Extracting Herbrand trees in classical realizability using forcing

Derivations of some proof terms

Lionel Riec

Contents
1 Foreword

2 Absoluteness of connectives

2.1 Conjunction . . . . . . .. e e e e e e e e e e e e e e e e
2.2 DISJunCtion . . . . . . . . o e e e e e e e e e e e e e e e e e
2.3 Classical existential quantifier (on multiple propositions) . . . . . . . . . . ... ... ... ...

3 Properties of the generic set

3.1 Gisafilter . . . L. e e e e e e
311 GiSNON-CMPLY . .« v v o vt e e e e e e e e e e e e e e e e e
3.1.2 Gisasubsetof C . . . . . . ..
3.1.3 Gisupwardclosed . . . . . L e e e e
3.1.4 Gisstableby product . . . . ... L
32 GISEENETIC . . . . . vttt e e e e e e e e e
4 Finite relations and valuations
4.1 Booland Bool’ . . . . . . . . .
42 Totalityof mem . . . . . . . . e e e e e
4.3 Totalityofeval . . . . . . e
44 Merging of SUbH . . . . . L. e e e e e e e e
4.5 Monotonicity Of test. . . . . . . . L e e e e e e e e e e e e e
4.6 Monotonicity of evaland subHtree . . . . . . . . . ... L oo
477 Aproofofupwardclosureof FVal . . . . . ... ... ..
4.8 Aproof of C[1] . . . . . .
4.9 Aproof of Vp“¢“.Clpql = CIpl . . . . .« o o e
5 Absoluteness of datatypes
5.1 Treeisabsolute . . . . . . . . o e e e
52 subHisabsolute . . . . . . . . . . e e e
53 FValisabsolute . . . . . . . . e e e e
54 Cisabsolute. . . . . . .. e e e
6 Proof of forcing the extra axiom (A)
6.1 Atextual proof . . . . .. e e e
6.2 The formal proof . . . . . . . e
6.3 Simplifying the combinators . . . . . . . . . ... L e e e



1:=VZ2°.Z
-A=A=> 1
a=b:=NZ"°Za=Z7Zb
AN AB:=V¥Z’°.A=> .. =>B=2)=Z
AV---VB:=VZ°".(A=2)> ..>B=32)=2)>2
AT A&..&B:=-(Vx".A=> ...=B=1)

Figure 1: Encoding of usual connectives into minimal logic

ETrt: A Aen
ENx:Arx: A 78;FF[:A' =&

ET,x:Avrt:B
ETrAx.t:A=>B
ETrt:A=>B ETru:A

ETvrtu:B
EM=N;T+t:A ETrt- M= M- A
ETrt: M= N— A ETre: A
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o x¢FVD)
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ETrcallcc: (A=>B)=A)=A

Figure 2: Deduction rules for PAw*

1 Foreword

This appendix is not meant to be read but is rather given as a reference for the definitions and derivations of the
proof terms whose existence is claimed in the paper.

The presentation of formal derivation we use is inspired from Fitch-style natural deduction, in the sense that
we use a linear presentation and not proof trees. (This is necessary when proof-terms become big).

The bracket on the left side of proofs denote the scope of assumptions that can be of three kinds:

e abstractions, denoted by [A1], that introduce proof variables (that thus modify both the tern and its type);
e universal quantifications, denoted by [V], that do not alter the proof term but only introduce term variables;

e equations, denoted by [Eq.], that do not effect the proof term but introduce equations for the congruence =~g¢.
(The subscript g will never be written explicitly).

Whenever we write [Y/Z*r], it stands for the substitution [(1Xr. Y ¥)/Z*]. Note that Y and Z will often be the
same letter. As in the paper, = stands for syntactic identity, =~ stands for congruence and = stand for Leibniz
equality.

Let us first remind the reader of the definition of the connectives in second-order encodings, the full set of
inference rules of the congruence ~g and the deduction rules of system PAw™.

Extending the proof system with new constructions
Notations

In order to ease the presentation of the proof and make it both more understandable and program-like, we will use
the following abbreviations:



Reflexivity, symmetry, transitivity and base case

— ——— M=Ne& M ~g N M ~g N N ~g P
M =e M M =g N N=g M M =g P
Context closure
M =g N M =g N P~ Q A=~g B C=~gD
Ax. M =g Ax. N MP~g NQ A=>C=~B=D
A=¢ B M ~g N P=gQ A =gy-p B
Vx".A =g VXx'. B M=P—A~N=0Q0—B
Bni-conversion
— X ¢FV(M)
(Ax. M) N ~g M[N7/x] Ax.Mx=gM
recc MNO =g M rec; M N(S P) ~g N P (rec; M N P)
Semantically equivalent propositions
— X ¢ FVA)
VxTVy7. A =g Yy Va7 A Vx'.A =g A
x¢ FV(A)
A=SVYX".B=gVx".A=B
M=MmHA=gA M=N—AxgN=Mm—H A

M=N—P=Q0—AxgP=Q0H— M=N—A

A=>M=N+H—BgM=N—A=>B
x ¢ FV(M,N)

VX M=Nb A M=N Vx".A

Figure 3: Inference rules for the relation ~g

x. M Y1 (Ax. M)
M@N (y3(M)N)
(a,b) Af.fab
let (x,y):=cin M c(Axy. M)
true Axy. x
false Axy.y
if b then f else g bfg
true* Y1 (Au.y1 (Av. B3 (B4 u)))
b
false” eeomes v1 (Au. vy (Av. Bgv))
Leaf f Axpxn. xp f
Node at t Axpxy. xy a(ty xp xy)(t2 Xp xy)
matchry ¢ with | Leaf f => M | Node at, t, => N t(Af. M (dat 1. N))
@ AXp X4 X_. Xy
consT ap AXpXiX_. X4 A (P Xg Xy X_)
consFap AXpXiX_. X_a(p Xg Xy X_)
matchpyy ¢ with | @ => M | consTap => N |consFap => P cM (dap.N) (dap. P)

Admissible derivation rules

Using the definitions of the previous constructions, we can prove the admissibility in PAw™ of the inference rules
given figure 4.



ETx:qFA+ M : pgFB ET'rM: pFA=B ETrN:pFB
q¢ FV(D)

ETrA*x.M: pFA= B ET'r M@N : pIFB
ET'rM: A EI'rN:B ETrM:AANB ETlx:A,y:BrN:C ¢ YU FV)
ETr(M,N):AAB ETrlet(x,y):=MinN:C -
&E; Tk true : 1 € Bool &; T+ false : 0 € Bool

ET'F M : b e Bool Eb=1THFN:A Eb=0THP:A
EI'rif Mthen Nelse P: A

&E;T + true* : pF1 € Bool &; T + false™ : pIFO € Bool
ET'FM:ae Atom ET'FN:peFVva
&E;T rconsT MN : pa' € Fval

memap =g 0

E T+ M:ae Atom ET'FN:peFVal
E;I'rconsFMN : paO € Fval

memap =g 0

ETFM: peFVal
ETrp=ad+-—>N:A
ETro:oekbval Ep=qga';T+Axy.P:ae Atom = g€ FVal = A

Ep=qadT+FAxy.Q:aec Atom = g € FVal = A
&E; T + matchpy, M with | @ => N |consTxy=> P |consFxy=>Q: A

Figure 4: Admissible inference rules for macros

2 Absoluteness of connectives

The derivations for the primitive connectives (false, implication, universal quantification, Leibniz equality) and
for the datatype N can be found in the appendix of [13].

2.1 Conjunction

We deal only with binary conjunctions but the extension to bigger arities is straightforward. Assuming that both
propositions A and B are absolute, we want to show that A A B is absolute.



[z : pFAAB=NYZ) . pF(A>B=>2)=>Z

[ c : Clp]

[vVlz°

[A]x : A=>B=>Z

z: (pFA>B=2)=>2)[Z/Z"r]

vz : (pFA=>B=2)Z/Z rl= (p F 2)[Z/Z7 1]

V] 4,

[AJu : galFA

Eau : Clgal=A

[[V] g

[Alv : ggFB

fB Vi C[qB] =B

[[V] r*

(Al ¢ : Clpqagpr]

@ (@1%¢) : Clgal

Eau(az(ar®c) @ A

x(Eu(m(@?c) : B=2Z

az (a1 c) : Clgs]

épv(az(arc)) @ B

[x (Exular(@i? ) (Epve (o) : Z

[Ac. x (Eau(ar (@12 ©)) Epv(aa (@1 ©) : V. Clpgaqsr] = Z = (pqaqs F Z)[Z/Z* 1]

Ave. x (Equ(az (@12 o) Epviaa (@ 0) @ Y. (g F B)= (pgaqs F 2)[Z/Z" r]

ly1 (ve. x (a u(aa (@1? 0)) (€ v (@ (@1 ) : (pga IF B=2Z)[Z/Z" r]

Au.yy (Ave. x (€x u(az (@12 0)) (€ v (@ (@) 0)) : Vq.(ga IF A)= (pgs F B=2)[Z/Z* r]

Y1 (Au.y1 (ve. x (Equ(az (@1 0) Egv(az (@i ) : (pFA=B=2Z)Z/Z" r]

¥32(r1 (Auyy (ve. x (Eq u s (@1 ) Egv (e (@ ) = (p FDIZ/Z r] =Vr*.Clpr]=Z
ajc : C[pl]

[y 2 (y1 (Au.yy (Ave. x (Eq u @z (@1? 0)) (Epv (@ (@1 ) (arc) = Z

LAx. y3 2 (y1 (Au. yy (Ave. x (Ex u (s (@12 ¢))) Epv(a (o)) (arc) : YZ°.(A=B=2)=Z=AAB
Azex.y3 2 (v (u.yy (ve. x (Ea u(aa (1% 0)) (Epv(az (@1 ) (ar¢) = (pIFAAB)=(C[pl=A A B)




[[A]lz : C[p]=>AAB
(Y] (Z)°

[[Y]1 g~
Ax:qgFA=>B=>7Z

y3x : (qFA)=(qFB=2)

[[V]r*
[ c : Clpgr]
ai’c : Clp]

z(a’c) : AAB

z(@’c) : A=>B=Z"nN=7Z"r)

[[Au: A

[A]v : B

A.u: Clgl=A

E_u) : qgFA

y3x(€,(A_u) : qFB=>Z

Y3 (y3x (&, (A_w)) : (qIF B)y=(q IF 2)

A_.v:Clgl=B

&p_v) 1 qIF B

Y3 (3 x (&, (A u) (R (A_v) : qIF Z=Vr".Clgrl=Z"r

apc : Clgr]

Y3 (¥3 x (&, (A_. ) (§ (A_. V) (aroc) @ Z'r

Auv.y3 (y3 X (€ (A w)) (€ (A v)) (aoc) : ASB=>Z"r

[2(a12 ©) (uv. y3 (3 x (& (A ) (€ (A (@10 ©)) = Z°r

[ Ac. z(@i? ¢) (Auv.y3 (y3 x (&) (A_. ) (€5 (A_. ) (@10 0)) : Vr*.Clpgri=Z r=pqFZ

Axc. z(a1% ¢) (Auv. y3 (y3 x (&, A_ ) (€ (A_v) (a00) : Yg“.(gIFA=B=2)=(pq IF Z)
ly1 (Axe. z(@1” ¢) (uv. y3 (y3 x (€} (A w) (€5 (A_.v) (@10¢)) : pF(A=B=Z)=7Z

Ly1 (Axc. z (a 2¢) (Auv. Y3 (3 x (& (A ) € (A_ V) (a100) : VZ.pF(A=B=>2)=>Z=~pIFAAB
Az 1 (Axe. 2 (@12 €) (uv. y3 (3 X () (A ) (€ A ) (@10 ©) : (C[pl=A A B)= (p F A A B)

Abstracting over the proof terms &4, &), £p and &), we get two combinators £, and &, which can be used to
prove absoluteness of more complex propositions.



