gla+1)~ G(aO))+2(G( ~1)-6(0,0), a2,
G (a.B) = (G(a+1B o.B)) + (Gla.B+1)~G(a.p))
1oy (Gla— 1,8+ 1) = G(e, B)) + 1oy (Gl — 1,B) — Giat, B))

+1(poay (Gla+1,8—1) - <a,ﬁ>)+1{ﬁ>2}( (@B ~1)~G(a.B)), @B>1.

We recognize in these expressions the generator of a symmetric nearest neighbors ran-
dom walk on N? where

e all the jumps between {0} x N and N* x N*, all the jumps between N x {0} and
N* x N*, and all the jumps from 0 have been suppressed;

e ajump between (0, 1) and (1,0) with rate 1 has been added;

e jumps between (o, ) and (o« +=1,8 F 1) for (a, ) € N* x N* with rate 1 have
been added.

e the non vanishing jumps on N x {0} and on {0} x N have been multiplied by 2.

This together with (35), imply the lemma. 0
We choose as a test function F the degree 2 symmetric function F' such that
F(a)= WA e) g >,
F(0)=F(1).

This function exists since given a function G defined on N we can find a symmetric func-
tion F defined in Z? such that F = G. For that purpose, take F(x,y) = G(|y — x|)[¢ (x) +
¢ (y)] where the function ¢ is defined on Z and is such that }',.7 ¢ (x) = 1/2. Then for any
o€ N, F (@) = Fye F (s + @) = G(@) ez [9(u) + 6 (u + )] = G(a1).

Observe that with this choice, by Lemma 4,

(37)

KL F,—GF >~ Z]/4a F(l _Z -l 4) < Z FZ . (38)
aeN
It remains to estimate the last contribution given by ||#!/ ZGH%LZ,free where G =2, F

is a degree 3 function.

“*Here and in the sequel N* := N\{0}
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Lemma 6. Let G =24 F where F is defined by (37). There exists a constant C > 0 such
that

agr1/2 ~112 —1/4
v / GH*I.,z,free >Cz / .

Proof. For any u,v,w € Z, we have
Glu,u+1,u+2)=Fuu+1)—Fu+1,u+2),

Glu,u+1,v)=F(u,v)—Fu+1,v), v>u+1,

Gvu,u+1)=F(vu)—F(vu+1), v<u,

G u,u,u—l—]):Z(F(u,u)—F(u,u—i—1)),
G u,u,u—1):2(F(u—1,u)fF(u,u)),
0 otherwise.

Let us now compute G(u,v), u,v € N. We get
(39)

By (37) we have that G(0,1) = G(1,0) = 0. Also notice that G(u,u) = 0 and by (34) we
have that # '/ (u,v) = (1 +A) for u #v.

It follows, by Lemma 5, that ||#'/2G||>
mula:

1.z.free 18 Upper bounded by the variational for-

||7/1/2G|\2,172!free = sup 2 Z R(u V)Wl/z(u v)G(u,v) — CoD3(R)
(u,v)EN?

=sup < 2(1 Z R(u,v)G(u,v) — CoD3(R)
R (uv)€N2

where the supremum is taken over local functions on N2, By (39), we have that

Y R@wGy)= ¥R (F+1)—F() - ZRu]( (ut 1)~ Flw)

(1) EN2 v>2
:véﬁ()(k(lv—l ) L;F ( u—l,l)—R(u,l))

:ZF(V)( (Iy—1)— ) Y Fu (u711) (u,l)).
u>2 (40)

We use now the following parametrization of R. For k > 1, v € Z, let us define

R(k,v)z(b(k—],v—k), VZk, R(u,k)=¢(k—l,—u+k),u2k,
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where {@(k,-) ; k > 0} are functions from Z — R. We have the following lower bound for
]D)3 (R)I
2 2
D3(R) > Z (R(u +1,v) —R(u,v)) + (R(u,v—i— 1) —R(u,v))
u,v>1

which is nothing but the Dirichlet form of a random walk where only jumps connecting
sites of N* x N* have been conserved. With the choice of the parametrization for R and
this lower bound, it is not difficult to show there exists a constant C > 0 such that

