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On monodromy eigenfunctions of Heun equations
and boundaries of phase-lock areas in a model of
overdamped Josephson effect

V.M.Buchstaber*'f A.A.Glutsyuk$ ¥

June 6, 2017

Abstract

We study a family of double confluent Heun equations of the form
LE =0, where £ = Ly, » is a family of differential operators of order
two acting on germs of holomorphic functions in one complex vari-
able. They depend on complex parameters A, u, n. Its restriction to
real parameters satisfying the inequality A+ p? > 0 is a linearization of
the family of nonlinear equations on two-torus modeling the Josephson
effect in superconductivity. We show that for every b,n € C satisfy-
ing a certain “non-resonance condition” and every parameter values
A € C, p # 0 there exists an entire function fy : C — C (unique
up to constant factor) such that z7°L(z°fi(21)) = dox + dy+2 for
some do+,d1+ € C. The constants d; + are expressed as functions of
the parameters. This result has several applications. First of all, it
gives the description of those values A, p, n, b for which the mon-
odromy operator of the corresponding Heun equation has eigenvalue
e2™ Tt also gives the description of those values X, u, n for which
the monodromy is parabolic: has multiple eigenvalue. We consider the
rotation number p of the dynamical system on two-torus as a function
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of parameters restricted to a surface A 4+ u? = const. The phase-lock
areas are its level sets having non-empty interiors. For general families
of dynamical systems the problem to describe the boundaries of the
phase-lock areas is known to be very complicated. In the present paper
we include the results in this direction that were obtained by methods
of complex variables. In our case the phase-lock areas exist only for
integer rotation numbers (quantization effect), and the complement to
them is an open set. On their complement the rotation number func-
tion is an analytic submersion that induces its fibration by analytic
curves. The above-mentioned result on parabolic monodromy implies
the explicit description of the union of boundaries of the phase-lock ar-
eas as solutions of an explicit transcendental functional equation. For
every 0 ¢ 7 we get a description of the set {p = +0(mod2Z)}.
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1 Introduction: statement of results, sketch of proof
and plan of the paper

We study the problem to find those solutions of non-homogeneous double-
confluent Heun equations that are monodromy eigenfunctions. Our study
is motivated by applications to nonlinear equations modeling the Josephson
effect in superconductivity. The main results, the existence and unique-
ness of the above solutions (Theorems 1.1 and 1.3) are stated in Subsection
1.1. Applications to monodromy eigenfunctions and eigenvalues of homoge-
neous double confluent Heun equations and to nonlinear equations modeling
Josephson effect are presented in Subsections 1.1 and 1.3, Sections 4 and 5.

Each eigenfunction is the product of a monomial z* and a function f(z)
holomorphic on C*. The Heun equation is equivalent to recurrence relations
on the Laurent coefficients of the function f. The proofs of the above-
mentioned results are based on studying the latter recurrence relations.
We prove existence and uniqueness Theorem 1.8 for converging solutions
of a more general class of recurrence relations (stated in Subsection 1.2 and
proved in Section 2). Its proof is based on ideas from hyperbolic dynamics
and a fixed point argument for appropriate contracting mapping.



1.1 Main result: existence and uniqueness of monodromy
eigenfunctions of non-homogeneous double confluent Heun
equations

We consider the family of double confluent Heun equations
LE = 22E"+(nz+p(1—22))E'+(A—punz)E = 0; n, A\, pueC, u#0. (1.1)

They are well-known linear differential equations, see [27, formula (3.1.15)]
that have singular points only at zero and infinity, both of them are irregular.
Our goal is to study existence of the eigenfunctions of their monodromy
operators (see [2, chapter 7, subsection 3.2] and the definition in Subsection
4.1) with a given eigenvalue e?™, b € C: the latter functions are solutions
of equation (1.1) having the form

E(z) = 2°f(2), f(2) is holomorphic on C*. (1.2)

The converging Laurent series of the function f(z) is split into two parts,
f(z) = fi(2) + f-(z71), where fi are holomorphic functions on C and
f+(0) = 0. These functions satisfy non-homogeneous equations of the type

2L fe(2tY) = dot + dyaz (1.3)
One of our main results is the following.
Theorem 1.1 For every (n, A\, u,b) € U,
U={(n,\ub) €C" | u#0, bb+n ¢ 7}, (1.4)

there exist holomorphic functions fi(z) on a neighborhood of zero, f4+(0) =
0 such that the functions fi(zT') satisfy equations (1.3) for appropriate
dox(n, A, 1, 0), dit(n, A, u,b). The functions fi are unique up to constant
factors (depending on the parameters), and they are entire functions: holo-
morphic on C. For every sign index + the corresponding vector (dot,dy+)
1s uniquely defined up to scalar factor depending on parameters. The above
constant factors can be chosen so that both f+ and d;+ depend holomorphi-
cally on (n, A, 1, b) € U and f1(z) are real-valued in z € R for real parameter
values.

Corollary 1.2 Let (n,\,u,b) € U. The corresponding equation (1.1) has
a monodromy eigenfunction with eigenvalue e*™°, b € C, if and only if the
corresponding vectors dy = (dox,d1+) are proportional:

d0+d1_ - do_d1+ == 0 (15)



Theorem 1.1 will be proved in the next subsection and Section 2. Corol-
lary 1.2 will be proved in the next subsection. The explicit formulas for
the functions f4+ and d;j4+ will be given in Section 3. Equivalent versions of
equation (1.5) as explicit functional equations in parameters obtained in a
more direct way will be presented in Section 4.

Theorem 1.3 For every n € C\ Z<o and (\,p) € C?, p # 0 there ex-
ists a unique function E(z) Z£ 0 (up to constant factor) holomorphic on a
neighborhood of zero such that LE = ¢, where c is independent on z. The
function E is entire and can be normalized so that ¢ = &,—1(\, u) depends
holomorphically on (n, A, u) and E also depends holomorphically on (n, A, ).

Theorem 1.3 will be proved in the next subsection.

Remark 1.4 Theorem 1.3 is closely related to the question of the exis-
tence of a solution holomorphic at 0 of equation (1.1) (such a solution is
automatically entire, i.e., holomorphic on C). This question was studied
by V.M.Buchstaber and S.I.Tertychnyi in [10]. The existence of a solution
FE from Theorem 1.3 and explicit expressions for £ and the corresponding
function &,_1(\, ¢) (analytic in (X, ) € C?) were given in [10, pp. 337-338].
(This was done for n € N, but these results remain valid for all n € C\ Z<.)
The existence result implies that if &,—1(\, x) = 0, then the homogeneous
equation (1.1), i.e., LE = 0 has a solution holomorphic on C. A conjec-
ture stated by V.M.Buchstaber and S.I.Tertychnyi in loc. cit. (under the
additional assumption that n € N, which, in fact, can be omitted) said
that the converse is true: if equation (1.1) has a holomorphic solution at
0, then &,_1(A, u) = 0. This conjecture was studied for n € N in loc. cit.
and [11], where it was reduced to a series of conjectures on polynomial so-
lutions of auxiliary Heun equations and non-vanishing of determinants of
modified Bessel functions of the first kind. All these conjectures were solved
n [13]. As the next corollary shows, Theorem 1.3 implies the conjecture of
Buchstaber and Tertychnyi immediately for all n € C\ Z<o.

Remark 1.5 The method used in [10, 11, 13] was to consider a “conju-
gated” family of Heun equations, for which equations having polynomial
solutions were described by an explicit algebraic equation on parameters in
[9]. The proof of the above-mentioned Buchstaber—Tertychnyi conjecture
was obtained in [13] from a solution of their problem about polynomial so-
lutions. The method of the present paper allows to prove the conjecture di-
rectly, without using the conjugated family and polynomial solutions. A pos-
sibility to prove the conjecture without using the condition of non-vanishing



of the determinants of modified Bessel functions was mentioned in [10] at
the place, where the conjecture was stated. We realize this possibility in
the present paper. As is explained in [13], positivity of Bessel determinants
proved there is a result interesting itself.

Corollary 1.6 (cf. [13, theorem 3.5]) For every n € C\ Z<y and p # 0
equation (1.1) has an entire solution, if and only if &—1(A, p) = 0, where
En—1(A, p) is the function from Theorem 1.3 introduced in [10, formula (31),
p. 337], see also formula (4.9) in Subsection 4.3 below.

Proof Let &,_1(A, 1) = 0. Then the function E from Theorem 1.3 is an
entire solution of equation (1.1): LE = 0. Conversely, let equation (1.1)
have a solution F holomorphic at 0. If &,—1(\, ) # 0, then there exists a
holomorphic function E on a neighborhood of zero satisfying the equation
LE = &n—1(A\, ;) # 0, by Theorem 1.3. This together with the uniqueness
statement of Theorem 1.3 implies that £ = E up to constant factor, hence
LE = 0. The contradiction thus obtained proves the corollary. O

1.2 Solutions of three-term recurrence relations

Let us look for formal solutions of equation (1.1) of type (1.2). Equation
(1.1) is equivalent to the recurrence relations

((k+b)(k+b+n—1)+N)ag— p(k+b+n—1)ap_1 +pu(k+b+1)ags, = 0, (1.6)

which can be written in the matrix form

() w5
k41 ak

ktb+n—1 (0 T
Ay = ———F— ,\+(k+b)(l?+b+n—1) . (1.7)
k+b+1 (1 T u(krbtn—1)

Remark 1.7 A function fi(z) = Y .-, ax2" satisfies equation (1.3) for
some d;, if and only if its Taylor coefficients ay, satisfy (1.6), or equivalently,
(1.7) for k > 2. Similarly, a function f_(271) =Y, . ax2" satisfies (1.3), if
and only if its coefficients satisfy (1.6) for k < —1.

Proof of Corollary 1.2. Let E(z) = 2}, ., ax2" be a solution of equa-
tion (1.1) having type (1.2). Then

B() = (4 (2) + (), fol) = Dt fo(2) = Y st (1)

E>1 k>0



The coefficients a;, satisfy (1.6) for all k. This together with the above re-
mark implies that the functions fi(z*') satisfy (1.3). The corresponding
expressions d+ = do4+ + di+z should cancel out, since F is a solution of
the homogeneous equation. This implies (1.5). Conversely, let fi(z*!) be
solutions of (1.3), and let (1.5) hold: that is, the vectors dy and d_ are
proportional. Then we can normalize the latter vectors, and hence, the
corresponding solutions by constant factors (not both vanishing simultane-
ously) so that dy +d_ = 0. Then the function E given by (1.8) is a solution
of equation (1.1). 0

As it is shown below, Theorem 1.1 is implied by the following general
theorem

Theorem 1.8 Consider recurrence relations

frar—1 + grax + hgar41 =0 (1.9)

in sequence ay, k € Z>o, where sequences g, fi, hi. € C satisfy the following
conditions:

fi, hi # 0, for every k, (1.10)

fres hie = o(gr), as k — oo. (1.11)

Then there exists a unique series > ;20 axz® # 0 (up to constant factor)
with ay satisfying (1.9) for k > 1 and having non-zero convergence radius.
Moreover, this series converges on all of C.

Addendum to Theorem 1.8. Let in the conditions of Theorem 1.8 the
coefficients fi, gr, hi depend holomorphically on parameters that represent a
point of a finite-dimensional complex manifold. Let asymptotics (1.11) hold
uniformly on compact subsets in the parameter manifold. Then the function
Z;ﬁ% aipz"® can be normalized to depend meromorphically on the parameters.
In the case, when the parameter manifold is Stein and contractible', this
function can be normalized to be holomorphic in the parameters.

Theorem 1.8 and its addendum will be proved in the next section.

LThe condition of contractibility may be weakened to the condition of vanishing of the
second cohomology group with integer coefficients. The latter condition implies in par-
ticular that the quotient of the fundamental group by its commutant has trivial torsion.
Vanishing of the second cohomology together with Stein property is needed to guarantee
that each analytic hypersurface in the parameter manifold is the zero locus of a holomor-
phic function [14, chapter VII, section B, proposition 13].



Remark 1.9 In the series ), ax2z* from Theorem 1.8 for every k > 0 the
two neighbor coefficients ay, a1 do not vanish simultaneously: hence, they
present a point (ay : ag+1) € CP!. Indeed, each pair of neighbor coefficients
(ak,ag+1) determines a unique sequence satisfying (1.9). This follows from
the fact that for every k& > 1 the coefficient ap4; is expressed as a linear
combination of ap+; and aj by (1.9), since fi, hy # 0. Hence, if some two
neighbor coefficients aj_1, ag vanish, then all the coefficients vanish, and the
series is zero, — a contradiction.

Theorem 1.10 Let b,n € C, Then for every kg € Z such that
k+b+n—1, k+b+1#0 for every k > kg, (1.12)

for every A\, u € C, u # 0 there exists and unique nonzero one-sided se-
ries ZkaO apz" (up to constant factor) converging on some punctured disk
centered at 0 that satisfies recurrence relations (1.6) (or equivalently, (1.7))
for k > ko. (In what follows this solution of relations (1.6) is called the
forward solution.) Similarly, for every ko € Z such that

E+b+n—1, k+b+1#0 for every k < ko (1.13)

there exists and unique one-sides series Zkgko apz® (up to multiplicative
constant) that satisfies recurrence relations (1.6) for k < ko and converges
outside some disk centered at 0. In what follows this solution of relations
(1.6) is called the backward solution.) Both series converge on the whole
punctured complex line C*. They can be normalized to depend holomorphi-
cally on those parameters (n, A, u, b) for which inequality (1.12) (respectively,
(1.13)) holds for the given number k.

Example 1.11 Let in the conditions of Theorem 1.10 one have b,n+0b ¢ 7Z
(cf. (1.4)). Then its statements hold for all ky € Z, since inequalities (1.12)
hold for all £k € Z. Otherwise, if either b € Z, or b + n € Z, then the
statements of Theorem 1.10

hold for k > ko whenever ky > max{m € {—-1—b,1—-b—n} | meZ}
(1.14)
hold for k < ko whenever kg < min{m € {—-1-b,1-b—n}|m € Z} (1.15)

Theorem 1.10 together with Remark 1.7 and the first statement of Example
1.11 imply Theorem 1.1.