2.2 Disjunction

Again, we deal only with the binary case but the extension to bigger arities is straightforward.

[[A]1z : pIFAVB

[ c : Clp]

[[V]Z°

[A]x : AZ

[Aly : B=Z
72:(pFA22)=>B=2)=2)[Z/Z"r)

viz : (pFA=2DZ/Z rl=>(p F (B=>2Z2)=Z)[Z/Z" r]

(V14"
[Au:qglFA
éau : Clgl=>A
[V] r*

[A] ¢" : Clpqr]
aic’ 1 Clpql

a(a ) = Clq]
Sau(ar(ac)) + A
x(Eau(az(aic))) : Z
A’ x (Eaular (a1 ) : Yr.Clpgrl=Z = (pq F 2)[Z/Z" r]
Auc’. x(Eau(ay (a1 ) : Vg.(qIF A)= (pq F 2)[Z/Z7 r]
Y1 (Auc’ . x(Eaular (@i ) : (pIFA=2)Z/Z" r]
idem
y1 (Auc’. x (Epular (a1 c)) : (pF B=>2)Z/Z" r]
Y3z(y1(uc’. x(Equlaz (a1 ) « (pF(B=>2)=>2Z)[Z/Z" 1]
Y3 (y3z(y1 (Auc’. x (Equlaa (@1 'N))) = (pIF B=>2)NZ/Z 1= (p F 2)Z/Z7 1]
Y3 (v3 2 (y1 (uc’. x (Ea u(aa (a1 ) (v1 (Auc’. x (Epu(az (a1 ) = (p F DZ/Z*r] =V .Clpr]=>Z
ajc : Cl[pl]
[v3 (73 2(y1 (Auc’. x (Ex u(az (a1 ) (y1 (Auc”. x (Epu (e (@1 ) (ar¢) = Z
[Axy. v3 (32 (y1 (Auc’. x (Ea u(az (a1 ) (y1 (Auc’. x Epu(az (@1 ) (ar¢) : VZ°.(A=>Z2)=(B=>2Z)=>Z=AVB
Azexy. vz (y3 2 (y1 (Auc’. x (Ex u(az (@ ) (y1 (Auc”. x (g u(az (a1 ) (ar¢) = (pFAV B)= (C[p]=AV B)




[z : C[p]=AVB
[[Y] (Z7)y°

[[V] 4,

[Ax : galFA=Z

Bax : (qags IFA=Z)

Y3 (ﬂ3 x) : (quB IF A) = (quB IF Z)
V] g%

[y : ggFB=Z

Bay : (qaqs F B=>Z)

Y3 (Bsy) 1 (qaqs IF B)=(qaqs IF Z)

[V]
[ ¢ : Clpgagsr]
a’c : Clp]

z(a/13 c): AVB

z(@r’c) : (A=(qaqs F Z)) = (B= (qaqs F 2)) = (qaqs F Z)

[[A]u : A

/1_. u : C[quB] =A

E () : gagpIFA

3 (B3 ) (£, (A_.u) : qags F Z

Au.y3 (B3 x) (£, (A_.w)) : A= (qaqp F 2)

z(@r® ) (. y3 (B3 x) (€, (A_.w))) : (B=(qaqs F 2))= (qaqs F Z)

[[A]v : B

/1_. Vo C[quB] =B

Ep(A_u) : qaqp F B

13 (Bax) ({3 (A_. V) : qagp FZ

A y3(Bay) (€5 (A ) : B=(qaqp F Z)

z(ar® ©) (Au. y3 (B3 %) (& (A_. ) (Av. y3 (Ba Y) (€5 (A_.V)) : qaqp F Z =r*.Clqaqprl =Z" r

aigc : Clgagpr]

[z (@1® ©) (Au.y3 (B3 %) (&) (A_. 1)) (Av. y3 (Bay) (€ (A_. V) (@16¢) = Z7r

[Ac. z(ar? ©) (Au.y3 (B3 %) (€ (A_. w))) (Av. 73 (B ¥) (€ (A_. ) (16 ¢) = V. Clpqagsrl=Z*r = pqaqp F Z
Aye.z(ar® ©) (Au.y3 (B3 x) (€ (A_.w))) (Av.y3 (B4 y) (€ (A ) (@16 ¢) = Y. (qp F B=Z)= (pqaqs F Z)

ly1 (Aye. z(ar? ¢) (Au. y3 (B3 x) (&) (A_. ) (Av. y3 (B4 y) (€ (A_v) (@16¢)) : pga F (B=2Z)=Z

Ax.y1 (Aye. z(ar® ©) (Au.y3 (B3 x) (€] (A_. ) (. y3 Bay) (€ (A_. V) (@16 0)) : Vg (qa FA=Z)= (pga F (B=2)=Z)
[y1 (Ax.y1 (Aye. z(ar® ©) (Au.y3 (B3 %) (€] (A_. ) (4. y3 (Bay) (€ (A_. V) (@160)) : pF(A=2Z)=>(B=22)=Z
Y1 (Ax.y (Aye. z (@1 ©) (Au.ys (B3 X) (€ (A 1) (Av. ¥3 (B4 y) (£ (A_. v))) (@16 ©)))

| VZ'.pF(A=>Z2)=>B=>2)=Z=~plFAVB

Az.y1 (Ax.y1 (Aye. z(ar® ©) (Au.y3 (B3 x) (€ (A_. w))) (Av.y3 (B4 y) (€5 (A_. ) (16 ¢) = (C[p]=AV B)=(p FAV B)

Abstracting over the proof terms &y, &}, £p and &), we get two combinators &, and £, which can be used to
prove absoluteness of more complex propositions.



2.3 Classical existential quantifier (on multiple propositions)

Remember that Ax". A & ... & Ay isdefined as ~(Vx". A= ... =2 Ay = 1).
Here, we assume that 7 is a 7-sort, that is we have v = 7. Otherwise, the result does not hold.

([A]z : pIFAX" A1 &.. &Ar=plFVX". A= .. 2A4=>1)=> 1
[ c : Clp]

[A]x : Vx".Ai= .. 2A,=>1

iz (pFVX. A= .. =2A4=>1)=>((pFL)

[[V] x"

[[V]1 4}

(A x : q1 FA

& x : Clgi]= A

Y1 g

[A] xx = qr IF Ay

Eexp t Clg] = Ax

[ ¢" : Clpgi ... gkl
@ @) Clgi]

&1 x1 (a2 (@) ¢ A

ayc : Clgid

&x(apc) @ Ag

[x @ xi (@2 (@ ) L G () o L

A x (@ xp (@ (@) L G ) 2 Clpgr...ql]l= L

€ (A x (€ xi (@2 (@' ) L G (@ (@) ¢ pgr-..qe F L

Ax. & (A x (& x1 (2 (@71 D)) L Exe @z (@1 €)) 2 Vgl (g FAY = (g .. qi F L)
71 (. & (A x (E xy (2 (@71 D) - G (@ (@i ) 2 pgr- .. qet FA= L

XL Y1 (A €L A x (@ xp (@2 (@7 ) L G (@@ ). 2 Vg (g FAD= (pgr FA,= .= A= 1)
Ly (Ax1.y1 oo (y1 (Axg. & (A x (€1 xp (e (a’f’1 AN Exi (@@ c)))...) : plFAI= .. .2A4>1
Y1 @Axryr o (A & (A x (E xy (@2 (@71 ) L (Eox (@2 (@1 ). .)
VX pIFAI = ..2A=21L=2pFVX . A= ...2A =1
Y3z (Axpy1 . (1 (A €L (A x (E xp (@ (@ ) o Exi(az (@ e))..)) : pIFL
E 3zt (Axiyy oo (o (A €L (A x (€ x1 (@2 (@7 ) L Exi (@ (@ e))..)) = Clpl= L
£ 3z (Axyr - (0 (A &L (A x (€ xy (@2 (@71 ) L Ex (@ (@ ). )))e @ L
Azex. &L (y3z(yy (Axpyr o (y1 (A &L (A x (€ xy (@2 (@71 ) L (Eexe (@2 (@1 &)))) .. )))) e
(P FIXN A &...&A)=>Clpl=(Vx" A= ..2A4=>0)=21L=@PFIX. A1 &...&A4)=>Clpl=AIx. A1 &... &/

Abstracting over the k proof term &1, ..., &k, we get the proof term
&, = A1 e € (2 (n (- 1 (e €L (A x (G (@2 (@7 ) o (@ (@ d))) .. e

which can be used as a combinator to prove the absoluteness of the proposition x. A; & ... & Ay from the proof
terms &1, ..., &, of absoluteness of Ay, ..., Ay



[A] z : C[p] S>dx A1 &... &A;

[[V] ¢*

[/l]z cqlFVX" A= ... .2A=21L=2VX.qglFA;=> ...2A,=> 1
[[A] ¢ : Clpq]

aic : Clp]

z(ajc) : XA &.. &A= (VX" A= ..2A4>10)=>1
[[V] x"

[y A

[A yr : Ak

A_y = Clpgl= Ay

&y : pglF A

Bax : ¥x".pglFA|= .. A, =>1

v3(Bax) : VX.(pgFA)=(pgFA = ... 2A= 1)
y3x (€ (A_y) - pgFAy= ... =A== 1

Y3 (oo (3 (Ba) (€ (A yD))...) : pgIF A= L

A_yr : Clpgl= Ax

& (A_y) : pq FA;

Y33 (3 (Bax) (& (A y1)...)) : (pq IF A) = (pq IF L)

Y33 (3 (Bax)(E (A y) ... N (E (A ) = pglF L

EL3 (s (3 Bax) (€ (A Y1) .- ) (E (A y0) = Clpgl= L

[§L (3 (y3-- - (3 (Ba ) (§1 (A y1)) .. N (E (A y))e = L

W1 Ve L33 (3 Ba ) (L (A1) D E Ay e P VXA S Lo AL

(@1 ) (W1 6L (3 (v3 ... (3 (Ba ) (§] (A y1)) - D (A y))e) = L

Ac.z(@ro)(Ayr -y EL (3 (¥3 - (Y3 (Ba X) (£ (A y1) .. ) (€ (A y)) o) = Clpgl= L

&) (Ae.z(@1 ) (Y1 -+ Y EL (V3 (V3 -+ (3 (Bax) (6] (A y1) ... ) (€L (A y)) ) = pqlF L

Ax.& (Ae.z(@r o) (yr -y €L (3 (3 -+ (3 (B ) (€] (A y1)) ) (€4 (A_. yi))) ©)
VG (qIFVX". A= .. =2A4=>1L)=>(pqgFL)

Y1 (A& (Ae.z (@1 ) Ay ... Yk EL (v (73 ... (73 (B4 x) (€] (A y1) .. ) (€ (A_. ¥x))) ©)))
pF(VXN A . 244 ) 1L=pFAXT A &... & A

Az.y1 (Ax. & (Ae.z(ay e) (A1 - k-0 (3 (v3 - (13 (Ba X) (6] (A1) - ) (€, (A_. 1)) ©)))

C(Clp)=2 WA &... &A)=>(p FAT A &...&A))

Again, we build a combinator & to use in bigger propositions.
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3 Properties of the generic set

We recall that by definition, (p € G)*q := C[pg] sothat g IF p € G = Vr*.C[gr] = C[pr] = g < p.