R>cY Y ( (k,v+1) ¢(k,v))2+ (¢(k+1,v)—q>(k,v))2.

k>0veZ

The right hand side of the previous inequality is the Dirichlet form of a symmetric simple
random walk on N x Z.
By (40), we get

Z R(u,v)G Z(POM( (u—1)— (u))
(u,v)EN2 ueZ
where F : Z — R is defined by F (1) = —F (u+2)1,50; — F (1 —u)1,<_1}. We extend the
function ¢ defined on N x Z to Z? by defining ¢ (—k,u) = ¢ (k,u), k > 1,u € Z. Observe
then that

>CZZ( (k,v+1) ¢(k,v))2+(¢(k+1,v)*¢(kw))2

k>0veZ

“ST T (9t 1) —00n) + (0t 10— 0(km)

kEZvEL
Consequently we have, for suitable positive constants Cy,Cs:

2
P61 e < Croup {2 B 90,0 (Flu=1)=F () =C: T (o(w=9(v))'}.
ue (u,v)ez?
[lu—v|=1
(41)
A standard Fourier computation shows this supremum is of order z V4. Indeed, let @
be the Fourier transform of the function u : Z"* — R, defined by
ik) =Y ™ku(x), k=(ki,....kn),
xeZn
and denote by u*(k) the complex conjugate of #(k). Using the expression of the sum of a
convergent geometric series, we obtain the following expression for the Fourier transform
W (ky,ky) of the function (x,y) € Z* — & (y)F (x):

—2ink
W(ky ko) = —Zfl/4efz3/4 ! - -
' 1 — @2imki p=23% | _ p=2imky o234

which satisfies

G/
+ Cysin’(mky)
for some positive constants C3,C4. The supremum appearing in (41) is then given by
2
C;l/ | 2|‘P(’<1J<2)| —
0,112 z+ 4sin”(7k; ) 4 4 sin”(7k,)
Then the result follows by a standard study of this integral. 0

k)] < 5
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To obtain (31), by (38) and Lemma 6, it suffices to take a test function in the form aF
with F given by (37) and a sufficiently small.

8. STOCHASTIC PERTURBATIONS OF HAMILTONIAN SYSTEMS

In this section we discuss some other possible stochastic perturbations and make some
connections with the recent models considered in [8]. Let us start with the Hamiltonian
system (2) with potential V and generator A given by

A=Y (V’(nm )=V (N ))anx-
xeZ
The energy Y7 V (n,) and the volume Y, .7 1, are conserved by these dynamics. Remark
thatin fact) 7 M2, and )<z Nox+1 are also conserved and that we cannot exclude the case
that still many others exist. This is the case for example for the exponential interaction for
which an infinite number of conserved quantities can be explicitly identified. Anyway, we
are only interested in these two first quantities. The product probability measures (g ;
defined by
dpp 2 () =[] Z(B.2)""exp{~BV(1:) — An} dns,
XEZL
where

Z(B,2) :/Zexp(—ﬁV(r)—),r) dr.

are invariant for the infinite dynamics.

In [7] we proposed to perturb this deterministic dynamics by the Poissonian noise con-
sidered in this paper and conserving both the energy and the volume. One could also
consider the *“ Brownian” noise whose generator S is given by § = ¥, ., ¥ where

Ye=(V'(Me1) = V' (0e-1)) O+ (V/(0et) = V! (1)) g + (VI (1) =V (1211)) O,

is the vector field tangent to the curve

x+1 x+1
{1, Mo Men) €R? Y My =0, Y V(ny) =1}
y=x—1 y=x—1

It is easy to see that the process with generator L = A + S conserves the energy and the
volume and has g 3 as invariant measures. A priori, it should be possible to extend our
result to this system for V' of exponential type but the noise S seems to have a quite com-
plicated expression in the orthogonal basis we used in this paper. The advantage of the
Poissonian noise is its very simple form. Notice also that the Poissonian noise is a less
strong perturbation of the Hamiltonian dynamics than the Brownian noise. In this sense
we are closer to the Hamiltonain dynamics with the Poissonian noise.

