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SYNTOMIC COHOMOLOGY AND p-ADIC MOTIVIC COHOMOLOGY

VERONIKA ERTL AND WIESLAWA NIZIOL

ABSTRACT. We prove a mixed characteristic analog of the Beilinson-Lichtenbaum Conjecture for p-adic
motivic cohomology. It gives a description, in the stable range, of p-adic motivic cohomology (defined
using algebraic cycles) in terms of differential forms. This generalizes a result of Geisser [10] from small
Tate twists to all twists and uses as a critical new ingredient the comparison theorem between syntomic
complexes and p-adic nearby cycles proved recently in [8].
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1. INTRODUCTION

For a smooth variety over a field of characteristic zero, the Beilinson-Lichtenbaum Conjecture states
that, in a certain stable range, the p-adic motivic cohomology is equal to the étale cohomology:

Hyy(X,Z/p"(r) = Hg (X, Z/p"(r), i<

Here motivic cohomology is defined as the hypercohomology of the Bloch’s cycle complex Z/p™(r)y. This
conjecture follows [31] from the Bloch-Kato Conjecture that was proved by Voevodsky and Rost [35].

For a smooth variety over a field of positive characteristic p, the analog of the Beilinson-Lichtenbaum
Conjecture states that, in the same stable range, the p-adic motivic cohomology is equal to the logarithmic
de Rham-Witt cohomology:

Hyy (X, 2/p"(r) = Hg" (X, Wa Q% 1o)-

It was proved by Geisser-Levine [11].

The purpose of this note is to prove a mixed characteristic analog of the Beilinson-Lichtenbaum
Conjecture for p-adic motivic cohomology. Let X be a semistable scheme over Ok — a complete discrete
valuation ring with fraction field K of characteristic 0 and with perfect residue field k of characteristic p.
We fix a uniformizer w of K. Let F' be the fraction field of the ring of Witt vectors W (k). We assume
that the special fiber X of X is smooth and treat X as a log-scheme. We show that, in the same stable
range as above, the p-adic motivic cohomology of X, — the open set where the log-structure is trivial —
is equal to the (logarithmic) syntomic-étale cohomology of X. This relates algebraic cycles to differential
forms.
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2 VERONIKA ERTL AND WIESLAWA NIZIOL

Corollary 1.1. We have the following natural isomorphism*
Hy (X, Qp(r)) = Hiy(X,E(r)q, i<,
where E(+) denotes the syntomic-étale cohomology complex. If X is proper, this yields the following natural
isomorphism
Hyy (X, Qp(r)) = Hy(X,S(r)q, i<
where S(-) denotes the syntomic cohomology complez.

The rational syntomic cohomology H (X, S(r))q above is that defined in [9] as filtered Frobenius
eigenspace of crystalline cohomology?. We show in the appendix that it is isomorphic to the logarithmic
version of the convergent syntomic cohomology defined in [25] as well as to the rigid syntomic cohomology
defined in [2, 13].

The above corollary is a simple consequence of the following theorem which is the main result of this
paper.

Theorem 1.2. Let r > 0. Let j. : Xy — X be the natural open immersion. Then there are natural
cycle class maps between complexes of sheaves on the Nisnevich site of X and Xy, respectively,

Y RGLZ/p™ () — EL(T)Nis, Y i RILZ/p™ (r)m — SL(T)Niss

where i : Xog — X is the special fiber of X. They are compatible with the étale cycle class maps and are
N .. . . .

p* -quasi-isomorphisms, i.e., the kernels and cokernels of the maps induced on the cohomology sheaves
are annihilated by p™ for a constant N = N(e,p,r), which depends on the absolute ramification index e
of K, r, but not on X or n>.

The syntomic-étale cohomology &/ () was defined by Fontaine-Messing [9] by gluing syntomic cohomol-
ogy S/ (r) on X with étale cohomology on the generic fiber via the relative fundamental exact sequence
of p-adic Hodge Theory. It is a complex of sheaves on the étale site of X. We extend this definition
to logarithmic schemes (where one replaces syntomic cohomology by logarithmic syntomic cohomology).
The Nisnevich version that appears in the above theorem is defined by projecting to the Nisnevich site
and truncating at r:

& (M)nis == T<,Re.&, (1), S, (r)Nis := T<,Re.S), (1),
where € : X¢t — Xnis is the natural projection.

The syntomic part of the above theorem (hence of the above corollary as well), for twists r < p — 2
(where no constants are needed) was proved by Geisser? [10, Theorem 1.3]. The key ingredient in his
proof is the exact sequence of Kurihara [20] that links syntomic cohomology with p-adic nearby cycles
coupled with the Beilinson-Lichtenbaum Conjecture over fields of characteristic zero and p. Our proof
of Theorem 1.2 proceeds in a similar manner using as the main new ingredient the relation between
syntomic complexes and p-adic nearby cycles proved recently in [8].

We will now describe it briefly in the case when there is no horizontal log-structure. First, we show
that we have the p™"-distinguished triangle (on the étale site of Xj), for a universal constant N,

(1.1) En(r)x = En(r)xx — Wl e[,

where WnQ;Ullog[—r] denotes the logarithmic de Rham-Witt sheaf and X * denotes the scheme X with
added log-structure coming from the special fiber. The syntomic-étale cohomology &/ (r)xx comes
equipped with a period map

o EL(r)xx — RZ/p"(r)x .

IFor a smooth scheme Y, we set H (Y, Qp(r)) := H* holimy, RI'(Yzar, Z/p™ (r) M) ® Q.

2It differs from the one defined in [22] by the absence of log-structure associated to the special fiber.

3If K has enough roots of unity then N = N’r for a universal constant N’ (not depending on p, X, K, n or 7). See
Section (2.1.1) of [8] for what it means for a field to contain enough roots of unity. The field F' contains enough roots of
unity and for any K, the field K ({pn ), for n > ¢(K) + 3, where ¢(K) is the conductor of K, contains enough roots of unity.

4Geisser’s result was conditional on the Bloch-Kato Conjecture which at the time of the publication of his paper was
not a theorem yet.
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where j, : Xg — X and Z/p"(r) = (p®a)"'Z/p"(r) for r = (p — Da+bya,b € Z,0 <b<p—1.
Projecting it to the Nisnevich site and truncating at r we obtain the Nisnevich syntomic-étale period
map

o £ (1) xx Nis — T<rReRGZ/p" (1), -

The computations of p-adic nearby cycles via syntomic cohomology from [8] imply that this is a p”-
quasi-isomorphism, for a constant N as in the theorem. Hence, from (1.1), we obtain the p™¥-distinguished
triangle

(1.2) En(r) x.Nis——T< Rju <, Re Z/p" (1), — i*WnQTXT),llog[_r]'

Next, we note that the localization sequence in motivic cohomology yields the following distinguished
triangle (on the Nisnevich site of X)

Z/p" (r)m — j-Z/p" (r)m — . Z/p" (r — 1)m[—1].

By the Beilinson-Lichtenbaum Conjecture and the computations of Geisser-Levine [11] of motivic coho-
mology in characteristic p, we have the cycle class map quasi-isomorphisms

Z/p"(r)m = < ReZ/D" (M) x,c, Z/p" ()m = WaQk, 105~ 7).
The above triangle becomes
(1.3) Z/p"(r)m = JuT<rREZ/P" (1) xc = 6 W hog[—7]

Since 5. Z/p"(r)m — RjZ/p"™(r)m, T<rZ/p" (1) — Z/p™ ()M, the cycle class map of Theorem 1.2 can
now be obtained by comparing sequences (1.2) and (1.3).

Acknowledgments. We would like to thank Grzegorz Banaszak, Pierre Colmez, and Bruno Kahn for
many discussions related to the content of this paper.

1.0.1. Notation and Conventions. We assume all the schemes to be locally noetherian. We work in the
category of fine log-schemes.

