N

N

Non-commutative standard polynomials applied to
matrices

Denis Serre

» To cite this version:

Denis Serre. Non-commutative standard polynomials applied to matrices. Linear Algebra and its
Applications, 2016, 490, pp.202 - 223. 10.1016/j.1aa.2015.11.003 . ensl-01402364

HAL 1d: ensl-01402364
https://ens-lyon.hal.science/ensl-01402364

Submitted on 24 Nov 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://ens-lyon.hal.science/ensl-01402364
https://hal.archives-ouvertes.fr

Non-commutative standard polynomials applied to
matrices

Denis Serre*

November 3, 2015

Abstract

The Amitsur-Levitski Theorem tells us that the standard polynomial in 2n non-commuting
indeterminates vanishes identically over the matrix algebra M,,(K). For K =R orCand 2 <r <
2n — 1, we investigate how big S,(A1,...,A,) can be when Aj,..., A, belong to the unit ball. We
privilegiate the Frobenius norm, for which the case r = 2 was solved recently by several authors.
Our main result is a closed formula for the expectation of the square norm. We also describe the
image of the unit ball when r =2 or 3 and n = 2.

MSC classification : 15A24, 15A27, 15A60

Key words : standard polynomial, random matrices.

1 The problem. First results

Let r > 2 be an integer. The standard polynomial in r non-commuting indeterminates xp,...,x, is
defined as usual by

S,(xl, e ,x,) = Z{E(G)xc(l)xc(z) “Xo(r) - O S 6,},

where G, is the symmetric group in r symbols and € is the signature. Each monomial is a word in
the letters x;, affected by a sign 1. Despite its superficial similarity with the determinant of r X r
matrices, S, is a completely different object: on the one hand, its arguments are non-commuting
indeterminates, on the other hand, there are only r indeterminates instead of the % entries of a matrix.
We list here elementary properties of S, :

*UMPA, UMR CNRS-ENS Lyon # 5669. Ecole Normale Supérieure de Lyon, 46, allée d’Italie, F-69364 Lyon, cedex
07.



1. S, is alternating.
2. Sri1(xt,. . xr1) = Yi(= 1) xS0 (%), where £ := (X1, .., Xi 1, Xi115- -+, Xri1)-

3. If r is even, and an x; commutes with all other x;’s, then Sr(x1,...,x,) = 0. Mind that this is
false if r is odd.

The first polynomial xjx; — x>x; of the list is the commutator. When applied to the elements of
an algebra A4, it leads us to distinguish between commutative and non-commutative algebras. More
generally, the polynomials S, measure somehow the degree of non-commutatitivity of a given algebra.
A classical theorem tells us that for a given matrix A € M,,(C), the commutator .S, vanishes identically
over the algebra (A,A*) (in other words, A is normal) if and only if A is unitarily diagonalizable. It is
less known that Sy vanishes identically over the algebra (A, A*) if and only if A is unitarily blockwise
diagonalizable, where the diagonal blocks have at most size ¢ x ¢; see Exercise 324 in [10].

In addition, we have the theorem of Amitsur and Levitski [2], of which an elegant proof has been
given by Rosset [8].

Theorem 1.1 (Amitsur-Levitski.) Ler K be a field (a commutative one, needless to say). The stan-
dard polynomial Sy, of degree 2n vanishes identically over M, (K). However the standard polynomi-
als of degree less than 2n do not vanish identically.

In the sequel, we focus on the algebra M,,(K) (K = R or C) of real or complex matrices. A norm
over M,,(K) is submultiplicative if it satisfies ||[AB|| < ||A||||B||. The main examples are operator
norms

|Ax|
|A[l ;= sup :
x€K"™ x£0 ‘x‘
where |- | is a given norm over K”. One often says that || - || is induced by | -|. In particular, || - |5 is

the norm induced by the standard Euclidian/Hermitian norm. We are also interested in the Frobenius

norm
Al = /Z|aij|27
L]

which is not induced, because ||I,||r = \/n > 1. Nevertheless, it is submultiplicative. A more exotic
norm is the numerical radius

|x*Ax|
(13

h(A) ::sup{ :xeC”\{O}}.

This is not a submultiplicative norm but it satisfies 7(A*) < h(A)X. The numerical radius is therefore

a super-stable norm.

