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Abstract

A sum of affine powers is an expression of the form

f(z) = Zai(ac —a;)%.

Although quite simple, this model is a generalization of two well-studied
models: Waring decomposition and sparsest shift. For these three models
there are natural extensions to several variables, but this paper is mostly fo-
cused on univariate polynomials. We present structural results which com-
pare the expressive power of the three models; and we propose algorithms
that find the smallest decomposition of f in the first model (sums of affine
powers) for an input polynomial f given in dense representation. We also
begin a study of the multivariate case.

This work could be extended in several directions. In particular, just
as for Sparsest Shift and Waring decomposition, one could consider exten-
sions to “supersparse” polynomials and attempt a fuller study of the multi-
variate case. We also point out that the basic univariate problem studied in
the present paper is far from completely solved: our algorithms all rely on
some assumptions for the exponents e; in a decomposition of f, and some
algorithms also rely on a distinctness assumption for the shifts a;. It would
be very interesting to weaken these assumptions, or even to remove them en-
tirely. Another related and poorly understood issue is that of the bit size of
the constants a;, o; in an optimal decomposition: is it always polynomially
related to the bit size of the input polynomial f given in dense representation?

*UMR 5668 Ecole Normale Supérieure de Lyon, CNRS, UCBL, INRIA. The authors are sup-
ported by ANR project CompA (code ANR-13-BS02-0001-01). Email: [Pascal.Koiran,
Timothee.Pecatte]@ens-1lyon.fr, iggarcia@ull.es.



1 Introduction

Let F be any characteristic zero field and let f € F[x| be a univariate polynomial.
This work concerns the study of expressions of f as a linear combination of powers
of affine forms.

Model 1.1. We consider expressions of [ of the form:
S
f= Z az‘(.%' - ai)ei
i=1

with o, a; € F, e; € N. We denote by AffPowg(f) the minimum value s such that
there exists a representation of the previous form with s terms.

This model was already studied in [8], where we gave explicit examples of
polynomials of degree d requiring AffPowg (f) = (d) terms for the field F = R.

The main goal of this work is to design algorithms that reconstruct the optimal
representation of polynomials in this model, i.e., algorithms that receive as input
f € F[z] and compute the exact value s = AffPowr(f) and a set of triplets of
coefficients, nodes and exponents {(a;,a;,¢;) |1 <i < s} CF x F x N such that
[ =>7 1 ai(x —a;)%. We assume that f is given in dense representation, i.e., as
a tuple of deg(f) + 1 elements of F.

Model 1.1 extends two already well-studied models. The first one is the Waring
model, where all the exponents are equal to the degree of the polynomial, i.e.,
e; = deg(f) for all 4.

Model 1.2. For a polynomial f of degree d, we consider expressions of f of the
form:

f= iai(x — a;)?
i=1

with «;,a; € F. We denote by Waringp(f) the Waring rank of f, which is the
minimum value s such that there exists a representation of the previous form with
s terms.

Waring rank has been studied by algebraists and geometers since the 19th cen-
tury. The algorithmic study of Model 1.2 is usually attributed to Sylvester. We
refer to [14] for the historical background and to section 1.3 of that book for a de-
scription of the algorithm (see also Kleppe [16] and Proposition 46 of Kayal [17]).
Most of the subsequent work was devoted to the multivariate generalization! of

'In the literature, Waring rank is usually defined for homogeneous polynomials. After homoge-
nization, the univariate model 1.2 becomes bivariate and the “multivariate generalization” therefore
deals with homogeneous polynomials in 3 variables or more.



Model 1.2, with much of the 20th century work focused on the determination of
the Waring rank of generic polynomials [1, 6, 14]. A few recent papers [20, 5] have
begun to investigate the Waring rank of specific polynomials such as monomials,
sums of coprime monomials, the permanent and the determinant.

The second model that we generalize is the Sparsest Shift model, where all the
shifts a; are required to be equal.

Model 1.3. For a polynomial f, we consider expressions of f of the form:

f= Zai(ac —a)
=1

with a,a € F,e; € N. We denote by Sparsesty(f) the minimum value s such that
there exists a representation of the previous form with s terms.

This model and its variations have been studied in the computer science liter-
ature at least since Borodin and Tiwari [4]. Some of these papers deal with mul-
tivariate generalizations [12, 9], with “supersparse” polynomials [11] or establish
condition for the uniqueness of the sparsest shift [19]. It is suggested at the end
of [9] to allow “multiple shifts” instead of a single shift, and this is just what we
do in this paper. More precisely, as is apparent from Model 1.1, we do not place
any constraint on the number of distinct shifts: it can be as high as the number s of
affine powers. It would also make sense to place an upper bound %k on the number
of distinct shifts. This would provide a smooth interpolation between the sparsest
shift model (where k& = 1) and Model 1.1, where k = s.

1.1 Our results

We provide both structural and algorithmic results. Our structural results are pre-
sented in Section 3. We compare the expressive power of our 3 models: sums of
affine powers, sparsest shift and the Waring decomposition. Namely, we show that
some polynomials have a much smaller expression as a sum of affine powers than
in the sparsest shift or Waring models. Moreover, we show that the Waring and
sparsest shift models are “orthogonal” in the sense that (except in one trivial case)
no polynomial can have a small representation in both models at the same time. We
also show that some real polynomials have a short expression as a sum of affine
powers over the field of complex numbers, but not over the field of real numbers.
Finally, we study the uniqueness of the optimal representation as a sum of affine

In that model, the size of the monomial z¢ is defined to be log d instead of d as in the usual
dense encoding.



powers. It turns out that our reconstruction algorithms only work in a regime where
the uniqueness of optimal representations is guaranteed.

As already explained, we present algorithms that find the optimal representa-
tion of an input polynomial f. We achieve this goal in several cases, but we do not
solve the problem in its full generality. One typical result is as follows (see Theo-
rem 4.4 in Section 4 for a more detailed statement which includes a description of
the algorithm).

Theorem 1.4. Let f € Flx| be a polynomial that can be written as
S
f = Zal(.%' — ai)e",
i=1

where the constants a; € F are all distinct, o; € F\ {0}, and e; € N. Assume
moreover that n; < (2i/3)Y/3 — 1 for all i > 2, where n; denotes the number of
indices j such that ej < i.

Then, AffPowr(f) = s. Moreover, there is a polynomial time algorithm that
receives [ = Z?:o f:x* € Flx] as input and computes the s-tuples of coefficients
C(f) = (a1,...,as5), of nodes N(f) = (a1,...,as) and exponents E(f) =
(e1,...,€5).

From the point of view of the optimality of representations, it is quite natural to
assume an upper bound on the numbers n;. Indeed, if there is an index j such that
n; > j+ 1 then the powers (x — a;)® are linearly dependent, and there would be a
smaller expression of f as a linear combination of these polynomials.> We would
therefore have AffPowr(f) < s instead of AffPowr(f) = s. It would nonetheless
be interesting to relax the assumption n; < (2i/3)'/3 — 1 in this theorem. An-
other restriction is the assumption that the shifts a; are all distinct. We relax that
assumption in Section 5 but we still need to assume that all the exponents e; cor-
responding to a given shift a; = a belong to a “small” interval (see Theorem 5.3
for a precise statement). Alternatively, we can assume instead that there is a large
gap between the exponents in two consecutive occurences of the same shift as in
Theorem 5.8.

In Section 6 we extend the sum of affine powers model to several variables. We
consider expressions of the form

f(ﬂ?l,...,xn):Zaifi(.’ﬁl,...,ﬂ?n)ei, (1)
i=1

*1t is hardly more difficult to show that one must have n; < [%] for any optimal expression,
see [8, Proposition 18].



where e; € N, ; € F and /; is a (non constant) linear form for all 7. This is
clearly a generalization of the univariate model 1.1 and of multivariate Waring
decomposition. Work on multivariate sparsest shift has developed in a different
direction: one idea [9] has been to transform the input polynomial into a sparse
polynomial by applying a (possibly) different shift to each variable. The model
from [12] is more general than [9], and we do not generalize any of these two
models. Our algorithmic strategy for reconstructing expressions of the form (1) is
to transform the multivariate problem into univariate problems by projection, and
to “lift” the solution of n different projections to the solution of the multivariate
problem. This can be viewed as an analogue of “case 1” of Kayal’s algorithm for
Waring decomposition [17, Theorem 5].

1.2 Main tools

Most of our results* hinge on the study of certain differential equations satisfied by
the input polynomial f. We consider differential equations of the form

> Bix)fY =0 )

where the P;’s are polynomials. If the degree of F; is bounded by ¢ + [ for every i,
we say that (2) is a Shifted Differential Equation (SDE) of order k and shift .

The basic idea behind our algorithms is to look for a “small” SDE satisfied by
f, and hope that the powers (z — a;)¢ in an optimal decomposition of f satisfy the
same SDE. This isn’t just wishful thinking because, as shown in Proposition 2.6, a
polynomial with an expression of size s in Model 1.1 satisfies a SDE of order s and
shift (‘;) Moreover, the powers (z — a;)¢ satisfy the same SDE. This differential
equation comes from the Wronskian

Wr(f, (x —a1)?, ..., (x —as)®). ?3)

Section 2 recalls some (mostly standard) background on differential equations and
the Wronskian determinant.

Unfortunately, this basic idea by itself does not yield efficient algorithms. The
main difficulty is that f could satisfy several SDE of order s and shift (;) By Re-
mark 2.7 we can efficiently find such a SDE, but what if we don’t find the “right”
SDE, i.e., the SDE coming from the Wronskian (3)? In this case, there is no guar-
antee that the powers (z — a;)¢ will satisfy the SDE discovered by our algorithm.

“The structural results about real polynomials from Section 3.1 rely instead on Birkhoff interpo-
lation [8].



One way around this difficulty is to assume that the exponents e; are all sufficiently
large compared to s. In this case we can show that f satisfies a unique SDE of or-
der s and shift (;) This fact is established in Corollary 4.2, and yields the efficient
algorithm of Theorem 4.3. The algorithm of Theorem 1.4 is more involved: con-
trary to Theorem 4.3, we cannot determine all the terms (z — a;)¢ in a single pass.
Solving the SDE only allows the determination of some (high degree) terms. We
must then subtract these terms from f, and iterate.

1.3 Models of computation

Our algorithms take as inputs polynomials with coefficients in an arbitrary field K
of characteristic 0. At this level of generality, we need to be able to perform arith-
metic operations (additions, multiplications) and equality tests between elements
of K. When we write that an algorithm runs in polynomial time, we mean that the
number of such steps is polynomial in the input size. This is a fairly standard setup
for algebraic algorithms (it is also interesting to analyze the bit complexity of our
algorithms for some specific fields such as the field of rational numbers; more on
this at the end of this subsection and in Section 1.4). An input polynomial of de-
gree d is represented simply by the list of coefficients of its d + 1 monomials, and
its size thus equals d 4 1. In addtion to arithmetic operations and equality tests, we
need to to be able to compute roots of polynomials with coefficients in K. This is in
general unavoidable: for an an optimal decomposition of f € K[X] in Model 1.1,
the coefficients «;, a; may lie in an extension field F of K (see Section 3 and more
precisely Example 3.3 in Section 3.1 for the case K = R,[F = C). If the optimal
decomposition has size s, we need to compute roots of polynomials of degree at
most 5. 7 As a rule, root finding is used only to output the nodes a; of the opti-
mal decomposition,® but the “internal working” of our algorithms remains purely
rational (i.e., requires only arithmetic operations and comparisons). This is similar
to the symbolic algorithm for univariate sparsest shifts of Giesbrecht, Kaltofen and
Lee ([9], p. 408 of the journal paper), which also needs access to a polynomial root
finder.