Definition 1.3. Let N € N. For a morphism f : M — M’ of Z,-modules, we say that f is p~-
injective (resp. p" -surjective) if its kernel (resp. its cockernel) is annihilated by p" and we say that
f is pN-isomorphism if it is p™-injective and p-surjective. We define in the same way the notion of
p -distinguished triangle or p" -acyclic compler (a complex whose cohomology groups are annihilated

by pV) as well as the notion of p-quasi-isomorphism (map in the derived category that induces a

pV-isomorphism on cohomology).

We will use a shorthand for certain homotopy limits. Namely, if f: C — C’ is a map in the dg derived
category of abelian groups, we set

[ —L> 0] == holim(C' — ¢’ — 0).
And we set

Ci 4f>02

l l =l L) — (e ),
Cs —=Cy4

for a commutative diagram (the one inside the large bracket) in the dg derived category of abelian groups.
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2. SYNTOMIC COHOMOLOGY

Let Ok be a complete discrete valuation ring with fraction field K of characteristic 0 and with perfect
residue field k of characteristic p. Let w be a uniformizer of Ok ; we will keep it fixed throughout the
paper®. Let W (k) be the ring of Witt vectors of k with fraction field F (i.e, W(k) = Op); let e be the
ramification index of K over F. Let ¢ = ¢ be the absolute Frobenius on W (k). For a Of-scheme X,
let Xy denote the special fiber of X and let X,, denote the reduction modulo p™ of X. We will denote
by Ok, Og*, and Og° the scheme Spec(Ox) with the trivial, canonical (i.e., associated to the closed
point), and (N — Ok, 1+ 0) log-structure respectively.

In this section we will briefly review the definitions of syntomic and syntomic-étale cohomologies and
their basic properties. We refer the reader for details to [33, 2].

2.1. Syntomic cohomology. For a log-scheme X we denote by X, the small syntomic site of X. It
is built from log-syntomic morphisms f : ¥ — Z in the sense of Kato [18, 2.5] (see also [7, 6.1]), i.e.,
the morphism f is integral, the underlying morphism of schemes is flat and locally of finite presentation,

and, étale locally on Y, there is a factorization Y & W L Z where b is log-smooth and ¢ is an exact
closed immersion that is transversally regular over Z.
For a log-scheme X log-syntomic over Spec(W (k)), define
O3 (X) = Ho (X, Ox,),  T(X) = HY (X, TY)),
where O, is the structure sheaf of the absolute crystalline site (i.e., over W,,(k)), Jx, = Ker(Ox, /w, (k) —
Ox, ), and J)[(Ti is its r’th divided power of Jx, . Set j)[g]l = Ok, if r < 0. We know [9, I1.1.3] that the
presheaves T are sheaves on X syn, flat over Z/p™, and that j,[LTJll QR Z/p" =~ J. There is a natural,
compatible with Frobenius, and functorial isomorphism
H* (Xagn, T =~ HA(X0, T).

It is casy to see that ¢(J") C p"OF for 0 < r < p— 1. This fails in general and we modify T

T = {w e I | pl(@) € p O Y b,

for some s > r. This definition is independent of s. We check that J,="> is flat over Z/p" and J,7 ®
Z/p" ~ J<">. This allows us to define the divided Frobenius ¢, =7¢/p"™” : J <"~ — O,
Set
Sn(r) = Cone(J="> =8 0o)[—-1).

Since the following sequence is exact

0 —— Su(r) —— J7~ . o 0,
we actually have
S, (r) :=Ker(J="~ e o).
In the same way we can define syntomic sheaves S, () on X, ¢yn for m > n. Abusing notation, we
set Sp(r) = .S, (r) for the natural map ¢ : X syn — Xgyn. Since i, is exact, H* (X syn, Sn(7)) =
H*(Xsyn,Sn(r)). Because of that we will write S, (r) for the syntomic sheaves on X, syn as well as on
Xgyn. We will also need the "undivided” version of syntomic complexes of sheaves:

S.,(r) := Cone(J" =¥ O)[-1].
For 7,7 > 0, we have the long exact sequences
(2.1) — H'(Xe, Su(r)) — HL (X, JE>) =5 HI (X0, 0x,) —

— H(Xet, S, (r)) — HL( X, JY)) ¢ (X, Ox,) —

5This is necessary to fix an embedding of Spec(Of ) into a smooth scheme over Z,.
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Proposition 2.1. ([8, Prop. 3.12]) For X a fine and saturated log-smooth log-scheme over Ok and
0 <r <p-—2, the natural map of complezxes of sheaves on the étale site of Xy

T<rSn(r) — Sn(r)

is a quasi-isomorphism. For X semistable over Ox® and r > 0, the natural map of complexes of sheaves
on the étale site of Xg
T<rSp(r) — S (r)

is a p™V"-quasi-isomorphism for a universal constant N.

The natural map w : S),(r) — S, (r) induced by the maps p” : g I and Id : OF — O has
kernel and cokernel killed by p”. So does the map 7 : S,(r) — S,(r) induced by the maps Id : 7> —
T and p": OF — OF. We have Tw = wr = p".

If it does not cause confusion, we will write S, (r), S, (r) also for Re.S,(r), Re.S), (1), respectively,
where € : X, syn — Xn ¢t is the natural projection to the étale site (or sometimes to the Nisnevich site)

2.1.1. Syntomic cohomology and differential forms. Let X be a syntomic scheme over W (k). Recall the
differential definition [16] of syntomic cohomology. Assume first that we have an immersion ¢ : X — Z
over W (k) such that Z is a smooth W (k)-scheme endowed with a compatible system of liftings of the
Frobenius {F), : Z,, — Z,}. Let D,, = Dx,,(Z,) be the PD-envelope of X,, in Z,, (compatible with the
canonical PD-structure on pW,(k)) and Jp, the ideal of X,, in D,. Set J5'> := {a € Jg] o(a) €

n+s
p"Op,,.}/p" for some s > r. For 0 <r < p—1, J§:> = Jg]n. This definition is independent of s.
Consider the following complexes of sheaves on Xt .

(2.2) Sn(r)x,z : = Cone(J5'~*> @ Qy =% Op, © 0y )[-1],
S (r)x,z : = Cone(J5 @ @y L =*.0, @0y )[-1],

/

where Q3 = Q3 and @ is To/p"” (see [33, 2.1] for details). The complexes Sy (r)x,z, S5 (r)x.z
are, up to canonical quasi-isomorphisms, independent of the choice of ¢ and {F},} (and we will omit the
subscript Z from the notation). Again, the natural maps w : S, (r)x — Sp(r)x and 7 : S, (r)x — S, (r)x
have kernels and cokernels annihilated by p".

In general, immersions as above exist étale locally, and we define S, (r)x € DT (X, Z/p™) by gluing
the local complexes. We define S/, (r) x in a similar way.

Let now X be a log-syntomic scheme over W (k). Using log-crystalline cohomology, the above con-
struction of syntomic complexes goes through almost verbatim (see [33, 2.1] for details) to yield the
logarithmic analogs S, (r) and S, (r) on Xg. In this paper we are often interested in log-schemes com-
ing from a regular syntomic scheme X over W(k) and a relative simple (i.e., with no self-intersections)
normal crossing divisor D on X. In such cases we will write Sy, (r)x (D) and S}, (r) x (D) for the syntomic
complexes and use the Zariski topology instead of the étale one.

2.1.2. Products. We need to discuss products. Assume that we are in the lifted situation (2.2). Then we
have a product structure

U: S, (Nxze8,(rxz— S,(r+rxz, mnr >0,
defined by the following formulas
(z,y) @ (' y) = (22, (=1)"p 2y’ + yep(a'))
(2,9) € S, (%2 = (J5, @ 0% )& (Op, ® 0%,
(@9 € S,k 2 = (I, " @ O )@ (Op, @ QY Y).
6A scheme X over Og is called semistable if it is surjective on Spec Ok, regular, and there is a distinguished divisor

?at infinity” Do which is a strict relative normal crossing divisor and which together with the special fiber forms a strict
normal crossing divisor.
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Globalizing, we obtain the product structure
U: S (rx @8, (" x — S.(r+)x, rr >0

This product is clearly compatible with the crystalline product.
Similarly, we have the product structures

U:Sn(rxz®Sn(r)x,z = Sn(r+1")x.2z, m1 >0,
defined by the formulas
(z,y) @ (¢, y) = (z2’, (=1) 2y + yor (27))
(2.9) € Su(M)kz = (J5, 7 ©9%,) & (Op, © 05 1),
(«'.y) € $u(rk 2 = (J5, "7 ©9Y,) @ (Op, ® Q7).
Globalizing, we obtain the product structure
U:Sp(r)x @S, (r")x — Su(r+1)x, rr' >0.