3.1 Gis afilter

Saying that G is a filter amounts to proving four properties:
e Gisnonempty: 1 € G
e Gisasubset of VC:
e G is upward-closed:

e G is closed under product:

3.1.1 G is non-empty
We wanttoprove 1 F1eG=1<1=VYr.C[lr]= C[1r].

[V]

[A] x : C[1r]

x : C[1r]

Ax.x : Yr.C[lr] = C[1r]

3.1.2 Gis asubset of C

We want to prove that for all p*, 1 IF p € G= C[p].

[[¥1 4"

[Alx : gIFpeG=q<p=Vr<.Clgr]= Clpr]
[V]r*

[Ac : Cllq]

azc : Clql]

x(azc) @ Clpl]

a1(x(a3¢) = Clp]

ajoxoas = dc.aj(x(aszc)) : Cllg]l= C[p]
- (@1 ox0a3) 1 1g IF C[p]

Ax. & (@oxoaz) : Vg*.(qIF pe G)= (14 IF C[p])
Yi(Ax.éc(@1oxoaz) : 1IFpeG=Clp]

3.1.3 G is upward closed

We want to prove that for all p“ and ¢, 1 IF pge G= p € G.

[[V] r*

[Ax : rFpgeG=r<pg=Vs.Clrs]= Clpgs]

[V] s*

[A] ¢ : C[1rs]

ajpoc : Clrs]

x(aic) : Clpgs]

a9 (x(ajpc)) : Clps]
lag o xoayg = Ac.ag (x(ajpc) @ Vs.C[lrs]=Clpsl=lr<p=1lrFpeG
Ax.agoxoayy : Vr.rlFpgeG=1rlFpeG
vi(Ax.agoxoay) : 1IFpgeG=peG

11



3.1.4 G is stable by product
We want to prove that for all p* and ¢, 1 F pe G=qg € G= pg € G.

1] 7%
[Ax : r, IFpeG=Vs.Clr,s]= Clps]
1] 7

[y : r,IFge G =Vs“.Clrys]= Clgs]
[[V] s*

[A ¢ : C[lr,rys]

asc : C[lry(rys)]

as?c : C[1(ry(rys))]

@ (as”¢) = Clry(rys)]

x(@ (@57 ) = Clp(rys)]

ap (x(2 (a5 ) : Clry(sp)]

y (i (x (a2 (as?0)) : Clg(sp)]

la13 (y (@12 (x (a2 (@57 ©))))) : Clpgs]

lj30yoa@pp0x0@;0 as? = Ac. a3 v (an (x(ar (@52¢)))) : Vs Cllrprysl=Clpgs] = 1rpry F pg e G
Ay. a3 oyoalzoxoazoa/sz : Vrs.rq FgeG=1r,r, FpgeG

Y1 (Ay. a3 0yo0a@poxoasoas?) : lr,FgeG=>pqgeCG

Ax.y1 (Ay. a3 oyoalzoxoazoa52) : Vrg.r,, FpeG=1r,FgeG=pgeCG
yi(Ax.y1 y.a;z30yoapoxoaoas’)) : 1IFpeG=qgeG=2pgeG

3.2 G is generic
We want to prove for all absolute set D*~:
LIF(Vp“.Clpl=3¢".Clpql & pge D)=3Ap . pe G&peD.

Recall that with the proof terms of absoluteness of existential quantification (with two formulas), we can get
proof terms for the absoluteness of the formula Jx. A & B:

o forall xand p, &3, 64 ép ¢ (p FAx. A& B)= (C[p]=Ix. A& B)
e forall xand p, & &, &, : (Clpl=Ix. A& B)=(p F Ix. A& B)
Because D is absolute, we have for all p* and r*:

ép:(rlFpeD)y=(Clrl=>peD)
& (Clrl=peD)=> @ FpeD)

We will use the fact that if D*7° is absolute, then for all p*, g — pg € D is also absolute and the proof terms
are the same. This comes from the fact that the deduction rules for ¥ are computationally transparent.

12



[[V]r]

[A]x : r FVP“.Clp]l=3¢".Clpql & pq € D

[[V] 75

[Ay : nFVp peG=2peD=>1L=Vp . nlFpeG=>peD=>1

[/l] C . C[lrlrz]

x : r FC[lrr]=3¢"Cllrirngl & lrirnqg e D

v3x @ (ri IFC[lrir])= (r; IF 3¢°.Clrirql & 1riryq € D)

A_.c : Clr]=Cl[lrr]

(A c) i IFCl1rr]

vz x(&-(A_.0) : r IF3¢*.Cllrirql & 1rirag € D

&3,écép (y3x(é.(A_.0) : Clrn]=3¢ . Cllringl&lrrngeD

ajc : Cl[lr]

@ (arc) @ Clr]

&, écép (y3x(EL (A 0) (a2 (ar¢) @ A¢“. Cllrrngl & 1rirng € D= =(¥¢".Cllrirgl=1rrnge D= 1)

[[V]g"

[l ¢ : Cllrirg]

[A1d : 1lringe D

y:nlFlrnrngeG=lrnge D=1

Bay : I FlrnrngeG=1rnnge D=1

B3Bsy) : IrirnglF lringe G=1lringe D=1

Y3(B3Bay) : (Irirg IF 1rirag € G)= (1ring IF 1ringe D= 1)

Ax.x : lring<lrng=1nrnq Flrnrnge G

v3 (B3 (B ) (Ax.x) @ 1lrirag F lrimge D= L

Y3 (¥3 (B3 (B4 y)) (Ax. x)) : (1rir2q IF 1rirag € D)= (1r1r2q IF 1)

A_.d : Cllrrngql=lrrqgeD

Ey(A_.d) . 1nrqF lrnge D

Y3 (73 (B3 (B4 ) (Ax. %)) (€}, (A_.d)) : 1rirag F L

&L (v (73 (B3 (Ba ) (Ax. %)) (€, (A_.d))) = Cllrirgl= L

1§ (73 (73 (B3 (B4 ) (Ax. X)) (€, (A_.d)) " = L

Ac'd &1 (y3 (3 (B3 (Bay)) (Ax. x)) (6 (A_.d) ¢ = Vg".Cllrirgl=1rrnge D=1

€3, £c €D (y3 x (€L (A_. ) (a2 (@1 ©)) (Ac’d. &1 (y3 (¥3 (B3 (B4 ) (Ax. x)) (€, (A_. D)) : L

Ac.&3,&cép (3 x (£ (A_. 0))) (@2 (a1 ©)) (Ac'd. &L (y3 (y3 (B3 (Ba y)) (Ax. ) (§, (A_.d)) ') = Cllrn]= L

&) (Ac. &3, &c ép (3 x (&, (A_. 0))) (@2 (@1 ©)) (Ac'd. &1 (v3 (v3 (B3 (B4 Y) (Ax. X)) (€}, (A_.d)) ) = 1rirp IF L

Ay. & (Ac.&3,&c ép (v3 x (£, (A_. 0))) (@2 (1 ©)) (Ac'd. & (y3 (y3 (B3 (B4 ) (Ax. X)) (€], (A_. d))) ¢))
cV.(nFYp . peGopeD= )= Arnn F 1)

Y1 (. &) (Ac. &3, &c €p (v3 x (6. (A_. ©))) (@2 (@1 €)) (Ac"d. & (y3 (v3 (B3 (B4 ) (Ax. X)) (£, (A_. d))) ¢)))

| s InlFVp.peG=opeD=> )= 1L =1 FAp.peG&peG

Ax.y1 (Ay. & (Ac. &3, Ecép (3 x (€L (A_. 0)) (a2 (a1 ©)) (Ac'd. €1 (y3 (3 (B3 (Ba ) (Ax. X)) (£}, (A_. d))) "))
2 V. (r FYp . Clpl=3¢“.Clpgl & pg e D)= (Ir F Ap“*. p e G& p € G)

Y1 (x.y1 (Ay. &) (Ae. &3, Ec ép (v3 x (€L (A 0))) (@2 (a1 ©)) (Ac'd. €L (y3 (3 (B3 (Ba y) (Ax. X)) (£}, (A_. d))) ¢'))))

: 1IF VP .Clpl= 3¢ .Clpgl & pge D)=Ap . pec G&pe G
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4 Finite relations and valuations

4.1 Bool and Bool’

LetbeBool :=¥Z2°.(b=12)2>bz=0->2)>Z.

We show the equivalence with b € Bool :=VZ'7°.Z1=Z0=Zb.

Since the denotation in classical realizability are the same, realizers are also the same and from a computational
point of view, we can consider Bool and Bool’ to be equal. Nevertheless, they are not exactly the same from the

point of view of proofs.
[[A]lz : b € Bool

’[V] ZL—)O
x: Z1
[Aly : Z0

72:(b=1-Zb)=b=0-2Zb)=Zb
x:b=1-Zl=b=1-27Zb
y:b=0-Z0=b=0-27Zb

lzxy : Zb

[ Axy.zxy : VZ2'7°.Z1=Z0=Zb = b € Bool
Azxy.zxy : b € Bool’= b € Bool

If we had subtyping in PAw*, the conversion would be the identity and not an n-expansion thereof.