The one exception to this rule is the algorithm of Theorem 1.4. As mentioned
at the end of Section 1.2, this is an iterative algorithm. At each step of the itera-
tion we have to compute roots of polynomials (which may lie outside K), and we
keep computing with these roots in the subsequent iterations. For more details see

SExcept in the algorithm of Theorem 5.3, where we need to compute roots of polynomials at most
s+ (;) + sd. Here § is a parameter of the algorithm, see Theorem 5.3 for details.

®Once the a;’s have been determined, we also need to do some linear algebra computations with
these nodes to determine the coefficients ;.



Theorem 4.4 and the discussion after that theorem. We make a first step toward re-
moving root finding from the internal working of this algorithm in Proposition 4.5.

We also take some steps toward the analysis of our algorithms in the bit model
of computation. We focus on the algorithm of Theorem 1.4 since it is the most
difficult to analyze due to its iterative nature. We show in Proposition 4.6 that for
polynomials with integer coefficients, this algorithm can be implemented in the bit
model to run in time polynomial in the bit size of the output. We do not have a
polynomial running time bound as a function of the input size (more on this in
Section 1.4).

1.4 Future work

One could try to extend the results of this paper in several directions. For instance,
one could try to handle “supersparse” polynomials like in the Sparsest Shift algo-
rithm of [11]. The multivariate case would also deserve further study. As explained
above we proceed by reduction to the univariate case, but one could try to design
more “genuinely multivariate” algorithms. For Waring decomposition, such an
algorithm is proposed in “case 2” of [17, Theorem 5]. Its analysis relies on a ran-
domness assumption for the input f (our multivariate algorithm is randomized, but
in this paper we never assume that the input polynomial is randomized).

One should also keep in mind, however, that the basic univariate problem stud-
ied in the present paper is far from completely solved: our algorithms all rely
on some assumptions for the exponents e; in a decomposition of f, and some
algorithms also rely on a distinctness assumption for the shifts a;. It would be
very interesting to weaken these assumptions, or even to remove them entirely.
With a view toward this question, one could first try to improve the lower bounds
from [18]. Indeed, the same tools (Wronskians, shifted differential equations) turn
out to be useful for the two problems (lower bounds and reconstruction algorithms)
but the lower bound problem appears to be easier. For real polynomials we have
already obtained optimal €2(d) lower bounds in [8] using Birkhoff interpolation,
but it remains to give an algorithmic application of this lower bound method.

Another issue that we have only begun to address is the analysis of the bit
complexity of our algorithms. It would be straightforward to give a polynomial bit
size bound for, e.g., the algorithm of Theorem 4.3 but this issue seems to be more
subtle for Theorem 1.4 due to the iterative nature of our algorithm. It is in fact
not clear that there exists a solution of size polynomially bounded in the input size
(i.e., in the bit size of f given as a sum of monomials). More precisely, we ask the
following question.

Question 1.5. We define the dense size of a polynomial f = Zg:o fixt € Z[X] as



Zfzo[l +logy (1 + | fi])]- Assume that f can be written as

f= Z a;(r —a;)“
i=1

with a; € Z, oy € 7.\ {0}, and that this decomposition satisfies the conditions of
Theorem 1.4: the constants a; are all distinct, and n; < (2i/3)Y/® —1 foralli > 2,
where n; denotes the number of indices j such that e; < i.

Is it possible to bound the bit size of the constants «;, a; by a polynomial func-
tion of the dense size of f ?

As explained at the end of Section 1.3, under the same conditions we have a
decomposition algorithm that runs in time polynomial in the bit size of the output.
It follows that the above question has a positive answer if and only if there is a
decomposition algorithm that runs in time polynomial in the bit size of the input
(i.e., in time polynomial in the dense size of f).

One could also ask similar questions in the case where the conditions of Theo-
rem 1.4 do not hold. For instance, assuming that f has an optimal decomposition
with integer coefficients, is there such a decomposition where the coefficients «;, a;
are of size polynomial in the size of f ?

2 Preliminaries

In this section we present some tools that are useful for their algorithmic applica-
tions in Sections 4 and 5. Section 3 can be read independently, except for the proof
of Proposition 3.11 which uses the Wronskian.

2.1 The Wronskian

In mathematics the Wronskian is a tool mainly used in the study of differential
equations, where it can be used to show that a set of solutions is linearly indepen-
dent.

Definition 2.1 (Wronskian). For n univariate functions f1, ..., fn, which are n—1
times differentiable, the Wronskian Wr(f1, ..., fr) is defined as

T
Wrih @) =

n-1)  p(n—1 n-1
A e B A Gt



It is a classical result, going back at least to [3], that the Wronskian captures
the linear dependence of polynomials in F[z].

Proposition 2.2. For fi,..., f, € F[X], the polynomials are linearly dependent
if and only if the Wronskian Wr(f1, ..., f,) vanishes everywhere.

For every f € FF|x| and every a € F we denote by M, (f) the multiplicity of
a as aroot of f,i.e., M (f) is the maximum ¢ € N such that (x — a)! divides f.
The following result from [24] gives a Wronskian-based bound on the multiplicity
of aroot in a sum of polynomials.

Lemma 2.3. Let f1,..., f, be some linearly independent polynomials and a € F,
and let f(x) =37, fj(z). Then:

M, (f) <n—1+M, (Wr(f1,..-,fn)),
where My, (f) is finite since Wr(f1,..., fn) Z 0.

In [22] one can find several properties concerning the Wronskian (and which
have been known since the 19*" century). In this work we will use the follow-
ing properties, which can be easily derived from those of [22]. For the sake of
completeness we include a short proof.

Proposition 2.4. Let fi,..., f, € F[z] be linearly independent polynomials and
leta € F. If f; = Q;ljgj with Q; € Flx] and d; > n for all j, then Q :=
| J Q;lj*nﬂ divides Wr(f1,..., fn). Moreover, if Q(a) # O, then

Mg (Wr(f1,..., fn)) < Z [deg(gj) + (n— 1)deg(Qj)] _ <Z>
j=1

Hence, if we set f := 3", fj, then

n
n
M, (f) <n -1+ [deg(g;) + (n— 1)deg(Q;)] - <2>
j=1
Proof. Consider the n x n Wronskian matrix W whose (i+1, j)-th entry is f ](Z)(x)
with0 <i<n—1,1<j < n. Since fo divides f;, then fJ@ — ij*zgi,j _
Q;lr"HQ;?_l_igi,j, for some ¢; ; € F[z] of degree deg(g;) + ideg(Q;) — .

Since Q? " divides every element in the j-th column of W, we can factor it out
from the Wronskian. This proves that ) divides Wr(f1,..., f,,). Once we have



factored out Q?j_nH for all j, we observe that Wr(f1,..., fn) = Q(x)h(zx),
where h(x) is the determinant of a matrix whose (¢ + 1, j)-th entry has degree
deg(g;) + (n — 1)deg(Q;) —iforall 0 < i <n—1and1 < j < n. Hence,
deg(h) < >0, [deg(gy) + (n — 1)deg(Q;)] — (5). Finally, we observe that if
Q(a) # 0:

Mo (Wr(f1, .-+ fn)) = Mo (Q) + Mg () = M, (h) < deg(h).

For [ = Z?Zl fj, the upper bound for M, (f) follows directly from Lemma 2.3.
O

We observe that the result holds when some of the Q;(x) = 1.

2.2 Shifted Differential Equations

Definition 2.5. A Shifted Differential Equation (SDE) is a differential equation of
the form

SLCHE

where [ is the unknown functlon and the P; are polynomials in F|x] with deg(P;) <
i+

The quantity k is called the order of the equation, and the quantity | is called the
shift. We will usually denote such a differential equation by SDE(k, ).

One of the key ingredients for our results is that if AffPow(f) is small, then f
satisfies a “small” SDE. More precisely:

Proposition 2.6. Let § > 0 and let f € F|x] be written as

f= ZQ (& — )",

where Q;(x) is a polynomial of degree < 6. Then, f satisfies a SDE(s, (;) + s0)
which is also satisfied by Q;(x)(x — a;)% forall i € {1,...,s}. In particular, if
AffPowg (f) = s, then f satisfies a SDE(s, (3)).

Proof. We consider the SDE in the unknown g given by the following Wronskian:

Wr(g, Ql(l')(x — 011)617 . 7@3(1')(1' _ as)es)(m.) =0 (4)

To make the SDE explicit, we expand the determinant along the first column to

obtain: .
W= (~1)Pi(2)g®(z) = 0
i=0

10



where P; is (4, 1)-th minor.

This SDE is of order s, and using the properties of the determinant, it is satisfied
by the Q;(x)(z — a;)%’s and by f. However, the shift of this equation might be
too large if the exponents e; are large. In this case, this equation can be reduced as
follows.

Foreachi € {1,...,s},j € {0,...,s} we define a polynomial S;; of degree
< 0 + s — j in the following way. If e; < s, let S;; be the j-th derivative of
Qi(z)(x — a;)%. If e; > s, then the j-th derivative of Q;(z)(x — a;)® is a mul-
tiple of (z — a;)*~* and we let S; ;(x) be the polynomial such that (Q;(x)(x —
a;)%)9) = (v — a;)%~*S; ;(z). The following equality holds for TW:

g(z)  So1 -+ Sos

d(x) Si1 -+ Sis
o (a7 505
o5 : : e :

9(8) () Sse1 - Sss

In particular, the determinant in the above expression yields another SDE with
exactly the same vector space of solutions and a smaller shift. More precisely, we
obtain an equation of the form

s

Y (U Ri(2)gW(z) = 0

1=0

where deg(R;) < i + (5) + s6 and the shift of this SDE is at most (5) + s& as
desired.

Finally, if AffPowr(f) = s, then f = >"7 | a;(z — a;)% with o;,a; € F and
e; € N. It suffices to consider the «;’s as polynomials of degree 0 to finish the
proof. O

Remark 2.7. A polynomial f satisfies a SDE(k,) if and only if the polynomials
(27 fO(x))o<i<k0<j<iti are linearly dependent over F. The existence of such a
SDE can therefore be decided efficiently by linear algebra, and when a SDE(k, 1)
exists it can be found explicitly by solving the corresponding linear system (see,
e.g., [23, Corollary 3.3a] for an analysis of linear system solving in the bit model
of computation). We use this fact repeatedly in the algorithms of Sections 4 and 5.

In this paper we will use some results concerning the set of solutions of a SDE.

They are particular cases of properties that apply to linear homogeneous differential
equations.

11



Lemma 2.8. The set of polynomial solutions of a SDE of order k is a vector space
of dimension at most k.

Given two SDE of order k:

k

k
Y pi@)g(@) =0 and Y gi(x)g"(z) =0,
=0

=0

we say that they are equivalent if prq; = qgp; for all i« € {0,... .k — 1}. The
following result can be found in [22, Property 61]. We include a short proof.

Lemma 2.9. For any set of F-linearly independent polynomials f1, ..., fi € Fx],
there exists a unique SDE (up to equivalence) of order k satisfied simultaneously
by all the f;’s.