This product is also clearly compatible with the crystalline product.
The above product structures are compatible with the maps w. On the other hand the maps 7 are, in
general, not compatible with products.

2.1.3. Symbol maps. Let X be a regular syntomic scheme over W (k) with a divisor D with relative simple
normal crossings. Recall that there are symbol maps defined by Kato and Tsuji [33, 2.2]

(2.3) (MS,)%" — H' (S, (r)x (D)), (M, 1)*" — H"(Sn(r)x(D)), r >0,

where, for a log-scheme X, Myx denotes its log-structure. For r = 1, we get the first Chern class maps
(recall that MY’ = j.O% p, where j : X \ D < X is the natural immersion)

AR j*o}\D[_l] - Z.*Jn*(f)zﬁX\D)nH [-1] — Sn(1)x (D),
AR j*o}\D[_l] - Z'*Jn*ozﬁx\D)n (1] — S,(1)x (D),
that are compatible, i.e., the following diagram commutes

syn
€1

7203\ p[-1] “ 51, (1) x (D)

Sn(1)x (D)
In the lifted situation these classes are defined in the following way. Let C, be the complex
(1+Jp, — M%Ji) = j*OEkX\D)n[_l]'
The Chern class maps
" 5Oy, [ = S (x (D), & 1 5.0(x\py, [=1] = Sn(1)x (D),
are defined by the morphisms of complexes
Cn— S (Vx.z, Cpni1— Sn(D)x.z
given by the formulas
1+ Jp, — (S,(V)x,2)° = Jp
1+Jp,., — (Sn(l)Xz)O =Jp,; a+~—loga mod p";

a — loga;

n?

and
M3 — (S;(1)x,z)" = (Op, ® Q% )®Op,; b (dlogh,log(t’¢p, (b))
Mg = (S,(1)x,2)' = (Op, ®Qy )BOp,; b (dlogb mod p”,p~ " log(tPep,,,(b)"")).

Dpt1
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The symbol maps (2.3) for general r are obtained from r = 1 using the product structure on syntomic
cohomology.

2.2. Syntomic-étale cohomology. We will now recall the definition and basic properties of syntomic-
étale cohomology. The relationship between syntomic cohomology and syntomic-étale cohomology mirrors
the one between étale nearby cycles and étale cohomology. Let X be a log-scheme, log-syntomic over
Spec(W (k)). We will need the logarithmic version of the syntomic-étale site of Fontaine-Messing [9]. We
say that a morphism Z — Y of p-adic formal log-schemes over Spf(W (k)) is (small) log-syntomic if every
Z, — Y, is (small) log-syntomic. For a formal log-scheme Z the syntomic-étale site Zy is defined by
taking as objects morphisms f : ) — Z that are small log-syntomic and have log-étale generic fiber. This
last condition means that, étale locally on ), f has a factorization Y — X 9, Z with X affine, 7 an exact
closed immersion, and g log-smooth such that the map F @y ) I'(Y, 1/1?) — FowwI'(Y, i*Q;/Z) is an
isomorphism, where I is the ideal of Oy defining ). For a log-scheme Z, we also have the syntomic-étale
site Zgs. Here the objects are morphisms U — Z that are small log-syntomic with the generic fiber Uk
log-étale over Zg.

Let X be the p-adic completion of X. Let ¢ : X, ¢t — X¢ and j : Xy k¢t — X¢¢ be the natural maps.
Here X, is the open set of X where the log-structure is trivial. We have the following commutative
diagram of maps of topoi

)

isé Jsé
sé Xsé XK,sé

R
Xop — Xg 22 Xk et

Assume first that 0 < r < p — 2. Abusively, let S, (r) denote also the direct image of S,(r) under
the canonical morphism X, ¢yn — Xe. By [9, IIL5], for j/ : Xy ket — Xk s¢, there is a canonical
homomorphism

Qe : Sn(T) - i:éjsé *];GZ/pn(’l”),
where G denotes the Godement resolution of a sheaf (or a complex of sheaves). Similarly, for any r > 0,
we get a natural map

Gy 2 Sp(r) — isdss *j;GZ/p"(r)/,
where Z/p™(r)" = (p®a!)~1Z/p"(r) for r = (p—1)a+b,a,b € Z,0 < b < p—1[9, I11.5]. Composing with
the map S/, (1) — S, (r) we get a natural morphism

o 8 (r) = i%edse« L GZ/p" (1)

2.2.1. Syntomic complezes and p-adic nearby cycles. For log-schemes over O}, in a stable range, syntomic
cohomology tends to compute (via the period morphism) p-adic nearby cycles . We will briefly recall the
relevant theorems. For 0 < r < p — 2, there is a natural homomorphism on the étale site of X,

oy Sp(r) = i*RjZ/p" (r).

To define it, we apply RE, to the map S, (r) — i5Rj««Rj.Z/p™(r) induced from the map «, described
above and get

Re.Sn(r) = RES,(r) — RELILRIsc «RILZ /D™ (r) = i, RexRise «RILZ /D™ (r) = i*Rj.Z/p" (7).

The first equality follows from the fact that the morphism X, ¢yn — )?Sé is exact [9, 111.4.1]. The second
equality was proved in [19, 2.5], [32, 5.2.3]. One checks that «;, is compatible with products.

Theorem 2.2. ([34, Theorem 5.1]) For i < r < p — 2 and for a fine and saturated log-scheme X
log-smooth over O} the period map

(24) (6750 Sn(T)X :> TSTI*R]*Z/pn(T)X“

18 an isomorphism.
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Similarly, for any r» > 0, we get a natural map
ay : Sp(r) — *RjZ/p"(r)".
Composing with the map w : S}, (r) — S, (r) we get a natural, compatible with products, morphism
a8 (r) — i*RjiZ/p"(r)".

Theorem 2.3. ([8, Theorem 1.1]) For 0 < i <r and for a semistable scheme X over O, consider the
period map

(2.5) ar: HY(S.(r)x) — i*Rij*Z/p"(r)’Xtr.

If K has enough roots of unity then the kernel and cokernel of this map are annihilated by p™" for a
universal constant N (not depending on p, X, K, n or r). In general, the kernel and cokernel of this map
are annihilated by pN for an integer N = N(e,p,r), which depends on e, r, but not on X or n.

2.2.2. Syntomic-étale cohomology. Recall [9, IT1.4.4], [32, 5.2.2] that the functor F — (i F, jLF, il F —

€ 7 7sé

% Js6 +Jix F) from the category of sheaves on Xy to the category of triples (G, H,G — i jss+H), where
G (resp. H) are sheaves on Xy (resp. X ) is an equivalence of categories. It follows that we can glue
the complexes of sheaves S, (r) and S, (r) and the complexes of sheaves j.GZ/p"(r) and j.GZ/p™(r) by
the maps «, and obtain complexes of sheaves &, (r) and &, (r) on Xy. We have the exact sequences

0 —Jjsct1 i GZ/p™ (1) — En(r) — ixSn(r) — 0, 0<r<p-2

0 ﬁjsét!jiGZ/pn(r), - 57/1(7") - Z*S;L(r) - Oa r>0.

Remark 2.4. The syntomic-étale complexes &,(r) that we described here are the same (in the derived
category) as those defined by Fontaine-Messing in [9, 5] in the case when X, = X but differ from those
defined by Tsuji in [32, 5.2] in the general situation. More specifically, we have

£, (r) =H"(En(r)),
where we wrote £X (r) for the syntomic-étale sheaves of Tsuji.