Proof of Theorems 1.10 and 1.1 (existence and uniqueness of so-
lutions). The coefficients

fe=—uk+b+n—-1), gp=(k+b)(k+b+n—1)+ X\ hy=pk+b+1)

of recurrence relations (1.6) satisfy the conditions of Theorem 1.8 for k& > ko
(k < ko). Indeed, the asymptotics (1.11) is obvious. Inequalities fx, hx # 0
follow from (1.12) (respectively, (1.13)). This together with Theorem 1.8
implies the statement of Theorem 1.10, and hence, Theorem 1.1 on existence
and uniqueness of solutions. The local holomorphicity in the parameters
follows from the addendum to Theorem 1.8. The global holomorphicity will
be proved later on, in Subsection 3.5. O

Proof of Theorem 1.3. Let b = 0, n € C\ Z<o. Then inequalities
(1.12) hold for k > kg = 0. Therefore, there exists a unique series F(z) =

Z:“é a2 converging on a neighborhood of the origin, whose coefficients
satisfy (1.6) for & > 1, and it converges on all of C (Theorem 1.10). The
system of relations (1.6) for £ > 1 is equivalent to the statement that LE =
const. This proves Theorem 1.3. Holomorphicity on the parameters follows

from the analogous statement of Theorem 1.10. O

1.3 Historical remarks, applications and plan of the paper

Our results are motivated by applications to the family

d
d—f:—sinqﬁ—i—B—i—Acoswt, Aw>0, B>0. (1.16)

of nonlinear equations, which arises in several models in physics, mechanics
and geometry: in a model of the Josephson junction in superconductivity
(our main motivation), see [21, 28, 15, 3, 25]; in planimeters, see [16, 17].
Here w is a fixed constant, and (B, A) are the parameters. Set

B A
T=wt, l=—, p=_—.

w 2w
The variable change ¢ — 7 transforms (1.16) to a non-autonomous ordinary
differential equation on the two-torus T? = S! x S! with coordinates (¢, 7) €
R? /2772
. do sin ¢
¢) = d— = —

T

The graphs of its solutions are the orbits of the vector field

{ <Z'>=—¥+l+2,ucos7'

+1+2ucosT. (1.17)

- (1.18)



on T?. The rotation number of its flow, see [1, p. 104], is a function p(B, A) =
p(B, A;w) of the parameters of the vector field. It is given by the formula

L g2rk)
B, ) = Jim S

where ¢(7) is an arbitrary solution of equation (1.17).

The phase-lock areas are the level subsets of the rotation number in the
(B, A)-plane with non-empty interior. They have been studied by V.M.Buchstaber,
O.V.Karpov, S.I.Tertychnyi et al, see [4]-[13], [18] and references therein.
Each phase-lock area is an infinite chain of adjacent domains separated by
points called the adjacency points (or briefly, adjacencies). The description
of their coordinates as solutions of analytic functional equations was conjec-
turally stated by V.M.Bushstaber and S.I.Tertychnyi in [10] and proved by
the authors of the present paper in [13]. Namely, the family of non-linear
equations was reduced in [9, 29] to the two following families of second order
linear differential equations of double confluent Heun type: equation (1.1)
with 1

n=10+1, )\:m—uz
and the equation
LE=22E"+ ((-l+ Dz +pu(l—2*))E' + A+ pu(l —1)z)E=0. (1.19)
Equation (1.19) is obtained from equation (1.1) via the substitution { = 1—n.

Remark 1.12 Heun equations (1.1) and (1.19) corresponding to the family
(1.18) of dynamical systems on torus are those corresponding to real param-
eters n, w, u, and thus, real A. In the present paper we are studying general
Heun equation (1.1) with arbitrary complex parameters n, A, p.

It was shown in [18] that [ = g € Z at all the adjacencies. In the case,
when [ > 0, Buchstaber and Tertychnyi have shown that the adjacencies
correspond exactly to those parameter values, for which [ is integer and
equation (1.1) has a non-trivial holomorphic solution at 0 (which is auto-
matically an entire solution: holomorphic on C); see the statement in [10,
p.332, paragraph 2| and the proof in [13, theorem 3.3 and subsection 3.2].
They have explicitly constructed a family of holomorphic solutions for pa-
rameters satisfying an explicit functional equation & (A, 1) = 0, see Corollary
1.6. They have conjectured that the latter functional equation describes the
adjacencies completely. They have reduced this conjecture to another one

10



saying that if equation (1.19) has a polynomial solution (which may hap-
pen only for [ € N), then equation (1.1) does not have an entire solution.
Later they have shown that the second conjecture follows from the third one
saying that appropriate determinants formed by modified Bessel functions
of the first type do not vanish on the positive semiaxis. This third conjec-
ture together with the two previous conjectures were proved in [13]. The
statement of the above-mentioned conjecture of Buchstaber and Tertychnyi
on functional equation describing the adjacencies follows from Corollary 1.6
and their correspondence to entire solutions of Heun equations.
V.M.Buchstaber and S.I. Tertychnyi have constructed symmetries of dou-
ble confluent Heun equation (1.1) [10, 12]. The symmetry # : E(z) —
2wz Y E (271 — pE(z71)), which is an involution of its solution space,
was constructed in [30, equations (32), (34)]. It corresponds to the symme-
try (¢,t) — (m—¢, —t) of the nonlinear equation (1.16); the latter symmetry
was found in [22]. In [12] they have found new nontrivial symmetries in the
case, when | € Z and equation (1.19) does not have polynomial solutions.

Convention 1.13 Everywhere in the paper by formal solution (ay)x>k, (or
(ak)k<k,) of linear recurrence relation fryar—1 + grax + hrag+1 = 0 we mean
a (one- or two-sided) sequence of complex numbers ay, satisfying the relation
for all k > ko (respectively, k < ko). (Here one may have two-sided infinite
sequences.) If in addition, the power series ), a2 converges on some
annulus centered at 0 (for all the relations under consideration, this would
automatically imply convergence on all of C*) then the formal solution under
question is called simply a solution: the adjective “converging” is omitted

for simplicity.

In Section 3 we write down explicit formulas for solutions of recurrence
relations (1.6) using the proof of Theorem 1.8. Then in Section 4 we deduce
explicit functional equations satisfied by monodromy eigenvalues of double
confluent Heun equations (explicit versions of Corollary 1.2).

In Section 5 we apply results of Sections 3 and 4 to phase-lock areas in
the model of Josephson effect.

Remark 1.14 The problem to describe the boundaries of the phase-lock
areas for the considered system was studied in [9, 10, 13]. Special points
of the boundaries (adjacencies and points corresponding to equations (1.19)
with polynomial solutions) were described in [10] and [9] respectively. In the
present paper the union of boundaries is described by an explicit transcen-
dental analytic equation (Corollary 5.16 in Subsection 5.4). It is known that

11



the ratio of the monodromy eigenvalues of the corresponding equation (1.1)
equals e27P(4:B) and their product equals e~ 2%, The union of boundaries
coincides with the set where the monodromy has multiple eigenvalue and is
described by the condition that the monodromy of equation (1.1) has eigen-
value e~ ™. We get a similar description of non-integer level curves of the
rotation number function. Namely, for 6 ¢ Z the above relation between
monodromy eigenvalues and the rotation number together with the results
of Sections 3, 4 imply an explicit functional equation satisfied by the set
{p = £0(mod2Z)} (Theorem 5.10 in Subsection 5.3).

Open problems on phase-lock areas and possible approaches to some of them
using the above description of boundaries are discussed in Subsections 5.5—
5.8.

The following new result will be also proved in Section 5 using results of
Section 4.
Theorem 1.15 Let w > 0, (B,A) € R?, BLA > 0,1 =58, =4

2w’
A= ﬁ —u?, p = p(B,A). The double confluent Heun equation (1.19)
corresponding to the above A, p and l has a polynomial solution, if and only
ifl,p € Z, p=1(mod2Z), 0 < p <, the point (B, A) lies in the boundary
of a phase-lock area and is not an adjacency. In other terms, the points
(B, A) € R2 corresponding to equations (1.19) with polynomial solutions lie
i boundaries of phase-lock areas and are exactly their intersection points

with the lines | = g = p(mod2Z), 0 < p < that are not adjacencies.

Remark 1.16 V.M.Buchstaber and S.I.Tertychnyi have shown in [9] that
if a point (B, A) € R% corresponds to equation (1.19) with a polynomial
solution, then [, p are integers, 0 < p < and p = [(mod2Z).

1.4 A sketch of proof of Theorem 1.8.

For every initial condition (ag,a;) there exists a unique sequence (ag)r>0
satisfying recurrence relations (1.9), by Remark 1.9. But in general, the
series ), a,z" may diverge. We have to prove that it converges for appro-
priately chosen unknown initial condition. To do this, we use the following
trick: we run the recursion in the opposite direction, “from infinity to zero”.
That is, take a big k and a given “final condition” ¢ = (ag,ag+1). Then
the inverse recursion gives all a; = a;(qx), 0 < j < k. It appears that the
initial condition (ag,a;) we are looking for can be obtained as a limit of the
initial conditions (ao(qx),a1(qr)) obtained by the above inverse recursion
(after rescaling), as k — oo. The latter holds for appropriate choice of the

12



final vector ¢: it should be appropriately normalized by scalar factor and its
projectivization [gr] = (ag : ary1) € CP! should avoid some small explicitly
specified “bad region”, which contracts to the point (0: 1), as k — oo.

The projectivized inverse recursion

Py, : CP' — CP': [qi] = (ag : agy1) = [qe—1] = (a1 : ag)
defined by (1.9) can be considered as the dynamical system
T : (NsgU{oo}) x CP! - (NU{o0}) x CP!, N5y = NN [2, +00),
where for every x € CP! and k € N>5 one has
T: (k,z) v (k—1,Py(2)); T:o00xCP'— 0o x (1:0).

It appears that for every k large enough Py has a strongly attracting fixed
point tending to (1 : 0) and a strongly repelling fixed point tending to (0 : 1),
as k — oo. This together with the ideas from basic theory of hyperbolic
dynamics implies that the fixed point po, = cox (1 : 0) of the transformation
T should have a unique unstable manifold: an invariant sequence (k, [gx])
converging to p.o. We show that a solution (aj) of recurrence relations
(1.9) gives a converging Taylor series >, ax2* on some neighborhood of
zero, if and only if (ax : ag+1) = [gx] for all k, and then the series converge
everywhere. This will prove Theorem 1.8.

The existence and uniqueness of the above-mentioned unstable manifold
is implied by the following discrete analogue of the classical Hadamard—
Perron Theorem on the unstable manifold of a dynamical system at a hy-
perbolic fixed point.

Theorem 1.17 Let Fy, Es, ... be a sequence of complete metric spaces with
uniformly bounded diameters. For brevity, the distance on each of them will
be denoted d. Let P, : E, — Er_1 be a sequence of uniformly contracting
mappings: there exists a A, 0 < A\ < 1 such that d(Py(x), Pr(y)) < Ad(zx,y)
for every x,y € Ey, and k > 2. Then there exists a unique sequence of points
x € Ex such that xx_1 = Py(xx) for all k > 2. One has

Tp—1 = lim Ppo---o0 Py(x), (1.20)

m—ro0

and the convergence is uniform in x: for every € > 0 there erists some
[ € N such that for every m > 1| and every x € E,, one has d(P;o---o
P (x),z5-1) < €. If in addition the spaces Ej coincide with one and the
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same space E and the fixed points of the mappings Py tend to some o, € F,
as k — oo, then

lim zp = Too. (1.21)
k—ro0

Proof The proof repeats the argument of the classical proof of Hadamard—
Perron Theorem. Consider the space S of all sequences X = (x)ren, Tk €
F, equipped with the distance

D(X,Y)= s%p d(xg, Yk)-

The transformation
T:5— S, (acl, o, .. ) — (PQ(.@Q), P3(.%'3>, .. )

is a contraction. Therefore, it has a unique fixed point, which is exactly
the sequence we are looking for. The second statement of the theorem on
the uniform convergence of compositions to xx_1 follows from the uniform
convergence of iterations of the contracting map 7' to its fixed point. In the
last condition of Theorem 1.17 statement (1.21) follows by the above fixed
point argument in the subspace in S of the sequences (xj) tending to xoo,
as k — oo: this is a complete T-invariant metric subspace in S, and hence,
T has a fixed point there, which coincides with the previous sequence ()
by uniqueness. Theorem 1.17 is proved. a

2 Proof of Theorem 1.8 and its addendum

Recurrence relations (1.9) can be written in the matrix form

a ax—1 1 0 hg >
(%H) k( a > P (_fk: — Gk (21)

Consider the inverse matrices

. _ 9k _hik
A= lfk Ofk (2.2)

and their projectivizations Py : CP! — CP! acting on the projective line
CP! = C with homogeneous coordinates (z; : z9). In the affine chart {2 #
0} € CP! with the coordinate w = Z for every C' > 0 we denote

Do ={|lw|<C}cCcC.
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Proposition 2.1 The transformations P converge to the constant mapping
CP!' — {w = 0} uniformly on every closed disk Do, C > 0, as k — oo.
Their inverses converge to the constant mapping CP' — {w = oo} uniformly
on the complement of every disk D¢.

Proof The image of a vector (1,w) with |w| < C under the matrix A, ! is
the vector b f
9k k k
(uk(w)avk(w)) fk (1+ gkw’ gk)‘

Recall that %,g—i — 0, see (1.11), hence, gr # 0 for all k large enough.
vk (w)
- © ug(w)
formly on D¢ and prove the first statement of the proposition. Let us prove
its second statement. For every fixed C' > 0 and every k large enough
(dependently on C') one has P, ' (CP! \ D¢) € CP'\ D¢, by the first state-
ment of the proposition. The image of a vector (1, w) under the matrix Ay
is (sgp(w),tx(w)) = (w,—%). This together with (1.11) implies that
Sk (w)
tr(w)
uniformly on CP* \ D¢. The proposition is proved. O
Proof of Theorem 1.8. Let C' > 1, E¢ denote the closed disk Do ¢ CP?
equipped with the Euclidean distance. There exist a A\, 0 < A < 1 and a
N = N(\,C) € N such that for every k > N one has Py(F¢) C Ec and the
mapping Py : Ec — E¢ is a A\-contraction: |Py(z) — Pi(y)| < A|z —y|. This
follows from the first statement of the proposition and the fact that uniform
convergence of holomorphic functions implies uniform convergence of their
derivatives on compact sets (Cauchy bound): here uniform convergence of
the mappings P, to the constant mapping on D¢ with C' > C' implies uni-
form convergence of their derivatives to zero on D¢. The fixed point of the
mapping Py|g, tends to 0, as k — oo, by uniform convergence (Proposition
2.1). This together with Theorem 1.17 implies that there exists a unique
sequence (zy)g>n such that Pg(xg) = z5_; for all £ > N and |z < C.
The latter sequence corresponds to a unique sequence (ay)r>n (up to multi-
plicative constant) such that xp = (ay : ag11); one has |w(zy)| = |a’;—:1| <C
for every k > N. The sequence (ay) satisfies relations (1.9) for & > N,
which are equivalent to the equalities Py(xr) = zx_1. It extends to a unique
sequence (ax)r>o satisfying (1.9) for k£ > 1, as in Remark 1.9. In addition,
xr — 0, ie., a’;’l — 0, as k — oo, by (1.21) and since the attracting fixed
points of the mappings Py converge to 0, by Proposition 2.1. Therefore, the
series ) ;< apz® converges on the whole complex line C. The existence is
proved. Now let us prove the uniqueness. Let, by contradiction, there exist

— 0 uni-

The latter asymptotics and formula together imply that

— 0 uniformly on |w| > C, as k — oo; or equivalently, P, — oo
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a series Y a2 satisfying relations (1.9), having a positive convergence ra-
dius and not coinciding with the one constructed above. Then there exists
a k > N such that ]afl—:l] > C, i.e., z ¢ Dc. For every | > k one has

T = Pl_1 XEE oP,;rll(:xk) — 00, that is, a;—tl — 00, as | — oo, by the second
statement of Proposition 2.1. Hence the series diverges everywhere: has zero
convergence radius. The contradiction thus obtained proves Theorem 1.8.