We could also decide to conserve energy and not the volume by adding a suitable pertur-
bation. The invariant states are then given by g o, 8 > 0. If V is even, a simple Poissonian
noise consists to change the sign of 1, independently on each site x at random exponential
times. In this case one can prove, as in [6], that the energy diffuses in the sense that the
Green-Kubo formula converges to a well defined finite value. For a generic V a Brownian
noise with generator S given by S = ¥, .7 K? with Ky = V/(11)y, — V' (1)) dp,,, makes
the job.

Consider now the case where we want to add a stochastic perturbation conserving only
the volume. It does not seem to be easy to define a simple Poissonian noise with such a
property. A Brownian noise is obtained by the following scheme. Fix > 0, consider the
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vector field X, = dy,,, — dp, which is tangent to the hyperplane {(1x,M:+1) € R?; 0y +
Nv+1 = 1} and define the Langevin operator Sg by

1 i A,
Sg = Exée BAX (e”PrX,)

——ZXZ ﬁZ( (Mer1) ’(nx))Xx

XEL

where 3 3 = B Yxez V (1x) + A Liez M. Observe that Sg depends on f3 but is independent
of A. The operator Sg is a nonpositive self-adjoint operator in L2 (Up,a) for any A and
Sg(Xxez Mx) = 0. Then, the perturbed volume-conserving model has a generator Lg given
by

L =A+7Sg (42)
where ¥y > 0 is a parameter fixing the strength of the noise. By construction, the Markov
process generated by Lg has g ; as a set of invariant probability measures. In fact, using

the same methods as in [7, 17] one can prove that the only space-time invariant probability
measures with finite local entropy density are mixtures of the (g 2 )1. We can also rewrite

Lgas
LVX§{<1 YV +1vino— (142 ) vinen fon
+7’X§% =)

The microscopic flux jy .41 associated to the volume conservation law is defined by

L (M0) = =V 15, jx1,x=—( Yﬁ) "(Me-1) — (1 Yﬁ) (M)

The semi-discrete directed polymer model considered in [8] is, up to an irrelevant scaling
factor 2, recovered by taking V(n) =e™ ", f =1 and y = 2 (see (3.7) in [27]). In [8] the
authors show that for a particular non stationary initial condition (“wedge”), by developing
a very nice theory of Macdonald processes, the system belongs to the Kardar-Parisi-Zhang
universality class ([27]). Unfortunately one can not use their results or their methods to
derive a more precise picture for the model with exponential interactions considered in this
paper. For other potentials V' the theory developed by Borodin and Corwin in [8] can not
be adapted but it would be very interesting to see if one can relate the models generated
by L% to the semi-discrete directed polymer and deduce some qualitative information from
the latter. The use of the variational formulas considered in this paper could be the way.

APPENDIX A. EXISTENCE OF THE INFINITE DYNAMICS

In this section we prove existence of the infinite volume dynamics (& (r)),;>0. We focus
here on the process £ but the same proof can be carried for the process 1 (or just define
n in terms of & by 1,(t) = —b~'log&,(t), x € Z. To simplify notations we will assume
b=1.

Since the interaction coming from the deterministic part is quadratic, proving the exis-
tence of the infinite dynamics is a non trivial task. Nevertheless nice sophisticated tech-
niques have been introduced by Dobrushin and Fritz in [12]. Here, we follow closely the
approach of [13] (see also [14, 15]) adapted to our case. By itself, the strategy of the proof
of existence of solutions is standard: we consider finite subsystems and prove compactness
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of this family by means of an a priori bound for a quantity £ which plays the role of an
energy density. The obtention of this a priori bound is however non trivial and is the main
step to get the existence of the dynamics. The aim of this appendix is to show how to
get such an a priori bound. The a priori bound we derive here for the infinite dynamics is
also valid for finite subsystems corresponding to a finite set A C Z with a bound which is
independent of the size of A. This proves then that the finite subsystems form a compact
family from which one can extract a subsequence converging to the infinite dynamics.