If it does not cause confusion, we will denote by &,(r) and &), (r) also the derived pushforwards of
En(r) and &/ (r) to Xg. Notice that they are quasi-isomorphic to the complexes obtained by gluing the
complexes of sheaves S,,(r) and S}, (r) and the complexes of sheaves j.GZ/p™(r)" by the maps &, and «,.
Hence we have the distinguished triangles

(2.6) JenRILZ/p™(r) — En(r) — 18 (1),  jenRILZ/D"(r) — & (r) — .S, (r),
where j' : Xy, k — Xk, as well as the natural maps
Qr  Ep(r) — Rj*Z/p”(r)/, Qe : En(r)/ - Rj*Z/pn(T)/

compatible with the maps &, and «,. For a > 0, we have the truncated version of the above - the
distinguished triangles

(2.7) JenT<aRILZ/P" (1) = T<aln(r) = 15T<aSn (1),  JetnT<aRJLZ/P" (1) — T<o &) (r) — 1:7<aS) (7).
2.2.3. Syntomic-étale cohomology and étale cohomology of the generic fiber. For a log-scheme over Oy,
in a stable range, syntomic-étale cohomology tends to compute étale cohomology of the generic fiber.

Theorem 2.5. Let X be a log-scheme log-smooth over O ™. Let j : Xi — X be the natural open
immersion. Then

(1) we have a natural quasi-isomorphism

G T<pEn (1) 2 T<,RGZ/p"(r), 0<r<p-—-2.
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(2) if X is semistable, there is a constant N as in Theorem 2.3 and a natural morphism
ap : EL(r) — RGZ/p™(r), r>0,
such that the induced map on cohomology sheaves in degree q < r has kernel and cokernel anni-
hilated by p' .
Proof. Assume that 0 < r < p—2. Consider the following commutative diagram of distinguished triangles

jét!Tger;Z/pn(r) - Térgn(r) — 1S ()

t[1a |a- |

jét!Tger;Z/pn(T) - Tger*Z/Pn(T) - Z.*i*TSer*Z/pn(7")
The top triangle is distinguished because we have the distinguished triangle from (2.7) and the natural
map 7<,Sp(r) = S, (r) is a quasi-isomorphism. The map «, is a quasi-isomorphism by the main theorem
of [34]. The first part of the theorem follows.
For the second part consider the following commutative diagram of distinguished triangles

JeuT<rRILZ/p"(r) —— 1< E(r)  —— LT SL(r)

It [ Jon

jét!’rger;Z/pn(r), — TSTRj*Z/p”(r)’
By [8, Theorem 1.1}, the right period map «, on the level of cohomology has kernels and cokernels killed
by N for a constant N as in the theorem. Hence the same is true of the left map «,., as wanted. O

— 3 T<, Ry Z/p" (1)

The above theorem implies that the logarithmic syntomic-étale cohomology is close to the logarithmic
syntomic-étale cohomology of the complement of the divisor at infinity.

Corollary 2.6. Let X be a semistable scheme over Ok with a divisor at infinity Do.. We treat it is as
a log-scheme over Of. Let Y := X \ Doo and let j; : Y — X.

(1) we have a natural quasi-isomorphism
Gy < En (1) x = T<rRj1:&En(r)y, 0<r<p-—2.
(2) there is a constant N as in Theorem 2.3 and a natural morphism
o & (r)x — RjuEL(r)y, 7>0,

such that the induced map on cohomology sheaves in degree q < r has kernel and cokernel anni-
hilated by p™ .

Proof. Note that Xy = Y and set jo : Y — Y. We have j = j1j2. By Theorem 2.5, both terms in the
first claim are quasi-isomorphic to
TSTRj*Z/pn(T)X“ = TSTle*TgerQ*Z/pn(T)YK~

Hence they are quasi-isomorphic. The second claim of the corollary is proved in the same way. O
2.2.4. Nisnevich syntomic-étale cohomology. We will pass now to the Nisnevich topos of X. Denote by
€ : X¢t — Xnis the natural projection. For r > 0, by applying Re, to the étale period map above and
using that Re,i* = i*Re,” (c.f. [10, 2.2.b]), we obtain a natural map

Ay RewSn(r) — i* Ry Re Z/p™ ().
Composing with the map w : Re,S),(r) — Re,S,(r) we get a natural, compatible with products, mor-
phism

a, : Re, S (r) — i*RjRe.Z/p"(r)".
Write, for simplicity, S, (r) and S}, (r) for the derived pushforwards of S, (r) and S}, (r) from X¢; to Xnis.
Same for &,(r) and &/ (r). Notice that they are quasi-isomorphic to the complexes obtained by gluing the

"This equality fails for the projection to Zariski topology and is the reason we use Nisnevich topology instead of Zariski.
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complexes of sheaves S,,(r) and S, (r) on X nis and the complexes of sheaves €,j.GZ/p™(r)" on Xk Nis
by the maps &, and a,.. Hence we have the distinguished triangles
(2.8) INistRAAREZ/p" (r) — En(r) — 0.8n(r), JnisRILReZ/p™(r) — &), (1) — .S, (1),
as well as the natural maps
ap : En(r) — R Re.Z/p"(r),  ap: En(r) — RjReZ/p"(r)

compatible with the maps &, and «,. For a > 0, we have the truncated version of the above - the
distinguished triangles

(2.9)

i T<aRILREZP (1) = T<abalr) = ivm<aSn(r),  nitm<aRILREZ/P"(r) — Teal(r) = iT<aSH(r).

Define the following complexes of sheaves on Xyjig
Sn(T)NjS = TSTSH(T), S;,L(?”)Nis = TSTS;(T);
gn(T)Nis = Tgrgn(T‘), 57/1(7’)1\“5 = TSTSL(T).
Example 2.7. For X = Spec(W(k)) we have
Z/p" i=r=0,
H (W (k),Sn(r)nis) = § Wa(k) i=1,r>1,
0 otherwise.
Moreover, the morphism H*(W (k), &, (r)nis) — H (W (k), S, (r)Nis) is an isomorphism.
To see the first claim, note that we have
Sn(0)et : Wi (k) —2sW(k),  Su(r)es : 0 — Wa(k), r> 1.
It follows that
S’n(o)Nis = Z/pn, Sn(’l’)ét = Wn(k)[—lL r>1.

For the second claim use the distinguished triangle (2.9) and the fact that H* (W (k), jnisi T<a RjLReZ/p™ (1)) =
0, ¢ > 0, because W (k) is henselian.

3. SYNTOMIC COHOMOLOGY AND MOTIVIC COHOMOLOGY

Let X be a smooth scheme over O. Let Z(r)y denote the complex of motivic sheaves Z(r)y :=
X — 2"(X,2r — x) in the étale topology of X. Let Z/p"™(r)m := Z(r)m @ Z/p™. Recall how the complex
2" (X, %) is defined [3]. Denote by A™ the algebraic n-simplex Spec Zlto, ..., t,]/(O t; — 1). Let 2" (X, 1)
be the free abelian group generated by closed integral subschemas of codimension r of X x A? meeting
all faces properly. Then z"(X, ) is the chain complex thus defined with boundaries given by pullbacks
of cycles along face maps. This complex is covariant for proper morphisms (with a shift in weight and
degree) and contravariant for flat morphisms.

We know that in the Zariski topology H?(Xzar, Z/p™(i)m) = H'T'(Xzar, Z/p™(r)m) is the Bloch higher
Chow group [10, Theorem 3.2] and that this is also the case for the Nisnevich topology [10, Prop. 3.6].
Locally, in the étale topology, when p is invertible, the étale cycle class map defines a quasi-isomorphism
Z/p"(r)m ~ Z/p"(r); when X is of characteristic p, then the logarithmic de Rham-Witt cycle class
map defines a quasi-isomorphism Z/p"(r)m ~ W, ., [—7] [11], where, for a log-scheme Y, W, Q5 ,
denotes the sheaf of logarithmic de Rham-Witt differential forms [21]. Moreover, if i : Z — X is a closed
subscheme of codimension ¢ with open complement j : U < X then the exact sequence

0— i.Z(r — c)a,z[—2c] = Z(r)m,x — J+Z(r)m,u

forms a distinguished triangle in the derived category of sheaves on X, * denoting the Zariski or Nisnevich
topology. We define motivic cohomology as

Hy (X, Z/p"(r)) i= H" (Xzar, Z/p" (r)m) = H™ (Xnis, Z/p" (1) mr);
Hyp oo (X, Z/p" (r) := H* (Xer, Z/p" (1))
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For a smooth scheme Y over O, we define its p-adic motivic cohomology as
Hy (Y, Qp(r)) := H*(holim,, RT'(Yzar, Z/p" (r)m) ® Q) = H*(holim,, I' (Yzar, Z/p™ (1)m) @ Q).