O

Proof of the addendum to Theorem 1.8. The transformations Py
from Proposition 2.1 depend holomorphically on the parameters. The con-
vergence in the proposition is uniform on compact subsets in the parameter
manifold, by similar uniform convergence of the sequences % and i;—’; to zero
(see the condition of the addendum). Then for every compact subset K in
the parameter manifold there exists a N > 1 such that for every k£ > N
the mapping P} are contractions of the closed disk D¢ for all the parame-
ters from the set K, with one and the same uniform bound A = A\(K) < 1
for the contraction rate: the proofs of Proposition 2.1 and Theorem 1.8
remain valid with uniform convergence in the parameters from the set K.
The expression under the limit (1.20) is well-defined and holomorphic in the
parameters from the set K, and the convergence in (1.20) is uniform on K,
by uniformness of the contraction. This together with Weierstrass Theorem
implies that the limit is also holomorphic in the parameters from the set K.
Finally, the sequence (z), 2 € CP' = C depends holomorphically on the
parameters, and thus, for every k the ratio xx = % is a C-valued holo-
morphic, hence meromorphic function in the parameters. Fix a k for which
it is not identically equal to co and put a; = 1, ag+1 = . Then the vector
(ak, ag+1) depends meromorphically on the parameters, and hence, so do all
the a;, which are expressed via (aj, ar41) by linear recurrence relations. The
poles of the functions a; are obviously contained in the pole divisor of the
function agy1. In the case, when the parameter manifold is Stein and con-
tractible, every analytic hypersurface (e.g., the pole divisor under question)
is the zero locus of a holomorphic function ®, see [14, chapter VIII, section
B, lemma 12]. Replacing all a; by ®a; yields a series ), aiz® depending
holomorphically on the parameters. The addendum is proved. O
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3 Explicit formulas for solutions and the coeffi-
cients d;+

Here we present explicit formulas for the unique converging series from The-
orem 1.10 solving recurrence relations (1.6). First in Subsection 3.1 we
provide a general method for writing them, which essentially repeats and
slightly generalizes the method from [10, section 3, pp. 337-338]. Then
we write the above-mentioned formulas for & — +o00, and afterwards for
k — —oo. At the end of the section we prove the statement of Theorems
1.1 and 1.10 on global holomorphic dependence of the solutions on the pa-
rameters.

3.1 Solution of recurrence relation via infinite matrix prod-
uct: a general method

Here we consider a solution of general recurrence relations (1.9) from The-
orem 1.8. Let gy, fr, hx be the coefficients in (1.9). Let P, : CP!* — CP!
be the projectivizations of the transformations A, ', see (2.2). Let >, apz*
be a solution to (1.9). Recall that zp = (ag : apy1) € CP' ~ C, in the
standard coordinate w on C one has z;, = % We have z;_1 = Py(zk),
and for every k the infinite product P;Pjyy1... converges to xx_1. More
precisely, Pyo---o Py, (z) = zx_1, as m — oo uniformly on compact subsets
in C = C\ {co}, as in the proof of Theorem 1.8.

One can then deduce that there exists a number sequence r; such that
for every k the infinite matrix product (rkA,;l)(rkHA,;il) ... converges to
a rank 1 matrix Ry such that

Qf—1 1
=R . 3.1
( g ) * <0> 3
The latter relation allows to write an explicit formula for the solution ", axz*
in the following way. The infinite product of the matrices A,;l themselves
diverges, since their terms —?—’; tend to infinity: one has to find a priori un-

known normalizing constants 7. To construct a converging matrix product
explicitly, we will consider a rescaled sequence ayg, that is

¢k = qrag, qx € C, qk—_l:—&—m, as k — oo.
gk 9k

Rewriting relations (1.9) in terms of the new sequence ¢y, yields

<CIZ:> = M, (leil) : (3.2)
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_Gk—19r _ k=1 hy
M, = ( ak fr qr+1 fk> — <1 +0(1) 0(1)> )
1 0

The matrices M} converge to the projector

. 2 2 o 1 0
P:C —>(C,P_<1 0).

Our goal is to choose the rescaling factors ¢ so that the infinite products
Rk - MkMk+1 ‘e

converge: then the limit is a one-dimensional operator Ry with ker R being
generated by the vector (0,1). It appears that one can achieve the latter
convergence by appropriate choice of normalizing constants gy.

We use the following sufficient conditions of convergence of products of
almost projectors Mj.

Lemma 3.1 Let H be cither a finite dimensional, or a Hilbert space. Let
My, : H— H be a sequence of bounded operators that tend (in the norm) to
an orthogonal projector P : H — H. Let

My =P+ S, YISkl < oc. (3.3)
k

Then the infinite product Ry = MpMjyi1... converges in the norm, and
ker P C ker R;,. One has R — P, as k — oo, in the operator norm, and
ker Ry, = ker P for every k large enough.

Proof Fix a k and set T}, = T}, ,, = M}, ... M, for n > k; T, = M. One
has
Tn+1 = TnMn—l—l = Tn(P + Sn+1), Tn+1 — TnP = TnSn—i-l-

The latter equality implies that
I Tall < (Tl [(1 4 [ Snpa]]) < el .
This implies that
1Tl < Chy Cr = ez IS5l g . (3.4)

Now one has
Tk,n = Tk,n—lp + Tk,n—lsn,

Tem+1 = TenP + ThnSni1 = Thn1P? + Thn1S0P + Ti nSnt1
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= Tk,nflp + Tk,anSnP + Tk,nSn—l-l :

here we have used the fact that P is a projector, that is, P2 = P. The two
latter formulas together with (3.4) imply that

| Tent1 = Tl < Cr RISl + [[Sns1l])-

The latter right-hand side being a converging series in n, the sum of the
left-hand sides in n converges and so does T}, ,,, as n — oo, in the operator
norm. This also implies that the norm distance of each T} ,, to the limit Ry, =
limy, o0 Tk, is bounded from above by Ay, = 3Cj an |S;]|. Applying
this estimate to Tk = My, we get dist(My, Ry) < A]ﬁk = 3C} ZjZk HS]H
One has Ay, — 0, as n — oo uniformly in £, and also Ag, — 0, as
k,n — oo so that k < n. This implies that Ry and M} converge to the
same limit P in the operator norm, as kK — co. For every v € ker P one has
Myv = Spv — 0. Hence, Tj, v = Tg p—1(Spv) — 0, as n — oo. Therefore,
Riv =0 and ker P C ker R;. Let N > 0 be such that for every k£ > N one
has ||Rr — P|| < 1. Let us show that ker R = ker P for these k. Indeed,
suppose the contrary: ker Ry is strictly bigger than ker P for some k > N.
Note that H = ker P @ P(H) (orthogonal decomposition), since P is an
orthogonal projector. Therefore, there exists a vector uy € P(H) such that
Ry (ug) = 0. Hence,

1P (u)[| = ||(P = R ) (un )| < [[urll;

while P(ug) = uy, since P is a projector. The contradiction thus obtained
proves the lemma. O

Addendum to Lemma 3.1. Let in Lemma 3.1 the operators S, depend
holomorphically on some parameters so that the series Y ||Sn|| converges
uniformly on compact subsets in the parameter space. Then the infinite
products Ry, are also holomorphic in the parameters.

Proof The above proof implies that the sequence T}, ,, converges uniformly
on compact subsets in the parameter space. This together with the Weier-
strass Theorem implies the holomorphicity of the limit. O

Corollary 3.2 Let
_ (1+0nk 12k L
M = < 1 0 ) ij |0ij k] < 00 for (ij) = (11),(12).  (3.5)

Then the infinite product Ry, = MMy, ... converges, and the right column
of the limit product matriz Ry, vanishes. In the case, when d12) # 0 for all k,
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the limit matriz Ry has rank 1 for all k: its kernel is generated by the vector
(0,1). In the case, when 6;; depend holomorphically on some parameters
and the convergence of the corresponding series is uniform on compact sets
in the parameter manifold, the limit Ry s also holomorphic.

Addendum to Corollary 3.2. In the conditions of the corollary set

cr = (0,1) Ry <(1)) . (3.6)

Then the sequence ci is a solution of recurrence relations (3.2) such that
k1, as k — oo, and one has

(C’Zk1> = R, (é) . (3.7)

Proof of Corollary 3.2. This is the direct application of the lemma and
its addendum for the norm induced by appropriate scalar product: the latter
product should make the matrix

10
P=(i o)
an orthogonal projector. The kernel ker Ry contains the kernel ker P, which
is generated by the vector (0,1); ker Ry = ker P, i.e., rk(Rg) = 1 for all
k large enough, by the lemma. In particular, the right column in each Ry

vanishes. Now it remains to note that rk(Ry) = 1 for all k, since the matrices
M, are all non-degenerate: 912 # 0. The corollary is proved. O

Proof of the Addendum to Corollary 3.2. Consider the affine chart
C = CP'\ {(1 : —1)} with the coordinate w = 2722 centered at (1 :1).
The projectivizations P, of the linear operators M, : C2 — C? converge to
the constant mapping CP' + (1 : 1) uniformly on compact subsets in C.
Hence, for every C' > 0 there exist a N = N(C) >0and a A\, 0 < A < 1
such that for every k > N one has P,(D¢) @ D¢, and Py is a A-contraction
of the disk D¢, as in the proof of Theorem 1.8 in the previous section. This
together with Theorem 1.17 implies that there exists a sequence (z)s> N(C)s
rp € C = CPY, w(xy) — 0, as k — oo, such that Py(x;) = 25_; and
P, o---o0 P, converges to the constant mapping CP! — z;_; uniformly
on compact subsets in C, as m — oco. Convergence at (1 : 0) implies that
L1 = (Rk,ll . Rk,gl). MOl"eOVGI‘, Rk721 = Rk+1711, since Rk = MkRk+1 and
the matrix M}, has lower raw (1,0). The two last statements together imply
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that the sequence ¢, = Ry, 91 satisfies recurrence relations (3.2) and formulas
(3.6), (3.7). One has C’Z—Zl — 1, since x = (¢ : cg+1) — (1 : 1). This proves
the addendum. O

Corollary 3.3 Consider recurrence relations (1.9). Let q, € C be a se-
quence such that the rescaling ¢, = qray, transforms (1.9) to (3.2). Let the
corresponding matrices My, from (3.2) be the same, as in (3.5). Let ¢y be
the same, as in (3.6). Then the sequence

—1
ap = q " Ck

is a solution of relations (1.9) for k > 1 such that the series Y ;<o arz"
converges on all of C.

Proof The sequence (ay) is a solution of (1.9), by construction and the
Addendum to Corollary 3.2. One has q';—;l ~ —f—z — 0, as k — oo, since the
above sequence rescaling transforms (1.9) to (3.2). Therefore, ;- — 0, by
the latter statement and since c:—fl — 1, as was shown above. This implies

the convergence of the series ), a,z" on C and proves the corollary. O

3.2 Forward solutions from Theorems 1.1 and 1.10

Here we give explicit formulas for the solution ), apz* of recurrence rela-
tions (1.6) converging, as k — +00.

Case 1): b,b+n ¢ Z (i.e., the conditions of Theorem 1.1 hold).
Let us invert matrix relation (1.7). We get

<“Zk1) =W, <aZf_ 1) : (3.8)

k+b A k+b+1
W, = (u(l + (k+b)(k+b+n71)) k+b+n—1> '

1 0

To obtain an explicit formula for solution of relation (1.6), we will use results
of Subsection 3.1. To do this, we reduce equation (3.8) to a similar equation
with the matrix in the right-hand side converging to a projector. This is
done by renormalizing the sequence ap by multiplication by appropriate
constants depending on k£ > 0. Namely, set

b
Cr = ak(ulk+17 (b)l =b... (b—l—l - 1) =

T'(b+1)
o)
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Recall that the symbol (b); is called the Pochhammer symbol. Translating
relations (3.8) in terms of the sequence ¢y yields

() = ()
Ck Chy1)

14 A p?
M, = "D (R totn-1) (RO (h+bFn—1) (3.9)

1 0

(b)k 0 Nk 0
— [ #! )W ((b)k+1 )
(B) k11 k Mk+1 .
< 0 uk 0 (b) k42

The infinite matrix product

Ry, = MyMpi1 - .. (3.10)

converges and depends analytically on (A, i, n,b) at those points, where the
denominators in its definition do not vanish, by Corollary 3.2.

Theorem 3.4 Let b,b+n ¢ Z. For k> 0 set

= (0 1) Ry (é) (3.11)
_n,
W e (3.12)

The coefficients ay, satisfy recurrence relations (1.6) for all k > 1, and the
series

Fi(2) =) ar (3.13)

converges on all of C.

Proof The sequence ¢ satisfies relations (3.9), and lef - = 1, as k — oo,

by the Addendum to Corollary 3.2. This implies that a satisfy (1.6). The
series (3.13) converges on all of C, by Corollary 3.3. This proves the theorem.
O

Case 2): some of the numbers b or b+ n is an integer. Set
koy = max{m € {-1—-b,1—b—n} | m e Z}. (3.14)

Note that now the product (b); = b(b+1)...(b+1—1) can be equal to zero,
and thus, the sequence ay defined by (3.12) is not necessarily well-defined.
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Let us modify the above rescaling coefficients relating a, and ¢ as follows.
For every s <[+ 1 set

(b)s’l+1 = (b + S) c (b + l) = ; (b)07l+1 = (b)l+1; (b)s’s =1. (315)

Set

ki 1-k
cp = apport (D) kos +2,k+1 for every k > koy; cryq1 = argoq1- (3.16)

The sequence (ay) satisfies (1.7), if and only if the sequence (c) satisfies
(3.9). The above formulas remain valid with the same matrices My, which
are well-defined for £ > kot + 2: the denominators in its fractions do not
vanish. Therefore, the infinite product Ry = MMy ... is well-defined for
the same k in the case under consideration.

Theorem 3.5 Letb, n, kot be as above, My, be asin (3.9), Ry, = MMy ...
¢k = Rio1 for k> koy +2, cry,+1 = Ry 42,11, (3.17)

ag = ,uk*k“*lcik for k > koy + 1, (3.18)
(D) ko +2,k+1

((kot + b+ 1) (Kot +b+n) + Nakg, +1 + (ko + b+ 2)aky, +2
p(kot +0+n) '

Akoy =

(3.19)
The sequence (ag)k>k,, satisfies recurrence relations (1.6) for k > koy. The
series le:ozw a2k converges on all of C*.

Proof The sequence ¢, satisfies relations (3.9) for k > kot + 2, by the
Addendum to Corollary 3.2. Therefore, ay, satisfy relations (1.7), which are
equivalent to (1.6), see the previous discussion. Formula (3.19) is equivalent
to relation (1.6) for k = ko4 + 1. The denominator p(koy +b+n) in (3.19)
does not vanish. In the case, when b+ n ¢ Z, this is obvious. In the case,
when b +n € Z, one has ko +b+n > 1, by (3.14). The series > ;. apz”
converges on C*, by Corollary 3.3. The theorem is proved. O

3.3 Backward solutions

Here we give explicit formulas for the solution ), apz"* of recurrence rela-
tions (1.6) with & — —oo. Set

m=—k, Gm = G_pm.
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Relation (1.7) in new variables m and a,, takes the matrix form

(o) =2 (")
Am—1 am

Writing the latter equation with permuted order of vector components (we
place as having smaller indices above) yields the same equation with the
new matrix obtained from A_,, by permutation of lines and columns:

(a’Z”) = A, <A“m ) , (3.20)
am Am+1

A b+n—m—1<—HW?WWiTU v.