Proof. Suppose there exist two different SDE satisfied by f1, ..., fr, namely:

k

k
S pi@)gP@) =0 and Y gi(a)g (@) = 0.
=0

=0

Then, we set 7; := prq; — qxp; for all i € {0,...,k}. By definition we have
that r, = 0 and we aim at proving that r; = 0 for all ¢. Assume that there exists
j €{0,...,k — 1} such that r; # 0. Then, the following SDE

k—1 A
ri(a) g (x) = 0
i=0
has order < k — 1 and is satisfied by f, ..., fr, a contradiction to Lemma 2.8. O

3 Structural results

In this section we compare the expressive power of our 3 models: sums of affine
powers, sparsest shift and the Waring decomposition. We will see in Section 3.2
that some polynomials have a much smaller expression as a sum of affine powers
than in the sparsest shift or Waring models. Moreover, we show that the Waring
and sparsest shift models are “orthogonal” in the sense that (except in one trivial
case) no polynomial can have a small representation in both models at the same
time.

We begin this investigation of structural properties with the field of real num-
bers, where an especially strong version of orthogonality holds true. We also show

12



that some real polynomials have a short expression as a sum of affine powers over
the field of complex numbers, but not over the field of real numbers. This obser-
vation has algorithmic implications: given a polynomial f € F[X], we may have
to work in a field extension of [ to find the optimal representation for f. These
“real” results can be derived fairly quickly from results in our previous paper [8].
We then move to arbitrary fields of characteristic zero in Section 3.2. Finally, we
study the uniqueness of optimal representations in Section 3.3. It turns out that
the algorithms of Sections 4 and 5 only work in a regime where the uniqueness of
optimal representations is guaranteed.

3.1 The real case

In [8] the authors considered polynomials with real coefficients and proved the
following result.

Theorem 3.1. [8, Theorem 13] Consider a polynomial identity of the form:

k l
Zal x — a;) —Zﬁi(x—bi)ei
i=1 i=1

where the a; € R are distinct constants, the constants c«; € R are not all zero, the
Bi € Rand b; € R are arbitrary constants, and e; < d for every i. Then, we must
have k +1 > [(d + 3)/2].

Theorem 3.1 will be our main tool in Section 3.1. As a consequence of this
result, we first give a sufficient condition for a polynomial to have a unique optimal
expression in the model AffPowrp.

Corollary 3.2. Let f € R[x] be a polynomial of the form:

— Z ai(x —a;)® 5)
i=1

with a; # 0. For every e € N we denote by n. the number of exponents smaller
than e, i.e, ne = #{i: e; < e}.

If2n. < [(e + 3)/2] for all e € N, then AffPowg(f) = s. Moreover, if 2n, <
[(e 4 3)/2] for all e then (5) is the unique optimal expression for f.

Proof. Suppose that f can be written in another way

p
Z (z — b)) (6)

13



with p < s. Set d = max ((e;)1<i<s U (fj)1<j<p) and denote by s’ (respectively,
p’) the index such that d = e; = -+ = ey > ey > -+ > e, (respectively,
d=fi=-= fy > fys1 > -+ > fp). Note that one of the two indices s, p’
will be equal to O if the exponent d appears only in one of the two expressions (5)
and (6).

Combining equations (5) and (6), we obtain the following equality:

s’ P s 4
Zai(:v—az Z i(x—b;)"=— Z ai(r —a;)” + Z Bj(x — bj)Ts
i=1 j=1

i=s'+1 j=p'+1

‘We can rewrite this as

k
> el —al) = 37 Al )
=1 ;

witha #0,k <s' +p andl < (s —5') + (p—p').

To prove the first assertion, let us assume that 2n, < [(e+3)/2] for all e. Assume
also for contradiction that p < s and & > 0. By Theorem 3.1, we must have
k+1> [(d+ 3)/2]. The upper bounds on k and [ imply 2s > s+p > k+1 >
[(d+3)/2]. However we have from our assumption that 2s = 2ny4 < 2[(d+3)/2],
which contradicts the previous inequality. This shows that p < s = k = 0, i.e.,
if p < s then the highest degree terms are the same. Continuing by induction, we
find that all the terms in the two expressions are equal. In particular we would have
p = s, a contradiction. This shows that p > s, i.e., that AffPowg(f) = s.

To prove the second assertion, let us now assume further that 2n. < [(e +
3)/2] for all e. Assume also that p = s. By Theorem 3.1, either & = 0 or
k+1> [(d+ 3)/2]. In the second case, the upper bounds on k and [ imply that
2s = s+p > k+1 > [(d+3)/2]. This is in contradiction with the assumption that
2ng < [(d + 3)/2]. We conclude that that & must be equal to 0, i.e., the highest
degree terms are the same. Continuing by induction, we obtain that all the terms
of the two decompositions are equal, thus showing that (5) is the unique optimal
expression for f in this model. g

Let K be a field extension of IF. Theorem 1 in [19] shows that whenever the
value Sparsesty (f) is "small", then it is equal to Sparsesty(f); more precisely, if
Sparsesty (f) < (d + 1)/2 then Sparsestg (f) = Sparsesty(f). This is no longer
the case for the Affine Power model as the following example shows.

Example 3.3. For every d € N, we consider the polynomial

for= > 4<;_l>md_j€R[m]. (7)

j=3(mod4)
0<j<d
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We can express fqas fq = (x+1)?— (x— 1) +i(x+14)? —i(x—i)%, which proves
that AffPowc(fq) < 4. Moreover, in expression (7) we have n. < [(e + 1)/4] for
all e € N. Since 2[(e + 1)/4] < [(e + 3)/2], it follows from Corollary 3.2 that
this expression for f4 is optimal over the reals, i.e., AffPowg(fq) = [(d + 1)/4].

As a consequence of Theorem 3.1 we can easily derive the following result.

Corollary 3.4. Let f € R[x] be a polynomial of degree d. Either f = ax — a)?

for some o, a € R (and Waringg (f) = Sparsesty (f) = 1), or the following holds:
d+3
Waringy (f) + Sparsesty (f) > %
Proof. We set k = Waringg (f) and [ = Sparsesty (f) and assume that [ > 2. We
write f in two different ways:

l

k
f=Y ailz—a) =) Bilz—a),
i=1

Jj=1
where the a; € R are all distinct, and e; < --- < ¢; = d. Let us move the term

B(z—a)? to the left hand side of the equation. We then have two cases to consider:

e if a # a; for all i, we have k£ + 1 terms on the left hand side of the equation
and [ — 1 terms on the right hand side. Theorem 3.1 shows that (k + 1) +
(1—1)>(d+3)/2

e If ¢ = a; for some i, we have k or k£ — 1 terms on the left hand side of the
equation and [ —1 terms on the right hand side. By Theorem 3.1, k+(I—1) >
(d+3)/2.

d

Remark 3.5. Consider the degree d > 2 polynomial

f=@+r)+@-0T= Y 2<C,l>mdi.

ieven
0<i<d

We observe that Waringg (f) = 2 and Sparsesty (f) < [(d + 1)/2]. Hence, the
inequality in Corollary 3.4 is optimal up to one unit.

A similar proofs to that of Corollary 3.4 yield the following result:

Corollary 3.6. Let f € R[z] be a polynomial of degree d. Either AffPowg(f) =
Waringg (f) or the following inequality holds:

d+3

Warings,(f) + AffPowg (1) 2“2
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3.2 Fields of characteristic zero

We now switch from the real field to an arbitrary field [ of characteristic zero. By
definition we have AffPowr(f) < Waringg(f) and AffPowr(f) < Sparsestg(f)
for any polynomial f € F[X]. We show in Example 3.7 that there are polynomials
f such that AffPowr(f) is much smaller than both Waringp(f) and Sparsestp(f).

We first make some basic observations about Sparsest Shift. For any a € F, the
polynomials {(x — a)®|i € N} are linearly independent, hence f can be uniquely
expressed as f = Z?:o ai(z — a)’ where a; = f(a)/i!. Consider such a
decomposition for f, and let s be the number of nonzero terms. It follows that
the d + 1 — s derivatives f(*) with a; = 0 admit a as a common root.

Example 3.7. For every d € N, we consider the polynomial f; := (x + 1) —
dx®1' € Clz]. It is easy to check that AffPow(fq) = 2 for all d > 2. By [5,
Proposition 3.1] we have that if %1 = Yo iz — a;)? with o, a; € C, then
s > d; and thus we get that Waringc(fq) > d — 1.

One can easily check that for every i € {0,...,d — 1}, the polynomials f CSZ) =
(df—!l.)! fa—; and félﬂ) = (d+!—1)! fa—i—1 do not share a common root. Consider
a decomposition of [ in the sparsest shift model. By the above observations, for
any pair of consecutive coefficients in this decomposition at least one of the 2
coefficients is nonzero. This implies that Sparsestc(f) > [(d + 1)/2].

In the remainder of Section 3.2 we give (in Proposition 3.9) a weaker version of
Corollary 3.4 that works for any field of characteristic zero. Moreover, for F = C
we provide a family of polynomials showing that the bound from Proposition 3.9
is sharp.

We will use Jordan’s lemma [13] (see [14, Lemma 1.35] for a recent reference),
which can be restated as follows.

Lemma 3.8. Let d € Z*, e1,...,e; € {1,...,d}, and let ay,...,a; € F be
distinct constants. If zgzl(d + 1 —e¢;) < d+1, then the set of polynomials

{(z —a;)°|1<i<t e <e<d}

is linearly independent.

Proposition 3.9. Let f € F[x] be a polynomial of degree d. Either f = a(x — a)®

for some o, a € F (and Waringy(f) = Sparsestg(f) = 1), or the following holds:

Waringp (f) - Sparsesty(f) > d+1
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Proof. We set k& = Waringp(f) and [ = Sparsestp(f) and assume that k,1 > 2.
We express f in two different ways:

K I
f=Y ailm—a) =Y Bi(z—a),
i—1 =1

with a; € I all distinct and eg := —1 < e; < --- < ¢ = d. First, we are going
to prove that ;41 — ¢; < k foralli € {0,...,l — 1}. Indeed, if there exists
t € {0,...,0 — 1} such that ;41 — e; > k + 1, then we set r := e; + 1 and
differentiate the previous equality r times to obtain

k !
d! e;!
(r) — . R T (e g)E T
f _Z“’(d—r)!(x @)™ = ,Z Bﬂ(ej_r)!(“'” )
=1 Jj=t+1
wheree; —r=¢€j —e; —1> €41 —ep—1>kforallj € {t+1,...,1l}. From
this equality, we deduce that the set

Bi={(z—a)" " 1<i<k}U{(z—a)¥ " |t+1<i<I}
is linearly dependent. However,
BC{(z—a)t"|1<i<k}U{(z—a)|k<i<d-r}

The d — r + 1 polynomials on the right-hand side are of degree at most d — r, and
they are linearly independent by Jordan’s lemma. This is a contradiction since B is
linearly dependent. We have proved that e;1 — e; < k foralli € {0,...,l — 1},
and we conclude that

l
d—i—lzel—eO:Z(ei—ei,l) < kl.
=1
d

Remark 3.10. One can slightly modify [8, Proposition 19] to obtain the following
equality of complex polynomials of degree d:

Zk:(:rﬁ-ﬁj)d: > k(f)fl

j=1 0<i<d
3=0 (mod k)

where k € N and £ € C is a k-th primitive root of unity. This equality shows that
there are polynomials of degree d such that Waringc(g) < k and Sparsestc(g) <
[(d+ 1)/k] and, thus the bound from Proposition 3.9 is tight.
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3.3 Uniqueness results for sums of affine powers

The following result is an analogue of Theorem 3.1 for polynomials with coeffi-
cients over IF, where T is any field of characteristic zero.

Proposition 3.11. Consider a polynomial identity of the form:

l
Z ozl-(x — ai)d = Z ﬁz(x — bi)ei
=1

i=1

where the a; € F are distinct, the o; € F are not all zero, B;,b; € F are arbitrary,
and e; < d for every i. Then we must have k + 1 > \/2(d + 1).