We define its étale version Hyy 4 (Y, Qp(r)) in an analogous way.
We list the following corollary of Theorem 2.5.

Corollary 3.1. Let X be a smooth variety over K. Then there exists a natural syntomic cycle class map
cIP  Hyy (X, Qp(r)) — Hiyn (X, Qp(1)),

where the target group is the syntomic cohomology defined in [22]. This map is compatible with the étale
cycle class map, i.e., the following diagram commutes

Hyy (X, Qp(r))

ét

clg’,

clsv? o
i,

J_VN

Hi (X, Qp(r) —> HE (X, Qp(r),

where afYTN is the period map defined in [22]. Moreover, the cycle class map cl?;n is an isomorphism for

<.
Proof. Consider the following diagram

E! (r)xis o T<,Rix7< Re.Z/p" (1)

* ~
S~ clét
le?’n >~ ~ - T
Rj.Z/p"(r)y

The étale cycle class map clft is a quasi-isomorphism by the Beilinson -Lichtenbaum Conjecture (a
corollary [31], [12] of the Bloch-Kato Conjecture proved by Voevodsky and Rost [35]) and by [11] that
give the quasi-isomorphism

Z/p"(r)m = T<rRe.Z/p"(r)

and by the quasi-isomorphisms j.Z/p"(r)p — Rj<Z/p"(r)nm and 7<,Rj.Z/p"(r)nmr — RjZ/p™(r)ur-
Since, by Theorem 2.5, the period map a, is a p’¥-quasi-isomorphism, we can define the syntomic cycle
class map cl?>™ to make the above diagram commute. It induces the syntomic class map into syntomic
cohomology

I RGLZ P (1) i €l () xis — Sh(r)nis — RewS,(r)er

By construction it is compatible with the étale cycle class map (via the map «;.).

Recall that the syntomic cohomology H, (X, Q,(r)) is defined by h-sheafifying the (rational) Fontaine-
Messing syntomic cohomology. Everything being natural, the above construction of cycle classes h-
sheafifies and gives the syntomic cycle class map

clj,yrn : Hiyg (X, Qp(r)) — Hgyn(X’ Q,(r))-

For compatibility with the étale cycle class, it suffices to check that af\er =, but this was done in [29].

The last claim of the corollary follows from the fact that both aﬁYrN and clffr are isomorphisms for
i <7 by [22, Theorem A] and the Beilinson-Lichtenbaum Conjecture, respectively. (]

3.1. Syntomic cohomology and logarithmic de Rham-Witt cohomology. We will show in this
section that adding logarithmic structure at the special fiber changes syntomic cohomology by logarithmic
de Rham-Witt cohomology.
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Theorem 3.2. Let X be a semistable scheme over Ok with a smooth special fiber. For a universal
constant N, we have the following pN"-distinguished triangles of sheaves in the étale and Nisnevich
topology of X, respectively.

S (r)x = Sp(r)xx — Wadi o[-,

S, (r)x Nis = Sy, (1) x ,Nis — WnQS(_O,llog[—T]-

Here we wrote X for the scheme X with added log-structure coming from the special fiber.

Proof. After setting up the local coordinates, we do, as an example, computations in dimension zero,
where it becomes clear how to define the map to logarithmic de Rham-Witt differentials. Then we lift
this computations to higher dimensions and globalize.

(1) Choice of local coordinates. — To construct the first distinguished triangle, we start with local
computations. Let d be a positive integer. Let RY := (’)K{Xlil, e ,X;ltl} be the p-adic completion of
Ok [Xlil, e 7Xfilﬂ]. Let R be the p-adic completion of an étale algebra over RY. Let RY. be the (p,T)-
adic completion of W (k)[T, Xlil, .. .,Xdil]; take the map RY — R%, T +— w, and take the (formally)
étale lifting Ry of R to R%. Let Sk be the p-adically complete PD-envelope of R in Ry equipped with
the PD-filtration F"Sgr. We will write Sk := So,. We have Sp = RT®W(k){T}SK with filtration
F"Sg = Rr®wyry F"Sk. Let RO := W(k){Xi',..., X'} and let Ry := Ry /T.

We have the following diagram of maps (the right diagram is obtained by reducing the rings modulo
T)

(3.1) Spf Sk
\
Spf J/ Spf Ry Spec Ry Spf Rt
! | i |
Spf R%C Spf R, Spec R} o« Spf R?
l ! i |
Spf Ok© Spf Op{T} Spec k——— Spf Op

Equip R® with Frobenius o : X' — XFP. BEquip R} with Frobenius ¢ro. compatible with ¢g,
(T — TP) and with @go, and equip Ry with a Frobenius ¢g, compatible with ¢ RY.- We will simply
write ¢ for Frobenius if the domain of action is understood.

Set U, := Sk @py QRy. For r € N, we filter the de Rham complex Q% by subcomplexes

F'Qy, = F"Sgp — F" 'Sk ®py Qry — F""2Sr @R, Q%T — ...
We define the syntomic complex of R as
(3.2) S(R,7) := Cone(F™ g, X—503 )[~1]
Set QS; = SR ®pr, R where R} is the ring Ry with log-structure induced by 7. We define the
log-syntomic complex of R as
(3.3) S(R*,r) = Cone(F %, L2505, )[~1].
R R
For n € N, we define the syntomic and log-syntomic complexes modulo p™ as S(R,r), := S(R, 1) ®z

Z/p™, S(R*,r) := S(R*,r) ®z Z/p"™, respectively. In the case when R is the p-adic completion of an
étale algebra over Ok [Xlﬂ, e ,X;ltl]7 we have

S, (r)r=S(R,r)n, Sp(r)rx =S(R*,7)n;
holim,, S;,(r)r = S(R,r), holim, S, (r)gx = S(R*,r).
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We would like to separate the arithmetic and the geometric variables. Specifically, we remove the
differentials connected with the variable T' by setting Qg; := Sg ®go Qpgo. Since Quw (1)) = W (k)|T)dT
we can dispose of this module of differentials by writing df as 9 fdT and we can rewrite the above syntomic
complex as the following homotopy limit

"

L]
FrQe P —P Pe 0O°
Sh Sh

S(R,r) = la )

pr—potiTr—1
Fr=1Qs, 4>Q°;%

Here the map ¢, : Q:% — Q:% sends w € ngﬁz to (¢/p*)(w). By adding logarithmic differentials d7'/T
along the special fiber, we get the following log-syntomic complex
F’I‘Q:S;% P —DP Pe Q.S;%
S(R*,r) = lT@ \LT@
—p*Tle
Fr— 1QS’ —> Qo
(2) Dimension 0. For R = Ok, we obtain the following proposition.

Proposition 3.3. Let n > 1. We have the following p*®-distinguished triangle of sheaves in the étale
topology of Spec k
S(OK7 )n - S(OI><{7 1) - Z/pn[fl]
For r # 1, the natural map S(Ok,r)n — S(OF, 1)y is a p'° -quasi-isomorphism.
Proof. We have the following two syntomic complexes.
r__mp—1 P
S(Op,r): F'Sg (0,p" so)Fr 1S, @ Sk —("=pT" "¢)+0
S(OI><<7T‘): FTSK(TaL)FrilsK@SK (p

Sk

pp)+T0
Sk

The residue map: Ql — Op induces the following sequence of complexes:

g,51

[ PP)

0— SOW 1) = Sig (0N 1) = [0 — OFH()F} 0,

where RM is "the ring of analytic functions over F with integral values on the disk v,(T) > 1/e”
defined in [8, Remark 2.2] and we define its syntomic complexes by analogous formulas to (3.2) and (3.3)
replacing Sg by RI!. We have the natural maps S(Og,r) — S((’) ,r) and S(Op,r) — Slog(OE,r)
that are pS"-quasi-isomorphisms [8, Prop. 3.3]. The above sequence is p-exact because F *Sk i _ B SE,

for E the minimal polynomial of w over F', which implies that FSQI1 w JF*® Ql w = Sm/TS[l] and

E /TS[l] = Op ® M, where M is p-torsion.
Modulo p", we have Op, = W, (k) and the exact sequence in the étale topology of Spec k

0—Z/p" — Op,niop,n — 0.