A, = 21
b—m+1 (3.21)

Case 1): b,b+n ¢ Z, as in the conditions of Theorem 1.1. Let
us renormalize the sequence a,,: for m > 0 set

dm(Q —n — b)m+1
pm '

Translating equation (3.20) in terms of the sequence ¢, yields

<C’Z“1> — S, (Acm ) , (3.22)
Cm Cm+1

Cm —

1+ A—n+2 p?(b—m+n—1)
S = Sm(b, TL) — (bfm+11)(b7m+n72) (bferl)(b7m+872)(b7m+n73)
(3.23)
2—n—b)m m
:<(W13<2 %)A (Qﬂiwwl %1>
—n—b)m m /J“"L .
0 T 0 (T
Theorem 3.6 Let b,b+n ¢ Z. Let the matrices Sy, be as above,
T = SnSm+1 - - - (3.24)
. 1\ . Cr " .
—_— ]_ Tm 5 m — ) = d—k- 2
¢ (0 1) (0> a O — ap = a_g (3.25)

The sequence (a) satisfies recurrence relations (1.6) for k < —1, and the
series

f-(z) = Z apz"" (3.26)

k<0

converges on C.
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Proof The above matrix product converges, and the sequence ¢, satisfies
equation (3.22), by Corollary 3.2 and its addendum. This implies that the
corresponding sequence a,, satisfies (3.20), the sequence ay satisfies (1.6)
and the series f_(z) converges, as in the previous subsection. This proves
the theorem. a

Case 2): some of the numbers b or b+ n is an integer. Let
ko— =min{r e {-1—-b,1—-b—n} | r € Z}, mo=—ko_. (3.27)

The above Pochhammer symbol may be not well-defined in the case, when
n+beZ,2—n—>b<0. We use the inequalities

b—m+1# 0 for every m > my;

2—n—b+m,3—n—b+m# 0 for every m > my, (3.28)

which follow immediately from (3.27). The sequence rescaling

A dm(2 —n— b)mg,m—i—l
Cm P

is well-defined and invertible for all m > myg, by (3.28). It differs from
the previous sequence rescaling from Case 1) by multiplication by constant
independent on m, and hence, transforms (3.20) to (3.22), as above. The
matrices Sy, are well-defined for m > myg: the denominators in their fractions
do not vanish, by (3.28). Let T}, be their products (3.24) defined for m > my.

Theorem 3.7 Let Sy, and T, be the same, as in (3.24),
. 1
Cm = (0 1) T <O> form > mg, cmy = Tmg+1, 11,

G = Cmis™
" (2 =1 = b)my,m+1

for m > myg, ap = a_y. (3.29)

The sequence (ay)k<k,_ Satisfies recurrence relations (1.6) for k < ko—, and
the series ) p oy, arz~F converges on C*.

The proof of Theorem 3.7 repeats the proof of Theorem 3.6 with obvious
changes.
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3.4 Theorem 1.1: formulas for dy. and di+

Lemma 3.8 Let (n,A,u,0) € U, see (1.4). Let fi(2) = > 55 apz® and
f-(2) =2 "1<0 arz"" be the functions from (8.13) and (3.26) constructed in
the two previous subsections, case 1). Then

27020 fr(2FY) = dot + dy+2, (3.30)

doy = p(b+1)ar; diy = ((b+1)(b+n) + Nar + (b + 2)as, (3.31)

where a1 and ag are the same, as in (3.12);
do— = (b(b+n—1)4+Nag—pub+n—1)a_y1; di— = —pu(b+n)ag, (3.32)
where a_1 and ag are the same, as in (3.25).

Proof The left-hand side in (3.30) with index “+” is a Taylor series with
coefficients at z* being equal to the left-hand side of the corresponding recur-
rence relation (1.6). The latter relation holds for all £ > 2, by construction.
This implies (3.30) with do4, di+ being equal to the left-hand sides of rela-
tions (1.6) for £ = 0 and k = 1 respectively. This implies (3.31). The proof
for the index “—” is analogous. O

3.5 End of proof of Theorems 1.1 and 1.10: holomorphic
dependence of solutions on the parameters

Proposition 3.9 The solutions (ay) of recurrence relations (1.6) constructed
above via infinite matrix products depend holomorphically on the parameters
from the domain, where all the factors of the matriz product are well-defined.

The proposition follows immediately from construction and Corollary
3.2. It implies the statements of Theorems 1.1 and 1.10 on holomorphic
dependence of the corresponding solutions on the parameters.

4 Application: monodromy eigenvalues

Here we study the eigenfunctions of the monodromy operator of Heun equa-
tion (1.1). Recall that the monodromy operator of a linear differential equa-
tion on the Riemann sphere acts on the space of germs of its solutions at a
nonsingular point zg. Namely, fix a closed path « starting at zg in the com-
plement to the singular points of the equation. The monodromy operator
along the path « sends each germ to the result of its analytic extension along
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the path a. It is completely determined by the homotopy class of the path
« in the complement to the singular points of the equation. In the case un-
der consideration of double confluent Heun equations (1.1) there are exactly
two singular points: zero and infinity. By the monodromy operator of dou-
ble confluent Heun equation (1.1) we mean the monodromy operator along a
counterclockwise circuit around zero. Each monodromy eigenfunction with
an eigenvalue e?™® has the form of a series

E(z) =Y a* beC, (4.1)
keZ

converging on C*. Here we write down an explicit analytic equation on those
b, for which the latter solution F(z) of equation (1.1) exists, i.e., there exists
a bi-infinite sequence (ay)rez satisfying recurrence relations (1.6) such that
the the bi-infinite series >, ., ax2" converges on C*.

We consider different cases, but the method of finding the above b is gen-
eral for all of them. The coefficients a; with kK — +oc should form a unique
converging series (up to constant factor) that satisfies recurrence relations
(1.6). Similarly, its coefficients with k¥ — —oo should form a unique converg-
ing series satisfying (1.6). Finally, the above positive and negative parts of
the series should paste together and form a solution of Heun equation. In
the simplest, non-resonant case, when b, b+ n ¢ 7Z, the pasting equation is
given by (1.5). The coefficients ay, k > 1 satisfying (1.6) for £ > 2 and form-
ing a converging series are given by formulas (3.12); the sequence (a)r<o,
ax = a_y, satisfying (1.6) for k& < 0 and forming a converging series is given
by formula (3.25).

It appears that substituting the above-mentioned formulas for ay to for-
mulas (3.31) and (3.32) for d;+ and then substituting the latter formulas
to (1.5) yields a rather complicated pasting equation. To obtain a simpler
formula, we proceed as follows. In the non-resonant case we extend the se-
quence (ay)r>1 to k = 0 by putting appropriate o € C instead of ag (we get
a,ai,as,...) so that the longer sequence thus obtained satisfies (1.6) also
for £ = 1. Similarly, we extend the sequence (a;)r<o to k = 1 by putting
appropriate 5 € C instead of a; (we get ...a_1,a9, ) in order to satisfy
equation (1.6) for k£ = 0. The positive and negative series thus constructed
paste together to a converging bi-infinite series ), apz* satisfying (1.6)
(after their rescaling by constant factors), if and only if

aff = apa;. (4.2)

We obtain an explicit expression for equation (4.2).
In what follows, we use the two next propositions.
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Proposition 4.1 The determinant of the monodromy operator of Heun equa-
tion (1.1) equals e~ 27",

Proof We prove the statement of the proposition for p # 0: then it will
follow automatically for ;. = 0, by continuity. The monodromy matrix is the
product of the formal monodromy matrix diag(1, e~2™") and a pair of unipo-
tent matrices: the inverse to the Stokes matrices, cf. [18, formulas (2.15)
and (3.2)]. Therefore, its determinant equals e=2™™. Another possible proof
would be to use the formula for Wronskian of two linearly independent so-
lutions of equation (1.1) from [10, p. 339, proof of theorem 4]. It shows that
the Wronskian equals z~" times a function holomorphic on C*, and hence, it
gets multiplied by e~2™" after analytic continuation along a positive circuit
around zero. O

Recall, see [30, equations (32), (34)], [10, p. 336, lemma 1] that the
transformation # : E — #E:

(#E)(2) == 2wz ™(E'(z7Y — uE(z™Y)), A+ p? = w>0 (4.3

42’

is an involution acting on the space of solutions of equation (1.1).

Proposition 4.2 Let the monodromy operator of Heun equation have dis-
tinct eigenvalues. Then the involution # permutes the corresponding eigen-
functions.

Proof The involution under question is a composition of transformation of
a function to its linear combination with its derivative, the variable change
2+ z~1 and multiplication by z~". Let now E be a monodromy eigenfunc-
tion with eigenvalue A;. The composition of the first and second operations
transforms F to a function, whose analytic extension along a counterclock-
wise closed path around zero multiplies it by )\1_1: the second operation
inverses the direction of the path. The multiplication by z~" multiplies
the above result of analytic extension by e~?™". Therefore, #F is a mon-
odromy eigenfunction with the eigenvalue Ay = )\1_16_27”“. It coincides with
the second monodromy eigenvalue, since it is found by the condition that
Mg = e 2™ gee Proposition 4.1. This proves the proposition. O

4.1 Nonresonant case: b,b+n ¢ Z

In this case the denominators in formulas (3.9) and (3.23) for the ma-
trices My, and S, respectively are nonzero for all integer £ and m, and
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hence, the matrices are well-defined together with the infinite products
Rk :MkMk+1..., Tm :SmSn’H»l“-'

Theorem 4.3 Let b,b+n ¢ Z. Equation (1.1) has a monodromy eigen-
function with eigenvalue €2, b € C, if and only if

(b + 1)(b +n— 2)R1711T0711 + M2R1721T0721 =0. (4.4)

Proof Let fi(z) = > 15 arz® be a converging series satisfying (1.6) for
k > 2. Recall, see (3.12), that

a = b(blil) (0 1) R (é)

Let us extend formula (3.12) to k = 0: set

a:%(o 1)RO<(1)>_2(1 o)Rl((l)).

The sequence «, ay, ag, ... satisfies (1.6) for £ > 1, by Theorem 3.4. Recall,
see (3.25), that

R y . C
00:(0 1)T0(0>,a0:a0:2_cs_b.

Let us extend formula (3.25) to k =1, m = —1: set

=0 )T (o) =it 0T (g).

The sequence ...,a_2,a_1,ag, 5 satisfies (1.6) for all k£ < 0, by Theorem 3.6.
Substituting the above formulas for a1, «, ag, S to pasting equation (4.2)
yields (4.4). The theorem is proved. O

4.2 Resonant case: at least one of the numbers b, b+ n is
integer

Proposition 4.4 Let at least one of the numbers b, b+ n be integer. Then
Heun equation (1.1) has a solution of type E(z) = 2°f(z) with f(z) being
a holomorphic function on C*, if and only if it has a solution holomorphic
on C*, i.e., corresponding to b = 0. In this case the monodromy eigenvalues
are 1 and e~2™",
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Proof Let the above solution E exist. Then it is a monodromy eigenfunc-
tion with the eigenvalue e2™®. The other eigenvalue equals e=27i(b+1) by
Proposition 4.1. At least one eigenvalue equals one, since either b, or b+ n
is integer, by assumption. The monodromy eigenfunction corresponding to
unit eigenvalue is holomorphic on C*. Conversely, a solution holomorphic
on C* is a solution E as above with b = 0. It is a monodromy eigenfunction
with unit eigenvalue. Then the other eigenvalue equals e~>™", by Proposi-
tion 4.1. This proves proposition 4.4. O

Corollary 4.5 A solution E as in Proposition 4.4 exists, if and only if the
recurrence relations (1.6) with b = 0:

(k(k+1) 4+ Nag — p(k+Dag—1 + p(k+1)agy1 =0, I=n—-1  (4.5)
have a solution (ax)rez such that the series Y ., a2 converges on C*.

Proposition 4.6 Every semiinfinite sequence (ay)r>—2 satisfying equations
(4.5) for k > —1 (without convergence condition) satisfies the relation

(1 =14 Na_y — u(l — 1)a_y = 0. (4.6)

Proof Equation (4.6) coincides with (4.5) for k = —1. O

Proposition 4.7 Letl ¢ Z, n =1+ 1. A solution of Heun equation (1.1)
holomorphic on C* exists, if and only if at least one of the two following
statements holds:

- either the unique semiinfinite sequence (a)k<—1 solving relations (4.5)
for k < —2 with series Z,;:l_oo arpz® converging on C* satisfies relation
(4.6);

- or Heun equation (1.1) has an entire solution: holomorphic on C.

Proof Let .
i)=Y az" (4.7)

k=—o0
be a semiinfinite solution of recurrence relations (4.5) for k& < —2. Note
that for every k < —1 its coefficient aj is uniquely determined as a linear
combination of the two previous ones ai_o and ag_1, see (4.5) written for
k < —2, since p1 # 0, see (1.1). The same holds in the opposite direction:
for every kK < —3 the coefficient aj is expressed as a linear combination
of the coefficients api11 and agio by (4.5), since | ¢ Z. The two latter
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statements together imply that a_o and a_; do not both vanish. Therefore,
the above negative semiinfinite series can be extended to positive k as a (may
be just formal) two-sided solution of (4.5) only in the case, when relation
(4.6) holds. Let us show that in this case it does extend to a true (not just
formal) two-sided solution.

Note that a_; # 0, by relation (4.6) and since a_g, a_; do not vanish
both,  # 0 and [ # 1. Equation (4.5) with k¥ = —1 has zero multiplier
at ag, see (4.6), and hence, holds for arbitrary ag. The same equation with
k = 0 yields

Aag — lpa—q1 + pag = 0. (4.8)

This is a linear non-homogeneous equation on the pair (ag,a1). Hence, its
solutions form a line L; C C? that does not pass through the origin: a_; # 0.
On the other hand, the pairs (ag,a;) extendable to true (not just formal)
semiinfinite solutions in positive k exist and are all proportional (uniqueness
of solution up to constant factor and since for every k > 1 the coefficient
ap+1 is uniquely determined by ay and aig1 via relations (4.5), since | ¢ Z).
Hence, they form a line Ly through the origin. Let us choose (ag, a1) to be
the intersection of the above lines Ly and L1, provided they are not parallel
(the case of parallel lines is discussed below). Then the pair (ag, a1) extends
to a semiinfinite solution of relations (4.5) in positive k, by construction.
The complete Laurent series Z,Jg:o'ioo aiz"® thus constructed is a solution to
equations (4.5) and hence, to Heun equation (1.1).

Case, when L and L; are parallel. In this case Ly = {\ag + pa; =
0}, and (ag,a;) defines a solution to (4.5) with positive k, if and only if
(ap,a1) € Lg. This solution extends to negative k by putting a; = 0 for
k < 0, since relation (4.5) for k = —1,0 is equivalent to (4.6) and (4.8)
respectively. Finally we obtain a converging Taylor series satisfying (4.5)
and hence, presenting a solution of Heun equation (1.1) holomorphic on C.
Proposition 4.7 is proved. O

The next theorem describes those parameter values for which Heun equa-
tion (1.1) has an entire solution. To state it, consider the following matrices
My, R and numbers ag, &:

14 -2 12
M. = k(k+1) k(%""l) , R = MpM,q ... for k > 1,

1
Lk
ap = ﬁka for k > 1, ap = R,
& =&\ 1) = Aao + par = AR1 11 + p° Ry o1 (4.9)
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Theorem 4.8 A Heun equation (1.1) withn =1+ 1,1 € C\ Z<o has an
entire solution, if and only if & (A, u) = 0.