The general question that we address is to find precise bounds of

IS (A1,...,A)|
j—1 11451
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This can be cast into two sub-problems. On the one hand, we are interested in the best constant
C = C(r,n) satisfying

IS- (A1, AD T < CTTIAGL VAL, A € My(K).
j=1

On the other hand, we may ask what is a typical ratio.

For the first task, we look for the smallest ball containing the image when each argument is taken
out of the unit ball of M,,(K). We may even ask for an accurate description of this image. For instance,
we shall prove that for 2 x 2 matrices (i.e. n = 2) and the Frobenius norm, the image of the unit ball
under S (the commutator) is the ball of radius v/2, while the image under S; is an ellipsoid. In order
to tackle the second problem, we shall compute the closed form of

E(HS}“(AD v 7Ar) H%)
BT, A3)

when Aj,... A, are chosen independently and uniformly in the Frobenius unit ball. Strangely enough,
our proof makes use of the Amitsur—Levitski Theorem.

When using a submultiplicative norm, the trivial bound
r
IS-(Ay,..., A < r! H 1Al VAy,...,Ar € Mj,(K),
j=1

suggests to work with the normalized polynomial

1
7; = _Sra
r!
which now satisfies
-
1T (AL AN <TTIA L VAL...,Ar € My(K).
j=1

However this inequality ignores the cancellations that are likely to occur because of the signs €(c) in
the definition of 7,. For instance, the left-hand side vanishes whenever r > 2n. For this reason, we
are interested in the norm t(r,n) of T,, defined by

[7-(A1,- -, Al
j=1 Al

t(rn) = sup{ :Al,...,AreMn(K)\{On}}.

Alternatively,

C(r,n) ‘

t(r,n) :=sup{||T-(A1,...,Ar)|| : A1,...,Ar € M(K), ||A1]],---, |4/ < 1} = o



Our definition above depends on the chosen norm on M,,(K), and our notation should indicate this
dependance. In this sense, the Frobenius norm and the operator norm || - ||, yield the numbers g (r, 1)
and T, (r,n), respectively.

As said above, we always have t(r,n) < 1. However this bound is very poor as for instance
t(2n,n) = 0. Besides, one trivially has t(1,n) = 1. The first non-trivial case comes when r = 2,
where S, is the commutator. When n = 1, clearly t(2,1) = 0. But for n > 2, the result depends on
the norm we are considering. For instance, we know that

V2

TF(2,n) = Bk
the case n = 2 being due to Bottcher and Wenzel [3], and the case n = 3 to Laszl6 [6]. The equality
for every n was conjectured in [3] and proved by [9], and independently by [7] for K = R and [1] for
K = C. See also [4]. The situation is significantly different with the standard operator norm, induced
by the Hermitian norm. It is known ([4], Example 5.2) that

T (2,n) =1, Vn > 2.

All the subtlety in the upcoming analysis comes from cancellations. We shall prove several in-
equalities that hold true for every submultiplicative norm. The simplest one, T(r+s,n) < t(r,n)t(s,n),
is not sharp. But it suggests to extend our study to operators in infinite dimension. An interesting class
in this respect is that of Hilbert—Schmidt operators, whose norm generalizes the Frobenius norm. We
thus define the upper bound

T (r) = igw(nn) = lim 1 (rn).

Again, one has tr(r+s) < tp(r)Tr(s). Since Theorem 1.1 is lost as n — oo, we have T¢(r) > 0 for
every r, and it becomes interesting to compute the rate of cancellation

T 1/r_ 1/r
PF - rETwTF(r) }l’zlfl"tp(l’) .

Because of Bottcher—Wenzel’s inequality, we have t7(2) = V2 /2 and pr < 2-1/4_One of our results
from below is the improved bound

pr <tr(k+1D)V*  vk>1.

2 The commutator in terms of the numerical radius

For the following result concerning the numerical radius 4, we benefited of a fruitful disussion with
Piotr Migdal.



Theorem 2.1 Let n > 2 be given. Then
(1) h([A,B]) < 4h(A)h(B),  VA,B €M, (C).
The constant 4 is the smallest possible.

Proof If M € M,,(C), we define the real and imaginary parts of M by

1 1
1
Then
R(eCx* M *R(OM
X9 [ x]I5 x 9 ]I
*EK i(pM )
— supsup M ove o
¢ x ||x||2 OcR/2nZ

where the supremum is actually a maximum, because @ — ||R(e'*M)||» is continuous over the com-
pact set R/2nZ.