For r = 0, the map (’)F,nfﬂfom is an isomorphism since 1 — py is invertible. For r > 1, the map
@) F7np—>(p(9 Fn is an isomorphism as well since both ¢ and p"~!'¢~! — 1 are invertible. This proves our

proposition. O
(8) Local computations in higher dimensions. The computations in the above example generalize to
any ring R.

127 _distinguished triangle in the étale topology of Spec Ry

S(R7T>n - S(RX,’I")TL - W Q;‘%gllog[ ’I"]

Lemma 3.4. There is a p
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Proof. First we pass from Sg to RIY (via a pS"-quasi-isomorphism). Then we compute as in the proof of
Proposition 3.3 and obtain the following p-distinguished triangle

T_ e+l
S(R[l]’r) N Slog(Rm,r) - [ ;_mu E?T,o][*l]'

We note that the complex Q% computes the crystalline cohomology of Ry over W (k).
Set S := Ry o. We claim that there exists a p?"-quasi-isomorphism on the étale site of Spec Ry

r__e+1
[0y, Lty ] ~ WnQTR;}IOg[—r +1].

_ e+l
Indeed, for r = 0, the complex [Q.S,nw)ﬂé,n] is acyclic because the map 1 — p*t! is invertible.

Assume thus that » > 1 and take s = r — 1. Set
HK(S,S)n = [Q“S',npb_;p.%) .Sn]

This complex is p?-quasi-isomorphic to the complex [Q‘ —>Q‘ } Using the global Frobenius
lift on S we get the following commutative diagram

. p°—p*pe .
QS,n > QS,n

J{‘P(w) J{‘P(w)

W, S W, 0, fdv et !

We note here that the de Rham-Witt Frobenius F : Wn+1Q}%0 — Wan% and that F : Fil" Wn+1Q}%0 =
ViQy 4+ dViQyt — dV'TIQy . Hence F factorizes as in the above diagram. Moreover, since
pdV"’lﬂ}O =0, we get the induced map pF : W,Q% — W, Qf .

The first vertical arrow in the above diagram is a quasi- isomorphism The second one is a p-quasi-
1somorphlsm smce pdV"— 19’1‘{ = 0. Hence the complex HK(S, s),, is p?-quasi-isomorphic to the complex
(W, Q% —>W Q% /dV"— Qs 1] We list the following properties of the latter complex.

(1) For ¢t > s, the map W, Qf, —>W Qf%, is an isomorphism (since 1 — p'~°F is invertible).

(2) For t < s, the map ~,

W, Q= W Qg fdV 10l

is a p-isomorphism. Indeed, for p-surjectivity, it suffices to note that (p*~t —F)(Va) = p* 'Va —
pa, for o € Wnﬂ%n/dV"_lﬂg)l, t < s — 1. For p-injectivity, we note that if (p*~* — F)(a) = 0
for o« € W, Q% then V(p*~" — F)(a) = p* "V — pa = 0. Hence p*~*~'Va = « which implies
that p"s—t=DV"q = . Hence o = 0.

(3) The map

ZW, 5 2 2w, Qi AV s

is an p3-isomorphism. For p-injectivity we use the point above. For p3-surjectivity, we note that,
for a € ZI/Van{O1 such that da = 0 we have

pa:—(p—F)ﬁa ﬁ:‘/Y(Jé"f'‘/'2044_‘/30[...e{/[/l/'n_lgigol7

and p(1 — F)dB = 0. By [4, Lemma 4.3], this implies that pdg = 0.
(4) There is an exact sequence

0= WauQ%hy 10g — WaQhy ——o Wi, /dV™ 1051 — 0

\log

in the étale topology of Spec Rq [6, Lemma 1.2], [21, Prop. 2.13]. In the Nisnevich topology it is
still exact on the left and in the middle.

The above implies that there is a natural map

W 1ogl—5] = (W, L2, 05 V™ 057

and that it is a p**-quasi-isomorphism in the étale topology of Spec Ry, as wanted. (I
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(4) Globalization. The above local computations can be globalized in the following way. We note that
we have actually proved above that we have the following p**-quasi-isomorphisms of sheaves on the étale
site of X2

W%, 10g[—5] = W%, =25 W%, JAV ] (A~ Acr ],

where A, ,, is the sheaf (U — Xo) — RI,(U/W,,(k)). The second quasi-isomorphism is [14, Sec. IL.1].
It suffices thus to construct a map

S’I/’L(T)XX - [Acr,nM)Acr,n][_l]
and to show that the triangle
S(r)x = Sp(r)xx = [Aern "5 Acy o][-1]

is pOr-distinguished.
For that, consider the following two diagrams of compatible coordinate systems (localize on X if
necessary to get X = Spec A).

Spec Dt Spec D,

Spec A,,C Spec B, Spec AgC Spec B,,
l i | |
Spec O 1€ Spec O, [T Spec k¢ Spec Oppn

Spec Of Spec OFp,

Here By, is smooth over Op,[T] and the hooked arrows are closed embeddings. We equip both rings
with the log-structure associated to T. The right diagram is obtained by ”reducing modulo T the left

diagram. It follows that the residue map 2 By, — Op, induces a map be — Q%" (we note that the
n T,n "

Frobenius ¢ on the domain is compatible with pp on the target) and the seduence

(3.4) Q.DT,n — Qb%n — QE:

is exact. These constructions glue in the usual way and we obtain a map J [r]

ox Acr.n[—1] and a sequence
n

of complexes of sheaves on the étale site of X
(3.5) T = TE = A1),
where we wrote J)[:l for the sheaf (U — X,,) — RI'¢;(U, \7)[:}) Hence a sequence

(3.6) S (r)x — Sh(r)xx — [Aern™25 Acy n][~1]

It is a p®-distinguished triangle: this can be checked locally where we can pass to the more convenient
coordinate system from (3.1) and use the computations we have done in the proof of Proposition 3.3.
This concludes the construction of the first distinguished triangle of our theorem.

For the second triangle in the theorem, take the first triangle and push it down to the Nisnevich
site. Since TgoRz-:*WnQ&;hOg o~ WnQTXT),llog [15], it suffices to check that the map H"(S) (r)xx nis) —

8The notation is slightly abusive here but we hope that this will not lead to confusion.
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WnQTX;ﬂOg is pV"-surjective, for a universal constant N. For that, Zariski localize and consider the

following commutative diagram
/ Spf RT

Spec Ro“—— Spf Rr

| |

Spec k——— Spf O

Here the map s was chosen to commute with Frobenius and so that st = Id. We can use it to construct
a section of the residue map

T__e+1 . .
Slog(Rm?r) - [ }%Tyou RTyo][i]‘}'

. ) r__ e+1
It follows that the map H'(Siog(RY,7),) — Hl_l([QhTo%Q}h OLL) is surjective. Since, by
the above computations, the Nisnevich sheaves H“l(Acrmp—_faACnn) and WnQTX_OllOg are pN"-quasi-

isomorphic, for a universal constant NV, we are done. (Il

Corollary 3.5. Let X be a semistable scheme over Ok with a smooth special fiber. For a constant
N = N(p,e,r), we have the following natural p" -quasi-isomorphism (x denotes the étale or the Nisnevich
topology of X )