Theorem 4.8 is equivalent to Corollary 1.6. It was partly proved and con-
jectured in [10, section 3, theorem 2] and proved completely for entire [ > 0
in [13, subsection 3.1, theorem 3.5]. For completeness of presentation let us
give its direct proof without using results of loc. cit.

Proof of Theorem 4.8. The above matrices M and numbers a; coin-
cide with those from (3.9) and (3.18) respectively constructed for recurrence
relations (1.6) with b=0,n =141,

(k(k + 1) + Nag — p(k + Dag_y + plk + Dagsr = 0; (4.10)

here kgpy = —1. The matrices M}, are well-defined for all k € N, whenever
l ¢ Z<o. (If I =0, then ko = 0, but the corresponding sequence ay from
(3.18) remains the same, as in (4.9), up to constant factor.) This together
with Theorem 3.5 implies that the sequence (ay) satisfies (4.10) for £ > 1 and
the series E(z) = Zr:og a2 converges on C. Therefore, LE = const, and
the latter constant is the left-hand side of the relation (4.10) corresponding
to k = 0: that is, Aag + pa1 = §(\, ). This together with the uniqueness
of an entire function E for which LE = const (Theorem 1.3) implies the
statement of Theorem 4.8. O

Theorem 4.9 Letn ¢ Z, u # 0,

1+ A—n+2 p?(n—m—1)
Sy = (l—ml)(n—m—Q) (1—m)(n—m62)(n—m—3) fO’f‘ m > 2,

T = SpSpmst .- ..

Heun equation (1.1) has a solution holomorphic on C*, if and only if either

fl()\a M) =0, or
(2 —n -+ )\)(4 - n)TQ’H - uz(n — 2)T2’21 = 0. (411)

Proof A solution of Heun equation holomorphic on C* exists if and only
if some of the two statements of Proposition 4.7 holds. The second one, the
existence of an entire solution is equivalent to the equation & (A, 1) = 0, by
Theorem 4.8. Let us show that the first statement of Proposition 4.7, that
is, equation (4.6) on the coefficients a_o, a_; of the backward solution of
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recurrence relations (4.5) is equivalent to (4.11). To do this, let us recall the
formulas for the sequence aj, (up to common constant factor), see (3.29):

Cm = Tm21 = Tmt111, €1 = 1o 11,
X Crn ™
amzﬁza_m, m > 1.
(2= n)mt1
The sequence (ax)r<—1 satisfies recurrence relations (4.5) for £ < —2, as in
Subsection 3.3, and the series ), apz"* converges on C: here we have

rewritten the formulas from Subsection 3.3 for b = 0. One has

12Ty 21 S w11
2-n)B-n)d-n) ' 2-n)@B-n)

a_o =

by definition. Substituting the latter formulas and | =n — 1 to (4.6) yields
(4.11). This together with Proposition 4.7 proves the theorem. 0

4.3 Double resonant subcase: n,b € Z

Recall that we study the existence of solution (4.1) of Heun equation of
the type (1.1). In the case under consideration b € Z, and without loss
of generality we can and will consider that b = 0. In this case a solution
we are looking for is holomorphic on C* and presented by a Laurent series
E(2) = > ez axz” converging on C*. Recall that | = n — 1. Without loss
of generality we will consider that [ > 0. One can achieve this by applying
the transformation

O EB(z) et D E(— ),
which is an isomorphism of the solution space of equation (1.1) and equation
LE=22FE"+ (=14 1D)z+u(l = 22)E' + A+ u(l—1)2)E=0, (4.12)

see [10, section 4, formula (39)]. It sends solutions of equation (1.1) holo-
morphic on C* onto solutions of equation (4.12) holomorphic on C*.

Theorem 4.10 Letl € Z, 1 > 0, u # 0. Equation (1.1) with n =1+ 1 has
a solution holomorphic on C*, if and only if its monodromy is unipotent.
This happens, if and only if equation (1.1) satisfies one of the two following
statements:

1) either it has an entire solution, i.e., holomorphic on C; this holds if
and only if the monodromy is trivial;
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2) or the corresponding equation (4.12) has a nontrivial polynomial so-
lution.

In the case, when the parameters A and p are real and p > 0, statements
1) and 2) are incompatible: if statement 2) holds, then the monodromy is
nontrivial (a unipotent Jordan cell).

Remark 4.11 The incompatibility of statements 1) and 2) for real param-
eter values was proved in [13, theorem 3.10]. It follows from our result on
positivity of determinants of modified Bessel functions [13, theorem 1.3] and
results of [11]. (Incompatibility for real parameters was proved for p > 0,
but it holds whenever pu # 0: cases p > 0 and pu < 0 are symmetric and
one is reduced to the other via appropriate transformation of the equation.)
However as it will be shown below in Proposition 4.15, statements 1) and 2)
hold simultaneously for an infinite set of complex parameter values already
for [ = 1.

Theorem 4.10 will be proved below. The sets of parameter values for
which statements 1) or 2) hold were already described in [9, 10, 13]. The set
of parameters corresponding to Heun equations (1.1) having entire solutions
is given by equation &/(\, u) = 0, see Theorem 4.8. Let us recall the descrip-
tion of the parameters corresponding to equations (4.12) with polynomial
solutions. To do this, consider the three-diagonal I x [-matrix

0 " 0 0 0 0. 0
pl—1) 1-1 2u 0 0 0
- 0 p(l—2) —2(1—-2) 3pu 0 0
0 0 0 2u —20-2) (-1
0 0 0 0 " 1-1

(4.13)
Hij = 0if [i—j| > 2; Hj; = (1—5)(I—j+1); Hjjv1 = pjs Hjj1 = p(l—j+1).
The matrix H belongs to the class of the so-called Abelian matrices that
arise in different questions of mathematics and mathematical physich.

Theorem 4.12 [9, section 3] A Heun equation (4.12) with p # 0 has a
polynomial solution, if and only if | € N and the three-diagonal matriz H +
A d has zero determinant.

lyin, V.P.; Kuznetsov, Yu.l. Three-diagonal matrices and their applications. Moscow,
Nauka, 1985.
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Remark 4.13 Let us explain why a Heun equation (4.12) cannot have a
polynomial solution for [ ¢ N, p # 0. Indeed, the corresponding three-term
relations are of the form (4.10) with [ replaced by —I. For every k > 1
the coefficients at aj1q in these relations are non-zero. Hence their solution
cannot be a polynomial, and it is an infinite series.

Proof of Theorem 4.10. The monodromy of equation (1.1) has unit
determinant, since [ € Z and by Proposition 4.1. Let equation (1.1) have a
solution E(z) holomorphic on C*. The latter solution is a monodromy eigen-
function with eigenvalue one. Hence, the other monodromy eigenvalue also
equals one, by unimodularity of the monodromy, Conversely, let the mon-
odromy be unipotent. Then it has an eigenfunction with eigenvalue one, and
hence, the latter eigenfunction is a solution of equation (1.1) holomorphic
on C*.

Now let us show that existence of a solution E(z) holomorphic on C* is
equivalent to the statement that one of the two statements 1) or 2) holds.
Let the above solution £ =), apz* exist. Let us prove that one of the
two statements 1) or 2) holds.

The Laurent series of the solution F(z) converges on C* and the co-

efficients ay, satisfy recurrence relations (4.10). For & = —[ and k = —1
respectively these relations take the form
Aa_j+ u(l —=Daj_; =0, (4.14)
(1—=1l+XNa-1—p(l—1a=0. (4.15)
In particular, they do not contain aj, j ¢ {—[,..., —1}. Therefore, given a
solution holomorphic on C* of Heun equation (1.1), its Laurent coefficients
ay with —I < k < —1 should form a vector (a_y, ..., a_1) satisfying equations
(4.14), (4.15) and the [ — 2 recurrence equations (4.10) for intermediate
k= —l+1,...,—2. In other terms, the latter vector should be in the kernel of
the three-diagonal [ xI- matrix H of equations (4.10) with k = —1, ..., —l: its

line number —k consists of the coefficients of the k-th relation; the coefficient
at a_; stands at the column number j.

Proposition 4.14 Let H be the latter matriz, and let H' be the transposed
matriz (4.13). One has

0 0 0 1
0 .. 0 -1 0

H=QH'+\dQ™ ', Q=] ... 0 1 0 0
(-t 0 o0 0



The statement of Proposition 4.14 can be checked immediately.

Case 1). There exists a solution F(z) of Heun equation (1.1)
holomorphic on C* such that either [ =0in (1.1),or/ >1and a; =0
for all j € {—I,...,—1}. Then the series F(z) = > g0 ar2” is an entire
solution, i.e., holomorphic on C: it satisfies relations (4.10) for all k € Z.
Indeed, relations (4.10) hold for all £ > 0, by assumption. For k < 0 they do
not contain a; with j > 0, by (4.15), and hence, hold automatically, if we put
a; =0 for all j < 0. Relation (4.10) for £ = 0 takes the form Aag + pa; =0,
and hence, does not contain a_; and holds automatically for the series E,
as for F: for [ = 0 this is obvious; for [ > 1 this follows from the assumption
that a1 = 0 in E. A priori, it may happen that the series Z;ﬁ% a2’ is
identically zero: in our assumptions, this holds exactly when a; = 0 for
every j > —I. In this case the function #FE(z) = 2wz~ (D E(z~1), which is
also a solution of equation (1.1), is an entire solution linearly independent
with E. It is known that if (1.1) has an entire solution and ! € Zx>, then
each solution of equation (1.1) is holomorphic on C*, and if { > 1, then its
Laurent series does not contain monomials 27, j € {—1I,...,—1}, see [11,
lemma 3, statement 6]. Hence, the monodromy is trivial.

Let us prove the converse: if the monodromy of equation (1.1) is trivial,
then [ € Z and equation (1.1) has an entire solution. Indeed, Heun equation
(1.1) is analytically equivalent to the system of equations

V=
2iwz , (416)
u =272 (=(lz 4+ p(l + 22)u + 7v)

where E(z) = eM?*v(z). The formal normal form at the origin of system
(4.16) is the system

=0

W =—2"2(lz 4+ p)a
The monodromy matrix of system (4.16) written in a canonical sectorial
solution base in appropriate sector is the product of three matrices: the
monodromy diag(1,e2™") of the formal normal form and two unipotent
matrices, one upper-triangular and the other lower-triangular (the inverse
to the Stokes matrices). See [18, formulas (2.15) and (3.2)] for more detail.
The latter product is identity, if and only if [ € Z and the Stokes matrices
are trivial, as in loc. cit. Triviality of the Stokes matrices is equivalent to
the existence of a variable change (v,u) = H(z)(0,4) transforming system
(4.16) to its formal normal form, where H : C — GL2(C) is a holomorphic
mapping, H(0) = Id, as in loc. cit. The formal normal form has an ob-
vious holomorphic solution (9(z),4(z)) = (1,0). Its image under the latter
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variable change is a solution (v(z),u(z)) of system (4.16) holomorphic on
C. Therefore, the corresponding solution E(z) = e**v(z) of Heun equation
(1.1) is also holomorphic on C. The converse statement is proved.

Case 2): [ > 1 and there exists a solution of Heun equation

(1.1) holomorphic on C* with q; # 0 for some k € {—[,...,—1}. In
this case the three-diagonal matrix H of relations (4.10) with k = —[,..., -1
has nonzero kernel containing the vector (a_1,...,a_;) (see the above ar-

guments), and hence, zero determinant. Thus, the matrix H + AId, whose
transposed is conjugated to H (Proposition 4.14), also has zero determinant.
Therefore, equation (4.12) has a polynomial solution (Theorem 4.12). It is
known that if the parameters A and p are real, u > 0 and equation (4.12)
has a polynomial solution, then the corresponding equation (1.1) does not
have entire solution [13, theorem 3.10]: cases 1) and 2) are incompatible.
Therefore, if A\, u € R, u > 0 and case 2) takes place, then the monodromy
is non-trivial: it is a unipotent Jordan cell,

Let us now prove the converse: each statement 1) or 2) implies the exis-
tence of a solution F(z) holomorphic on C* of equation (1.1). For statement
1) this is obvious: the solution from 1) is even holomorphic on C. Let
statement 2) hold: equation (4.12) have a polynomial solution E. Let & be
the transformation from the beginning of the subsection, which is an iso-
morphism between the solution spaces of equations (1.1) and (4.12). The
function E = ©~1E is a solution of equation (1.1) holomorphic on C*, since
< is an isomorphism of the space of functions holomorphic on C*. Theorem
4.10 is proved. a

To show that statements 1) and 2) of Theorem 4.10 can be compatible,
let us recall the definition of modified Bessel functions Iy (z) of the first kind:
they are the Laurent coefficients of the family of analytic functions

+o0o
92(2) = ez(zt3) = Z I(z)2";

k=—oc0
Ii(2) = i),

where Jj, is the usual k-th Bessel function. Recall that each function .J; of
complex variable = has infinite number of zeros (roots), all of them are real
(non-zero for k = 0) and symmetric: that is, if  is a root of the function
Ji, then so is —z. This follows from their infinite product decomposition,
see [24, p.235]:

1 /2\k 22
@) = (§> [[a- 5 frk=o,
j>1 kg

37



where x1 1 < x2,--- € Ry are the positive roots of the function Jj. This
implies that each function I} has infinite number of roots, namely, dizy ;
(and the additional root 0, if k # 0).

Proposition 4.15 Letl =1, n =1+ 1 = 2. Heun equation (4.12) has a
polynomial solution, if and only if A = 0: the latter solution is a constant.
For A\ = 0 equation (1.1) has an entire solution, if and only if I, (2u) = 0,
e, p = :l:zwlT] for some j. Thus, forl =1, n=14+1=2, (\u) =
(0,+i%52) equation (4.12) has a constant solution and equation (1.1) has
an entire solution.

Proof The first statement of the proposition follows from Theorem 4.12:
the corresponding three-diagonal matrix for [ = 1 is the scalar number .
Note that a polynomial solution of equation (4.12) has degree at most [ — 1,
as was shown in [9, section 3|. Hence, in our case it is a constant, which
can be normalized to be E(z) = 1. Its image E = OF = e*(=+2) under
the transformation <& from the beginning of the subsection is a solution of
equation (1.1). The Laurent coefficient of the function E(z) at the power
271 equals I1(2u), by definition. If it vanishes, then equation (1.1) has an
entire solution, as in the above proof of Theorem 4.10, case 1). If it does
not vanish, then (1.1) has no entire solution, as was mentioned at the same
place, see [11, lemma 3, statement 6]. This proves the proposition. O

5 Applications to phase-lock areas in the model of
Josephson effect

5.1 Phase-lock areas in Josephson effect: brief geometric de-
scription and plan of the section

Here we apply the above results to the family of nonlinear equations (1.16):

. d
¢:d—f:—sin¢+B+Acoswt, Aw>0, B>0. (5.1)
We fix an arbitrary w > 0 and consider family (5.1) depending on two
variable parameters (B, A). The variable change 7 = wt transforms (5.1) to
differential equation (1.17) on the two-torus T? = S! x S! with coordinates
(¢, 7) € R?/2rZ2. Tts solutions are tangent to the vector field

) = K (52)

éz—y—l-l—i-lucom' ; B A
=1 w' T 2w
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on the torus. The rotation number of the equation (5.1) is, by definition,
the rotation number of the flow of the field (5.2), see [1, p. 104]. It is a
function p(B, A) of the parameters:

_ p(2nk)
B, Aw)= 1 )
pB.Aw) =
Here ¢(7) is a general solution of the first equation of system (1.18), whose
parameter is the initial condition at 7 = 0. Recall that the rotation number
does not depend on the choice of the initial condition [1, p. 104].
We consider the B-axis as the abscissa, and the A-axis as the ordinate.