[1]z : beBool
[V]Zo
WesetZx:=x=bm Zinzg
z:(1=b—2)=20=b—2)=>bz=b2)=b=1-2)=>b=02)>Z
z : beBool
Az.z : b € Bool= b € Bool’

Yet, it is enough to have the deduction rule we want for the if — then — else construction:

ET+M : beBool

ETrM : b=1bA)>b=0—>A)>0b=be A) Eb=1TFN : A
ETrM: b=l A)=b=0-A)=A ETFN :b=1—A Eb=0:TrP : A
ETFMN : (b=0—-A)=A ETFP - b=0m— A

ETHFMNP : A

14



4.2 Totality of mem

We want to prove that the function mem defined by mema p :=test pa 1 ||test p a0 is total from the proof Totg
of totality of test. That is, we assume

Totesy : Vp € FVal.VYa € Atom.Vb € Bool. test pab € Bool

and we want to prove
Totmem : VYp € FVal.Ya € Atom. mema p € Bool

for a suitable proof term Totyen,.

[[Y] p*
[A] x : peFVval
[V]a'
[y : a € Atom
’[v] Zl‘)()
[AQu : Z1
[Alv : ZO

Totest xy : ¥b € Bool. testab p € Bool

true : 1 € Bool

Totesy xytrue : testal p € Bool=VY’.Y1=Y0= Y (testal p)

Totest xytrue : Z(1|[testa0 p)=Z(0||testa0 p) = Z(testa l p||testa0p) ~Z1=Z (testa0 p) = Z(testa 1 p||testa 0 p)
Totey xytrueu : Z(testaQ p)= Z(testal p||testa0 p)

false : 0 € Bool

Totesy xyfalse : testaOp € Bool=VY?.Y1=Y0= Y ((testaO p)

Totese xyfalse : Z1=>Z0=Z(testaO p)

Totese xyfalseuv : Z(testaO p)

| Totess xytrue u (Totesy x yfalseuv) : Z(testa 1l pl|testaO p) =~ Z (mema p)

| Auy. Totesy xytrue u (Totesy xyfalseuv) : VZ.Z1=2Z0=Z(mema p) = mema p € Bool
Axyuv. Totesy xytrue u (Totes, xyfalseuv) : Vp € FVal.Ya € Atom. mema p € Bool
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4.3 Totality of eval

We want to find a proof term Tot.y, such that

Toteya : Vp € FVal.¥Yc € Comp.Vb € Bool. eval cb p € Bool

[[¥] p

[A]l x, : p eFVval
[V]c

[1] x. : ¢ € Comp
[[V] b

[A]1y : b € Bool

false : 0 € Bool = evalll 1 p € Bool

true : 1 € Bool =~ eval 1.0 p € Bool

|y false true : eval 1L b p € Bool

Ay.yfalsetrue : Vb € Bool. eval 1L b p € Bool

(V] a

[A]z : a € Atom

[V] b

[Aly : b € Bool

[ Totest Xp2y : testpab € Bool =~ evalab p € Bool
Azy. Totey x, 2y : ¥b € Bool.Va € Atom. evalab p € Bool
[[V] ¢

[V]c,

[A]y1 : Vb € Bool. evalc; b p € Bool

[A]y2 : Vb € Bool. evalc, b p € Bool

[[V] b

[A] x : b € Bool

y»x : evalc, b p € Bool

Auv.xvu : notb € Bool

y1 (Auv.xvu) : evalc (noth) p € Bool

[v] 70
[z = Z1
[z Z0

yi(Auv.xvu)zi1 2o : Z(evalc (notb) p) ~ Z (eval ¢; (notd) p|| 0)

z1 + Z1=Z(evalc; (noth) p|l 1)

yoxz1 (1 (Auv. xvu)z1z2) @ Z(evalcy (noth) pllevalc, b p) =~ Z (eval (¢c; = ¢3) b p)
|12122. Y2 x21 (V1 (Auv. xvu) z1 22) : eval(cy = ¢)b p € Bool
| Axz122. 2 x 21 (V1 (Auv. xvu)z1 22) @ Yb € Bool. eval (¢c; = ¢,) b p € Bool

1 yaxz122-y2 x21 (71 (Auv. xvu) 71 22)

: Ve c,. (Vb € Bool. eval ¢ b p € Bool) = (¥b € Bool. eval ¢, b p € Bool) = (Yb € Bool. eval (c; = ¢3) b p € Bool)

| X (Ay.y false true) (Azy. Totiest Xp 2Y) (Ay1y2x2122. Y2 X271 (V1 (Auv. xvu)z1 z2)) : ¥b € Bool. eval ¢ b p € Bool
AxpXxc. xc (Ay.y false true) (Azy. Totest Xp 2Y) (Ay1¥2X2122. Y2 X 21 (¥1 (Auv. xvu) 71 22))
: Yp e FVal.¥c € Comp.Vb € Bool. eval ¢b p € Bool

The proof for Totsuphee 1S sSimilar to this one and is omitted here.
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4.4 Merging of subH

We want to prove the following result

Vp.Ya € Atom. mema p = 0 — subH(pa') = subH(pa") = subH p

(VY1 p'
[V]d
[A] x, : a € Atom
[Eq.] memap =0
[A] x : subH(pa')
[A]y : subH(pa®)
[[Let] x; : t; € Tree
[Let] x, : subHtree(pa')t, =1
[[Let] y; : t, € Tree
[Let] y, : suthree(paO) H=1
Node x,x;1y; : Nodeat t, € Tree
[v] 70
[Alu : Z(subHtree p (Nodeat, t,)) ~ Z (subHtree (pa') t; && subHtree (pa’) t,)
xy : Z(subHtree (pa') t; && subHtree(pa®) t;) = Z (1 && subHtree(pa®) 1,)
xou : Z(1 && subHtree(pa®) t;) ~ Z (subHtree(pa®) 1)
y2 @ Z(subHtree(pa®) ;)= Z 1
2 (nu) : Z1
Yooxp = Au.yr (xpu) @ VYZ°.Z(subHtree p (Nodeat t,)) = Z 1 = subHtree p (Nodeat; 1;) = 1
[(Node x, x1 y1,y2 0 x2) : subH p
llet (y1,y2) :=yin (Node x, x; y1,¥2 0 xp) : subHp
et (x1, x5) := xinlet (y;,y,) := yin (Node x, x; y1,y2 © x2) : subHp
Axgxy. let (x1,x2) := xin let (y1,y) := y in (Node x, x1 y1,y2 © X2)
: Vpt.Va € Atom. mema p = 0 — subH(pa') = subH(pa®) = subH p

We let
merge := Ax,xy.let (x1, xp) := xinlet (y;,y;) := yin (Node x, x; y;,y2 © x2) .
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4.5 Monotonicity of test

We want to prove that
Vp'Vg'Va'Vb'. testpab =1= test(pUqg)ab =1

Y] p!
[V1¢*
[V] &
[V] b
[A]x : testpab=1
[V] 70
[A]y : Z(test(pUqg)ab) ~testabpl||testabq
xy : Z(1l||testabqg) =~ Z 1
[ Ay.xy : YZ'7°. Z(test(pUq)ab)=>Z1 =test(pUqg)ab =1
Axy.xy : Vp'Vq'a'b'. testabp = 1= test(pUgq)ab =1

and we write Mong := Axy. xy.

4.6 Monotonicity of eval and subHtree

We want to prove that
Money, : VYp'.Ye € Comp.VYb € Bool. evalcbp = 1= evalcb(pUgq) = 1

and
Mongphiee : Yp'.Vt € Tree.Vb € Bool. subHtree pr = 1= subHtree(pUg)t =1

for suitable proof terms Money, and Mongpriree. Since both proofs follow the same pattern, we will focus only on
the first one.

Induction principle on quantifier-free formulas To prove that eval is monotonic, we will need to use the
induction principle of quantifier-free proposition. It is very similar to the relativization predicate ¢ € Comp except
that recursive arguments are guarded by relativization. More precisely, it is a proof term indcomp of the formula

ceComp=VZ’.ZIL=
(Va € Atom.Za) =
(Ye1€ Comp.Vere Comp.Zey =Zer = Z(c) = )=
Zc

(The differences with Comp are underlined.)
It can be easily built using the proof term of ¢ € Comp on the proposition P ¢ := ¢ € Comp=Zc.
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Y] p

[V]c

[1] x. : ¢ € Comp

(V] b

[1] x, : b € Bool

[A]y : evallbp=1

ly : evallbp=1=noth=1=~evalllb(pUg) =1

Axpy.y : ¥YbeBool.evalLbp=1=eval Lb(pUgq) =1

(V] b

[1] x, : b € Bool

V1 p'

[V] &

[A]u : a € Atom

[A]v : evalabp =1 ~testabp =1

[Mongeg, v @ test(pUqg)ab=1=evalab(pUgq) =1

Axpuv. Mongg v : Yb € Bool.Va € Atom. evalabp = 1= evalab(pUqg) = 1
[[V]c

[A] x; : ¢; € Comp

[V]c,

[1] x; : ¢, € Comp

[AJu : Vb e Bool.Vp'. evalcibp=1=evalc;b(pUgqg) =1

[A]v : Vb eBoolVp'. evalca,bp=1=evalc; b(pUgq) =1

[V] b

[A] x, : b € Bool

[A]w : eval(ci = c)bp =1 =evalc; (noth) pllevalc, bp =1

Auv. x, vu : notb € Bool

Toteya X1(Auv. x, vu) : evalcy (notb) p € Bool

I Toteya x1(Auv. x, vu) : evalcy (notb) p € Bool’

[[Eq.] evalcy (noth) p =1

uxp : evalcy (noth)p = 1= evalc; (noth)(pUg)=1=1=1= evalc; (noth)(pUqg) =1
uxpl : evalcy (noth) (pUgq) =1

[V] yidd

[z : Z(eval(ci = c2)b(pUq)) =~ Z(evalc) (noth) (pUgq)|levalc; b(pU q))
uxylz : Z(1|levalcib(pUq) =Z1

[ Az.uxplz @ eval(ci = c)b(pUg) =1

Az.uxplz : evalcy(noth) p = 1 > eval(ci 2 ) b(pUg) =1

[[Eq.] evalc; (noth) p =0

w : evalcy (notb) pllevalc,bp =1 =0llevalc;bp=1=~evalc,bp =1
vxpw @ evaleab(pUg) =1

[v] 70

[z : Z(eval(ci = c2)b(pUq)) =~ Z(evalc; (noth) (pUq)|levalc, b(p U q))
vxpywz @ Z(evalc; (noth) (pUg)||1)~Z1

[Az.vxpwz @ eval(c; 2 c)b(pUg) =1

Az.vxpwz : evalcy(notb)p = 0 eval(c) = ) b(pUg) =1

LI Toteya Xx1(Auv. x, vu) (Az.uxp1z) (Az.vxpywz) : eval(c; = c)b(pUg) =1
Ax1uvxpw. I Toteya x1(Auv. x, vu) (Az.uxp1z) (Az.vxpywz) @ ...