We have first to specify the space of allowed configurations Q C (0, 4-0)%. For x € Z,
let g(x) = 1 +1log(1+ |x|) and denote by E(&,u,0), & € (0,4+0)%, u € Z, 6 > 0, the
quantities

E@G,p,0)= Y (1+2&—log&),
[x—pl<o

E(§)=sup sup o 'E(§.p,0).
HEZ o>g(1)
The quantity E is called the logarithmic fluctuation of energy and the set Q is defined
as

Q:={£ € (0,4o0)" 1 E(£) < +oo}.
The configuration space Q is equipped with the product topology and with the associated
Borel structure. It is easy to see that vg ; () =1 forany 8 >0and 4 > —1.
Let N(#) = {Ny+1(7); x € Z} be a collection of independent Poison processes of inten-
sity ¥ > 0. The eqhations of motion corresponding to the generator . read as

déx = éx(éxH - éxfl)dt + V((éx - ’g’x,l)de,],X(t)), x € Z. (43)

Let D(R4,R) denote the space of cadlag functions of R into R with the Skorohod
topology and let D = [D(R,R)]? equipped with the product topology and the associated
Borel field #. The smallest o-algebra on which all projection restricted to the time interval
[0, 7] are measurable will be denoted by %,. Finally, suppose that we are given a probability
measure P on % such that our Poisson processes N, 1 are realized as components of the
random element of ID.

Definition 1. A %;-adapted mapping & () := &(¢,N) of D into itself is called a tempered
solution of (43) with initial configuration E° € Q if £(0) = E°, almost each trajectory
&(+,N) satisfies the integral form of (43), and the logarithmic energy fluctuation E(&(t))
is bounded on finite intervals of time with probability one.

Theorem 5. For any E° € Q, there exists a unique tempered solution of (43) with initial
configuration E° € Q.

As explained above, the main step to prove this theorem is to obtain an a priori bound
that we prove in Proposition 3. For a complete proof, we refer to [13] ( or [14, 15]).

Now we notice that the Gibbs state vg 3, (B,A) € (0,+e0) X (—1,+o0) is formally in-
variant for the infinite dynamics generated by (&(#));>0. This can be seen by observing
that [(.Z f)(&)dvp 1 (d&) = 0 for nice functions f : Q — R. Nevertheless, some care has
to be taken to prove this. Indeed, we do not know that . is really the generator of the
semigroup generated by (&(¢));>0 on the space of bounded measurable functions on Q in
the usual Hille-Yosida theory. This can be a very difficult question that we prefer to avoid
(see [15]). Instead we use the fact that the infinite dynamics can be approximated by finite
subsystems.
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Proposition 2. For any 8 > 0,4 > —1, the probability measure Vg ; is invariant for the
process (&())1>0-

Proof. Let n > 2 and consider the local dynamics generated by the generator .%;, = <7, +
Y., where

(Af)E) = Y Eller — Evr) (@ f)(E)

=t (5455 @an@©+ Gt (80 + 25 G nE)
ANE) = L (1E)-1))

where f: Q — R is a compactly supported continuously differentiable function. The dy-
namics is essentially finite-dimensional since the particles outside the box {—n—1,...,n+
1} are frozen. Thus, the classical Hille-Yosida theory can be applied. The boundary con-
ditions have been chosen to have

[ &avgaE) =0

for any compactly supported continuously differentiable function f* which shows that vg ;
is invariant for the local dynamics. Since, as a consequence of the a priori bound, the
infinite dynamics is obtained as a limit of finite local dynamics, this implies that vg ; is
invariant for the infinite dynamics.