Definition 5.1 (cf. [18, definition 1.1]) The r-th phase-lock area is the level
set {(B,A) | p(B,A) =r} C R?, provided it has a non-empty interior.

Remark 5.2 : phase-lock areas and Arnold tongues. The behavior
of phase-lock areas for small A demonstrates the effect discovered by V.I.
Arnold [1, p. 110]. That is why the phase-lock areas became “Arnold
tongues”, see [18, definition 1.1].

Recall that the rotation number of equation (5.1) has the physical mean-
ing of the mean voltage over a long time interval. The segments in which the
phase-lock areas intersect horizontal lines correspond to the Shapiro steps
on the voltage-current characteristic [4].

It has been shown earlier that

- the phase-lock areas exist only for integer values of the rotation number
(a “quantization effect” observed in [7] and later also proved in [20, 19]);

- the boundary of each phase-lock area {p = r} consists of two analytic
curves, which are the graphs of two functions B = g, +(A) (see [8]; this fact
was later explained by A.V.Klimenko via symmetry, see [22]);

- the latter functions have Bessel asymptotics (observed and proved on
physical level in [26], see also [23, chapter 5], [3, section 11.1], [6]; proved
mathematically in [22]).

- each phase-lock area is an infinite chain of bounded domains going to
infinity in the vertical direction, in this chain each two subsequent domains
are separated by one point. Those of these points that lie in the horizontal
B-axis are calculated explicitly, and we call them exceptional. The other sep-
aration points, lie outside the horizontal B-axis and are called the adjacency
points (or briefly adjacencies), see Fig.1.

In the present section we obtain functional equations satisfied by non-
integer level curves {p(B, A) = r} of the rotation number (Subsection 5.4)
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and the boundaries of the phase-lock areas (Subsection 5.5) using relation
of equation (5.1) to Heun equation (1.1) (recalled in Subsection 5.3) and
the results on monodromy eigenvalues of Heun equations from the previous
section. The above-mentioned functional equations will be written in the
complement to the adjacencies and the discriminant set (with fixed w) of
the parameter values corresponding to the existence of a polynomial solu-
tion of equation (4.12). Afterwards we discuss open problems and possible
approaches to them using the above-mentioned results on Heun equations.

Symmetries of the phase-lock area portrait are presented in the next
subsection.

5.2 Symmetries and the portraits of the phase-lock areas

It is known that

- for every r € Z the r-th phase-lock area is symmetric to the —r-th one
with respect to the vertical A-axis;

- every phase-lock area is symmetric with respect to the horizontal B-
axis.

These symmetry statements follow the fact that the transformations
(¢, 7) = (—p, 7+ m) (¢,7) — (¢, 7 + 7) send system (5.2) to the system of
the same form, where B is changed to —B in the first case and A is changed
to —A in the second case.

In what follows we present pictures of the phase-lock area portraits.
Taking into account the above symmetries, it is enough to present only the
parts of portraits lying in the upper half-plane.

5.3 Transformation to double confluent Heun equations. The
boundary points of the phase-lock areas corresponding
to entire and polynomial solutions of the Heun equation

Set
D =e? z=¢ =t (5.3)
Considering equation (5.1) with complex time ¢ we get that transformation

(5.3) sends it to the Riccati equation

dd

= (e (P 4 1)D - (@2 - 1)),

2iw
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period=3.14159 omega=2.

dimensionless sine amplitude

dimensionless dc bias

Figure 1: Phase-lock areas and their adjacencies for w = 2. The abscissa is
B, the ordinate is A.

This equation is the projectivization of the following linear equation in vector
function (u,v) with ® = 2, see [13, subsection 3.2]:

r_ 1
U= inzu (5.4)
u =272 (=(lz 4 p(l + 22)u+ 57-v)

The above-described reduction to a system of linear equations was earlier
obtained in slightly different terms in [5, 16, 10, 20]. It is easy to check that
a function v(z) is the component of a solution of system (5.4), if and only if
the function E(z) = eM*v(z) satisfies equation (1.1) with n =1+ 1 and

A= (%)2 — 2. (5.5)
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period=6.28319 omega=1.

dimensionless sine amplitude

dimensionless dc bias

Figure 2: Phase-lock areas and their adjacencies for w = 1. The abscissa is
B, the ordinate is A.

The next fact has important applications to the problems discussed in the
paper.

Proposition 5.3 The rotation number function is a real-analytic function
of the parameters (B, A) on the set U = p~1(R\Z), which is the complement
to the union of the phase-lock areas of system (5.2). Moreover, its restriction
to U is an analytic submersion U — R\ Z inducing an analytic fibration by
curves

L, = {(B,A) € B | p(B,A) =1},

and these curves are graphs of analytic functions in the variable A defined
for all A € R.

Proof The variable change (5.3) reducing family of equations (5.1) on the
torus to the Riccati equation sends the space circle with the coordinate ¢ to
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period=8.97598 mu=0.7

dimensionless sine amplitude

1.5 -1 -0.5 o0 0.5 1 1.5
dimensionless dc bias

Figure 3: Phase-lock areas and their adjacencies for w = 0.7. Figure taken
from [10, p. 331].

the unit circle in the Riemann sphere with the coordinate ®. The time 27
flow mapping (i.e., the first return mapping) of the corresponding family of
vector fields (5.2) on the torus is the restriction to the unit circle in the Rie-
mann sphere of a transformation from the Mobius group: the monodromy
transformation of the Riccati equation. That is, the restriction to the unit
circle of a conformal automorphism of the unit disk. The rotation number
function p considered as a function on the group Aut(D;) ~ PSLy(R) is
analytic on the set of transformations analytically conjugated to nontrivial
rotations. (Recall that these transformations are called elliptic.). This fol-
lows from the fact that each elliptic transformation of the unit disk has a
fixed point inside the disk, its multiplier depends analytically on the trans-
formation and equals €>™. The set of elliptic transformations coincides
with the complement of the subset in Aut(D;) consisting of transformations
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period=12.5664 omega=0.5

dimensionless sine amplitude

-1 20.5 0 0.5 1
dimensionless dc bias

Figure 4: Phase-lock areas and their adjacencies for w = 0.5.

whose restrictions to S = dD; have integer rotation number. The points
of the set U correspond to non-integer values of the rotation number, and
hence, to Riccati equation with elliptic monodromy. This proves analyticity
of the rotation number function on the set U.

Now let us prove the second statement of the proposition: the restriction
plu is a submersion, and each its level set L, is the graph {B = g,(A)} of a
function g, analytic on R. Indeed, let r ¢ Z. The set L, is an analytic curve,
by analyticity of the rotation number function on U (the first statement of
the proposition). Let us prove that it is a graph of function. To do this, let us
check that %(B ,A) > 0 for every (B, A) € U, and hence, one can apply the
Implicit Function Theorem to the function p. The time 27 flow mapping of
the corresponding vector field (5.2) has a non-integer rotation number, and
hence, is analytically conjugated to the rotation by angle 27 pg, po = p(B, A),
as was shown above. Perturbation of the time 27 flow mapping via increasing
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period=20.944 omega=0.3

dimensionless sine amplitude

-1 20.5 0 0.5 1
dimensionless dc bias

Figure 5: Phase-lock areas and their adjacencies for w = 0.3.

B by §B is conjugated to a perturbed rotation, which is the composition of
the above rotation with a diffeomorphism h close to identity, the difference
h(z)—x > 0 being uniformly bounded from below by ¢d B, ¢ > 0. The latter
perturbed rotation has rotation number bounded from below by pg + 5-0B,
which follows from the definition of the rotation number. This implies the
above statement on positivity of the derivative in B of the rotation number
function. Thus, the mapping p|y is an analytic submersion, and the set L,
with » ¢ Z is the graph of an analytic function g,(A). Now it remains to
show that the function g, is analytic on the whole line R, i.e., the curve L,
does not go to infinity in the horizontal direction so that the ordinate A
remains bounded. This follows from the fact that the curve L, is contained
in the domain between the phase-lock areas with the rotation numbers [r]
and [r] + 1, and the abscissa B is uniformly bounded on this domain. The
latter statement follows from the fact that each phase-lock area {p = [}
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tends to infinity in the vertical direction approaching the line {B = lw}: its
boundary consists of graphs of two functions {B = ¢;+(A)} defined on R
and having Bessel asymptotics at infinity [22]. This proves the proposition.

O

Remark 5.4 The adjacencies of the phase-lock areas of family of equation
(5.1) are characterized by the condition that the corresponding period 2w
flow mapping (i.e., the Poincaré mapping) of vector field from family (5.2) is
the identity, see [18, proposition 2.2]. It was shown in [10, lemmas 3, 4] that if
a point (B, A) corresponds to a Heun equation (1.1) with an entire solution,
then the Poincaré mapping corresponding to this point is the identity, and
hence, it is an adjacency. The complete result is the following.

Theorem 5.5 (see [13, theorems 3.3, 3.5]). For every w > 0,1 > 0 a point
(B,A) € R? with A > 0, B = lw is an adjacency for family of equations
(5.1), if and only if | € Z and the corresponding equation (1.1) withn = 1+1
and p, X as in (5.2) and (5.5) has a nontrivial entire solution, i.e., if and
only if equation § (A, u) = 0 holds; & is the same, as in (4.9).

In what follows we will use the next result.

Proposition 5.6 Let w > 0, (B,A) € R% and let p = p(B,A) denote
the corresponding rotation number. Let (B, A) do not lie in the interior
of a phase-lock area: it may lie either in the complement of the union of
phase-lock areas, or in its boundary. Then the monodromy operator of the
corresponding Heun equation (1.1) withn =1+1, 1 = g has eigenvalues
e =) gnd e—THp+l)

Proof Let A1, A2 be the eigenvalues of the above monodromy operator of
Heun equation. The point (B, A) does not lie in the interior of a phase-lock
area. If r = p(B, A) ¢ Z, then the monodromy of the corresponding Riccati
equation is an elliptic Mobius transformation conformally conjugated to the
rotation by angle 27r. Therefore, it has two fixed points with multipliers
et2™"  The latter multipliers are ratios of the eigenvalues Aj, and without
loss of generality we consider that :\\—; = e?™"_ On the other hand, A\ Ay =
e~ 2™ by Proposition 4.1. This implies that the eigenvalues under question
are equal to £e™("=0 +e=7i("+D) n the case, when r € Z, the point (B, A)
lies in the boundary of a phase-lock area and the monodromy of the Riccati
equation is either parabolic, or identity. The corresponding monodromy of
the Heun equation has multiple eigenvalue given by same (now coinciding)
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formulas. The correct sign should be the same for all the points (B, A) in the
complement of the parameter plane to the union of the interiors of phase-lock
areas, by path connectivity of the latter complement and continuity of the
rotation number function. Indeed, the phase-lock areas are disjoint closed
subsets in R?, the complement of each of them consists of two connected
components. The interior of each phase-lock area is disconnected: one can
pass from one its side to the other via any adjacency. The sign is “4” at
each adjacency, since the corresponding monodromy is trivial (Remark 5.4).
Hence, it is “4” everywhere. This proves the proposition. O

Corollary 5.7 The pair of eigenvalues from Proposition 5.6 correspond-
ing to a given point (B, A) is the same for all other points (B, A’) with
p(B,A") = +p(B, A)(mod2Z).

Theorem 5.8 Letw >0, (B,A) €R?, B, A>0,1=2 ;=2 N=1,—
u?, p=p(B,A). The double confluent Heun equation (4.12) corresponding
to the latter A, pu and I has a polynomial solution, if and only if l,p € Z,
0 < p = 1l(mod2Z) and p < I, and in addition, the point (B, A) lies in
the boundary of the phase-lock area number p and is not an adjacency. In
other terms, the points (B, A) € Ri corresponding to equations (4.12) with
polynomial solutions lie in boundaries of phase-lock areas and are exactly
their intersection points with the lines | = g = p(mod2Z), 0 < p <1, except
for the adjacencies, see Fig. 6.

Proof It is known that every point (B, A) € Ri corresponding to equation
(4.12) with a polynomial solution lies in the boundary of the phase-lock area
number p, and one has l,p € Z, | = g = p(mod2Z), 0 < p <1 [9, corollary
6 and theorem 5|. In addition, (B, A) is not an adjacency [13, theorem
3.10]. Let us prove the converse: if (B, A) satisfy all the latter statements,
then the corresponding equation (4.12) has a polynomial solution. Indeed, if
(B, A) € R? lies in the boundary of the phase-lock area number p, | € Z and
p = l(mod2Z), then the monodromy of Heun equation (1.1) is unipotent, by
Proposition 5.6: the corresponding eigenvalues are equal to e ™+l = 1.
Let us now suppose that (B, A) is not an adjacency, or equivalently, equation
(1.1) does not have an entire solution. Then equation (4.12) has a polynomial
solution, by Theorem 4.10. Theorem 5.8 is proved. O

5.4 Equation on non-integer level sets of rotation number

Recall that in the classical Arnold family of circle diffeomorphisms the phase-
lock areas (i.e., the Arnold tongues) exist exactly for the rational values
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Figure 6: Approximate phase-lock areas for w ~ 0.27; the marked points
correspond to equations (4.12) with polynomial solutions.

of the rotation number. In family (5.1) we have the quantization effect
mentioned in the Subsection 5.1: phase-lock areas exist only for integer
values of the rotation number. Therefore, in our case the rational non-integer
values of the rotation number do not differ from the irrational values.

Recall that L, = {(B,A) € R? | p(B,A) = r}, and for r ¢ 7Z this is
the graph {B = g,(A)} of an analytic function (Proposition 5.3). For given
w > 0and r >0 set

Levs = I—'vE:I:r(mod?Z)Lv'

Remark 5.9 Our goal is to describe the sets L, for r ¢ Z by analytic equa-~
tions in terms of the monodromy eigenvalues of Heun equations, by using
their expressions e™(*°~) via the rotation number function (Proposition
5.6). The latter pair of eigenvalues is in a one-to-one correspondence with
the value +p(mod2Z). Therefore, the pair of eigenvalues corresponding to
a given value 7 of the rotation number function coincides with all the other
pairs corresponding to the values ' = +r(mod2Z), see Corollary 5.7. Our
methods allows to describe the union L.,~ by analytic equation, and not
each individual level set L, separately.