indcomp Xc (AxpY. y) (Axpuv. Mongey v) (Axx2uvxpw. 1 Toteyar X1 (Auv. x, vu) (Az. u xp 12) (Az.v x, w 2))
| : Vb eBool. evalcbp=1=evalcb(pUg) =1

Axe. indcomp Xe (AxpYy. y) (Axpuv. Mongegy v) (Axx2uvxpw. I Toteya X1 (Auv. x, vu) (Az. u x5 12) (Az. v xp w 7))
: Yc € Comp.Vb € Bool. evalcbp = 1= evalcb(pUqg) =1
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4.7 A proof of upward closure of FVal

We need to enrich the interface for finite relations over Atom X Bool with an intersection operation _ N _ with the
following properties: for all a, b, p and g,

pno=2  pn(pPUQ=p  pNGa") Zmemap-1 (PNPa"  pNGA") Zmemap=o PN

These congruences could be derived from more primitive ones like the one the have for U but these are exactly the
ones we need to prove the upward closure of FVal.
We let
TP :=Vr*Ya € Atom. memar =0 Z(pNnr)=Z(pn(ra®))

[[Y] p*
V14"
[A]z : pg € FVal
[[V]Z°
[ﬂ] ey YA
[Aes : V¥Vae Atom. memar =0 Zr=Z(ra")
[Ae. : Vr¥Vae Atom. memar =0 Zr=Z(ra®)
dxey : Z(pND)
2(60€) : T'=T°=Z(pn(pUq))
1] r“
la
Al x, : a € Atom
Eq.] memar =20
Aly : Z(pNr)
ey : memap =0 Z(pﬁr)=>Z((pﬂr)a1) ~ Z(pﬂr)=>Z((pﬁr)a1)
ey 1 Z((pnryah)
[[Eq.] memar = 1
§» :memar=1m- (pNnra' =pn@ra)=(pnra =pn@a) =VZ.Z(pNra)=Z(pn(ra'))
622 (e4y) © Z(pN(ra"))
S (e, y) : memar =1+ Z(pN(ra'))
[[Eq.] memar =0
S :memar=0m- pNr=pnNra)=pnr=pnia) =V¥Z.Z(pNr)=Z(pn(ra'))
623y Z(pN(ra"))
83y : memar =0+ Z(pn(ra'))
010 X, : mema p € Bool
1(6190x,) : memap € Bool' =V¥Z°.(memap =1+ Z)=memap=0-2Z)=>7Z
(610 xa) (622 (€4 ¥)) (623y) = Z(pN(ra'))
Axzy. 1(610 X4) (022 (e+¥)) (023y) : VrN¥a € Atom. memar=0—Z(pNnr=2Z(pn (ra") =T!
idem
Ax.y.1(810 x4) (622 (e~ y)) (G23y) : ¥r¥a € Atom. memar=0+— Z(pNr)=Z(pn(ra®) =T°
7(020 €0) (Axay. 1(010 X4) (622 (€4 ¥)) (623 ¥)) (Axay. 1 (610 X4) (622 (- ) (623 ) : Z(pN(pUq))
1021 (2 (620 €0) (Ax4y. 1 (10 Xa) (022 (€4 ¥)) (623 ¥)) (Axay. 1 (010 X4) (622 (e~ ¥)) (623¥))) : Z
[depere_. 021 (2 (620 €0) (Axay. 1(S10 Xa) (022 (€4 ¥)) (623 ) (Axay. 1 (010 X4) (622 (e~ ¥)) (623¥))) : p € FVal

[¥
[
[
[

Azepee_. 621 (2 (620 €0) (Axay. 1 (010 X4) (022 (€4 ¥)) (023 ¥)) (Axay. 1 (610 X4) (622 (e~ ¥)) (623 ¥))) : YpV¥q. pg € FVal = p € FVal

4.8 A proof of C[1]

[V1Z
[A] x :
[y : Vp Ya € Atom. memap =0 Zp=Z(pa')
[A]z : Vp¥Va e Atom. memap =0+ Zp=Z(pa®)
x:Z1

Axyz.z : VZ2°. Z1=(.)=(.)=>Z1=1€FVal
(Axyz.z,I) : 1 € FVal A (subH 1= subH 1) = C[1]
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4.9 A proof of Vp“g“. C[pq] = C|p]

Recall that we have the following proof terms:

Mongphiree : Yp'q't. subHtree pt = 1= subHtree(pUqg)t =1
Uppya : YP'¢'.(pUgq) € FVal = p € FVal

[[¥] p*
(V] p*
[A] ¢ : Clpq] := pq € FVal A subH(pg) = subH @
[[Let] c; : pg € FVal
[Let] ¢, : subH(pg) = subH @
Upgya €1 @ p € FVal
[[A] x : subH p
[Let] x; : t € Tree
[Let] x, : subHtree pt =1
Mongyphiree X2 : SubHtree(pUg)t =1
<X1 > Monsuthree )C2> : subH (PQ)
¢ (x1, MongpHiee X2) : sSubH @
et (x1, xp) := xin ¢ {x1, MOngpHwee X2) : SUubH @
Ax.let (x1,x2) := xin ¢ (x1, MOongyphee X2) : SUbH p= subH @
,<UpFVa1 cp, Ax.let (x1, x2) := xin ¢ {x1, MongpHree X2>> : Clp]
let (c1,¢2) := cin (Uppyy €1, Ax.let (x1, x2) == xin ¢z {x1, Monggpmiree X2)) : Clpl
Ac.let (c1, ¢2) == cin (Uppyy c1, Ax.let (x1, x2) := xin ¢z {(x1, Mongppee X2)) : Clpgl= Clp]

5 Absoluteness of datatypes

5.1 Tree is absolute
The ideas are the same as for N. We recall the definition of ¢ € Tree:

t € Tree := VZ*2°. (VV € Term. Z (Leaf V)) =
(VY1 Ya € Atom. Zt) = Zt, = Z (Node aty 1)) =
Zt

To ease writing, we set
closZ := Vf\Vt,.VYa € Atom.Zt; =>Zt, = Z(Nodeat 1)

Because of its length, the proof is split in two parts. The first one is the main proof and the second one is meant
to be plugged into it.
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[z : pIFteTree
[ c : Clp]
*[v] 70
[A] x : V¥V € Term. Z (Leaf V)
[A]y : closZ
z:(p IF (¥V € Term. Z (Leaf V)) = closZ = Z 1)[Z/Z"r]
v3z:(p IF V¥V e Term. Z (Leaf V))[Z/Z*r] = (p F closZ = Z 1)[Z/Z"r]
Y] ()
(V145
[Alw : gy IF V€ Term
Eermw : Clgy] = V € Term
[V]r«
[A] ¢ : Clpgyr]
a (a1 ') = Clgyl
Ererm W (@2 (@ ) : V€ Term
X (éterm W (@2 (@1 ¢))) = Z (Leaf V)
LA x (Exerm W (a2 (a1 ¢'))) @ Yr.Clpgyr] = Z (Leaf V) = (pqy [F Z (Leaf V))[Z/Z*r]
Awc’ . x (Eterm W (2 (@ ) : Vg (gy IF V € Term) = (pgy IF Z (Leaf V))[Z/Z*r]
Y1 (AW’ x (Eerm w (a2 (a1 )))) = YV.(p IF ¥ € Term = Z (Leaf V))[Z/Z*r] =~ (p IF ¥V € Term. Z (Leaf V))[Z/Z*r]
Y32 (Y1 (AW X (Ererm W (@2 (@1 €))))) = (p IF closZ = ZH[Z/Z"r]
Y3 (y3z2(y1 (Awc’. x Eterm W (@2 (@1 ¢)))))) = (p IF closZ)[Z/Z*r] = (p IF ZDIZ/Z7r]
V] 4,
v
[V] &
See below
Y1 (A1 (1. y1 (Avac’ .y (Enom 1 (@2 (@1 ) (1 (g (@16 ¢))) (V2 (@10 (@16 ¢))))) = p IF closZ
Write T the term just above so that 7 : p IF closZ
3 (¥32(y1 (AW’ x Ererm w (@2 (ar D)) T = (p F ZOIZ/Z"r) =V . Clpr]=Zt
agc: Clpl]
1y3 (3 2 (y1 (AW x (Eterm W (@2 (@1 I T (a7 ¢) = Zt
| Axy. v3 (3 2(y1 (AW’ x (Ererm w (a2 (@) D)) T (a7 ¢) : YZ. (VY € Term. Z (Leaf ¥)) > closZ = Zt = t € Tree
Azexy. vz (y3z(y1 (Awc’ . x Erem w (@2 (@1 ) T (7 ¢) = (p IF t € Tree) = (C[p] = t € Tree)

For the second part of the proof, recall that we have the following context:

z : plFteTree

c : Cl[p]

x : VYV e Term. Z (Leaf V)
y : closZ
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[[V] £

V14,

[V]d

[[¥] g5

[Au : qo IFae Atom
Eaom U : Clgo]l = a € Atom

[[V] ¢
[Avy 2 (g1 FZ)Z/Zr] = Vr*.Clgir]=Z 1
[[¥] g5
(A vy 1 (@2 FZt)[Z/Z°r] 2. Clgar] = Z 1,
1INk