Proof. We assume «; # 0 and we have the following equality:

k l

ar(w—a))? == iz —a)+ > Bilw —b;)

=2 i=1

Consider an independent subfamily on the right hand side of this equality. We
obtain a new identity of the form:

p
g=> Ml
=1

with g(z) = a1(z —a;)?%, and p < k +1 — 1. Since deg(g) = d and e; < d for all
i; then there exists ¢ such that f; = d. We assume without loss of generality that
ll ::U—agandfl =d.

We take the derivatives of this equality to obtain the following system:

18



Using Cramer’s rule, we obtain:

o Wr(g, 12, ..., 1)
wr(t 12, )

We define A = {i : 2 < i < p, f; > p} and, following Proposition 2.4, we
factorise the Wronskians:
(z —a) = DL 700w

A=
(o [ 00,

where W7, Wy are the remaining determinants.
After some simplifications, we obtain the following identity:

)\1(.%' — ag)d_(p_l)WQ = (.%' — al)d_(p_l)Wl

Notice now that since we have factorised the large f;’s, the i*” row of W, and
W5 contains polynomials with degree bounded by p — 4, thus deg Wy, deg Wa <

p(p—1)/2.
Moreover, since a1 # ag, we compute the multiplicity of a; on both sides of
the identity and obtain that

Ma1 ((SC — al)d_(p_l)Wl) = Ma1 <)\1($ — a2)d_(p_1)W2) = Ma1 (Wz) .

The previous remark on the degree of W5 therefore implies that

plp—1)

d=(p—1) <=

Finally, we set s = [ 4+ k and we use the fact that p < s — 1 to obtain the desired
lower bound:

c+2)p-1)

d
- 2
g< (s+1)(s—2)
- 2
2d < 2 —5—2
and finally, 2(d + 1) < s2. O

19



Remark 3.12. The same equality as in Remark 3.10 shows that the order of this
bound is tight when F = C, the field of complex numbers. Indeed, choosing k =
vV d + 1 leads to the equality

k k—1
k d—jk
>+t =Y k()
=1 7=0
which has 2k = 2+/d + 1 terms.

As a consequence of Proposition 3.11 we obtain that whenever AffPowr(f)
is sufficiently small, the terms of highest degree in an optimal expression of f as
f=>7_1 ai(x — a;)* are uniquely determined.

Corollary 3.13. Let f € F[x] be a polynomial of the form :
k l
f=Y ailz—a)'+Y Bj(x —b;)®
i=1 j=1

withe; <d. Ifk+1 </ d“ , then the highest degree terms are unique. In other
words, for every expression of fas

K v
f=D oiw—a)?+) Bl — b))%
i=1 j=1

with ¢ < dand k' +1' < |/ 5 1 then k = k' and there exists a permutation

m o {L.. k= {1,...,k} such that o; = aﬂ(i) and a; = aw(i) forall i €
{1,...,k}.

Proof. Let us assume that we have another different decomposition for f:

K v
f=D ol —a)?+) Bl — b))
i=1 j=1

with ¥ + 1" < /(d + 1)/2. Hence, we have the following equality:

k k' l U
Y@ —a) =) ai(z—ap)t =) Biw b)Y = Bl =)
i=1 i=1 j=1 j=1

Since k1 + ko + 11 + 1o < /2(d + 1), the result follows from Proposition 3.11. O

Finally, as a direct consequence of Corollary 3.13, we obtain a a sufficient
condition for a polynomial to have a unique optimal expression in the AffPow
model:
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Corollary 3.14. Let f € F[x] be a polynomial of the form:

F=3 aile —a)
=1

For every e € N we denote by n. the number of exponents smaller than e, i.e.,
ne = #{i:e; < e} Ifne < (/<2 forall e € N, then AffPowg(f) = s and the
optimal representation of f is unique.

Remark 3.15. Whenever f € R[z]| satisfies the hypotheses of Corollary 3.14 and
one term in the expression of f is of the form o;(x — a;)® with a; € C — R,
then there exists j # i such that o; = @;,a; = a; and e; = e;. Indeed, if
we have a decomposition for f, taking the conjugate of «; and a; for all i gives
another decomposition of f, but by Corollary 3.14 these two decompositions must
be identical.

Another consequence of Proposition 3.11 is the following upper bound on the
degree of the terms involved in an optimal expression of f in the model AffPowrp.

Corollary 3.16. Let f € F[x] be a polynomial of degree d written as

F=3aile - a))r
=1

with o, a; € F, e; € Nand s = AffPowgp(f). We set e := max{e; : 1 < i < s},
then e < d + 22 and, if F = R, then e < d + 2s — 2. In particular, we have that
e <d+ T2 and, if F =R, then e < 2d.

Proof. If e = d, then the result is trivial. Assume therefore that e > d. Now, we
differentiate d + 1 times the expression for f to obtain the identity:

d+1 . e;—d—1
Zal —d—l) (@ — ay) .

e;>d

By Proposition 3.11 we have s > /2(e — d) and we conclude that e < d + %
When F = R, by Theorem 3.1 we have s > (e — d + 2)/2 and we conclude that
e < d+ 2s — 2. To finish the proof it suffices to recall that s = AffPowr(f) <
[(d+1)/2] < (d+ 2)/2; see [8, Proposition 18]. O

As a byproduct of Corollary 3.16, we obtain the exact value of AffPow(f) for
a generic polynomial f of degree d. It turns out to be equal to the worst case value
of AffPowr(f), obtained in [8, Proposition 18].
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Corollary 3.17. For a generic polynomial f € F|x| of degree d, AffPowr(f) =
[4540.

Proof. The set of polynomials of degree < d can be seen as a variety W of
dimension d + 1. Given f € FF[x] a polynomial of degree d, by [8, Proposition
18] we have AffPowr(f) < [45]. For k < [4FL], let us show that the set of
polynomials g of degree d such that AffPowr(g) < k is contained in a variety

of dimension 2k < d + 1. For every e1,...,e; € N the set of polynomials that
can be written as Zle ai(r — a;) with a;,; € T is contained in a variety
(d+2)?

Ve,....e;, Of dimension 2k. 1If we set M := d + ~—g, Corollary 3.16 proves
that in every optimal expression of a polynomial of degree d, the exponents e; are
< M thus the set of polynomials with AffPowr(f) < k and degree d is contained
in Uei<M Ver,....ex» Which is a variety of dimesion < 2k (it is a finite union of
varieties of dimension < 2k). O

4 Algorithms for distinct nodes

The goal of this and the following section is to provide algorithms that receive as
input a polynomial f and computes s = AffPowr(f) and the triplets (o, a;, €;)
fori € {1,...,s} suchthat f = "7 | a;(z — a;). We will not able to solve the
problem in all its generality but under certain hypotheses. This section concerns
the case where the a; in the optimal expression of f are all distinct. In this setting,
our main result is Theorem 4.4 where we solve the problem when the number n, of
exponents in the optimal expression that are < e is ’small’. A key point to obtain
the algorithms is given by the following Proposition. Roughly speaking, this result
says that if f satisfies a SDE, then every term in the optimal expression of f with
exponent e; big enough also satisfies the same SDE.

Proposition 4.1. Let f € F[x] be written as
S
F=aile—a),
i=1

with o; € F nonzero, the a; € F are all distinct, and e; € N. Whenever f satisfies
a SDE(k, 1), then for all ¢; > k + (k + 1)(s — 1) + (3) we have that (x — a;)®
satisfies the same SDE.

Proof. We assume that e; > k + (k + [)(s — 1) + (5) and that f satisfies the
following SDE(k, 1):

k
S Pa) g () = 0,
=0
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with deg(F;) < i+ (. By contradiction, we assume that (z — a1)¢* does not satisfy
this equation. For every j € {1,...,s}, we denote by f; and R; the polynomials
such that

k
fi =3 Pil@) (2 = a)) = Ry(w) (& = a)",
=0

where d; := max{e;—k,0}. We observe that deg(f;) < e;j+I,sodeg(R;) < k+1,
and that — f; = ijz f; # 0. We consider a linearly independent subfamily of

fo,..., fs, namely {f;|j € J} with J = {j1,...,7p} € {2,...,s}. Then by
Proposition 2.4 we have that

er—k=dy <M, (fi) <p—1+Y;c,deg(R;)+(p—1p—(3)
<p—1+(k+Dp+(5).

Since p < s — 1, we get that e; < k+s—2+(kz+l)(s—1)+(sgl) <
k+ (k+1)(s — 1) + (). a contradiction. O

Given f € F[x] and a SDE(k, () satisfied by f:

satisfied by f, we have that P, (x) Q;(z) = Qm(x) P;(x) forall i € {0,...,k}.

As a consequence of Proposition 4.1, we get Corollary 4.2 and Theorem 4.3.
They provide an effective method to obtain the optimal expression of a polynomial
f in the Affine Power model whenever all the terms involved have big exponents
and all the nodes are different.

Corollary 4.2. Let f € Flx] be written as f = Y ;_, a;(x — a;)%, with oy €
F\ {0}, a; € F all distinct, and e; > s*(s +1)/2 for all i. Then,

a) {(z —a;)%|1 <i < s} are linearly independent,

b) If f = 22;:1 Bi(x — b;)% witht < s, then t = s and we have the equal-
ity {(ai,a5,e) |1 < i < s} = {(Bi,bi,d;)|1 < i < s}; in particular,
AffPowg(f) = s,
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c) [ does not satisfy any SDE(s — 1, (sgl)), and

d) f satisfies a unique SDE(s, (;)) Moreover, the space of solutions of this
equation is the vector space generated by {(z — a;)% |1 < i < s}. In
particular, (x — a)® is a solution of this SDE if and only if (a,e) = (a;,e;)
forsomei e {1,...,s}.

Proof. Notice first that (b) implies (a). Assume now that (b) does not hold, then
there is another expression of f as f = S ¢_, f;(x — b;)% with t < s. Hence, by
Proposition 3.11, we get that

2s >t+s5>+/2min({er,...,es}) + 1) > /s2(s + 1) + 4,

a contradiction. If f is a solution of a SDE(s — 1, (351)), by Proposition 4.1, then
so is (z — a;)¢ for all . Thus, the vector space of polynomial solutions to the
SDE is of dimension > s, but this is not possible by Lemma 2.8. By Proposition
2.6 we have that f satisfies a SDE(s, (3)) which is also satisfied by (z — a;)*
for all i € {1,...,s} Assume that there is another SDE(s, (3)) satisfied by f,
then Proposition 4.1 yields that (z — a;)® is also a solution of this equation for
all 7. A direct application of Lemma 2.9 yields the uniqueness of this SDE . To
finish the proof, we assume that there is another solution (z — a)¢ to the unique
SDE(s, (3)). then there is a basis of the space of solutions of the SDE of the form
{(x —b;)% |1 < j < s} withb; = aand d; = e. Hence, one can express f in two
different ways with at most s terms, which contradicts (b). O

Theorem 4.3 (Big exponents). Let f € F[z] be a polynomial that can be written
as

F =3 aie—a),
=1

where the constants a; € F are all distinct,

a; € F\ {0} and e; > s*(s + 1)/2. Then, AffPowp(f) = s. Moreover,
there is a polynomial time algorithm Build(f) that receives [ = Z‘ijzo fix! €
Flx] as input and computes the s-tuples of coefficients C(f) = (aq,...,as), of
nodes N(f) = (ai1,...,as) and exponents E(f) = (e1,...,es). The algorithm
Build(f) works as follows:

Step 1. Take r the minimum value such that f satisfies a SDE(r, (g)) and com-
pute explictly one of these SDE.