Then this defines a strongly continuous semigroup of contractions (7;);>o on the Hilbert
space L.2(Q, %, Vg, 2)- Moreover, 1td’s formula shows that its generator is a closable ex-
tension of . given by o7 + 7. since for any local compactly supported continuously
differentiable function f, we have

(BAE =1E)+ (B2, Eea 120

A.1. Logarithmic energy fluctuation. We have first to consider a clever smooth modifi-
cation of £. Let 0 < A < 1 and consider a twice continuously differentiable nonincreasing
function @ : R — (0,1) such that @(u) = 2" if u > 2, @(u) = (1+ A+ A%/2)e * if
u <1, and @ is concave for u < 3/2, convex if u > 3/2. Finally, 0 < —¢'(u) < A(u) <
A= o(u) > e 044 and | (u)| < @(u) for all u > 0.

For x € Z and o > 1 we define the function f as

1x.0)= [ oll—yl/o)e P lay,

In [15] are proved the following properties on f:

crexp(—Alx|/o) < f(x,0) < cpexp(—Alx|/0), (44)
f(x,0) < f(y,0)A 2 95 f(x,0) < A osf(y,0). (45)
0./ (x,0)| < min{do f(x,0),07" f(x,0)}, (46)
8(x)[0xf(x—p,0)| < 4g(|p|+0) (dof)(x — 1, 0). (47)

Here the constants depend only on A.
For & € (0,+o0)%, u € Z and & > 0, consider the function

W&, pn,0)=Y flx—u,o0)(1+2&—1logk) (48)

X€Z



30 CEDRIC BERNARDIN AND PATRICIA GONCALVES

and let
W(é)zsup sup GilW(év”ao)' (49)
HEZ c>g(u)
Observe that by (44),
W(E,u,0)>cre *E(&,1,0), (50)

forall £ € (0,4c)%, u € Zand 6 > 0.
For & € (0,+o0)%, we also consider the function

o WIE ()
W@)_Zeg glu) Gl

The following lemma shows that these two modifications of the logarithmic energy
fluctuation are equivalent to £.

Lemma 7. There exists a constant C such that for all & € (0,+o0)%:
CT'W(E) <W(E) <CW(E), CT'E(E) <W(E) <CE(&).

Proof. The inequality W (&) < W(&) for all & € (0,4-c0)Z, is trivial. Let us prove the
second one by taking ¢ > g(u), 4 € Z and denoting 1+ 2&, —logé&, by H,. By (44), we
have

W(gvua G) <c Z exp(—l|x— [L|/O')Hx =0 Z efln/c Z Hx
XEZ n=0 ‘X*,LL‘:H
= (1 —eH0) Z e~ rn/o Z H,,
n=0 [x—u|<n
where the last equality follows from Y., =, Hx = Y v pj<n Hx — Xjx—pj<n—1 Hy and a dis-
crete integration by parts. Let r > 1 the integer such that r— 1 < g(u) < r and decompose
the set {x € Z; |x — u| < n} as Ufjll Aj where the A; are non intersecting intervals of
length r for j=1,...,K and Ak is of length at most r — 1. Observe that K + 1 is of order
n/g(u). By using (50), we have easily that
Y. He<Co(w)W(E)

XGAJ'

where C depends only on A. Thus we get

W(E,p,0) <C(1—e )Y e 4nW (&) < C'oW(§).
n=0
which concludes the proof of the second inequality.
The proof of C™'E(§) < W(E) < CE(€) for all & € (0,4e0)7, is the same. The first
inequality follows from (50) and the constant can be taken equal to cle’l. The second
inequality follows from a similar argument to the one used above. (]

A.2. The a priori bound.