[ ¢ : Clpgoq1q2r]
az(a’¢) : Clgol
Enom U (@2 (@’ ) 1 a € Atom
y(Eaomu (@2 (@1’ ) : Zty=>Zt, =Z(Nodeat; 1)
ay (aigc’) @ Clqir]
vi(ag (a16¢’)) @ Zt
¥ (Eatom (@2 (@1 ) (v (a9 (@16 ")) + Zt, = Z (Nodeat, 1)
apc : Clgar]
v, (g C') VA
[y (atom 1 (@2 (1 ¢))) (v (@9 (@16 ) (V2 (@10 ¢)) = Z(Nodeat, 1)
A y (Eaom (@2 (@12 ¢))) (V1 (@9 (@16 ¢))) (v (@10 (@16 €))) = (Pgoqiq2 IF Z (Node aty 1)) Z/Z"r]
ac’.y Enrom U (@2 (@1 ) (V1 (@9 (@16 ¢)) (V2 (@10 (@16 ) = (Vg5 (q2 F Z 1) = (pgoqiq2 F Z (Node aty 1)) Z/Z*r]
Y1 (Avac”. y (Entom U (@2 (@1 ) (v (@9 (@16 ¢))) (V2 (@10 (@16 <)) = (pgoqi IF Z ity = Z (Nodeaty 1,))[Z/Z*r]
iyt (Aac’ .y Erom 1 (@2 (@1 ) (v (@9 (@16 ¢))) (V2 (@10 (@16 ¢))))
. (Vqy.(q1 F Zt))= (pgogq1 F Zt, = Z (Node at t,)))[Z/Z*r]
ly1 (v y1 (Avac”. y (Enom U (@2 (@1 ) (v (@ (@16 €))) (V2 (@10 (@16 <)) = (pgo IF Zty = Zt, = Z(Nodeaty ) Z/Zr]
A y1 (Avy.y1 (e’ y Enrom 1 (@2 (@1 ) (v1 (@9 (@16 €))) (V2 (@10 (@16 ¢)))))
: Vqp5.(qo IF a € Atom)= (pgo F Zty = Zty = Z (Nodeat, 17))[Z/Z*r]
Y1 (Auyy (v y1 (Avac’ .y (Enom 1 (@2 (@17 ¢))) (V1 (@9 (@16 ¢))) (v2 (@10 (@16 ¢))))))
| c(pFae Atom=Zt =Zt,=Z(Nodeat| r))[Z/Zr]
Y1 (A1 (1. y1 (Avac’ .y Enom t (@2 (@1 ) (v (@9 (@16 ¢))) (V2 (@10 (@16 ¢)))))) : p IF closZ
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[[1]z : C[p]=1 € Tree
'[v] (Z*)L—?K—?O
V147,
[A] x : g [F ¥V € Term. Z (Leaf V)
(Y] gy
[A]y : gn IF closZ
Bix : YO '.qrgn F V € Term = Z (Leaf V)
Y3 B3 x) : V(). (qrgn F V€ Term) = (qrqn F Z (Leaf V)
[V] ()
[Au : Ve Term
A_.u : Clgrgy] =V € Term
Erm (A_1) = qrqn IF ¥ € Term
73 B3 1) €y (1) + quqy F Z (Leaf ¥)
Au.y3 (B3 x) €y (A ) VV € Term. g gy IF Z (Leaf V)
Bay : VEVEVA'. qqn Fa € Atom= Zty > Z1, =>Z(Nodeat; i)
v3(Bsy) : VIL] VI‘ZVa‘. (qLgn IF a € Atom) = (qrLgn FZty=>Zt,=>ZNodeat; 1))
V]
[V] t‘
[V] a‘
[A]u : a € Atom
[Uv : qgn FZ1y
[Uw : qugn FZ1,
A_.u : Clqrgn] = a € Atom
Eviom A1) : qrqn IF a € Atom
Y3 (BaY) Eom A1) = qrgyn F Zt1 = Z 1ty = Z(Nodeat 1)
Y3 (73 (BaY) (Epiom (A_-w)) = (qrgn ¥ Z11) = (qrgn F Zty = Z(Node at, 1))
Y3 (73 Ba Y) (Epom A )V 2 qrgn F Ztp =>Z (Nodeat, 1p)
Y3 (3 (73 (Ba y) Epiom (A ) V) = (qrgn F Z12) = (qqn IF Z(Node at; 1))
173 (73 (73 (B4 Y) Epiom (A V)W & qrgn IF Z(Nodeat, 1p)
Auvw. y3 (¥3 (3 (B4 Y) Epom A ) VIW @ VEVEYa € Atom. (qrgn IF Zt1) = (qgy F Z ) = qrqn IF Z(Nodeat tp)
[[V] r*
[A ¢ : Clpqrgnr]
ai’c : Clp]
z(a1’¢) 1 te Tree
2(@1® ©) (it y3 (B3 ) (Efmy (A 1)) (Atvw. 73 (3 (73 (BsY) Epgoms A D)WW = qra F Z1
2(@1? ) (At y3 (B3 ) (Epey (A 1)) (Divw. 73 (73 (73 (B ) Epiom (0D W) = Clgrgnrl = Z" 17
ais ¢ : Clgrgnr]
[z (a)? C) (Au.y3 (B3 X) (€ (A 1)) (Auvw. 3 (¥3 (73 (Ba Y) (Epom (A ) VIW) (@16¢) = Z7tr
Ae.2 (@17 €) (.73 (B5 ) g, (A 10) (173 (75 (5 (B4) Ep (A 10) V)W) @16)
2 V. Clpqrgnrl = Z tr = pqrgn F Z 1t
ye.z (m €) (At 3 (B3 2) €y (A 1)) (Atvw. 3 (73 (73 (B4 3) Epy (A_ 1)) V)W) (@16 €)
: VY. (gn IF closZ) = (pqrgn F Z 1)
Y1 (/lyc. z(ar® ©) (A y3 (B3 %) &y (A 1)) (Quvw. y3 (3 (73 (Ba ¥) (Epom A_- ) VI W) (@16 0)) = pqr IF closZ=Z1
Ax.y1 (ye.z(ar? ©) (Au.y3 (B3 %) (€ (A 1)) (Auvw. y3 (73 (73 (Ba ) (En oy (A_- 1)) V) W) (@16 €))
: Yq5.(qr F VV € Term. Z (Leaf V) = (pgy IF closZ=Z1)
Y1 (Ax.y1 (Aye. z (@i ©) (A y3 (B3 %) (€ (A 1)) (Auvw. y3 (v3 (73 (Ba ¥) (Eom (A_ ) V) W) (@16 ©)))
I . p IF (¥V € Term. Z (Leaf V)) = closZ = Z 1)
71 (/UC y1 (Aye.z(ar® ©) (Au.y3 (B3 x) (&r,. (A1) (Auvw. y3 (¥3 (73 Ba y) (Eniom (A 1)) V) W) (@16 €)))
: YZ*. p IF (¥V € Term. Z (Leaf V)) = closZ= Z1t) ~ p IF t € Tree
2z 71 (/UC Y1 (Aye.z(ar® ©) (A y3 (B3 x) (Er, (A 1)) (Auvw. y3 (73 (73 (Ba y) () om (A_- ) V) W) (@16 €)))
: (Clp]=>teTree)= (p IF t € Tree)
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5.2 subH is absolute

Remember that

subH p := 3t € Tree. subHtree pt = 1 = (Vt.t € Tree= subHtreepr=1=> 1)= L

[[1]z : g IF subH p

[ c : Clq]

[[A] x : Vt.t € Tree= subHtreept=1= L

v3z ¢ (qIFVt.t € Tree= subHtreepr=1=1)= (g IF 1)

[[V]¢

V] g5

[AJu : gr IFt e Tree

Y] q),

[A]v : g, IF subHtree pt =1

[ ¢" = Clgqrgp]

étree @ Clgr] =t € Tree

a(ar ) @ Clgr]

Erree (a0 (@1 ¢)) @ t € Tree

X (Etree U (ap (@1 ¢’))) : subHtreepr=1= 1

ac 1 Clgpl

&eqv @ Clgp] = subHtree pt =1

Eeqv(aac’) @ subHtreept =1

[ X (€Tree u (@2 (@1 ¢))) (€eq v (aa(ai ¢))) @ L

A" x (e u (a2 (@1 €7))) (é:eq viaac)) : C[quqP] =1

&) (A" X (Erree u (a2 (@1 €'))) (eq v (@2 "))t qqrqy IF L

. & (A x (Etvee U (@2 (a1 €))) (beqv (@2 ")) @ Yq),.(qp IF subHtree pt = 1) = (qqrq, IF 1)

Y1 (. & (A" X (Epee U (a2 (a1 €))) (€eq V(@2 ")) : ggqr IF subHtreepr = 1= 1

A y1 (A. & (A" X (ETree u (a2 (a1 ")) (Eeq v (@2 ¢))) : Y. (qr IF t € Tree) = (qqr IF subHtree pt = 1= 1)
1 (Au.yy (Av. & (A X (Exree U (@2 (@1 ') (beq v (a2 c’)))) : qIFt € Tree= subHtreepr=1= L
Y32 (y1 (Au.yy (Av. & (A x (Eqree u (@2 (@1 ¢))) (Eeq v(@a ) = g F L

&L (y3z(y1 (Qu.yy (. &) (A X (Erree u (@2 (@1 €7))) (Eeqv (@2 ) : Clgl= L

€1 (y3 2 (y1 (A yy (V. &) (A" X (Etree u (@2 (@) €7))) (Eeq V(@2 ) C @ L

[Ax. &1 (y3z(y1 (A yy (Av. & (A X (Epee (@2 (@1 ))) (éeqv(@2¢'))))))) c @ subHp

Az¢c. 7 @ (AX*u. (A*v. (Ac. <§Tree u(as (a1 (ag ¢))), €eq v (@2 () c’))>))) (a7 ¢) : (g IF subH p) = (C[g] = subH p)
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[[Alz : g IF subHp

[ c : Clg]

[[A] x : Vt.t € Tree= subHtreepr=1= L

v3z @ (qIFVt.t € Tree= subHtreepr=1=1)=(q IF 1)

[[V]#

(Y] 47

[AJu : gr IFt € Tree

(V] g},

[A]v : g, IF subHtree pt =1

[[2] ¢" = Clgqrgp]

et 2 Clgr] =t € Tree

a (a1 c’) @ Clgr]

Erpee U (aa (@1 ) : t € Tree

X (étree U (a2 (@1 ¢'))) : subHtreept=1= 1

arc : Clgpl

&eqv @ Clgp] = subHtreept =1

Eeqv(aac’) @ subHtree pt =1

X (étree u (@2 (@1 €'))) (beq v (@2(@1 €'))) @ L

A X Emree (@2 (@1 ) Eeg v(@2¢)) = Claqra,]= L

€ (A x Eree u (@2 (@1 ) (Eeqv (@2 ) : gqrap F L

V. €, (A" X Erree u (@2 (a1 ) (Eeq v (@2¢))) : Ve (g, F subHtree p1 = 1) = (qqrg, F 1)

[y1 (. & (A" X (ETree U (a2 (@1 ")) (€eq v (@2 ")) : qqr IF subHtree pt = 1= 1

Ay (. & (A X (ETree U (@2 (@1 €))) (beq v (@2 ) : V5. (qr IF t € Tree) = (qqr IF subHtree pt = 1= 1)
Y1 (Au.yy (Av. & (A X (Exree u (a2 (@1 ¢'))) (Eeq v (a2 ¢’))))) : q IFt € Tree= subHtreepr=1= L
Y3z (y1 (Au.yy (. & (A X (Erpee t (@2 (@1 ) (beqv (@) @ qIF L

£1 (3 2O (uy) (0. €, (A x Eree (@2 (@1 ) (Eeq v (@2 NN)) = Clgl = L

(£ (v3 2 (y1 (Au.yy (Av. € (A" x (Eree u (@2 (@1 ¢))) (Eeq v (@2 ) L

[Ax. &1 (y3 2 (y1 (A yy (Av. &) (A" X (Ervee U (@2 (@1 €7))) (§eq v (@2 ¢"))))))) ¢ = subH p