Step 2. Compute B = {(x — b;)% |1 < i < r}, the set of all the solutions of the
SDE of the form (z — b)¢ with r?(r +1)/2 < e < deg(f) + (2/2).
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Step 3. Determine o1, . .., o such that f =% ;| o;(z — b;)%

Step 4. Output the sets C(f) = (aq,..., ), N(f) = (b1,...,b,) and E(f) =
(dy,...,d,).

Proof. Corollary 4.2 proves the correctness of this algorithm. Indeed, s is the
smallest value of r such that f satisfies a SDE(r, (g) ), so in Step 1 we obtain that
r = s. The set B computed in Step 2 is exactly B = {(z — ;)% |1 < i < s)}
because, by Corollary 3.16, e; < deg(f) + (s%/2) for all i. Hence, B is a basis
of the space of solutions of the same SDE and, thus f can be uniquely written as
a linear combination of the elements of B. In addition, f cannot be written as
another linear combination of ¢ < s terms of the form (z — )¢, which proves the
result.

Finally, the four steps can be perfomed in polynomial time. Only the first two
steps require a justification. See Remark 2.7 in Section 2 regarding Step 1. In
Step 2 we substitute for each value of e the polynomial (x — b)¢ in the SDE. This
yields a polynomial g(z) whose coefficients are polynomials in b of degree at most
r = s. We are looking for the values of b which make g identically 0, so we find b
as a root of the gcd of the coefficients of g. O

Now, we can proceed with the main result of this section:

Theorem 4.4 (Different nodes). Ler f € F[x] be a polynomial that can be written
as

f=Y il —a)",
=1

where the constants a; € F are all distinct, o; € F \ {0}, and e; € N. Assume
moreover that n; < (2i/3)Y/3 — 1 for all i > 2, where n; denotes the number of
indices j such that ej < i.

Then, AffPowg(f) = s. Moreover, there is a polynomial time algorithm Build(f)
that receives [ = Z‘ijzo fix® € Flx] as input and computes the s-tuples of co-
efficients C(f) = (au,...,as), of nodes N(f) = (ai,...,as) and exponents
E(f) = (e1,...,es). The algorithm Build(f) works as follows:

Step 1. We take t the minimum value such that f satisfies a SDE(t, (;)) and
compute explicitly one of these SDE.

Step 2. Consider B := {(x — b;)% |1 < i <1}, the set of all the solutions of the
2
SDE of the form (z — b)¢ with (t + 1)3 < e < deg(f) + W and
assume that dy > do > --- > dp > djyq = (t +1)3.
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Step 3. We take r € {1,...,1} such that d, — d,1 > t*/2 and d, 1 < deg(f).

Stepd. We set j := d,1 + 1 and express fU9) as fU) = S°7_ B, (didi!j)!(x _
bi)di_j with B1,...,08, € F. Weset I := {Z | Bi # 0}.

Step 5. We set f:: Yoiig Bile — bi)% and h .= f — f

Ifh =0, then C(f) = (B ]i € 1), N(f) = (bi|i € I) and B(f) =
(d,\z S I).

Otherwise, we set h == f — f and we have that C(f) = (8;|i € I) U
C(h), N(f) = (bj]i € I) U N(h) and E(f) = (di|i € I) U E(h),
where the triplet (C'(h), N(h), E(h)) is the output of Build(h).

Proof. By Corollary 3.14 we have that AffPowr(f) = s. Concerning the algo-
rithm, first we observe that the value ¢ computed in Step 1 is < s by Proposition
2.6. Moreover, we claim that the set B computed in Step 2 has [ < ¢ elements.
Otherwise, by Lemma 2.8, there exists a set I C {1,...,l} of size < ¢t + 1 and
there exist {7;|i € I} C F\ {0} such that ., vi(z — b;)% = 0. Setting
m = max{d;|i € I} > (t+ 1)3, Proposition 3.11 yields that ¢ + 1 > |I| >
V2(m + 1) > /2(t + 1)3, a contradiction.

Now we consider the set C' := {(x—a;)% | e; > (s+1)3}, we have that C' # ()
because if we set e := max{e; |1 < i < s}, then s = n, < (2¢/3)"/% — 1 and
(s +1)3 < 2¢/3 < e. By Proposition 4.1, we get that all the elements of C' are
solution of the SDE and, by Corollary 3.16 we know that e; < deg(f)+ w
foralli € {1,...,s}, hence C' C B. In particular, d; > e > %(5 +1)3.

Now we take k := max{i|d; > (s+1)3} (we have that 1 < k < [) and we are
going to prove that there exists 7 € {1,...,k} such that e > d, and d,, — d, 11 >
t2/2. Indeed, if such a value 7 does not exist then (s + 1)3/2 = 3(s + 1)3 —
(s4+ 1) < e—dppy < di—desr = S (di — di1) < Kt2/2 < 112)2 <
53/2, a contradiction. We claim that if we take r such that d, — d.11 > t2/2,
then e > d, if and only if d,; < deg(f) and, thus, the r described in Step 3
always exists. If d,1 < deg(f), since deg(f) < e and C C B, then d, <
e (since e is one of the d;’s, it cannot be sandwiched between two consecutive
elements d,., d,41 of this sequence). Conversely, assume now that e > d, and let
us prove that d,1 < deg(f). To prove this we first observe that setting j :=
dry+1 + 1, then f (4) can be uniquely expressed as a linear combination of B’ :=
{(zx—b)% 7|1 <j<r}. Indeed, fU) = Do az(ef;jlj),(x — a;)%~7 with
a; # 0and (z — a;)% 7 € B for all ¢; > j, and if there is another way of
expressing /) as a linear combination of B, then by Proposition 3.11 we get that
t>r > 2min{d|[1<i<r}—j)+1=+20d —j)+1> V2 =ta
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contradiction. So, if d,11 > deg(f), then f (9) = 0 and the only expression of ()
as a linear combination of B’ would be the one in which every coefficient is 0, a
contradiction. Hence, the value r computed in Step 3 exists and d, > (s + 1)3.
We have seen that f() can be uniquely expressed as a linear combination of B’ as
fO =35 ai(ef—j!j)!(x —a;)%~J. Hence, in Step 4, one finds all the (o, a;, €;)
such that e; > j. In Step 5, either the polynomial % is 0 and we have finished or
h =3 . <;jai(z —a;)° is written as a linear combination of strictly less than s
terms and satisfies the hypotheses of the Theorem, so by induction we are done. O

Note that in Step 2 of this algorithm we need to compute polynomial roots,
just as in the corresponding step of Theorem 4.3 (see the proof of Theorem 4.3 for
details). One difference, however, is that we do not use the roots b; only to output
the coefficients of the optimal decomposition: we also use the b; in the subsequent
iterations of the algorithm since the polynomials f and h of Step 5 are defined
in terms of the b;, and we call the algorithm recursively on input h. From this
discussion one might be lead to think that if f has its coefficients in a subfield K
of F, the coefficients of f and h may lie outside K. We show in Proposition 4.5
that this is not the case: f and h = f — f always lie in K[X]. We do not know if
f can be computed from f with a polynomial number of arithmetic operations and
comparisons (in the words of Section 1.3, this would be a way to eliminate root
finding from the “internal working” of the algorithm).

Proposition 4.5. Let K be a subfield of F. Let f € K|x] be a polynomial that can
be expressed in the AffPowy model as

S
f= Z a;(x — ;)% with o;,a; € F,
i=1

and ne = #{i : e; < e} < izlfor all e € N. Then, for all m, M € N, the
truncated expression
f= Z (o7} (.%' — ai)ei

m<e; <M

belongs to Klx|. In particular, whenever f € TF|x| satisfies the hypotheses of

Theorem 4.4 and [ € K[z], then the polynomial f computed in Step 5 of the
algorithm also belongs to K|x].

Proof. By Corollary 3.14, we know that AffPowr(f) = s and, hence, «;,a; are
algebraic over K. We denote by T the splitting field of the minimal polynomials
of all the oy, a; over K (i.e., the smallest field T such that K(«;,a;) € T and
K C T is normal). Since K is of characteristic 0 (and, thus, the extension K C T
is separable), then K C T is a Galois extension.
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Take now o any element of the Galois group of the extension K C T. Since
f € Klz], if we apply o to f we obtain that f = o(f) = >.7_; o(a;)(x —
o(a;))¢. Moreover, by Corollary 3.14, we know that AffPowr(f) = s and f has a
unique optimal expression in the AffPowt model, then {(a;, a;,e;) |1 <i < s} =
{(o(c),0(a;),e;)|1 <i < s}. In particular, for every e € N, we have that

{(ai,aisei) [ei = e} = {(o(i),0(ai), ei) |ei = e} ®)

Now, we consider f = Y m<es<nr QT — a;), by (8) we get that

o(f)= Y ola)z—ol@) = Y alr—a) =]

m<e; <M m<e; <M

Summarizing, if we denote f = Z@'J\io fixt € T[x], we have proved that o (f;) = f;
for every i € {0,..., M} and every o in the Galois group of the extension K C T.
This proves (see, e.g., [7, Theorem 7.1.1]) that f; € K foralli € {0,..., M} and
f e Kl[z].
a
We define the size of the set of triplets {(a;, a;,¢;) |1 <i < s} C ZxZxNas
Yoi i [141ogy(1 4 |ai]) +1ogy (1 + |v|) + €i]. As mentioned in the introduction,
it is not clear that the size of the output of the algorithm proposed in Theorem
4.4 is polynomially bounded in the input size (i.e., in the bit size of f given as a
sum of monomials). However, it is straightforward to check that the input size is
polynomially bounded by the output size. Indeed, the degree of f is upper bounded
by the maximum value of the e; and every coefficient of f can be seen as the
evaluation of a small polynomial in the oy, a;’s. In the following result we prove
that the algorithm works in polynomial time in the size of the output. Hence, a
positive answer to Question 1.5 together with Corollary 3.16 would directly yield
that the algorithm works in polynomial time (in the size of the input).

Proposition 4.6. Let [ € Z[z] be written as
S
f = Z O[Z'(ﬁ — (Zi)ei
i=1

with a; € Z, oy € Z\ {0}, e; € Nand assume that this decomposition satisfies the
conditions of Theorem 4.4: the constants a; are all distinct, and n; < (2i/3)"/% —1
forall © > 2, where n; denotes the number of indices j such that e; < 1.

Then, the algorithm in Theorem 4.4 works in polynomial time in the size of the
output.
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Proof. We write f = Z;l:o fjz? with f; € Zand d = deg(f) < max{ei,...,es}.
We have that f; =3, a; (e]?)a?*j for all j € {0,...,d}. Thus, the size of f
is polynomially bounded by the size of the output. To perform Step 1 we follow
Remark 2.7. We note that the coefficients of the polynomials appearing in the SDE
are polynomially bounded by the size of f. In Step 2 we have to compute the
integral roots of polynomials of degree ¢ < s with integral coefficients, which can
also be done in polynomial time (see, e.g., [21]). Step 4 can also be performed in
polynomial time by solving a linear system of equations (see, e.g., [23, Corollary
3.3a]) . The result follows from the fact that the polynomial / defined in Step S can
be writtenas h = 3 ; aj(x —a;)% for some set J C {1,..., s} of at most s — 1
elements. After the first iteration, the algorithm is therefore called recursively on
polynomials h with an output size bounded by the output size of the original f. O

S Algorithms for repeated nodes

This section is a continuation of the previous one and concerns the case where
the nodes a; in the optimal expression of f in the Affine Power model are not
necessarily different. The section is divided in two. In the first subsection we
provide algorithms when all the exponents corresponding to a repeated node appear
in a small interval. The second one handles the case where the difference between
two consecutive exponents corresponding to the same node is always large.