S, (r)x, ® WnQTX_O,lIOg[—r] — S (r) xx «
Proof. 1t suffices to argue in the étale topology. Recall that in the proof of Theorem 3.2 we have obtained
a pb7-distinguished triangle

Sp(r)x — Sp(r) xx rel’[Acr,nzﬂfAcr,n][_l]
and a p*" quasi-isomorphism
r— p"—pp

(3'7) WnQXO,llog[_T + 1] = [Acr,n —’Acr,n]‘

It suffices thus to construct a section of the residue map. For r = 0 there is nothing to prove so we will
assume that » > 0.
For that, consider the following commutative diagram

RFcr(Xl/Wn(k))
Adlog T il
RT e (X /Wi (k))[1] —2> Rl e (Xo/ Wi (K)),

where 7 : Xg — X is the natural closed immersion. Since the map i* : Rlﬂcr(Xl/T/Vn(k))“’:prf1 —
REc: (Xo/Wa(k)?=P" " is a pN(®e) quasi-isomorphism [8, Remark 5.9], the maps in the above diagram
induce a p"¥®)-map RT e (Xo/Wn (k))?=F " — 8’ (r)xx[1] that is a pN®e")_section of the residue map
on the scheme Xj. It is natural on the étale site of X (it depends only on the uniformizer w) hence
gives a section on the level of sheaves that we wanted. ]

Let, for * denoting the étale or the Nisnevich topology,
RI(X.,8(r))q := holim,, RI'(X,, S, (r)) ® Q = holim,, RI'(X., S, (1)) ® Q,
RI(X.,E&(r))q = holim,, RT(X., £,(r)) ® Q = holim,, RT'(X,, £, (r)) ® Q,
RT(X.., WO ) q = holim, RT (X, i. W, ).
By (3.7), we have
RT(X.., WY )q = Rla(Xo/F)E™ [—r + 1],

Xo,log
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where, for a scheme Y over W (k), we set R, (Y/F) := R[';(Y/W(k))q := holim, R, (Y1/W,,(k)) ® Q.
The following corollary follows immediately from Corollary 3.5.

Corollary 3.6. Let X be a semistable scheme over Ok with a smooth special fiber. We have the following
natural quasi-isomorphisms

RT(X.,8(r))q & RT(X., WO L )ql—r] = RT(X),S(r)q

Corollary 3.7. Let X be a semistable scheme over O with a smooth special fiber. For a constant N as
in Theorem 2.3, we have the following p" -distinguished triangle of sheaves in the étale topology of Xy

(3.8) S (r)x = T<ri*RGZ/p" (1) — W o 7).

Moreover, for a constant N = N(p,e,r) we have the following p" -quasi-isomorphism

Sn(r)x ® Wal og[=1] = T, T RGLZ/p" (1)’

Proof. This immediately follows from Theorem 3.2, Theorem 2.3, and Corollary 3.5. O

Remark 3.8. For r < p — 2, the distinguished triangle (3.8) was constructed before by Kurihara. No
additional constants are needed in this case.

Theorem 3.9. ([20, 1]) Let X be a smooth scheme over O. For r < p — 2, we have the following
distinguished triangle of sheaves in the étale topology of Xo

SH(T)X - TST’L*R’J*Z/pn(r) - WnQ’_;(_[),llog[_r]'

It is easy to see that the above theorem holds also for schemes X that are semistable over Ok with a
smooth special fiber, i.e., that we have the following distinguished triangle

Sn(r)X - TSTZ*R]*Z/pn(T) - WnQT)’(_o,llog[fr]v r S p— 2.

Indeed, it suffices to note that all the terms involved have Gysin sequences [34] and to use the above
theorem. In particular, in view of Theorem 2.2, we have the following distinguished triangle

Sn(r)x — Sn(r)x=x — W,ﬁ_’;{(}}log[—r], r<p-—2,

a "small twists” analog of the distinguished triangles from Theorem 3.2.

3.2. Syntomic cohomology and motivic cohomology. The main theorem of this section shows that,
in étale topology, syntomic-étale complexes on smooth schemes over Ok approximate motivic complexes.

Theorem 3.10. Let X be a semistable scheme over Ok with a smooth special fiber. Let j' : Xy — X
be the natural open immersion. Then

(1) there is a natural cycle class map
™ i RGLZ/p" (M)m = En(r)Nis, 0T <p-—2.

It is a quasi-isomorphism.
(2) there is a natural cycle class map

Y RILZ/p™ (r)m — EL(T)Nis, T > 0.

It is a p" -quasi-isomorphism for a constant N as in Theorem 2.3.

We have analogous statements in the étale topology. These cycle class maps are compatible (via the
localization map and the period map) with the étale cycle class maps.
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Proof. We start with the Nisnevich topology. We will prove the second claim, the proof of the first one
being analogous. Consider the following commutative diagram

INist T<r Ry ReZ/p™ (1) —— &} (r) x Nis — > 1S}, (1) x Nis

| | |

jNis!TSTRj}(,*R5*Z/Pn (r) —— En (1) x Nis —> 1Sy, (1) x ,Nis

|

i Wn QS(_D,llog [_T]

The two rows are distinguished triangles; the right column is a p™"-distinguished triangle, for a universal
constant NN, by Theorem 3.2. It follows that we have the pN"-distinguished triangle

(3.9) EL(r)x Nis = En(r) x> Nis = W e [-7]-
Let Y = Xi,. By functoriality we get the following map of p™"-distinguished triangles

E3,(r)x Nis ———= EL (1) x % Nis ——= i Wa Qo [—7]

T

R‘j;g’;L(r)Y7NiS - Rji&’l (74)1/>< Nis — Rj;i*WnQ;/o_jog[_r}
The right vertical arrow is a quasi-isomorphism since Mx, = j;O}mtr. The middle vertical arrow is a
pV"-quasi-isomorphism by Corollary 2.6. Hence the left vertical arrow is a p™"-quasi-isomorphism and
we may assume that the horizontal divisor of X is trivial.
Consider the following diagram

(3.10) En(1) x,Nis ——— &, (1) x = Nis WU e[ 7]

v

Cn(r) TSTRj*Rg*Z/pn(T)/XK 4R>i*WnQ;(_0:,Llog[_r]

Here the map & is induced from a map 7<,i*Rj.Z/p"(r) — Wnﬂg}log[—r] of sheaves on the étale site
of X defined as the composition of the canonical map 7<,i*Rj.Z/p"(r) — +*R"j.Z/p™(r)[—r] and the
symbol map i*R"j.Z/p™(r) — WnQ};}log. The latter is defined by observing that i*R"j.Z/p"(r) is
locally generated by symbols {fi,..., fr} for f; € i*j.0%,  [5, Cor. 6.1.1]. By multilinearity, each
symbol can be written as a sum of symbols of the form {f1,..., fr} and {f1,..., fr—1,w} for f; € i*O%.
Then & sends the former to zero and the latter to dlog[f;] A --- A dlog[f,_;] where f, is the reduction of
fi to O%,. We defined C,(r) as the mapping fiber of the map &.

We claim that the right square of the diagram p™-commutes for a constant as in the statement of
the theorem. Indeed, we note that we can pass to the étale site and there it suffices to show that the
following diagram of maps of sheaves p¥-commutes

B r—
HT (S, (r) xx ) ——= W5 o,
z'*RTj*Z/p"(r)’XK

Since the map a;. is a p’¥-isomorphism and the sheaf i*R"j,Z/p"(r)x, is generated locally by symbols
it suffices to check that the map § sends the symbol {fi,..., fr}, fi € i*O%, to zero and the symbol
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{fiyooos fro1, @), fi € 0%, to dlog[fy] A -+~ dlog[f,_,]. But this follows easily from the definition of
the symbol maps (2.3).
It follows that the left vertical map in the diagram 3.10 exists. It is unique because

Hom (&, (r) x,Nis, WaS¥x, hog[—7 — 1]) = 0

for degree reasons. It is clearly a quasi-isomorphism. All of the above has to be taken in the p™-sense.
It remains now to show that there exists a p™"-quasi-isomorphism Z/p"(7)ar — Cn(7), for a universal

constant N. We proceed as in [10, p. 14]. Consider the following diagram of distinguished triangles (the

complex C/,(r) is defined by the bottom triangle and p™¥"-quasi-isomorphic to the complex C,,(r))

(3.11) Z/p"(r)mx ———=J:Z/p"(r)m x,c ——=&2Z/p"(r = D x, [-1]
v
C(r) —— <, RiReZ/p"(r) xpe ——— 0. Wo Uy Y [—7]

The middle and the right vertical maps are induced by the étale and the logarithmic de Rham-Witt cycle
class map, respectively. They are quasi-isomorphisms by the Beilinson -Lichtenbaum Conjecture. The
right square commutes: pass to the étale site and there this fact was shown in [10, p. 14]. Hence the left
vertical map exists, is unique, and a quasi-isomorphism as well. This concludes the proof of our theorem.