Azex. &1 (y32(y1 (Au.y1 (Av. &) (A" X (Enree u (a2 (@1 €7))) (Eeq v (@2 ")) ¢ (g IF subH p) = (C[g] = subH p)
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[[1]z : C[gq]= subHp
[[V] r*
[A]x : rIFVt.t € Tree= subHtreept=1= L ~Vt.r IFt € Tree= subHtreepr=1= L
Bax : Vt.qr IFt € Tree= subHtreepr=1= L1
v3(Bsx) : Vt.(qr IF t € Tree) = (gr IF subHtree pr = 1= 1)
[[4] ¢ : Clgr]
aic : Clq]
z(ajc) : subHp = (V.1 € Tree= subHtreepr=1=1)= 1
[[V] ¢
[AJu : t €Tree
[A]v : subHtree pt =1
A_.u : Clgr]=t € Tree
e A u) = qrF t € Tree
Y3 (Ba x) (€fee (A_.w)) : gr IF subHtree pt = 1= 1
Y3 (73 (Ba x) (€. (A1) @ (gr IF subHtree pt = 1) = (gr IF 1)
A_.v : Cl[gr]= subHtreept =1
Eeq(A_.v) : gr IF subHtree pt =1
7373 (B4 ) €y (1)) (e (A1) © qr F L
&L (r3 (73 (B4 %) (€. (A1) (feq (A1) = C [qr] =1
€0 (73 (73 (B 1) (€ (A 0)) (g (A_ V) €
Auv. &1 (y3 (3 (Ba X) (€00 (A ) (eq (A_.v))) ¢ : V1.(t € Tree) = (subHtree ptr = 1)= L
[z (a1 ¢) (Auv. &L (y3 (73 (B4 %) (E1pee (A 1)) (Eeq (A_V)))C) © L
Ac.z (@1 ) (Quv. €1 (v3 (73 (Ba %) (Epee (A ) (Eeq (A V) ©) : Clgrl= L
&' (Ae.z (a1 o) (Auv. &1 (3 (73 (Ba X) (€ (A 1)) (Geq (A_.V))) €)) = gr IF L
Ax. & (Ae.z(ar o) (Auv. &1 (73 (¥3 (Ba X) (§pee (A 1)) (Eeq (A v))) €))

: Vr.(rIFVt.t € Tree= subHtreeptr = 1= L)=(gr IF L)
04 (ﬁx & (Ae.z(ar o) (uv. &1 (y3 (¥3 (Ba X) (€ (A 1)) (beq (A_. V))) ©)))

: qF (¥t.t € Tree= subHtreept=1= 1)= 1 ~ g IF subHp

A2y, (/lx & (Ae.z(ar o) (Auv. &1 (3 (73 (Ba %) (€ (A ) (§eq (A_. ) ©))) = (Clg]l = subH p) = (g IF subH p)

5.3 FValis absolute
The definition of FVal is

peFVal . =V¥Z"°Zo=
(Yp"“Va € Atom. mema p’ = 0 Zp =Z(p'a'))=
(Yp"“Ya € Atom. memap’ =, 1 — Zp =Z(p'a®)=
Zp
To ease writing, we set

closZ" := ¥r'Ya € Atom. memar =, 0~ Zr=Z(ra"))

closZ™ := ¥r'¥a € Atom. memar = 0 Zr=Z(ra)).
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[[Alz : qIF peFVval

[ ¢ : Clq]

[v] ZL—0

[ANx: Zo

[A] ¥y @ closZ*

[A]y : closZ

7:(qF Z@=closZ" = closZ = Z p)[Z/ZFr]

v32:(qF Z2)NZ/Z*r] = (q IF closZ® = closZ = Z p)[Z/Z*r]

A.x : Vr*.Clgrl=2Z2 ~(q F Zo)[Z/Z"r]

v32(A_.x) : (q IF closZ® = closZ = Z p)[Z/Z*r]

v3(y3z2(A_.x)) : (q IF closZH)[Z/Z*r1 = (q F closZ = Z p)[Z/Z*r]

[[Y](p')

[V]a

[[V] g5

[AJu : go IFa e Atom

Eatomu ¢ Clgo] = a € Atom

V] ¢

[Av : (@ FZNZ/Z r] =Vs“.Clg1s]=>Zr

[[V] s*

[A ¢ @ Clgqoq:s]

az(a1* ) = Clgol

Eatom U (@2(a1? ")) : a € Atom

V" Entom U (@2(@1? ")) : memar =0~ Zr=Z(ra")

¥ Eatom u (@2(@i* ) : Zr=Z(ra')

apc : Clgs]

viapc) : Zr

" (Envom U (@2(@1> ) (v (@10 ) : Z(ra')

A y* (Entom U (@2(@1? ) (v (@10 ) = Vs*.Clgqoqis] = Z (ra') = (qqoq1 F Z (ra"))[Z/Z" r)
e ¥ Enom 1 (@212 ) (v (@10 ) = Y- (@1 F ZPIZ/Z 1= (gqoq1 F Z(ra)Z/Z r]
YAV Y Entom u (@2(@1? ) W (@10 ) = (qq0 F Zr=Z (ra"))[Z/Z" 1]

Y1(e’ .yt (Enrom U (@2(@1? ) (v (@10 ')

I : memar =0 (qgq FZr=Z(ra"))[Z/Z* r] = (qqo F memar =0 Zr=Z(ra"))[Z/Z" r]
Ay (v’ .y (Enrom U (@2(a)? ) (v (@10 ¢))) - Vq5.qo IF a € Atom= (gqo F memar =00 Zr =Z(ra"))[Z/Z" r]
Y1 (. v (e’ .yt (Encom t (aa(a1? ) (v(ao ) : (¢ Fa € Atom= memar = 0~ Zr=Z(ra"))[Z/Z* r]
Y1 (A y1 (ve’ .yt Enom t (@2(1? ) (v (@10 ¢)))) = (g IF closZ¥)[Z/Z" r]

Write T~ := vy (Au. y1 (v’ y*'~ (Enom u (@2 * ¢))) (v (@10 €))))

T* : (qIF closZ")[Z/Z* r]

idem

T : (qFclosZ)[Z/Z" r]

v3(y3z(A_.x))T* : (qIF closZ = Z[Z/Z*r]

v3(y3(v3z2(A_.x)T*) : (qFclosZ)[Z/Z" r1= (g [F Z p)[Z/Z"F]

v3i(y3s(v3z(A_.x)THT : (qIFZp)Z/Z*r1=Vs*.Clgs]=>Zp

ajc : Clql]

Y3 (3 (32 X)) T T (az¢) = Zp

LAy Y . ys (Y3(y32(A_ X)) THT (a7¢) : YZ'7°. Z@ = closZt = closZ = Z p = p € FVal
Azexy*y . y3 (v3(y3z(A_. x) T T (a7 ¢) : (g IF p € FVal) = (C[g] = p € FVal)

remembering that T/~ := y; (Au. v, (Ave’. Y™ (Earom U (@2(a1? ¢))) (v (@10 ¢'))))

28



[[1] z : Clg]l= p € FVal

’[v] (Z*)L—)K—)O

[[¥] g5

[Ax:qFZo

V] (g")"

[A1y" : g* [F closZ*

V] (g)*

[A]y : ¢ IFclosZ

Bsx : quqg'q FZo

Bayt 1 Vr'Va'.qog g Fa e Atom= memar =0+ Zr=2Z(ra")

v3(Bay") : VrVa'. (qogtq F a € Atom) = (gog*q Fmemar =0 Zr=Z(ra"))

[[V] 7

[V] &

[A]u : a € Atom

[Eq.] memar =0

[Av : quqg"q FZr

A_u : Clgog*q 1= a € Atom

Ervom A1) 1 qoq"q IF a € Atom

Y3 (Bay") (Eppon A w) : qog"q Fmemar =0 Zr=Z(ra")~memar = 0w qoqg*q FZr=2Z(ra")
Y3 Bay") Enom (A 0) = G0q"q" F Zr=Z (ra")

Y3 (13 BaY") Enom A1) = (qog*q F Zr)= (qog*q F Z (ra"))

75 3 (B3 ) Epgomg A1)V = o™ F Z(ra)

Auv.y3 (y3 Bay") Enom A_- ) v : ¥r'¥a € Atom. memar = 0w (qoqg*q FZr)=(qoq*q FZ (ra"))
Write U™/~ := duv. y3 (3 (B y/7) (€ (A 1)) v

U* : ¥r'¥a € Atom. memar =, 0 = (qog*q F Zr)= (qoq*q F Z (ra"))

idem

U : Vr'Va e Atom. memar =, 0~ (qog*q F Zr)= (qog*q F Z (ra®))

[[V]

[ ¢ : Clgqoq™qr]

ar*c : Clgl

z(a1*¢) : peFval

2t ) BUTU : qogtq FZp=Vr-.Claog*qrl=Z"pr

g (@16 (a5 0)) : Clgog*qr]

[z(a1* ) (B3 x) Ut U (a (@16 (@s0)) = Z' pr

[Ac.z(ar* ) (B3 x) Ut U (a6 (16 (@5 ) = Vr*.Clgqoq*qr1=2Z"pr=pgog*q FZp

ye.z(@* o) B3 x) U U (g (a6 (as0) = Yq.q IFclosZ = qqoq*q FZp

ly1 (yc.z(a* ©) (B3 x) UT U (g (a6 (a5 0)))) = qqoq™ F closZ- = Z p

(1 ye.z(ar* o) By x) UT U (ag (16 (@5 0)))) = Yg©.(q" F closZ¥) = (qqoq™ IF closZ” = Z p)

ly1 (y*. (1 Wy e.z (@i ©) (B3 x) UT U™ (a6 (16 (a5 ©))))) = qqo IF closZ* = closZ = Z p

.y (YT (y1 ez (@ ©) (B3 x) UT U (ag (@16 (@5 0)) = Yqo.(q0 F Z@) = (qqo IF closZ* = closZ' = Z p)
[y1 (Ax. vy (yF. (v (v e.z(a* ¢) (B3 x) Ut U (as (a6 (a5 0))))))) @ q IF Zo = closZ* = closZ = Z p

[y1 (Ax.y1 (Ay*. (y1 Wy e.z(ar* ©) (B3 x) Ut U (as (@16 (@50))))) : ¥Z*.qIFZo=closZ" =closZ = Zp ~q IF p € FVal
Az.y1 Ay (. (1 (ye.z(@1* ) (B3 x) U U (ag (16 (a5 0))))) : (Clgl= p € FVal)= (¢ IF p € FVal)

remembering that U™~ := duv.y3 (y3 Ba y*' ) (€ oy (A 1)) V.