5.1 Small intervals

We bgin with the following result generalizing Proposition 4.1, which corresponds
tod = 0.

Proposition 5.1. Let § € Zt and let f € F[x] be written as

t

=Y Qilx) (& —a),

i=1

with distinct a; € F, Q; € F[X] with deg(Q;) < 0 and e; € N for all i. Assume
that f satisfies the following SDE of parameters k,|:

Ife; > k+(t—1)(k+1+9)+ (é), then Q;(z) (x — a;)® satisfies the same SDE;
as a consequence Py(a;) = 0.
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Proof. We take i = 1. We assume thate; > k+ (t —1)(k+1+0) + (;) and that

f satisfies a SDE(k, 1)
k

S Pa)f D (@) = 0

i=0
By contradiction, suppose that Q1 (x)(z — a1)¢* does not satisfy this equation. For
every j € {1,...,t}, we denote by g; and R; the polynomials such that

k
g9 =Y Pi(2) (Q;(x)(z — a;))) = Rj(x)(w — aj)®
i=0
where d; := max{0, e; —k} for all j, and with deg R; < d+e;j+1—d; < k+I1+0.
We have the equality

t
—g1=» g #0. ©)
i=2

We consider a linearly independent subfamily of go, ..., g, namely {g; |j € J}
with J = {j1,...,Jp} € {2,...,t}. Then by Proposition 2.4 we have that

e1 —k=di <Mg, (g1) <p—1+>;c,;deg(R;)+plp—1)— ()
Sp—1+(k+i+0p+(5).

Taking into account that p < ¢ — 1, we finally obtain the inequality
e1 —k<t—2+@—-1)(k+1+0)+ (51,

which yields a contradiction.
Now, we take I; > e; and Ry € F[z] such that (z — a1)% Ri(z) = (z —
a1)® Q1(x) and Ry(ay) # 0. Since (x — a1)®* Q1(z) is a solution of the SDE, we

have that:
k

> P@) (@ —a)) By (@) =0,

1=0

~

we deduce that there exists ¢ € F[z] such that Py(z)(z — a1)"*h(z) = (z —
a1)F+1g(x), from where we deduce that Py, (a1) = 0. O

From Proposition 5.1 we shall now derive Corollary 5.2 and Theorem 5.3. They
provide an effective method to obtain the optimal expression of a polynomial f in
the Affine Power model whenever all the exponents corresponding to a repeated
node are required to lie in a small interval.
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Corollary 5.2. Let § € 7" and let f € F|x] be a polynomial written as

where:

o Qi(z) =30 vij(x —a;)% € Fla] withy;; # 0and 0 = €0 < €1 <
<€ <0,

e the a;’s are elements of F and are all distinct, and
o ¢; > LD L 925 4 1)2 for all i.
Then,
a) the set of polynomials {Q;(x) (x — a;)% | 1 < i < t} is linearly independent,
b) AffPowr(f) = Zle s; and the optimal representation of f is unique,
¢) f does not satisfy any SDE(t — 1, (t;l) + (t — 1)d), and
d) f satisfies a unique SDE(t, (;) + t6), which we denote

t

S Pi(a)g® (@) = 0.

i=0
Moreover,

e the space of solutions of this equation is the vector space generated by
{Qi(x)(z —ai) |1 <i <t}
o Pi(a;) =0forallic{l,...,t}

o The polynomial Q(z)(x — a)® with deg(Q(z)) < 4§, Q(a) # O isa
solution of this SDE if and only if (a,e,Q(x)) = (a;, ;, A\Qi(x)) for
some i € {1,...,t} and some X € F.

Proof. Notice that (b) implies (a). To prove (b), we observe that f is written as

t S
F=Y00 g (= ap)itens,

i=1 j=1
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so AffPowr(f) < Zle s;. Now assume that f can also be expressed as f =
S Bi(w — b))% with B; € Fand r < 3¢, 's; < t(§ + 1). By Proposition 3.11
we get that either both expressions are the same, or

t
2(6+1) =7+ s > v/2(min{er, ... e} + 1) > VE(E+ 1) +42(5 + 1)2,
i=1

which is not possible. Thus AffPowr (f) = >__, s; and the optimal representation
of f is unique.

Let us prove (d). By Proposition 2.6 we have that there exists a SDE(¢, (;) +10)
satisfied by f which is also satisfied for Q;(z)(x —a;)¢ for all . Moreover, if there
is another SDE(t, (;) + 0t) satisfied by f, by Proposition 5.1 we have that it is also
satisfied by Q;(z)(x — a;)¢ for all 7, because

e > 4 o2(5+1)2 > BG4 (12— 1)s
(10)

=t+({t—1)(t+ (5) +t0+0)+ (5)-
Therefore, Lemma 2.9 implies that there is a unique such SDE. We denote by

t
Y FPilz) g (x) =0
=0
this unique SDE(t, (3) + t§). Again by Proposition 5.1, we have that P(a;) = 0.
We take a solution to this unique SDE of the form Q(x)(z —a)¢ with Q(a) # 0
and deg(Q(z)) < 4. Since {Q;(z)(x — ;)% |1 < i < t} is a basis of the space
of solutions of the SDE, there exist pi,...,pr € F such that Q(z)(x — a)® =
S piQi(x)(x — a;)%. If there is a unique p; # 0, then Q(x)(z — a)® and
Qi(x)(x — a;)® are proportional and we are done. Suppose now that p1, ps €
[F\ {0}, then by Proposition 3.11

(t4+1)(6 +1) > /2(min{ey, ... e} + 1) > /t2(t + 1) + 422(5 + 1)2,

which is not possible.
To prove (c), assume by contradiction that f is a solution of a SDE(t—1, (*;')+
(t —1)6). Inequality (10) shows that

(> (t—1)+(t—1) <t—1+(t;1>+(t—1)6+6>+<;>.

Hence, Proposition 5.1 implies that Q;(z)(x — a;)® is also a solution of this SDE
for all i. However, by (a) the set {Q;(z)(x — a;)¢ |1 < i < t} is linearly indepen-
dent, and this contradicts Lemma 2.8. O
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Theorem 5.3 (repeated nodes in small intervals). Let 6 € Z" and let f € Flx] be
a polynomial of degree d that can be written as

t

=Y Qi) (& —a),

i=1
with

o Qi(z) =3 vij(x —a;)% € Fla] withy;; #0and 0 = €0 < €1 <
.o <6’i78i <5’

e the a;’s are elements of F and are all distinct, and

° e > %TH) + 2t2(§ 4 1)2 for all i.

Then AffPowg(f) = zgzl si. Moreover, there is a polynomial time algorithm
Build(f,d) that receives f = Zf:o fixt € Flx] and § as input and computes
the t-tuples of nodes N(f) = (ai,...,a), the values s1,...,s; and the tuple of
coefficients C(f) = (viy; : 1 <1 < t,1 < j <'s;), and exponents E(f) =
(ei+e€;:1<i<t, 1<j<s;). Thealgorithm Build(f,d) works as follows:

Step 1. Take r the minimum value such that f satisfies a SDE(r, (g) + r0).
Compute explicitly one of these SDE, i.e., compute Py, ..., P, such that

Soi_o Pix) O (x) = 0 and deg(Py) < i+ (3) +r6.

Step 2. Compute R C T the set of roots of P,. For each c € R, consider the set
B, of solutions of the SDE of the form

g(x) = R(z)(z — )%,

withe < d + M, where R(x) is a monic polynomial of degree < §

and R(c) # 0. Set B := UcerBe = {01, .-, 9p}-

Step 3. Express f as a linear combination of the elements of B, namely, f =
S°P_ Nigi with \; € F.

Step 4. Denote g; = Ri(x)(xz — ¢;)% for all i € {1,...,p}. Write \;R;(x) in
the shift ¢;, i.e., \iR;(z) = Y B j(x — ¢;)*3 with B; j € F\ {0} and
0:,[1@'70 < e < gy < 4.

Step 5. Ouput N(f) = (c1,.,ep), C(f) = (5o |1 < <p,1 < J < 71) and
E(f)=(di+pij|l1<i<p1<j<my).
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Proof. = We observe that f satisfies the hypotheses of Corollary 5.2; then, by
Corollary 5.2.(b), we have that AffPowr(f) = S ¢_, s; and that there is a unique
optimal expression of f in the AffPow model.

Let us prove the correctness of the algorithm Build(f,d). Corollary 5.2.(c)
and (d) justify that the value r computed in Step 1 is equal to . We denote by
o the SDE computed at this step of the algorithm. For every ¢ € R, the set
B. computed in Step 2 is either empty or has a unique element by Corollary
5.2.(d). Moreover, we claim that the set B of solutions to ¢ computed in Step
2is {Qi(z)(x — a;)% [vis; |1 < i < t} (the division by v; 5, € F is due to the
fact that B contains only monic polynomials whereas (); has leading coefficient
Vi,s;)- Indeed, Corollary 5.2.(d) proves that the set of solutions of ¢ of the form
g = R(z)(x — r)¢ with r a root of P, is exactly {\Q;(z)(x — a;)¢ A € F, 1 <
i < t}; the upper bound e < d + M is justified by Corollary 3.16 since
AffPowr(f) = Y3t  s; < t(6 +1). Hence B = {Q;(z)(x — ;)% /vis; |1 <
i <t} and, in particular, ¢t = p. By Corollary 5.2.(a) we have that in Step 3 there
is a unique way of writing of f as a linear combination of gy, ..., g,. Finally, it
suffices to write g; = R;(2)(z — ¢;)% and consider the Taylor expansion of R;(x)
with respect to ¢; for every i € {1,...,p} as in Step 4 to get the desired sets of
nodes, coefficients and exponents. O

Remark 5.4. The algorithm Build(f,¢) described above can be slightly modified
to not receive § as input as long as f satisfies the hypotheses of Theorem 5.3 for
some § € 7%, That is, we only need to assume that there exists § € 7t such that

t

=Y Qix) (& —a),

i=1

where Q;(x) € TF[x] has degree < ¢, the a;’s are distinct elements of F, and
e > %Tﬂ)—i—%z (6+1)2 for all i. Indeed, it suffices to start with § = 1 and execute
Build(f, ) with increasing values of § until the reconstruction of f succeeds. The
correctness of this algorithm is justified by Corollary 5.2.(b). In fact, once we find §
such that the reconstruction is possible, we obtain the optimal expression of f in

the Affine Power model.

5.2 Big gaps

This subsection deals with polynomials f such that whenever the terms (z — a)¢
and (z — a)? appear in the optimal expression of f in the Affine Power model, then
the difference between d and e is “large”. Similarly to Section 5, we begin with
some results ensuring that whenever f satisfies a SDE, then so do some of its terms
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in the optimal expression of f in the Affine Power model. The desired algorithm
then follows as a consequence of these results.

Proposition 5.5. Let f € F[x] be written as

P
f=@—-a™ —i—Zalx—ae' Zﬁ(w—ai)di,
i=1

with g € Flz],a,a;,0;,8; € F, m,e;,d; € N and a; # a for all i. We set
e := max{ey,...,es} if s > lore := —1if s = 0. Whenever f satisfies a
SDE(k,1) withm — e > p+ (k+1)(p + 1) + (3), then (x — a)™g satisfies the
same SDE.

Proof. Assume that f satisfies a SDE(k, 1)

k
S P@) D @) = 0
i=1

By contradiction, we assume that (z — a)™g(x) does not satisfy this equation.
Thus, there exists 7'(xz) € F[z] nonzero such that Zfzo Pi(z) (x — a)™g)® =
T(x)(x —a)™*. Forevery j € {1,...,s} and every j € {1,...,p}, we denote
by h; and g; the polynomials such that

k
hj =Y Piz)((x —a)%)" and g;= ZP ((z — a;)%)0.