We consider the case, when r ¢ Z. Let us write down analytic equations
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defining the set L.~ in the complement R?\ ¥_,~, where

B
S = Us{(B,A) € R | 1= = 4r(mod22)}. (5.6)

For every (B, A) € L~ the corresponding Heun equation (1.1) has a mon-
odromy eigenfunction of the type

alzi,

r—1 B
2 w

E(z) = zbZakzk, b=

kEZ
by Proposition 5.6. On has b,b+1 ¢ Z, if (B, A) ¢ YX.,~. Therefore, the
analytic subset Lo~ \ ¥<,» C (R?\ ¥.,~) is described by equation (4.4).

Let us write it down explicitly. The corresponding matrices My, Rk, Sm,
T, see (3.9) and (3.23) have the form

1+ A L
My = (k525 4525 || Ry = McMgys ...,
1

0
14 A—l+1 P2 (S —m)
S = (Sr-mA+D) (St -m—1)  (SFemA) (S —m—1) (5 -m-2) | |
1 0
Tin =SSt - - - -

Theorem 5.10 Let w > 0, r € R, r ¢ Z. The set Lo~ N (R?\ .,5) is
defined by the following equation in the variables (B, A) € R?\ X~ , where

B:lw,A:2u,>\+u2:ﬁ:

r—1 r+1
1
=+

Proof A point (B,A) € R?\ Y., is contained in L.,~, if and only if
p = p(A,B) = £r(mod2Z). Or equivalently, some of the corresponding
monodromy eigenvalues e™(FP—) equals 2™ = ™= The latter state-
ment is equivalent to (5.7), by Theorem 4.3 and since b,b + 1 ¢ 7Z. This
proves Theorem 5.10. a

— D) R1,11To1 + R To21 = 0. (5.7)

5.5 Description of boundaries of phase-lock areas

Proposition 5.11 A point in the parameter space of equation (5.1) lies
i the boundary of a phase-lock area, if and only if the monodromy of the
corresponding Heun equation (1.1) is parabolic: has multiple eigenvalue.
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Proof The point under question lyes in the boundary of a phase-lock area,
if and only if the flow mapping of the vector field (5.2) for the period 27
(restricted to the coordinate ¢-circle) is parabolic: has a fixed point with
unit derivative. The period mapping is the restriction to the unit circle
of the monodromy of the corresponding Riccati equation: the projectivized
monodromy. Parabolicity of the projectivization of a two-dimensional linear
operator is equivalent to its own parabolicity. The proposition is proved. O

Proposition 5.12 Let a Heun equation (1.1) have a parabolic monodromy.
Then the monodromy either has Jordan cell type, or is the identity.

Proof The monodromy matrix is the product of the formal monodromy
matrix diag(1,e~27") and a pair of unipotent matrices: the inverse to the
Stokes matrices at 0, cf. [18, formulas (2.15) and (3.2)]. If the monodromy
of a Heun equation (1.1) is parabolic but not a Jordan cell, then it is a
multiplication by scalar number. If the monodromy is scalar, then the Stokes
matrices are trivial, and the monodromy coincides with the formal one, see
[18, proof of lemma 3.3]. Hence, both monodromies are scalar and given by
the above diagonal matrix with unit eigenvalue. Thus, they are trivial. The
proposition is proved. O

The condition saying that the monodromy has multiple eigenvalue is
equivalent to the statement that it has eigenvalue e~ ™%, by Proposition
4.1. This is equivalent to the statement that there exists a multivalued
solution 2° 3", ., axz* of Heun equation with b € {—%, —”71}: a monodromy
eigenfunction with the above eigenvalue. The corresponding parameter set
of Heun equations (1.1) for b ¢ Z will be described below (Cases 1 and 2)
by using the following proposition. Afterwards we immediately obtain the
description of boundaries of phase-lock areas.

Proposition 5.13 Let a Heun equation (1.1) have a Jordan cell monodromy.
Then its eigenfunction is either invariant, or anti-invariant under the invo-
lution #:

(#E)(2) = 2wz~ (B (z7) — uE(=7).

The proposition follows from the fact that the involution # sends mon-
odromy eigenfunctions to eigenfunctions (Proposition 4.2).

Case 1: [ ¢ 2Z, b = —%: the monodromy eigenvalue equals
e~™! = 1. Then the monodromy operator of Heun equation (1.1) is a
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Jordan cell, by Proposition 5.12. Consider the matrices

14 2,
My, = ’;2—7 kQaz s R = MMy - ... (5.8)

Theorem 5.14 Let A\ + p? = 4%2, w,u#0, n=101+1,1¢ 2Z. The mon-
odromy operator of the corresponding Heun equation (1.1) has eigenvalue
e~ ™ if and only if

R0721 + wl(Rogl — R0711) =0. (5.9)
with some choice of sign.

Proof The corresponding eigenfunction E has the form

E(z) = z_éf(z), flz) = Zakzk is holomorphic on C*. (5.10)
keZ
Equation (1.1) is equivalent to recurrence equations (1.6) with b = —%:
5 [ l l
(k* — 7 + Nag — pu(k + E)ak—1 + p(k — B + a1 = 0. (5.11)

The series f(z) should converge on C*. The above matrices My and Ry
coincide with those constructed in (3.9), and they are well-defined for all
k € Z. Therefore, the coefficients ay, k > 0 are given by formulas (3.12) up
to common constant factor, by Theorems 1.10 and 3.4:

2 _
ag = —730,217 a—1 = 1R0,11- (5.12)

Now we will use the condition of (anti-) invariance #E = +E (Proposi-
tion 5.13), which takes the form

l l gl g
Zakzk*§ = iQM(Z(k: - i)akz k=3 —MZakz 2 k=1,

keZ keZ keZ

or equivalently,

Zakz = +2w Z(k - = akz - uZakz k=l (5.13)

The free (zero power) term of the latter equation is equivalent to the relation

(1+lw)ag +2wpa_1 =0, (5.14)
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which is in its turn equivalent to (5.9), by (5.12). Therefore, existence of
the above solution E implies (5.9).

Let us prove the converse: each equation (5.9) implies the existence
of a solution (5.10) of Heun equation. To do this, consider the action of
the transformation # on the formal series (5.10) (with f not necessarily
converging). It sends formal solutions of Heun equation (equivalently, for-
mal solutions of (5.11)) to formal solutions. (The proof of symmetry of
Heun equation under the transformation # uses only Leibniz differentiation
rule and remains valid for formal series.) The space of formal solutions is
two-dimensional, and it is identified with the space of its initial conditions
(a—1,ap). The transformation # is its involution. Its eigenvalues are equal
to +1, and the corresponding eigenspaces are defined by initial conditions
that satisfy (5.14). Therefore, both eigenspaces are one-dimensional and are
exactly characterized by equations (5.14), since both equations (5.14) are
nontrivial. Thus, a formal solution (ay)rez of recurrence relations (5.11) is
#-(anti)-invariant, if and only if its coefficients a_y, ag satisfy (5.14) with
the corresponding sign.

Fix the one-sided solution Y, ; ax2* of recurrence relations (5.11) for
k > 0. It satisfies (5.14), by (5.9). The sequence (aj)r>_1 extends uniquely
to a two-sided formal solution (ay)gez of (5.11) (a priori, not necessarily
presenting a converging series for k — —o0), since the coefficients at ax11
in (5.11) do not vanish. The latter formal solution should be #-(anti-)
invariant, by (5.14) and the previous statement. Hence,

l
ar = 2w ((—k — 5)61—1: — [a_(k11))

by (5.13). The series >, _, ax2”® converges on C*, since it is bounded from
above by converging series 2w Y, o(k + |I| + g + 1)|ag2”|, by the latter
formula. This together with the above argument proves the theorem. O

Case 2: [ ¢ 2Z+ 1 and b = —Hle the monodromy eigenvalue
equals —e~ ™ #£ 1. Then the monodromy of equation (1.1) is a Jordan cell,

as above. Consider the matrices
2

1+ A T
M, = k=322 122 ) Ry = MMy .... (5.15)
1 0

)

Theorem 5.15 Let A+ p? = ;15, w,u #0, n=1+1,1¢2Z+1. The
monodromy operator of the corresponding Heun equation (1.1) has eigen-
value —e~™" | if and only if

Rl,ll + QLUM(RLH — R1721) =0 (5.16)
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with some choice of sign.

Proof We are looking for a double-infinite solution of Heun equation (1.1)
of the type

S
Bz) = =3 (2, f(2) = 3 aret (5.17)
keZ
of Heun equation (1.1) with f holomorphic on C*. That is, with ay, satisfying
recurrence relations (1.6) for b = _l+717 which take the form
1 5 1-1 11
(k= 5)% = 7 + Nag = plk + —=)ag-1 + plk - Jag1 = 0. (5.18)

The above matrices My and Ry coincide with those constructed in (3.9),
and they are well-defined for all k € Z. Therefore, the coefficients ay, kK > 0
are given by formulas (3.12) up to common constant factor, by Theorems
1.10 and 3.4. In particular,

1 1 2 " 4u
- -Rii1=—7"-R = ——Rj91=5—Ri91.
b p i 1,11, a1 b(b+ 1) 1,21 1,21

2-1
The condition of (anti-) invariance under the involution # of the solution
takes the form

l+1 -
st =23 - e = ),

or equivalently,

I+1 _ _
Zakzk = :|:2w(2(k - T)akz R _ MZ%Z )

The free term of the latter equation is given by the relation

ag = - Ry21 =

(1+2wp)ag £ w(l —1)a; =0, (5.19)

which is equivalent to (5.16). The rest of proof of Theorem 5.15 is analogous
to the proof of Theorem 5.14. O

Corollary 5.16 Let w, ;0 > 0, A + p? = ﬁ, [>0,n=101+1, B = lw,
A =2uw. The point (B, A) lies in the boundary of a phase-lock area, if and
only if one of the following four incompatible statements holds:

1) (B, A) is an adjacency: | € Z and §(\, p) = 0;

2) Heun equation (4.12) has a polynomial solution: | € N and det(H +
A d) =0, where H is the | x l-matriz from (4.13);

3) 1 ¢ 2Z and equation (5.9) holds;

4) 1 ¢ 27+ 1 and equation (5.16) holds.

93



Proof If one of the above statements holds, then (B, A) lies in the bound-
ary of a phase-lock area, by Proposition 5.11 and Theorems 4.10, 5.14, 5.15.
Conversely, let (B, A) lie in the boundary of a phase-lock area. The mon-
odromy of the corresponding Heun equation (1.1) is parabolic, by Proposi-
tion 5.11. If it is uniponent, then I € Z, since its determinant e 2" should
be unit. If [ € Z, then it is unipotent, if and only if some of the two incom-
patible statements 1) or 2) holds, by Theorems 4.10 and 5.5. Otherwise,
the monodromy has Jordan cell type with eigenvalue 4+~ = 1, by Propo-
sitions 5.6 and 5.12. Therefore, one of the statements 3) or 4) holds, by
Theorems 5.14 and 5.15. Statements 3) and 4) are incompatible: they cor-
respond to Heun equation (1.1) with monodromy having multiple eigenvalue

e~ or —e~ ™ respectively. This proves the corollary. a

Proposition 5.17 Letl € Z. For given w,u > 0 and n =1+ 1 the corre-
sponding Heun equation (1.1) has a monodromy eigenfunction with eigen-
value —1, if and only if the corresponding point (B, A) € R? lies in the
boundary of a phase-lock area with a rotation number p =1+ 1(mod2Z).

Proof For [ € Z the monodromy has unit determinant (Proposition 4.1).
Therefore, if it has eigenvalue —1, then its other eigenvalue is also —1.
Hence, the point (B, A) lies in the boundary of the phase-lock area number
p = p(B,A) (Proposition 5.11). Thus, e™*,~) = —1 for both signs, by
Proposition 5.6. The latter equality holds if and only if p = [ 4+ 1(mod2Z).
Conversely, if a point (B, A) with [ = g € Z lies in the boundary of a phase-
lock area, and p(B, A) satisfied the above equality, then the monodromy
eigenvalues are equal to —1, by Proposition 5.6. The proposition is proved.

O

5.6 Conjectures on geometry of phase-lock areas

Here we state conjectures that are motivated by numerical simulations and
theoretical results of [9, 10, 13, 18]. Recall that for every r € Z we denote

L, = the phase-lock area number r.

The next five conjectures are due to the first author (V.M.Buchstaber) and
S.I. Tertychnyi.

Conjecture 5.18 The upper part L] = L, N {A > 0} of each phase-lock
area L, is a garland of infinitely many connected components separated by
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adjacencies A, 1, Ay 2... lying in the line {B = rw} and ordered by their
A-coordinates.

Remark 5.19 It was shown in [18, theorems 1.2, 3.17] that for every r € Z
the abscissa of each adjacency in L, equals lw, | € Z, | = r(mod2Z); 0 <
[<rifr>0r<Ii<0ifr <0.

Conjecture 5.20 For every k > 2 the k-th component in L contains the
interval (A1, Arg)-

Let us introduce the function n(P) defined on the interior of each phase-
lock area L,: the value n(P) is defined to be the length of the Shapiro step
through the point P, that is, the length of the intersection of the phase-lock
area L, with the horizontal line {A = A(P)}. For physical applications it
is important to know how to find the maxima of the function n(P) on the
connected components of the interior Int(L,).

Problem 5.21 Find the maximal value of the function n(P) on each con-
nected component of every phase-lock area.

Problem 5.22 Is it true that for every given k € N all the adjacencies A, ,
r=1,2,..., lie on the same line with azimuth depending on k, see Fig. 1-57

Proposition 5.23 The first component of the zero phase-lock area contains
the interior of the square with vertices (0,+£1), (£1,0).

Proof Let Q denote the interior of the square under question: it is defined
by the inequality |A| 4+ |B| < 1. Let us show that for every (B, A) € @ the
s

¢-component of vector field (5.2) is negative whenever ¢ = 7 and positive

whenever ¢ = —7. This implies that its flow map for any time sends the
space segment [—7, 7] strictly to itself and hence, has a fixed point there,
and thus, has zero rotation number. Indeed, the ¢-component of vector field

(5.2) equals
; 1
¢p=—(—sing+ B+ AcosT).
w
Therefore, for every (B, A) € Q it lies strictly between 1 (—sin¢ — 1) and

%(— sing + 1). This implies the above-mentioned inequalities at ¢ = £5
and proves the proposition. O
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Example 5.24 In the case, when A = 0, the differential equation defined
by vector field (5.2) takes the form

% - %(B _sing).
This is an autonomous differential equation that can be solved explicitly, see,
e.g., [3, p. 126, formula (6.2.6)]. In the case, when |B| < 1, its right-hand
side vanishes at the points, where sin¢ = B, and these are fixed points
for the flow maps, and hence, the rotation number equals zero. Let now
B > 1. Then the right-hand side is positive everywhere, hence the rotation
number is positive. Let u; and us be the roots of the quadratic polynomial
B(1+u?) —2u=0:

1+ivB%2-1 . 1
U9 = SEWVET T et B = arccos —.
’ B
The general solution of the above equation is given by the implicit function
¢ d —
T:LU/ 7(;5 = —ja ! 111(L U1)+C7 U:tanév
6o B —sing U — U9 2

.Ul — U _
a=—iw ' t———= =w/B2-1, ¢=const.

ul + u2
Then we get
¢ explia(t —c))ug —uy  sin(§(7 —c¢) = B)

t -_= — E t.
an 5 exp(ia(T —¢)) —1 sin(§(r —¢)) ¢ = cons

Forl € Nlet P; € {B = lw} be the point with the maximal A—coordinate,
for which the corresponding Heun equation (1.19) has a polynomial solution.