Let A,B € M,,(C) be given. We write M = [A, B] and chose a @ with A(M) = || R(e "®M)]|,. Let
us denote X = R(e7%A), Y = 3(e7'?A), Z = RB and T = IB. From

e M = [X +iY,Z+iT) = [X,Z] + [T, Y] +i(X,T] + [V, Z])
and the fact that the commutator of Hermitian matrices is skew-Hermitian, we derive
R(e M) =i([X,T]+[Y,2)).
We infer
h([A,B]) = [I[X, T]+ Y, Z][l2 < [|[X, T]ll2 + 1Y, Z][l2 < 2(IX (|2 | T ll2 4 1Y [|2 - [1Z]]2)-
This proves immediately (1).

The constant 4 is attained for the choice

0 1 00

for which

We have

This completes the proof.



Inequality (1) is of little interest; a similar proof yields the same optimal factor 4 if one replace
the commutator by AB + BA:
h(AB+BA) < 4h(A)h(B).

Consequently the numerical radius does not detect the possible cancellations, in contrast to the Frobe-
nius norm.
When considering polynomials of higher degree, the same proof provides the inequality

h(SHAr,...,Ay) <27 r T h(A)),
j=1

which seems to be very far from optimal.

3 General inequalities
We assume for the remainder that the norm is submultiplicative:

|ABI| < [lA]}-[B]]-

3.1 Two formulz about S,

It is well-known that .

Sr(xl, . ,x,) = Z(—l)iilxisrfl(ﬁi),

i=1
where X; is obtained from x by deleting x;. The following formula generalizes the one above.

Proposition 3.1 Let r = r; +--- + ry be a partition into positive integers (k — ry need not to be
monotonous). Denote by P(ry,...,ry) the set of ordered partitions of [1,r]] ={1,...,r} into subsets
L,.... Iy such that \I| = ri. If 1= (I1,...,1p) € P(r1,...,r¢), and I = {ix ) < --- <iky} let us denote
o(I) the signature of the permutation pj defined by

pr(j+ri+--+r—1) =ik 1<j<rn, 1<k<UL
Then

2) Sr(xt,- .0 x) = Z ou(l)Sr (Xn) -~ Sr (Xay)

where Xy, = (X1, - > Xk r(k))-



Proof Every ¢ € G, can be factorized as
6= (01 X+ XGCy)opy

with I € P(ry,...,r;) and o € &,,. For this, take I = 6({1,...,71}), etc... This decomposition is
unique; actually, one has

‘6r|:r!:r1!...r£!(r)(V—rl>_..(rf> :|6r1 X...x6r£|xcard'P(rl,__"rg)‘

r ) re

The signature of ¢ is obviously the product of all the signatures of 61,...,0y, p;. Therefore the right-
hand side of (2) contains exactly once the monomial X (1) - - - X(), With the sign

o(l)e(or)---€(op) = €(0).
Hence both sides are equal to each other. This proves the proposition.

Let 1 <k < m < ¢ be given, and denote ¢ the transposition (k,m). The ordered partition I is
defined by I,f =1, IS = I and IJS = I; otherwise; mind that r; and r,, have been flipped. We have
o(I5) = (—1)"*"mq(I). Hence we derive from (2) the following identities.

Proposition 3.2 Let r =r+---+ry. Then,

0S.(X), i s odd,
(3) Z oc(I)Sg(Sr,(XII),...,Srg(Xu,)):{ 0, ®) Upeveryo:;{zelivfise.

IGP(V],...,V/)

The case r =3 =2+ 1 (hence ¢ = 2) of (3) is the Jacobi identity for the commutator.

Proof Let F(X) denote the left-hand side. The transposition i <+ j induces an involution S over
P(r1,...,re) and we have o(ST) = —ou(I). Therefore

F (X150 Xi 1, X )5 Xt 1y o5 X 1, Xy X 1y -5 Xp) = —F (X)),

Since F is a homogenenous polynomial, linear in each of the indeterminates, we deduce that F equals
a multiple of S,.