For the étale topology, the computations are analogous but the diagram (3.11) has to be replaced with
the following one

Z/p" (r)mx —— T<rRIZ/P" ()M x 00 — T<r (i, RI'Z/p™ (r)ar,x [1])

V | ]

C)(r) T<rRIZ/p™(r) x £ P W, QL [—7]

Xo,log

The right vertical arrow is a quasi-isomorphism by [10, p. 14]. (]

We list several, more or less immediate, corollaries of the above theorems (we set a := ét, Nis).

Corollary 3.11. Let X be a smooth scheme over Ok . We have
(1) Hy(X,En(r)) =~ Hyy o (X, Z/p"(r)), r<p—2;
(2) the kernel and the cokernel of the cycle class map
Hyy o(X,Z/p" (r) — HL(X,E,(r))
are annihilated by p~, where N denotes the constant from Theorem 2.3. Hence

H (X, E(r))q = Hyp o (X, Qp(r))-

In a more familiar language of syntomic cohomology, the above theorem and corollary can be stated
in the following way.

Corollary 3.12. Let X be a semistable scheme over Ok with a smooth special fiber. Let j' : Xy — X
be the natural open immersion. Then, on the étale site of X,

(1) there is a natural quasi-isomorphism [10]
Sn(r) = i"RG.Z/p"(r)m, 0<r<p-2.
(2) there is a constant N as in Theorem 2.3 and a natural p~ -quasi-isomorphism
Sp(r) = "RG.Z/p"(r)\, 720,

Corollary 3.13. Let X be a proper semistable scheme over Ok with a smooth special fiber. We have
(1) Hy(X,Sn(r)) = Hyy o(Xew, Z/p" (1)), 7<p—2;
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(2) the kernel and the cokernel of the cycle class map
Hyp (X, Z/p" (1)) — Ho (X, S,,(r))
are annihilated by p~, where N denotes the constant from Theorem 2.3. Hence
HA(X,S(r)q = Hypo(Xor, Qp(r)-

Corollary 3.14. Let X be a proper semistable scheme over Ok with a smooth special fiber. Then the
claims of Corollary 3.13 hold for Xo_ (in place of X ). Moreover, for i < r, we have the following
commutative diagram

*

Hig(Xom i, Qp(r)) == Hiy (X711, Qp(r)) .

zlcliff zlclffr

(e

H'(Xog,8(r))q — Héy(Xi 410 Qu(r))

Proof. The first claim follows from Corollary 3.13 by passing to limit over finite extensions of K in K.
The fact that the localization map j* is an isomorphism was proved in [24, Lemma 3.1]. 0

Remark 3.15. For X proper the above diagram was studied in [24] (see [26] for a brief survey): it was
constructed first for the Chern classes from p-adic K-theory and then for motivic cohomology by studying
compatibility of Chern classes with operations on K-theory. This did not use the Fontaine-Messing period
map «; , but instead a period map o, : Hét(X?,tra Q,(r)) — H'(Xo,.,S(r))q was defined using the
above diagram. The fact that it is an isomorphism followed from the proof of the Crystalline Conjecture
and implied that so is the syntomic cycle class map cl3’"

For an open X as above, the situation is, at the moment, reversed. We defined log-syntomic p-adic

Chern classes [28] using the (universal) syntomic cycle class maps constructed in this paper.

APPENDIX A. COMPARISON OF CRYSTALLINE, CONVERGENT, AND RIGID SYNTOMIC COHOMOLOGIES

We will compare crystalline, convergent, and rigid syntomic cohomologies for smooth schemes over Og
with normal crossing compactifications. Let X be a smooth scheme over Of. Recall Besser’s definition
of rigid syntomic cohomology [2]

RIS (X, 7) = [RL}ig(Xo/F) & FTRFdR(XK)LRFrig(Xo/F) @RIy (Xo/K)], r>0.

syn

Here RTig(-) denotes the rigid cohomology and f : (z,y) — ((p" — ¢)(x),sp(y) — x), where sp is the
Berthelot’s specialization map.

Proposition A.1. Let X be a proper semistable scheme over Ok with a smooth special fiber. There is

a natural quasi-isomorphism
Rngygn(er) ~ Rl (X,7), 7>0.

Proof. As usual we consider X as a log-scheme. We can write

RFrig (Xtrar) = [Rrrig(XO,tr/F)sa:pT - Rrrig(XO,tr)/FTRFdR(XK,tr)]

syn
Since we have
Ry (X,7) =~ [Re(X/F)¥=P" — RI4r(Xk)/F"],
it suffices to construct a map
chr(X/F) - RFrig(XO,tr/F)

that is compatible (in the dg category sense) with Frobenius and the specialization map from de Rham
cohomology. This is accomplished by the following commutative diagram.

9Syntomic cohomology of XOF is defined in the same way as the one of X.
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Ocr

RI o (X1/F) Rl (X1 /K) <— RT4r(Xk)
/ *LF ALK \
chr(XO/F) RFconv (XI/F) - 1%1—‘A:01'1v (XI/K) Oconv RFdR(XK,tr)
~ - /
oo it i 4
RIconvy (XO/F) - RFconv(XO/K)
l l
sp

RJFrig (XO,tr/F) I RFrig (XO,tr/K)

Here RI'cony(-) denotes the (logarithmic) convergent cohomology [23, 1, 30] that is used classically to
connect rigid cohomology with crystalline cohomology. The quasi-isomorphisms between the rigid and
the convergent cohomology at the bottom of the diagram are proved in [30, Cor. 2.4.13]. The maps *
are quasi-isomorphisms by invariance of convergent cohomology under nilpotent thickenings [1, 1.14.3].
The map «ag is a quasi-isomorphism by [30, Theorem 3.1.1]. The top map i* is a quasi-isomorphism on
p-eigenspaces [8, Remark 5.9]; hence so is the map oy p. The quasi-isomorphisms ¢y, Ocony are simply the
crystalline and the convergent [30, 2.3] Poincaré Lemmas, respectively. It follows that the specialization
map sp as well as the map oy x are quasi-isomorphisms as well. O

Remark A.2. Recall that Besser’s definition of rigid syntomic cohomology is modeled on the definition
of convergent syntomic cohomology [25]. In its logarithmic form the latter is defined as the following
mapping fiber

RIGR (X, r) = [RL conv (Xo/F)?=?" — Rlcony(Xo/K)/F"RT cony (Xo/K)]
The proof of the above proposition shows that, for a proper and semistable scheme over Og with a
smooth special fiber, we have natural quasi-isomorphisms

(A.1) RIE (X, 7) = RTEM(X,7) ~ Rlgyn(X,7), 7 >0.

syn syn

In the proper case this was shown in [2, Prop. 9.8].

For a variety Y over K, let RTNY(Y,r) denote the syntomic cohomology defined in [22].

syn

Corollary A.3. Let X be a proper semistable scheme over Ok with a smooth special fiber. There is a
natural distinguished triangle

rig
Rrsyn

(X, ) @ RT(WQY L ) q[—7] = RN (XK iy, 7).

Xo,log syn
Proof. Since we have a canonical quasi-isomorphism [22, Prop. 3.18]

Rlgn(X*,1)q = RTNN (XK 41, 1),

syn

this follows immediately from Proposition A.1 and Corollary 3.6. ]
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