5.4 Cis absolute
The set C is defined by C[p] := p € FVal A (subH p = subH @).
We have
Epva : (g IF p e FVal) = (Clg] = p € FVal)
&by (Clgl= p e FVal) = (g IF p € FVal)
&sub ¢ (g IF subH p) = (C[¢g] = subH p)
&b - (Clgl = subH p) = (¢ IF subH p)
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but also

Equbn ¢ (g IF subH @) = (C[g] = subH @)
& ot (Clgl= subH @) = (g IF subH @)

We then get

En Erval (€= Egpn Esunnt) = (¢ IF Clp]) = (Clgl = Clp))
&En Eval (€5 Esubnt Egpn) © (Clgl = ClpD = (g F Clp))

6 Proof of forcing the extra axiom (A)

We want to prove 1 IF Va € Atom. (Vpb.p e G=b e Bool= testpab=1=>1)= 1.

6.1 A textual proof
We first give a textual proof before the formal one in order to convey the essential ideas.

Proof. Given a, q,, q and proof terms

X : g, IFae Atom
y:qIFVpVb.pe G=>beBool= testpab=1= 1,

we want to prove lq,q IF L. Since 1 is neutral for the product, this is the same as proving that g,q IF L. With
repeated use of y3, we can turn y into y’ := Auv. y3 (y3 (y3 (B4 y) u) v) which is a proof term for

Yq'pb.(g'qF peG)=(¢'qIFbeBool)=(q'qIFtestpab=1)=(q'qIF L).

Since test is total (assumed in the interface), mem is total too and we have mem a (¢,q) € Bool. We then proceed
by case analysis, noting that mema (q,q) = 1 can itself be decomposed into test(q,q)a 1 = 1 or test(g,q) a0 = 1.

e test(g,q)al = 1: We take p := q,q and b := 1. We want to use y’ to prove g,q IF L so that we have to prove
its premises:

- Ax.x 1 9.9 F quq € G = g9 < quq,

= Y1 (Au.y1 (. B4 (B3 u))) : qaq IF 1 € Bool,
= &q (A x.x) 1 qaq IF test(gqq) a1 = 1 because the equality holds in the equational theory.

o test(q,q) a0 = 1: It is similar to the previous case.

e mema(qg,q) = 0: We use ¢, and we are left with C[g,q] = L to prove.
We first prove that we have C[(g,a')q] = L by using first £, then y’ with g := g,a', p := a' and b := 1.

- a0y : (q.a)q IFa' € G = (q.a")g < a' because product is the glb for <,
- (gaa")q IF 1 € Bool proved as before,

- (gqa')q FF testa' a1 = 1 proved as before.

In a similar fashion, we prove that C [(gaa®)g]l = L.

Back to the proof of C[g.q] = L. Assume C[q.q]. Applying the proof term of C[g.a'q] = L, we have to
prove Clgq.a'q] = q.a'q € FVal A (subH g,a'q= subH @). The first part present no difficulty because we
have C[q,q] and mema(q,q) = 0: we jsut need to apply the second constructor of FVal. For the second
one, we assume subH g,a'q’ and we want to prove subH @. Instead we choose to prove L. Applying again
the same method with C[g,a’q] = L, we end up proving subH @ with subH g,a'q and subH ¢,a’q as extra
hypotheses. subH g,a'q and subH g,a’q allow us to prove subH g,q. Finally, from C[g.q], we deduce
subH g,q = subH @, which allows us to conclude. |
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6.2 The formal proof

Given ¢“ and

f:V¥pb.qFpeG=becBool=>=M=N= 1
xp : q IF b e Bool

we have
[Eq1M =N
1 :qglFgeG=qg<gq
f@l@x, : gFM=N=1
I - M=M=>=M=N
I':gFM=N
f@ERI@x, @I : L
f@EI@x,@" : M=N—gqglF L

We will use the lemma four times in the coming proof, always with x;, = true* or x,, = false” and M = testqab.
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[[V]r*
V14,
(Y14}
[ c : Clg(galgrm))]
[V]a
[A] x4 : qq IF a € Atom
[Af : qfIFVpb.pe G=beBool=testpab=1= 1L =Vpb.qIF pe G=becBool= testpab=1= 1
ai(azc) @ Clgal
ag (asc) @ Cl((gqa)q5)7]
¢:=a(as(as ) : Cl(qqa)qr]
[[Let] ¢1 : (gg94)qr € FVal
[Let] ¢; : subH(gq.)qr = subH @
X4 = Eaom Xa (@1 (@2 €)) : a € Atom
Totmem €1 %4 : mema(gq,)qy € Bool
First case: mema (gq.)qy = 1
Totese ¢1 X4 true : test(ggq)gral € Bool
[[Eq.] mema(gq.)qy =1
First sub-case: test (ggq)gral =1
[[Eq.] test(gqa)gral =1
Baf : (99.)qr F (q9.)qr € G=1 € Bool = test(qq.)gral =1= L

true* : (ggq)qr IF 1 € Bool

BsfH@I@true* @I : test(qqa)gral =1 - (qqa)qr F L = (gq.)g5 F L
(Bsf)@I@true* @T")c : L
Second sub-case: test (gq,)gral =0
[[Eq.] test(gu.q)al =0

Frommema (gq.)qr =¢ 1 and test(gq.)gral =g 0, we deduce test(ggq)gra0 =g 1
Baf : (994)q5 F (99.)qr € G= 0 € Bool= test(gg.)qa0=1= 1

false” : (gq.)qr IF 0 € Bool

Bsf)@I@false” @I" : test(qqa)gra0 =1 (qq.)97 IF L = (qq.)q5 IF L
(B4 )@ @ false” @T") : L
if Totie c1 X, true then (B4 f) @ I @ true* @ I") celse ((B4 f) @ I @ false” @ [") ¢ : L
Second case: mem a (¢q,)qr = 0
[See below

(B3 (Bs /) @1 @ true* @I*) (a7 (consT %, c1, Au. BY) : Cl((qq.)qs)a'l] : L

if Totmem €1 X4

then if Totes c; £, true then ((B4 f) @ I @ true* @ I*) c else (B4 f) @ I @ false” @ I") ¢
| else (B3 (B4 f) @ I @ true* @ I*) (a7 {consT X, ¢y, Au.B)) : L

let (c1,¢3) := ¢ in if Totyem c1 X4

then if Totey ¢ £, true then ((84 f) @ I @ true* @ I*) c else ((B4 f) @ [ @ false” @ 1) ¢
| else (B3 (B4 f) @ I @ true* @ I*) (a7 {consT X, ¢y, Au.BY) : L
Acxaf.
let (¢1,c2) := ¢ inif Totyem €1 X4
then if Totes c1 £, true then ((B4 f) @ I @ true* @ [*) c else (B4 f) @ I @ false™ @ T") ¢
else (B3 (B4 f) @ I @ true* @ I*) (a7 (consT X, ¢y, Au. B))

: qIFVYae Atom.(Vpb.pe G=b € Bool= testpab=1=1)= 1
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For the second case, recall that we have

mema(qq.)qy =¢ 0
c: Clg(qalgsr))]
1t (qq4)qr € FVal
¢ @ subH(gq,)qr = subH@
Xq: qq IFa e Atom
Xq 1= Entom Xq (1 (@2 €)) : a € Atom
f:Vpb.gqr F peG=beBool= testpab=1= 1

X, . a € Atom
BsBsf) : (9qa)gp)a’ F ((qqa)qp)a’ € G=1 € Bool = test((qqa)gp)a' al =1= 1L
B3 (Bsf)@I@true* @I" : ((qqa)qp)a’ F L
BsBs f) : (9qa)qp)a’ F ((qqa)qr)a’ € G =0 € Bool = test((qqa)qs)a’al = 1= 1
By(Bsf) @1 @false* @T* : ((qq.)gs)a’ F L
consT £, ¢1 : ((qq4)qs)a € FVal
[[A] u : subH((gq.)gy)a’
consF £, ¢1 1 ((9qa)gr)a’ € FVal
[A]v : subH((¢q.)q)a"
merge X, uv : subH(gq.)qr
¢, (merge X, uv) : subH@
Av. ¢ (merge X, uv) : subH((gq,)qs)a’ = subH @
(consF %, c1, Av. c3 (merge £, uv)) : C[((q94)qs)a’]
a7 {consF %, ¢, Av. ¢, (merge £, uv)) : Cl((9q4)qr)a’1]
B:= (B3 (B4 f) @I @ false” @ I") (a7 {consF %, c1, Av. ¢, (merge £, uv))) : L
|B : subH®
Au. B : subH((qq4)qr)a' = subH @
(consT %, ¢1, Adu. B) : C[((qqa)qs)a']
a7 (consT &, c1, Au. BY : Cl((qq.)q7)a'1]
(B3 (Bs /) @1 @ true* @ I*) (a7 {consT £, ¢, du. B) : C((qqa)gr)a'1]) : L

6.3 Simplifying the combinators

We now use a canonical implementation for finite valuations featuring associativity, commutativity and idempo-
tency of union whose neutral element is @. For instance, one can take ordered list without repetition. This implies
that most primitive combinators of the forcing structure are the identity. More precisely, only @; and @, are not
the identity among the first 8 combinators which triggers a similar result for derived ones. All in all, there is only

one real combinator, which we call «, that remove a part of the finite list (and thus is idempotent).

) =@ =Q9g =a)0 =4 = Q15 = Q16 =«

G=a=as=a=ar=ag=a =ap=a;3=1
B2 =3 =4 =Axc.x(ac)
vy = Axcy.xyc Y2 =13 = Axyc.xcy v4 = Axcy. x (y (a c))

In this context, the previous program becomes

Acaf. let (cy,¢3) := acin Xy = Eaoma(ac) : a € Atom

if Totmem €1 X, then
if Totes ¢1 X, true then f (@ c) Itrue* I” else f (a c)Ifalse™ I

else f (a {consT %, ¢y, Au. f (a {consF %, c1, . c; (merge £, uv))) Ifalse” I*)) T true* I*

Let us now look at the implementation of @:

Ac.let (c1,¢z) == cin (Uppy, ¢1,4Ax. let (x1, x) := xin ¢z (X1, MONgypHree X2))

33



The term Mongpuuwee : Vpgt. subHtree pt = 1 = subHtree pgt = 1 proves a true Horn formula that can be
realized by the identity. Indeed, any Herbrand tree below p is also a Herbrand tree below pgq. Thus, from a realizer
point of view, we have

a = Ac.let (c1,¢2) := ¢ in (Uppy, €1, Ax. let (x1,x2) := xin ¢z (x1, MONgybHree X2))
= Ac.let (c1,¢2) := ¢ in (Uppy, €1, Ax. let (x1,x2) := xin ¢; {x1, x2))
= Ac.let (¢c1,¢2) := ¢ in (Upgyy €1, AX. C2 X)

= Ac.let (c1, ¢2) := cin (Uppyy 1,¢2)
This shows that the second component of C[p] is never touched by « and the last line of the program becomes

S (Uppyy consT X, c1, Au. f (Upgyy consF X, c1, Av. ¢; (merge £, uv)) Ifalse” I*) Ttrue* I*
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