In order to determine the constant factor, we may focus on the monomial X T = xixp---x,. This
monomial occurs in the sum each time the interval [[1,r] is split into consecutive intervals Iy, . ..
of respective lengths ry(;), where v € &y is arbitrary. It is accompanied by the sign 0t(fyy), - --)€(V).
If all the ry are odd, then ou(Zy(y),...)€(V) = +1 for every v and all the terms have a positive sign,
whence the factor ¢!.

Suppose on the contrary that some ry is even, say r;, and let us denote ¢ the transposition 1 < 2.
Then &y is the disjoint union of 2, and ¢?ly. If v € 2, then

a<lgv(l)7 .. ) = OL(IV(I), .. .),

while £(gv) = —¢&(Vv). Therefore half of the occurences of X' have a positive sign, and half of them
have a negative sign, whence the second formula and the proposition.



3.2 Submultiplicativity of t(-,n)

The identity (2) allows us to derive a bound for t(r,n) in terms of t(s,n) and t(r —s,n). If Ay, ... A,
are in the unit ball, then each product in the sum above is bounded by

.
s!(r—s)1t(s,n)t(r—s,n) H 1A
=1
Since there are r!/(s!(r —s)!) terms in the sum, we immediately obtain
r
1T (A1, A < (s, n)e(r—s,n) [T 1141,
=1

from which we derive the following estimate.

Proposition 3.3 If the norm is submultiplicative, then

t(r,n) < (s,n)t(r—s,n), Vi<s<r.

In particular, T7(r) < Tp(s)Tr(r —s). It is well known that for such a submultiplicative sequence,
the sequence u, := ’l:F(r)l/ " converges to its lower bound. We call this limit the rate of cancellation
and denote it by

pr = lim t(r)"/" = infte(r)'/".
r—>—+o0 r

Because of t(r,n) < 1, we infer the next statement.

Corollary 3.1 As a function of its first argument r, ©(r,n) is non-increasing.

3.3 Improved submultiplicativity

The formula (2) has the drawback that it still involves the product of matrices, for which we have no
gain in norm, since we cannot improve ||[AB|| < ||A]|||B|| in general. To go further, we use (3), which
involves operators 7y but no single matrix product. It can be recast as

dP(ri,...,re) - TH(X), if is odd,
@ T oD ) T () = { P T e b odd
IE’P(I’I.,...,}’/)
For instance, we have
87T4(A,B,C,D) = [A,T3(B,C,D)]+[B,T3(A,D,C)]
+[C,T3(A,B,D)| + D, T3(A,C,B)],

an identity which immediately gives

t(4,n) <1(3,n)t(2,n).

8



The latter inequality is tighter than t(4,n) < t(2,n)? given by Proposition 3.3, since r — t(r,n) is
non-increasing.
More generally, we have

2r
(5) 4rTar(Ar,... Az) = Y (=D)AL, Tor1 (A))],

i=1

with the classical notation Ai for the list Ay,...,A;—1,Ai+1,...,A, in which A; has been omitted. We
deduce immediately
t©(2r,n) <1(2r—1,n)t(2,n).

Using again submultiplicativity, this yields
t(2r,n) <1(2,n)t(3,n)t(2r —4,n).
By induction, we infer
t(4k,n) < t(2,n)*t(3,n)F,  t(dk+2,n) <1(2,n)1(3,n)k,
where submultiplicativity alone only grants ©(2¢,n) < t(2,n)".
More generally, (4) yields the inequality
(6) t(r,n) <t(l,n)t(ri,n)---t(re,n).

This improves the submultiplicativity in the following way: let us define a new sequence 6 by shifting
the first argument
O(s,n) :=1(s+ 1,n).

Then (6) becomes
(7) 9(S7n) §G(SQ,n)O(sl,n)---G(Sg,n),
for s =59+ -- -+ 54, whenever s1,...,s, are even (so may be odd). This is exactly submultiplicativity,

up to the restriction on parity. In particular, the sequence u(k,n) := 0(2k,n) is submultiplicative.
Likewise, let us denote 8(s) = Tr(s+ 1). Clearly, T (r)'/" and 6(s)'/* have the same limit, which
must be equal to the infimum of the G(Zk)l/ 2k Combined, this delivers the following result.

Proposition 3.4 We have
pr<tr(2k+1)'/*,  VkeN.