=0

We observe that deg(h;) < e; +1 < e+l and deg(g;) < d; + [. Since f satisfies
the already mentioned SDE, we get that

T(x)(x —a)™ Zazh +Z,Bzgz

If we differentiate (e + [ + 1) times on both sides of the previous equation, we
obtain an equality of the following form

p
U(x)(m . a)m—k—e—l—l _ Z/Bl (€+l+1) Z U 1_ . az
=1

with f; := max{0,d; — k — e — [ — 1} and deg(U;(x)) < k + [. If we take a
linearly independent family {gz(eHH) el C {gi(eHH) cie{l,...,p}t}
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and compute the multiplicity of a on both sides of the previous equality using
Proposition 2.4, we obtain that

m—k:—e—l—lSp—1+(k+l)p+(p—1)p—<§>,

which yields that

2

a contradiction. O

m—e§p+(k+l)(17+1)+<p>,

The following result is a generalization of Proposition 4.1 where we allow re-
peated nodes provided their corresponding exponents are far enough.

Corollary 5.6. Let [ € F[x] be written as

s P
f=Y ailw—a)" +> Bilx—a)™,
i=1 i=1
with a,a;, o, 8; € F, m,e;,d; €N, a; #aforalliandes > -+ > e1 > ey :=
—1. Assume that  satisfies a SDE(k, 1) and that |e;11—e;| > p+(k-+1)(p+1)+(5)
for all i, then (x — a)® satisfies the same SDE for all i € {1,...,s}.

Proof. Assume that there exists an e; such that (x — a)® does not satisfy the
SDE(k,[) and we take e the maximum of such e;. Then, we can write f(z) =
g(@)(x —a)* +>,, il —a) + 37 Bi(x — a;)%. By means of Proposition
5.5 we have that g(z)(x — a)¢ is a solution of the same SDE. Moreover, for all
e; > e, then (x — a)® is also a solution of the SDE. But this is not possible since
the set of solutions is a vector space, and, hence, (x — a)® would also be a solution
to the same SDE. O

The proof of the following Corollary is analogue to that of Corollary 4.2 but
making use of Corollary 5.6 (instead of Proposition 4.1).

Corollary 5.7. Let f € F[x] be a polynomial that can be written as

f= Z ai(x —a;)®
i=1

with a;, o; € F, e; > s(s+ 1)?/2 and, whenever a; = a; for some 1 <i < j <,
then |e; — ej| > s(s +1)?/2.

a) {(xz —a;)%|1 <i < s} are linearly independent,
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b) If f = 25:1 Bi(x — b;)% witht < s, then t = s and we have the equal-
ity {(a,a4,e) |1 < i < s} = {(Bi,bi,di)|1 < i < s}, in particular,
AffPowg(f) = s,

¢) f does not satisfy any SDE(s — 1, (sgl)) and

d) f satisfies a unique SDE(s, (;)) Moreover, the space of solutions of this
equation is the vector space generated by {(x — a;)¢ |1 < i < s}. In
particular, (x — a)® is a solution of this SDE if and only if (a,e) = (a;,e;)
forsomei e {1,...,s}.

From this corollary we get the following result whose proof is analogue to that
of Theorem 4.3.

Theorem 5.8 (Big gaps). Let f € F|x] be a polynomial that can be written as

s

f= Z ai(x —a;)®
i=1

with a;, o; € F, e; > s(s + 1)?/2 and whenever a; = a; for some 1 < i < j <,
then |e; — e;| > s(s + 1)?/2. Then, AffPowy(f) = s. Moreover, there is a
polynomial time algorithm Build(f) that receives f = Z?:o fixt € Flz] as in-
put and computes the s-tuples of nodes N(f) = (aq,...,as), coefficients C(f) =
(a1, ..., as) and exponents E(f) = (e1, ..., es). The algorithm Build(f) works
as follows:

r

Step 1. Take r the minimum value such that f satisfies a SDE(r, (2)) and com-
pute explictly one of these SDE.

Step 2. Compute B = {(x — b;)% |1 < i < r}, the set of all the solutions of the
SDE of the form (z — b)<.

Step 3. Determine o1, . .., o suchthat f =% ;| o;(z — b;)%
Step 4. Output the sets C(f) = (au,..., ), N(f) = (b1,...,b,) and E(f) =
(dy,...,dy).
6 The multivariate case

This section concerns the study of the multivariate version of the Affine Power

model, i.e., we study expressions of a polynomial f € F[xy,...,z,] as
S
f=Y il (11)
i=1
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where e; € N, o; € F and ¢; is a (non constant) linear form for all i. We denote
by AffPowr(f) the minimum value s such that there exists a representation of the
previous form with s terms. We will study the uniqueness of optimal represen-
tations and propose an algorithm for finding such representations. In this section
only, we work in the black box model: we assume that our algorithm has access
to f only through a “black box” that outputs f(x1,...,z,) when queried on an
input (z1,...,x,) € F". This very general model is standard for the study of
many problems about multivariate polynomials such as, e.g., factorization [15],
sparse interpolation [2, 10], sparsest shift [9] or Waring decomposition [17]. We
also assume that our algorithm has access to d = deg(f); the knowledge of an
upper bound on deg(f) would in fact suffice. As explained in the introduction,
our algorithm proceeds by reduction to the univariate case: we solve n univariate
projections of the multivariate problem, and then “lift” them to a solution of the
multivariate problem. One (very) minor difficulty is that our univariate algorithms
are presented for polynomials given in dense representation rather than in black
box representation. But it is easy to convert from black box to dense representa-
tion:

Remark 6.1. Suppose that we have black-box access to a polynomial f(x1, ..., xy)
of degree d. We can obtain the dense representation of the univariate polynomial
fi(z1) = f(x1,0,0,...,0) by querying f on d + 1 distinct inputs of the form
(ai,0,...,0) and interpolating f1 from its values at ay, . . . , aq.

In our algorithm we perform a random change of coordinates before projecting
to a univariate problem. Converting to dense representation in this case is hardly
more difficult:

Remark 6.2. Suppose that we have black-box access to a polynomial f(x1,...,xy)
of degree d. Let g(x) = f(A.x+ X), where A = (A1,...,\,) € F" and A = ()
is ann X n matrix.

We can obtain the dense representation of the univariate polynomial g1 (x1) =
9(21,0,0,...,0) = f(A121+ A1, Aoy + Ao, ..o, A1y + Ay) by evaluating g,
at d + 1 points and interpolating from those values. Equivalently, we can observe
that a black-box for g can be constructed from the black box for f, and we can
therefore apply Remark 6.1 to g.

Having recalled these well-known facts, we proceed with uniqueness consid-
erations. Strictly speaking the optimal expressions in model (11) are never unique
since for all A € F \ {0} we have o;¢" = §;t" with 5; := ;A% and t; := £; /.
To deal with this ambiguity, we use the notion of essentially equal expressions.
Given f we say that two expressions of f = > 7 ;07" = > 7 | @-tl.d" are es-
sentially equal if » = s and there exists a permutation o of {1,...,s} such that
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il = ﬂa(i)tj&()” foralli € {1,...,s}. Likewise, we say that f has an essen-
tially unique optimal decomposition in the multivariate Affine Powers model if two
optimal decompositions of f are always essentially equal.

If the representation of f = 7 | a;¢;" is optimal, ¢; and ¢; cannot be pro-
portional whenever e; = e;. Otherwise if {; = Al; with A € F, we can rewrite
il + il = (AN + o)L

The following result provides a sufficient condition for f to have an essentially
unique optimal decomposition in the multivariate Affine Powers model. Indeed, it

is an extension to the multivariate setting of Corollary 3.14.

Proposition 6.3. Let f € F|x1,...,x,] be a polynomial of the form:

f= Z Qs
i=1

where «; € F\ {0}, the {; are non constant linear forms, and {; is not proportional
to L; whenever e; = e;. For every e € N we denote by n. the number of exponents
smaller than e, ie, ne = #{i : ¢; < e}. If n. < 4/ 121 for all e € N, then
AffPowg(f) = s and the optimal representation of f is essentially unique.

Proof. Letr := AffPowg(f) < sandlet f = 3777 ;{7 be an optimal
representation of f. We write ¢; = 2221 a;jr; + aip forall i € {1,...,s+r}.
Consider the ring homomorphism ¢ : F[z1,...,z,] — F[z] induced by z; —
wix + A; where w = (w1,...,wp), A = (A1,...,Ay) € F". If we write p(¢;) =
b;x + ¢;, we choose w and ) such that

(l.a) b; #0and ¢; # O foralli € {1,...,r + s}, and
(1.b) foralll <i < j <s+r,¢(l;) = pe(l;) with u € Fif and only if ¢; = pul;.

It is important to observe that a generic choice of w, A\ € F" fulfils these two
conditions. Then

e(f) = Yijaip(l)® = S b (x+ci/bi)e
= Yitlaipl) = YL aibf (@ ci/by)
We consider the expression o(f) = >°7 | ;b (x + ¢;/b;) ¢ in the univariate
Affine Power model. By (1.b), whenever e; = e; then ¢; /bi # cj/ b;. Moreover
it satisfies that {i € {1,...,s} : ¢; < e} = n. < /%L forall e € N. Hence

we apply Corollary 3.14 to get that r > AffPowr(p(f)) = s > r and that both
expressions for () are the same. After reindexing if necessary we get that
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e __ €it
(2.a) aibi = O‘iJrstZ_Ss,

(2b) ¢i/b;i = cits/bits
(2.c) ande; = e,y foralli € {1,...,s}.

By (2.b) we have that b;x + ¢; = pu(biysx + ¢its) With u := b; /b1 By (1.b) we
have that ¢; = uf;, 5. Finally, by (2.a) and (2.c), we conclude that
il = cip O = iyl

proving that the optimal representation of f is essentially unique. O

Our next goal is to provide algorithms that, given black-box access to a poly-
nomial f € Flzi,...,z,], compute s = AffPowg(f) and the terms ;¢ for
ie{l,...,s}such that f = >7 | o;¢S". We are going to prove a multivariate
analogue of Theorem 4.3 where the condition of "distinct nodes" is replaced by
"the ¢;’s in the decomposition are not proportional”". The same strategy that we
are going to exhibit in the proof also applies to obtain similar results for the other
algorithms of sections 4 and 5.

Theorem 6.4. Let f € Flx1,...,x,] be a polynomial that can be written as

s
e
f = E O‘Z[Z‘Z)
=1

where {; are nonconstant linear forms such that {; # M; forall A\ € F, 1 < i <
j <s a; € F\ {0}, and e; € N. Assume that n; < (2i/3)'/3 — 1 for all i > 2,
where n; denotes the number of indices j such that e; < i. Then, AffPowg(f) = s.

Moreover; there is a randomized algorithm MultiBuild(f) that, given ac-
cess to a black box for f and to d = deg(f), computes the set of terms T(f) =
{0a;0{"|1 < i < s}. The algorithm MultiBuild(f) runs in time polynomial in
n and d, and works as follows:

Step 1. We define g := ¢(f) where ¢ is a random affine change of coordinates
(z; — Z?:l )‘ijxj + A for all 7).