Proposition 3 (A priori bound). For each w > 1 there exists a continuous function q,(t),
t >0, such that
P{ sup W(E) > explan () p <
0<s<t

for eachu> 1, t >0, whenever W(E?) < w and (&(t)),>0 is a tempered solution of (43)
with initial condition E°.
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Proof. We consider a tempered solution (& (¢)),>0 of (43) with initial configuration £ € Q.
Foreach k > 1, u € Z and t > 0 we define the stochastic process py by

p) = ke(1) —Co [ ¢(lual+Ipu(s))Z (5)ds (52

where Cy := Cy(y, 1) is a positive constant that will be chosen later and
ot

2= [ WE)ds.

Since the function f(-) is positive, W(-) is also positive and this turns Z(-) positive. The
trajectories of py are differentiable, decreasing and satisfy py.1(¢) — pr () < g(u) a.s. for
each r > 0. We consider also the sequence of stopping times 7, = inf{z > 0; p(r) < g(u)}
which satisfy 7, < Ty < +o0 and limg_, 1 Tp = 4o a.s. We evaluate now the stochastic
differential of r — W (& (¢), i, pi()) for r < 7; (so that py(¢) > 1). This is given by

dW (), . pi()] = 1" ()t — Co (D W)(E (), 1, pi(e)) & (12| + prlt)) W (& (1)t

+ a1
where
m=2E (s (Fr=ppule) = £+ 1= 1, pel0)) ) &) i (1)
xe (53)
+2:Z(f<x+1fu,pk(t>>ff<xf17u,pk<z>>)éx<r>
and

= ¥ 1= 1) {2V (6~ & )N 1) =V ((log e~ log&1)dNe-1.) -

XEZL

We first estimate the term I(()k) (t) and we show that if Cy is taken sufficiently large then,
for t < 1, we have that

19() — Co(@6W)(E(1), 11, P (1)) g(1t] + pe (1)) W (E(2)) < 0. (54)

The second term on the right hand side of (53) can be estimated, by using (45) and (46),
to get to

J 1 o)~ £ 1~ o) = | [ de(@) (et i)

< /jlda|(axf)(x—u +a, pe(t))]

< [ au@oent-urapie)

<2 sup I f(pk(t))
x—p—Tlx—p+1]
< 26" 06 f(x — 1, pi(t))
which gives us that

Y (1= pwpele) = Fv— 1= ,p2(r)) ) &) < C X 00 fx— (1) (1)

X€Z X€Z

< C(ao‘W)(é (t)vﬂapk(t))'
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Now, notice that for any x € Z and for all & € (0,0)” we have that

z 2 W(E,x,8(x))

W(E) 2 W(g) > Ve,
On the other hand, by (50) and since for all x > 0 it holds that log(x) < 1 + x, then we have
that W (&,x,¢(x)) > c1e*E(E,x,g(x)) > cie *&.,1. Then, we conclude that there exists a
constant C such that for all x € Z and & € (0,00)%,

&1 SCg()W(E). (56)

To estimate the first term on the right hand side of (53) we use the previous estimate,
(47) and a similar argument as done in (55). It follows that

Y, (FOe—p,pe(t) = flae+ 1=, pe(t)) Ex(0)Eer1 (1)

xX€EZ

<SCWE®) gl +p(1)) Y Oo f(x— 1, pi(1))Ex()

X€Z

<SCW(E)) gkl +pi(t)) (dsW)(E (1), 1, pi(1))-
Then, (54) follows.
The term dI, (k) can be written as

A = Y fx— ) {2V (& — E1)dN—1 1) — V ((log &, — log e 1)dNe—1.)}

X€EZL

= - Z (fx+1—p,pp) = flx—u,p) {2VE: — Vlog‘gx}de,erl

X€EZ

==Y (fe+1=p,p) = fx—1,00)) {2VEx = Viog &} (dNy w1 — ydr)

XEZL

—7 Y, (Faet 1=, o) = flx— 1, p0)) {2VEc — Viog&, } dr.