The above bound improves, for odd arguments, the one we had before, namely T(r) Lr,



4 The Frobenius norm

The Frobenius norm, which it is the one studied in [3], has several advantages for our study. First of
all, it enjoys better bounds than either the operator norm, or the numerical radius: the limit n — +oo
seems non trivial. Next, it is a smooth, regular norm, and it is possible to use differential calculus
when studying r-uplets which realize the norm of 7,. At last, we have a duality principle, based on
the inner product of two matrices

IM[|F = sup{RTr (M*N) : [|N]|r < 1},

whence
I[A,B]||F = sup{RTr (|]A,B|C) : C € Br},

where Br denotes the unit ball for the Frobenius norm. Since 3Tr ([A,B]C) = Tr S3(A, B,C), we also
have (say that K = R)
tr(2,n) = sup{TrT3(A,B,C) : A,B,C € Br}.

We warn the reader that this identity extends only to the even numbers r:
Tr(2s,n) = sup{Tr Toss1(A1, ..., A2s1) : Ar,...,Aog1 € Br},

while
Tr Ta5(Ay, ..., Az) = 0.

The latter identity expresses the fact that T55(A1,...,Ass) can be written as a sum of commutators, an
idea developed in Section 3.3. The vanishing of these traces is used in the proof by Rosset [8] of the
Amitsur-Levitski Theorem.

4.1 Average estimate

Let us endow M,,(R) with the usual probability measure, where the entries a;; are Gaussian indepen-

dent variables: 1
_ 2
du(A) = ;-e A dary - da,,  ||A]|> = Tr (ATA).

n

Here V), is a normalizing factor. For instance, we have

2 ,—x2
2 ¥ dx
[e < dx
where my = % 1s the second moment of the Gaussian.
We wish to calculate the expectation of ||S;(A!,...,A")||> when A!,... A’ are independent ma-
trices. This amounts to calculating the average of ||Sy(A',...,A%)||> when A',... A’ all have unit
norm.

10



Lemma 4.1 As a function of the size n of the matrices, the expression
20 N2
n* E[|Se(Al,...,AY)|]
is a polynomial.

Proof Denoting A™ = A™D) ... AT we have

E[[|Si(AL,...,AD|2] = E[TrSi(Al,...,AHTS,(A,...,AY)]
= Y Ele(n)Tr A” )TSu(AL,...,AY)]
neSy
— Y Ele(mTr (B S(B™ ' D,...,.B* )]
neSy
= E'E[Trwidfse( '...,BY)
= 'Y e(mE[Tr Bld)TB“]
neSy

Given T € G/, we have

id\T 4w 2 1 n(1) n(¢)
Tr (A ) A aOCé 1oy " Qoo Broy Ap,B, 4By
with Einstein’s convention of summation over repeated indices. We stress that 3| plays the role of an
0, and oy plays the role of a B, ;. When taking the expectation of a given monomial, we obtain either

(mz)é or 0, according to whether every entry shows up with a square, or not. A non-zero contribution
happens when

(Bks Br+1) = (Qg(ry— 1, Oagry))

or equivalently if

®) Olr(k)—1 = Olr(k—1) = P
forevery k =1,...,¢+ 1. Hereabove we have to extend 7 by

9) 7(0) =0, n(l+1)=0+1.

Let G™ be the graph whose vertices are the indices 0 < j < £ for the o!'s, and the indices 1 < k <
¢+ 1 for the B's. Thus G™ has 2(¢+ 1) vertices. The edges correspond to every equality of the form
either j = w(k— 1) or j = (k) — 1. This includes the edge between the vertices j =0 and k = 1, and
the edge between the vertices j = ¢ and k = ¢+ 1. Notice that j and K may be connected by two edges,
incase m(k) — 1l =n(k—1) = .