Step 2. Foreachj € {1,...,n}, weset g; := mj(g) wheren; : Fla1,...,x,] —
Fz] is induced by xy, — 0 if k # j and x; — .
We apply the algorithm Build(g;) from Theorem 4.3 to obtain s; :=
AffPowr(g;) and the triplets (B;j,bij,ei;) € F x F x N such that g; =
oy Bij (@ + big) i
If there exist i,j such that b;; = 0, then output ’It is not possible to
reconstruct f’. Otherwise, for all j we define the set of triplets

Py = {(cij, pij, €ij) | ¢ij == Bijbi} s pig := 1/big, 1 <i < si}.
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Step 3. If one of these conditions holds:

(a) there exist ji # jo suchthat sj, # s;s,
(b) there exist i1 # i and j such that ¢;,; = c;,j, or

(c) there exist i, j such that for all V', c;1 # cyj or e;1 # eyvj;

then output: It is not possible to reconstruct f’. Otherwise we set s :=

§1 = Sg = --- = 8, and reorder the elements of P, ..., P, so that
C = Cl =Cig = - = Cipand e; ;= e;1 = €9 = -+ = e for all
ie{l,...,s}

Stepd. g = >0, ci(1 + D0 pijx;)®, so we output f = 377, ci(o™ (1 +
> i1 pijry))e

If the \;’s and the \;;’s needed to define ¢ are chosen uniformly at random
from a finite set S, then the probability of success of the algorithm is at least

_d*B2n+4d)

1
|5

Proof. The input polynomial f satisfies the hypotheses of Proposition 6.3, so
AffPowr(f) = s and the optimal representation of f is essentially unique.

After applying a random ¢ as described in Step 1, with high probability’ we
have that ¢ is invertible and g = >°7_; c;t[" with ¢; = 37 a;52; + ayo satisfies
the following properties:

(i) a;; #0forall,j.
(ii) forall j # 0, then a;;/ai0 # a;rj/ay for all ,4’, and
(i) cuay # apayy forall i # .

It is important to observe that for a generic choice of the A;’s and \;;’s involved in
the definition of ¢, these conditions will be fulfilled. The goal of the algorithm is
to recover f via the following expression of g:

€i

S
Qin
e ij .
gzg Q) 1—|—E —=j ;
1=1

j=1

so we are interested in computing the values

7A detailed probabilistic analysis is performed at the end of this proof.
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o ajaz) forall i
[ a,ij/aio for all i,j
e ¢; forall ¢

In Step 2, for all j € {1,...,n} we consider

s ai O\ 5 aio\
. i . i
mi(g) =) aaG(l+—2z) =) aafilz+—
0 . J -
. a0 i—1 Qi

Since 7;(g) satisfies the hypotheses of Theorem 4.3 Build(m;(g)) outputs the
values
- a;
{(aiaf;, De)1<i< 5} .
Qi
From these values we obtain in the sets

P; = {(aia%, Z—Z],ei) [1<i< s} .
Before calling Build(m;(g)), we compute the dense representation of 7;(g) using
Remarks 6.1 and 6.2.

Thanks to the unique expression of g; for all j and to (iii) we have that none of
the conditions of Step 3 is satisfied and we obtain g in Step 4.

If we see the values of A;, \;; used to define ¢ as variables, the invertibility
of ¢ is equivalent to the nonvanishing of a degree n polynomial. Moreover, the
a;; are degree one polynomials in these variables. Thus, the conditions a;; # 0
consist in the nonvanishing of s(n + 1) polynomials of degree 1. The conditions
aij/aio # ayj/aqo for all 4,4, j with j # 0 can be seen as the nonvanishing of
s(s — 1)n/2 polynomials of degree 2. The conditions «;aj # ai/a% can be seen
as the nonvanishing of s(s — 1)/2 polynomials of degree at most max(e;), which,
by Corollary 3.16, is upper bounded by d + (s /2). Hence, all the conditions to be
satisfied can be codified in a nonzero polynomial ¢/ of degree

8s2n + 2s2d + s*

n+s(n+1)+s(s = Ln+ (s(s —1)(2d + s%) /4) < 1

Moreover, if we set e := max(e;), then
e e <d+(s?/2),and

o 5s=n, < (2e/3)Y/3,
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form where we deduce that s < d'/3 and the degree of 1 is upper bounded by
d?/3(2n + d). Hence, by the Schwartz-Zippel lemma, if we assume the );, \;; are
taken uniformly at random from a finite set .S, the probability of satisfying all these
constraints is at least
- d?3(2n + d)
5]

and the result follows. O
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A Appendix: Algorithms for Sparsest Shift and Waring

In this appendix we apply the techniques from the previous sections to study opti-
mal decompositions of polynomials in the Waring and Sparsest Shift models. As
explained in the introduction, these two models have been extensively studied in
the literature. We do not claim that the algorithms proposed in this appendix im-
prove on the existing methods. Rather, we present them for the sole purpose of
illustrating on these two classical models the techniques developed for the more
general model of sums of affine powers.

A.1 Waring decompositions

In Proposition 2.6 we saw that if f has an expression in the AffPow model with
s terms, then f satisfies a SDE(s, (5)). We begin this section by proving that an
expression of f with s terms in the Waring model yields a SDE satisfied by f of
order s and shift 0.

Proposition A.1. Let f € F|x] be written as
S
f= Zai(ﬂ: —a;)?,
i=1

Then f satisfies a SDE(s,0) that is also satisfied by the (x — a;)?’s.
Proof. We consider the SDE in the unknown g given by the Wronskian:
Wr(g, (z —a1)?,...,(z —as)?)(xz) =0 (12)

After factoring out (z — a;)%~* for all 4, we get the reduced SDE:

S Rilw)g® (@) =0,
=0

where
(r —ay)® (r — as)®
dix —a)s"t ... di(z — as)* !
A=tz —ay)*~* .. Al (x — ag)s !
R, =
dF(z —ay)s7 1 L. dE (2 —ag)s !
d? d2
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Because of the nice structure induced by all the exponents being equal to d, we
have that R;,; = R;, and hence deg(R;) = deg(R,) — (s — 4). If we factor out
the constants on each row in R we get that

(:U —als)jl A —aszjl
B, —Hdl (x —ay) oo (x—ay)
(m—al) e (x—as)

We factor (x — a;) on each row and use the known formula for the determinant of
a Vandermonde matrix to obtain:

s

R, = l_Ildll_Il(:U —a;)- H(ai — ay)

1<j

We have deg(Rs) = s, and hence deg(R;) = 4, which shows that the reduced SDE
has in fact a zero shift. O

Moreover, when Waringp(f) is small enough we have that the SDE provided
in Proposition A.1 is the only SDE(s, 0) satisfied by f.

Corollary A.2. Let f be a polynomial such that s = Waringg(f) < \/2d/3. Then
f satisfies a unique SDE(s,0).

Proof. Consider a SDE(s, 0) satisfied by f:

ZP G

Since Waringg (f) = s, f can be expressed as f = > ;_; a;(v — a;)? and {(z —
a;)? : 1 < i < d} are linearly independent. By Proposition 4.1 we get that any
term (2 — a;)? satisfies this SDE because

S2ZS—|—5(5—1)+<;>.

Thus, we apply Lemma 2.9 to conclude the equation given by the Proposition A.1
is the unique SDE(s, 0) satisfied by f. O

d>

DN W

As a direct consequence of this result, we have the following algorithm.

Algorithm A.3. Let f be a polynomial of degree d. There is a polynomial time
algorithm WaringDec(f) that receives f = Z?:o fixt € F[x] as input decides
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if Waring(f) < \/2d/3. Moreover, whenever Waringp(f) < +/2d/3, with the
optimal decomposition being

f= iai(:ﬂ —a;)?,
=1

the algorithm computes the s-tuples of shifts S(f) = (a1, ..., as) and coefficients
C(f) = (ou,...,as). The algorithm works as follows:

Step 1. Find the minimum k such that there exists an SDE(k,0) satisfied by f
and compute explicitly one of these SDE.

Step 2. If k > \/2d/3, then Waringp(f) > /2d/3.

Step 3. Compute the set B = {(x — b;)*|1 < i < t} of solutions of the form
(x — a)? of this SDE.

Step 4. Ift < k, then Waringy(f) > +/2d/3.

Step 5. Write f = Zle Bi(x — b)), and output S(f) = (by,...,b;) and
C(f) = (B1,.--:B).

Note that if we reach Step 5 of the algorithm, we have t = k = s < /2d/3.

A.2 Sparsest Shift decompositions

We saw in Section A.1 that a polynomial with a Waring decomposition of size s
satisfies a SDE of order s and shift 0. The same is true for the Sparsest Shift model:

Proposition A4. Let f € F|x] be written as
S
i=1

Then f satisfies a SDE(s,0) that is also satisfied by the (x — a)®’s.

Proof. We will prove something stronger, namely that f satisfies an SDE(s, 0) of
the following form

Z%(m —a)ig®(z) =0,
i=0
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where vp,...,7vs € F. We take the original SDE given by the Wronskian of an
unknown polynomial g and (x — a)® foralli € {1,...,s}:

S (1) Pi(a) g () = 0.

i=0
Because of the stepped sequence of degrees in the determinant defining F;, there

exists an integer A; such that every permutation o corresponds to a term ¢, (z —
a)?i. More precisely, we have

S
S .
A; = Z e | — <2> +1
=1
Thus, the determinant is either 0, or some constant times (z — a)Ai. Moreover, we
have A; 11 = A; + 1 and hence we can rewrite the SDE as

S

S cilw —a)>igh(a) = 0

=0

with ¢; € F. We factorize this equation by (z — a)° to obtain the wanted
SDE(s,0). Notice that the factorization again doesn’t change the space of solu-
tions, hence f and (xr — a)® are still solutions of this SDE. 0

Corollary A.5. Let f be a polynomial of degree d such that s = Sparsesty(f) <
\V/d, and let a. € T be the corresponding sparsest shift. Let Z L Pi(2)fD(z)=0
be any SDE(k,0) satisfied by f. If k < s we must have Py(a) = 0.

Proof. Assume that f satisfies an SDE(k,0) : Zle Pi(z)f®(x) = Owith k < s.
The sparsest shift decomposition of f is

S
= Z Oéz(x — a)ez
=1

Assume that e > eg > -+ > e5 > egy1 := —1. Wetake t € {1,...,s} the
maximum value such that e; — e;41 — 1 > s. Such a value ¢ exists, otherwise
d<e <> ((ei—eip1) < s2, a contradiction. We rewrite f as

s

f=(—a)g@)+ Y ailz—a)

i=t+1

Now we apply Proposition 5.5 with p = 0 to get that (z — a)“ g satisfies the same
SDE because e; — €411 > s > k. By the same argument as in Proposition 5.1, we
conclude that Py (a) = 0. O
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Algorithm A.6. Let f be a polynomial of degree d. There is a polynomial time
algorithm SparsestShift(f) that receives f = Z?ZO fixt € Flx] as input
decides if Sparsesty(f) < \/d; moreover, whenever Sparsesty(f) < \/d, with the
optimal decomposition being

f= Zai(az —a)%,
i=1

the algorithm computes the shift a € T, and the s-tuples of coefficients C(f) =
(a1, ..., as) and exponents E(f) = (e1, ..., es). The algorithm works as follows:

Step 1. Find the minimum k such that there exists an SDE(k,0) satisfied by f
and compute explicitly one of these SDE. Namely,

k

S P() fD (@) =0

i=0
Step 2. Factorize the last coefficient of this SDE, i.e., write:

k
P,=c- H(:U —a;).
i=1

Step 3. For each a;, decompose f in the shifted basis ((x — a;)?)o<j<d-

Step 4. If the decomposition with smallest number of terms has < \/d terms, we
output this decomposition; otherwise, Sparsesty(f) > V.
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