Conjecture 5.25 All P, lie on the same line, see Fig. 7.

Conjecture 5.26 Asw — 0, for every r the set L, := L, N{A > A(A;1)}
tends to the ray {A > 1} in the A-axis. Namely, the maximal distance of a
point of the set L, to the ray {A > 1} tends to zero.

In what follows we will discuss in detail the next two conjectures that
are closely related to Conjectures 5.18 and 5.20.

Conjecture 5.27 For r € N the phase-lock area with rotation number r+1
does not intersect the line

A, = {B=uwr} cR%
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period=20.944 omega=0.3

= N w

dimensionless sine amplitude

o

-1 -0.5 0 0.5 1 1.5
dimensionless dc bias

Figure 7: Phase-lock areas for w = 0.3; the marked points correspond to
Heun equations (1.19) with polynomial solutions. They are described by
Theorem 5.8.

Conjecture 5.28 For r € N the phase-lock area with rotation number r
does not intersect the line A, _s.

Remark 5.29 Conjecture 5.27 implies Conjecture 5.28. Indeed, the points
(B, A) with A > 0 large enough of the phase-lock area L,, r € Z lie close to
A, i.e., they are separated from the line A,_s by A,_1. This follows from
the fact that its boundary consists of graphs of two functions B = g4, (A)
and g1,(A) — rw, as A — 4oo (follows from results of [22]). Therefore,
if the phase-lock area L, does not intersect the line A,_1, then it also does
not intersect A,_s. Each one of Conjectures 5.27, 5.28 together with [18,
theorems 1.2, 3.17] (see Remark 5.19) imply Conjecture 5.18.

A possible strategy for Conjecture 5.27. If the boundary of the
phase-lock area with rotation number r + 1 intersects the line A,., then the
intersection points correspond to parabolic monodromy operator of Jordan
cell type with both eigenvalues equal to -1 (Proposition 5.17). That is, some
of equations (5.9) or (5.16) should hold at each intersection point.

Conjecture 5.30 Let [ € N, and let the parameter p satisfy some of equa-
tions (5.9) if I ¢ 2Z, or (5.16) if [ € 2Z. Consider the corresponding mon-
odromy eigenfunction of Heun equation (1.1) from Proposition 5.17 with
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eigenvalue —1. Then the corresponding solution of the Riccati equation
from the beginning of Subsection 5.3 gives a periodic solution of the cor-
responding equation (5.2) on two-torus having rotation number between 0
and [.

Conjecture 5.30 would imply Conjecture 5.27.

A possible strategy for Conjecture 5.28. We know that for w > 1
the statements of Conjecture 5.27 and hence Conjecture 5.28 hold (Chap-
lygin Theorem argument, see [8, lemma 4] and [18, proposition 3.4]). The
adjacencies of a phase-lock area with rotation number p cannot lie on lines A;
with [ # p(mod2Z), see [18, theorem 3.17]; this also follows from Proposition
5.17. Suppose that for a certain “critical” value w = wp < 1 the boundary
of the phase-lock area number [ 4+ 2 > 0 moves from the right to the left, as
w decreases to wy, and touches the line A; at some point (B, A), as w = wyp.
Then there are two possibilities for the corresponding Heun equation:

- the associated Heun equation (4.12) (equation (1.1) with [ replaced by
—1) has a polynomial solution. But this case is forbidden by Buchstaber—
Tertychnyi result [9, theorem 4], which states that then the corresponding
rotation number cannot be greater than .

- the point (B, A) an adjacency: Heun equation (1.1) has a solution
holomorphic on C. This together with the above-mentioned known fact
that the boundaries of phase-lock areas are graphs of functions (Remark
5.29) implies that both boundary components of the phase-lock area with
rotation number [ 4 2 are tangent to the line A; at the point (B, A).

Conjecture 5.31 For every w > 0 for every adjacency (By, Ap) € R% of
any phase-lock area the branches of its boundary at (By, Ag) cannot be both
tangent to the vertical line {B = By}.

Proposition 5.32 Conjecture 5.51 implies Conjecture 5.28, and hence, 5.18.

The proposition follows from the above argument and Remark 5.29.

A possible approach to Conjecture 5.31 could be studying equations (5.9)
and (5.16) defining the boundaries and to see what happens with them when
the “non-resonant” parameters approach the resonant ones. A first step is
done below.
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5.7 Description of boundaries of phase-lock areas near adja-
cencies. Relation to Conjecture 5.28

Let us write down equation (5.9) on the boundaries in a neighborhood of a
line Ay, lp € 2Z. Let us recall the formulas for the corresponding matrices:

1+ 2y 2
’f—z k261 y R = MMy ...

My = Mi(\ p,l) = (

Equation (5.9) for the boundaries is
Ro 21 £ wl(Ro21 — Ro11) = 0.

Note that the matrices M}, are analytic in a neighborhood of the hyperplane
{l = lp} except for the matrix M, which has pole of order one along the
2

latter hyperplane. One has
A 2 12 _ l2
0 0 4 10

Ro, X:MO"'MLO,p X = Id for 10:0
2

12— 12

M
4

M‘CT

Set

12— 12
R= 4

B A ,u2 l%—l2 1 0
R_X<<O 0>+ 1 10 R%OJrl’

A IUQ R | _ glo()‘nu) 0
0 0) Mgtz ™ o o)’

by (4.9), the equality R, 12 = Rs 22 = 0 for every s (Corollary 3.2) and since
the matrices MZ—O-;-k:()" i, o), RLo+k()‘> i, lo) coincide with the matrices My,
2 2

Ry, preceding (4.9) with | = ly. Therefore,

One has

R=g,0w (3 )+ (= (i) (520

where x (I, A, pt) is a holomorphic matrix-valued function on a neighborhood
of the hyperplane {l = lp}. Now equation (5.9) can be rewritten as

Rzl + wl(R21 — RH) =0. (5.21)
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Taking into account asymptotics (5.20) one gets asymptotic form of equation
(5.21):

€10 (A, 1) (X1 £ wl(Xa1 — X11)) + (L= lo) (x21 £ wl(x21 — x11)) = 0. (5.22)

Now let us consider the case, when [y € 2Z + 1, and let us write down
equation (5.16) in a neighborhood of the line A;;. The corresponding ma-
trices from (5.15) are

L+ A 12 1u2 2
My, = (k=325 =925 |, Ry = MyMjp, .. ..
1 0
Set
l?_[?
R = 04 Ry, X =My... M _; X =1Idforly=1.
2

Analogously to the above calculations, we get asymptotic relation (5.20).
Together with (5.16), it implies

€10 (A, 1) (X11 £ 20p(X11 — Xo1)) + (1= lo) (11 £ 2wp(x11 — X21)) = 0, (5.23)

where x (I, A, 1) is a holomorphic matrix-valued function on a neighborhood
of the hyperplane {l = ly}. Set

1
Gulw, 1) = &\ ) = &5 — 1, ).

Conjecture 5.33 For every w > 0 and ! € Z, [ > 0 the zeros of the function
(; are simple, that is, g—il # 0 at zeros of the function (.

Remark 5.34 The matrices X in both cases treated above are non-degenerate
for | = lp. This implies that in formulas (5.22) and (5.23) the multiplier at
&1, is non-zero for at least one choice of sign.

Conjecture 5.33 together with the above remark would imply that for
everyl € 7, at every adjacency in the line A; at least one boundary component
of the corresponding phase-lock area (depending on the above-chosen sign)
1s transversal to the line A;.

Proposition 5.35 Conjecture 5.33 implies Conjectures 5.31, 5.28, 5.18.

Proof Conjecture 5.33 implies that no adjacency can be born at a tangency
of both boundary components with a line [ = [y, Iy € Z, by transversality
of one of them to the latter line (the above statement). In other words, it
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implies Conjecture 5.31, and hence, Conjectures 5.28, 5.18, by Proposition
5.32. O

Open Question. Study the degeneracy of equation (5.7) on non-integer
level curves of rotation number, as the latter number tends to an integer
value. The level curves should tend to boundaries of phase-lock areas. How
to retrieve equations (5.9), (5.16), (5.22) and (5.23) on the boundaries and
equation (A, u) = 0 on the adjacencies from asymptotics of degenerating
equation (5.7), as r tends to an integer number? Find a method to calcu-
late the coordinates of the adjacencies corresponding to an integer rotation
number rg via the level curves {p =}, as r — ry.

5.8 Asymptotic behavior of phase-lock areas for small w

The problem to describe the behavior of the phase-lock areas, as w — 0,
is known and motivated by physical applications. Concerning this problem
V.M.Buchstaber and S.I.Tertychnyi, and later D.A.Filimonov, V.A .Kleptsyn
and I.V.Schurov have done numerical experiments. These experiments have
shown that after appropriate rescaling of the variables (B, A), the phase-
lock areas tend to open sets (which we will call the limit rescaled phase-lock
areas) whose components form a partition of the whole plane similar to a
chess table turned by 7, see Fig. 5 for w = 0.3.

Open Question 7. Obtain theoretical results on the problem described
above.

6 Acknowledgements

The authors are grateful to S.I.Tertychnyi for helpful discussions and to
R.R.Gontsov and A.V.Klimenko for careful reading the paper and helpful
remarks. The authors are grateful to R.R.Gontsov for translating the paper
into Russian.

References

[1] Arnold, V. I. Geometrical Methods in the Theory of Ordinary Dif-
ferential Equations, Second edition. Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences|, 250.
Springer-Verlag, New York, 1988.

[2] Arnold, V.L; Ilyashenko, Yu.S. Ordinary differential equations. Ency-
clopaedia Math. Sci., 1 (1988), 1-148.

61



[3] Barone, A.; Paterno, G. Physics and Applications of the Josephson
Effect, John Wiley and Sons, New York—Chichester—Brisbane—Toronto—
Singapore, 1982.

[4] V.M. Buchstaber, O.V. Karpov, S.I.Tertychniy. Electrodynamic proper-
ties of a Josephson junction biased with a sequence of §-function pulses.
J. Exper. Theoret. Phys., 93 (2001), No.6, 1280-1287.

[5] Buchstaber, V.M.; Karpov, O.V.; Tertychnyi, S.I. On properties of the
differential equation describing the dynamics of an overdamped Josephson
junction, Russian Math. Surveys, 59:2 (2004), 377-378.

[6] Buchstaber, V.M.; Karpov, O.V.; and Tertychnyi, S.I. Peculiarities of
dynamics of a Josephson junction shifted by a sinusoidal SHF current (in
Russian). Radiotekhnika i Elektronika, 51:6 (2006), 757-762.

[7] Buchstaber, V.M.; Karpov, O.V.; Tertychnyi, S.I. The rotation number
quantization effect, Theoret and Math. Phys., 162 (2010), No. 2, 211-221.

[8] Buchstaber, V.M.; Karpov, O.V.; Tertychnyi, S.I. The system on
torus modeling the dynamics of Josephson junction, Uspekhi Mat. Nauk,
67:1(403) (2012), 181-182; English transl.: Russ. Math. Surveys, 67
(2012), 178-180.

[9] Buchstaber, V.M.; Tertychnyi, S.I. Explicit solution family for the equa-
tion of the resistively shunted Josephson junction model. Theoret. and
Math. Phys., 176 (2013), No.2, 965-986.

[10] Buchstaber, V.M.; Tertychnyi, S.I. Holomorphic solutions of the double
confluent Heun equation associated with the RSJ model of the Josephson
gunction. Theoret. and Math. Phys., 182:3 (2015), 329-355.

[11] Buchstaber, V.M.; Tertychnyi, S.I. A remarkable sequence of Bessel
matrices, Mathematical Notes, 98 (2015), No. 5, 714-724.

[12] Buchstaber, V.M.; Tertychnyi, S.I. Automorphisms of solution space of
special double confluent Heun equations, Funct. Anal. Appl., 50:3 (2016),
176-192.

[13] Buchstaber, V.M.; Glutsyuk, A.A. On determinants of modified Bessel
functions and entire solutions of double confluent Heun equations. Non-
linearity, 29 (2016), 3857-3870.

62



[14] Gunning, R.; Rossi, H. Analytic functions of several complex variables.
Prentice-Hall Inc., Englewood Cliffs, N.J., 1965.

[15] McCumber, D.E. Effect of ac impedance on dc voltage-current charac-
teristics of superconductor weak-link junctions, J. Appl. Phys., 39 (1968),
No.7, 3113-3118.

[16] Foote, R.L., Geometry of the Prytz Planimeter, Reports on Math. Phys.
42:1/2 (1998), 249-271.

[17] Foote, R.L.; Levi, M.; Tabachnikov, S. Tractrices, bicycle tire tracks,
hatchet planimeters, and a 100-year-old conjecture, Amer. Math. Monthly,
103 (2013), 199-216.

[18] Glutsyuk, A.A.; Kleptsyn, V.A.; Filimonov, D.A.; Schurov, I.V. On
the adjacency quantization in an equation modeling the Josephson effect,
Funct. Analysis and Appl., 48 (2014), No.4, 272-285.

[19] Ilyashenko, Yu.S. Lectures of the summer school “Dynamical systems”,
Poprad, Slovak Republic, 2009.

[20] Ilyashenko, Yu.S.; Filimonov, D.A.; Ryzhov, D.A. Phase-lock effect for
equations modeling resistively shunted Josephson junctions and for their
perturbations, Funct. Analysis and its Appl. 45 (2011), No. 3, 192-203.

[21] Josephson, B.D., Possible new effects in superconductive tunnelling,
Phys. Lett., 1 (1962), No. 7, 251-253.

[22] Klimenko, A.V.; Romaskevich, O.L. Asymptotic properties of Arnold
tongues and Josephson effect, Mosc. Math. J., 14:2 (2014), 367-384.

[23] Likharev, K.K.; Ulrikh, B.T. Systems with Josephson junctions: Basic
Theory, Izdat. MGU, Moscow, 1978.

[24] Olver, F.W.J.; Lozier, D.W.; Boisvert, R.F.; Clark, C.W. (Eds.) NIST
Handbook of Mathematical Functions, Cambridge Univ. Press, Cam-
bridge, 2010.

[25] Schmidt, V. V., Introduction to physics of superconductors (in Russian),
MCCME, Moscow, 2000.

[26] Shapiro, S.; Janus, A.; Holly, S. Effect of microwaves on Josephson
currents in superconducting tunneling, Rev. Mod. Phys., 36 (1964), 223—
225.

63



[27] Slavyanov, S. Yu.; Lay, W. Special Functions: a unified theory based on
singularities Oxford University Press, 2000.

[28] Stewart, W.C., Current-voltage characteristics of Josephson junctions.
Appl. Phys. Lett., 12 (1968), No. 8, 277-280.

[29] Tertychnyi, S.I. Long-term behavior of solutions of the equation b+
sin¢ = f with periodic f and the modeling of dynamics of overdamped
Josephson junctions, Preprint https://arxiv.org/abs/math-ph/0512058.

[30] Tertychnyi, S.I. The modelling of a Josephson junction and Heun poly-
nomials, Preprint https://arxiv.org/abs/math-ph/0601064

64