Given the permutation 7, many among the monomials

¢ 2 1 (1) n(£)
Aoy _yoy " oo B0y 4182 " 4Byaty

11



3 2 3

Figure 1: The graph G™ when ¢ = 3. The oa-indices, from O to 3, are outer; the B-indices, from 1 to
4, are inner. Left: the cycle (123). Right: the transposition (12). In both cases, the graph has two
connected components. For the identity, it should have four of them.

have zero expectation. The remaining ones have expectation mg; they are parametrized by the maps

6" 2 [1,n]

that are constant on each connected component. The number of such maps (c,B) is n®), where
N(m) is the number of connected components of G*. Therefore, we obtain

E[Tr (ATA™) = nV Wmﬁ

and
E[ISA" ..., A 2] = £1mb Y e(m)n¥® =: 01 Py(n)m,
eSSy
for some P, € Z[X]. We infer
L Py(n)

(10) E[|Si(A",...,A)|*] = E[JA"]>--lA°]1%]

2l

We are now going to express the polynomial Py in closed form. To begin with, we note that always
N(m) > 1, and therefore Py(0) = 0. Actually, the quantity N(7) can further be restricted.

Proposition 4.1 For everyn € &y, we have 1 < N(nt) <+ 1 and
N(n)=/¢+1 mod?2.

In addition,
(N(m) =L+1) <= (m=1id).

12



Proof The edges of 7 always link an a-index j to a B-index k. In addition, every vertex has valence
2. Therefore a connected component is an even cycle in which the j’s and the k’s alternate. We
may therefore construct a graph J*, whose vertices are the indices j € [[0,/] and there is an edge
between j and j' if {j, j/} = {Smk,nSk} for some k, where S is the shift k — k— 1 over [[1,/+ 1]. For
completeness, we define S(0) = ¢+ 1, so that S is a permutation of [0, ¢+ 1]|. This amounts to saying
that J” is the graph associated with the permutation p := St~'S~! in [0, ] (because of (9), £+ 1isa
fixed point of p). For instance, the examples displayed in Figure 1 yield p = (031) (left) or p = (021)
(right); in both cases, the resulting J”* consists of a three-node cycle and an isolated vertex.

Every connected component (j,k1, j2,k2,...) of G* corresponds to a connected component (1, j2, ..

of J*. Thus N(m) is nothing but the number of orbits of p.

Because p is a commutator, it is an even permutation of [0, ¢]]. The number Ny, of its cycles of
even length (these are odd permutations !) is thus even. Counting the elements modulo 2, we deduce
that N,yq = ¢+ 1. Hence N(Tt) = Neyen + Npga = 0+ 1.

If 7 is the identity, then p is the identity too and N(w) = ¢+ 1. Conversely, if N(w) = £+ 1, we
have p = id, that is w(k — 1) = =(k) — 1 for every k € [[1,¢+ 1]]. With (9), we deduce that T is the
identity.

Corollary 4.1 The monic polynomial Py is odd if { is even, and it is even if { is odd. It has the form
Py(X) = X1+ Lo.t, without constant term.

Finally, we invoke the theorem of Amitsur and Levistki. If 2n < ¢, we have Py(n) =0, thus X —n
divides Py(X). Because of the parity, we infer that X? — n? divides Py. Hence

PIX) = QO = D2 402 =), r=] 5]

2
By the corollary, we know that Qy is a monic polynomial of degree ¢+ 1 —2r. If £ is even, then Qy
is odd, of degree 1, hence equals X. If Z is odd, Qy is even of degree 2, vanishes at 0 and is therefore
equal to X2. Summarizing these thoughts, we obtain the desired relation.

Theorem 4.1 Let A’ be i.i.d. Gaussians. Then,

0\ Py(n)

E[IS(a",....A0)|") = —

E[fA"]>--lA°]1*]

with

Py(X) = X(X*—1%)---(X*— k%),
Pyi1(X) = Xz(Xz—lz)...(Xz_k2>_

4.2 Asymptotic properties

We focus on the even case, ¢ = 2k which behaves a little nicer than the odd one, even if their asymp-
totics are quite similar.

)



Let us denote the ratio given by Theorem 4.1 by

o(kn) = (2"1’1#(”).

First fix n and vary k from 1 to n — 1. We have

o(l;n) = % (1 —n—lz),

a formula already known to Bottcher & Wenzel [3]. Then
o(k;n) B 2k(2k—1)

olk—Tin) o (n* — k).

Denoting t = %, this reads

oo(cz(f;i)n) = (t_ %) (1-1%) <4?(1-r*) < L.

Therefore the sequence k — ®(k;n) is strictly decreasing. It has a critical point for 7, ~ @ (that is

ky ~ #). The decay is faster for small values of k, and also for k approaching n.

We next investigate the behaviour of w(k;n) as n — +oo, while k/n — t € (0,1). We start from

2k)! (n+k)!