XEZ

Since the compensated Poisson processes Ny 11 (f) — ¥t are orthogonal martingales with
quadratic variation ¢, then

My == Y (F(x+ 1= p0) = £ (v = 1,p1)) {2V — Viog&e} (s — )
XEL
defines a martingale with a quadratic variation equal to
=7 Y (Fx+1—p,00) = f(x—,p0)* {2VE — Viog&,} dr.
X€ZL

Using a similar argument to the one in (55), together with the fact that for all x,y € Z
< < 2C|x —y|, the boundedness of the function f,
(45), (46), (47) and (56), one has that there exists a constant C such that

dM)e < C gl + (1) W(E(1)) doW (E (1), i, pr(r)) dt
Similarly we obtain that

Y e+ 1=, i) = f (=, pic(1)) ] {2VE () — VIog&n(t) }| < CIsW (& (1), 1, pi(1)).-

XEZ

Thus, if the constant Cy is chosen sufficiently large, we have

fggW(é (t A7), 1 pr(t A T)) < W(E(0), iy kg(p)) +§§5N(u,k,t)
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where N(p,k,t) = M )(t/\T )— <M,Sk)>,/\rk Observe that exp(M, M )(t/\‘rk)f —<M,Sk)>,/\rk)
is a martingale with expectatlon equal to 1. By the exponential supermartlngale inequality,
we have that

P(supN(u,k,t) >u) <e ™.
>0

Thus we proved that foreachk > 1, u € Z and u > 0,
Squ(é (t/\fk)vﬂapk(t/\fk)) < W(é (O),,Ll,kg([.l)) +u (57)
>

with a probability greater than 1 —e™". Applying (57) for each 4 € Z and k > 1 with u
replaced by u+ Akg (1) where A > 1 is sufficiently large to have ¥ ¥yez e %W < 1,
we obtain

SUPW (& (1 A7), 1, pilt A ) < WG (0) kg () + Akg () +u

= (58)

< kg(U)W(G(0)) +Akg (1) +u
with a probability greater than 1 —e™* uniformly in k and u.
Define now k :=k;, t > 0 as the smallest integer k > 1 for which py(z) > g(ut); then

7 >t and pi(t) < 2g(u) as pr— (1) < g(u); thus choosing k = k; in (58) and using that
W (&, u,0) is increasing in ¢ (since dg f > 0 by the conditions imposed on @), we get

W), pm,gn) _ W), uplt) _ = U ;
() < () SkW(é(O))+Ak+g(u) < kW(E(0)) +Ak+u,

where in the last inequality we used the fact that g(x) > 1 for all x € R. Taking the supre-
mum over 4 and using Lemma 7, we obtain

W(E(1) < CkW(E(0)) +u
for each r > 0 with probability at least 1 — e~ *. On the other hand,

26(0) > kig(1) = Co [ (I +Ipuls) 2 (5)ds

whence .
NSy TESTXCT P
Since p(s) < k.g(u) for any s € [0,¢] and g is increasing, we have that g(|u| + |px(s)|) <

)
g(u+kg(u)). On the other hand for x > 2, g(x) < x together with the fact that for x,y €
R g(|x|ly]) < g(|x)g(|y]) and since g(1 +x) < 1+ g(x) for x > 1, we obtain that g(u +
kig(w)) <g(u)(1+g(k:)). As a consequence we obtain that

ke <24+CoZ(t) (14 g(kt)). (59)
Since for all x > 1 we have that g(x) <1+ 2+/|x], then

ki <2+CoZ(t)(2+2v/k).
Finally, it follows that \/k; < 2+4CyZ(t). Then, since g is increasing and by plugging the
previous inequality in (59), we obtain that

ke <24 CoZ(1)(1+g((2+4CoZ(1))*)).-
Recalling that Z'(t) = W(&(¢)) we obtained that there exists a constant M > 0 depending
only on A such that for any w > 1 and any initial condition £ (0) satisfying W (£ (0)) < w,

P [supM~'Z' (1) —w(1+Z(1)g(Z(t))) <u| >1—e "
>0
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The a priori bound follows from this last inequality (see [13], Proposition 1). ]
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