The Stirling formula yields

2N i\ . n—k—1 oy
R
o(k:n) " <e) ( e ) <n—k—1) 7tkn—k—l
L (#En+ R —k=1) otk \"n—k—1 [ ntk
N e*nt n—k—1 e n—k—1"

logw(k;n) ~ dk,

Hence

where 1
d=d(t):=log(4*(1 —1*)) — 4+ L log—.

A simple calculation gives that 7 is increasing over (0,x) and decreasing over (x, 1), where x ~ 0.95 €
(0,1) is the unique root of

11 4t = log —.
(1) 1
Then
maxd(r) = d(x) = log4x*(1 —x*) < 0.
In conclusion, n +— w(|tn];n) decays exponentially fast, with a rate not larger than 4x*(1 —x?), a
number strictly less than one.
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5 The law of distribution of the commutator (n = 2)
We continue our investigation for the Frobenius norm. We already know that
1A, M]||F < V2||A|lF M| F,

where the constant v/2 is optimal [3]. As noted by several authors, we may always restrict to the
hyperplane H of zero-trace matrices, because on the one hand [A +11,,M] = [A,M| = [A,M + sI,,] for
every s,t € R, and on the other hand the projection A — A — rll(TrA)In diminishes the Frobenius norm.
We denote by B = By the unit ball in H and ask two questions:

e What is the range of the map (A,M) — @ [A,M] over By x By ? We already know that it is
contained in By.

e What is the distribution law of [A,M] when A and M are chosen uniformly and independently
in By ?

We solve these questions for the case n = 2. The following assertion is immediate
Proposition 5.1 The linear map

(a b>|_> a2

c —a
C

is an isometry between H and the standard Euclidean space R.
Its inverse L : R? — H satisfies

2
Lixxy) = % L, Ly
Therefore we have the commutative diagram

(A,M) — Z[A,M]

where L is an isometry, and

a a
F bl —|c
c b

is an isometry in R3. Because the diagram’s bottom line is onto B3, we already see that
2
(A,M) € By X By +— \/7_ [A,M] € By

15



is surjective, too.
Let us denote dv the pushforward of dA ® dM, and du that of dx ® dy. Because of the equivariance
R(x x y) = (Rx) x (Ry) under every rotation R, we know that du is rotationally invariant. Therefore

| @) //BHXBH ( ]) dAdM
//19ng3 < [Lx Ly]> dxdy

I serexyaey = [ (roror)@)duc)
B3 xB3 B3
- / (foL)(F2) du(z) = / (foL)(2) du(z).

B3 Bj

This shows that the distribution of (A, M) — 4 [A,M] over By x By is exactly the same as the
distribution of (x,y) — x X y over the unit ball B3, up to the identification provided by the isometry L.

Proposition 5.2 The map (x,y) — x X y from B3 X B3 is onto B3. The pushforward du of dx @ dy is
radial, with density

h(p)dpdw

where dw is the normalized area over S*, and
hp) = ( ‘ + 2arctan 1—'——2 - n) :
This instantly transfers to the commutator setting.

Corollary 5.1 The image of By x By under the commutator is \/2By. The pushforward dv of dA ®
dM under the map (A,M) 4 [A, M| is radial, with distribution determined by

1
o(1Zllr) dv(z) = /0 h(p)op)dp, Vo e ([0, 1),

By

with h as in Proposition 5.2.

Proof We only have to calculate the density 4. Because it is radial, we only need to consider radial
functions f(z) = ¢(|z|); we have

[ sompro={ atxsiiaay
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where f denotes the normalized integral over B3. Using again the rotational invariance, we have

1 1 1l
/(])(p)h(p)dp = 3/ rzdr][¢(r|é’1><y|)dy:9// r2s2drds/ O(rs|é; x e|)dm(e)
0 0 0.0 s
9 1 1 i
= - / / r’s?drds / O(rssin®)sinOdo
2 Jo Jo
9 1 pl
= —// 2drds/ O(rs 1—02
2 Jo Jo
1,1l
= 9// 2drds/¢ V1—c2)d
00

Denoting p := rsv/'1 — ¢2, we have

p <rs, |drdsdp| = o r2s? — p? |drdsdc|,

/ o(p)h(p)dp =9 / / rsdrds / o(p rssczlp_ W

99// rsdrds
0<rs<1,rs>p r2s2 p2

We integrate first with respect to s, which varies from p/r to 1. From

2
o o resds
dy/resc—p _——rzsz—pz’
—9p/ { ,,2S2 2] —9p/ /2
p/r

hence

We infer

we deduce

Let us parametrize

a*+1 2a - 1+p
a —_—.
a’?—1’ 1—p

We obtain

d d 2 e
=9 / E : l( al — zil) :9p2 {— 2a1—2arctana] ,
/ Lpat— — a as — [Tp

which is the required formula.
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Let us compare the distribution dv with the uniform distribution dM = 3p2dpd® over By. We

have dv = g(p)dM, where
glp)=3 < : +2arctan 11——5 —n) :

Clearly, g(0) = +o0, g(1) =0 and g’(p) = —3p~2y/1 — p2 < 0. Therefore g is monotonous decreas-
ing. Large commutators (with norms = 1/2) are rare while small ones are likely. This phenomenon be-
comes stronger for larger matrix sizes n. On the one hand, the average ratio for ||[A, B]||%/||A| 7 ||B|| r

is = (1 — —) (see [3] or Paragraph 4.1). On the other hand, when n > 3, very few trace-less matrices
of norms /2 can be written as [A, B] with ||A|| = ||B||r = 1; see Section 4 in [4], or [5].

6 The law of distribution of S5 over M, (R)

The situation changes significantly when passing from r = 2 (the commutator) to r = 3. On the one
hand, the addition of ¢/, becomes harmful:

S3(A—|—t1n,B,C) = S3(A,B,C) —f—t[B,C].

Therefore we may not restrict to zero-trace matrices; incidentally, the trace of S3(A,B,C) itself does
not vanish in general.
By direct inspection, one may verify the formula

w X
with
2a11 —ax 2bj1 —bxn 2c11—cn air by en
W = an b1z c12 , X =—lann bin ci12|,
azy by €21 ay by cx»
ay by cx» azl by 21
Y=laxn by c21], Z= an b1 c12
air b cen 2a —ay1 2bxp—by1 2cp—cy

We interpret these formulz in terms of the mixed product in R*. If a,b,c € R*, we denote a x b x ¢
the vector defined by
(axbxc)-x=det(a,b,c,x), Vx € R,

Then, identifying

ar b1 1

a b c
Ama= 92| Bob— |02 Croce ||

asy boy 21

an by €22
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we have
W:2f4+f17 X:_f37 Y:_f27 Z:2f1+f47 f:=a><b><c.

Observe that the image of B4 X B4 X B4 by the mixed product is By itself. Therefore the image of
Br X BrF is given by the inequality

2Z-WN\? [2W-Z\* _, ,
3 + =3 +X24+yv2 <.

This is an ellipsoid centered at the origin, whose main semi-axis have lengths 1, 1,3 and 3. We deduce
the optimal inequality

1S5(4,B,C)|IF < 9lIAIFIBIFICIE,  VA,B;C € Ma(R).

The equality holds precisely when a, b, c form an orthogonal basis of the orthogonal complement of
the vector

eSS

1
in other words when A, B and C are mutually orthogonal and trace-less. The factor 9 above must be
compared with the average ratio given by Theorem 4.1,

3IP(2) 9

200 8
We remark that this average ratio is larger than the inner radius of the ellipsoid.

When A, B, C are drawn uniformly and independently from By, the law of S3(A, B, C) is the push-
forward of the law of a x b X ¢ (a,b,c chosen uniformly and independently in B4) under the linear
map f — (W,X,Y,Z) declared previously. If R € SO4, we have (Ra) x (Rb) x (Rb) = R(a x b x ¢),
while the distribution of (Ra,Rb,Rc) is the same as that of (a,b,c). Therefore the law of a X b X ¢ is
radial.

Another consequence of (12) is a statement of the annihilating case.

Corollary 6.1 For A,B,C € M(R), the following statements are equivalent:
o We have 53(A,B,C) = 0,.
o There exists a D € Ma(R) \ {02} such that
Tr (AD) =Tr (BD) = Tr (CD) = 0.

Acknowledgement. I am grateful to the referee, who did a remarkable and detailed work. The
report helped to improve significantly the presentation of the paper.
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