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Abstract

This paper develops a method to carry out the large-N asymptotic analysis of a class of N-
dimensional integrals arising in the context of the so-called quantum separation of variables
method. We push further ideas developed in the context of random matrices of size N, but in the
present problem, two scales 1/N* and 1/N naturally occur. In our case, the equilibrium measure
is N*-dependent and characterised by means of the solution to a 2x2 Riemann—Hilbert problem,
whose large-N behaviour is analysed in detail. Combining these results with techniques of
concentration of measures and an asymptotic analysis of the Schwinger-Dyson equations at
the distributional level, we obtain the large-N behaviour of the free energy explicitly up to
o(1). The use of distributional Schwinger-Dyson is a novelty that allows us treating sufficiently
differentiable interactions and the mixing of scales 1/N® and 1/N, thus waiving the analyticity
assumptions often used in random matrix theory.
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An opening discussion

The present work develops techniques enabling one to carry out the large-N asymptotic analysis of a class of multiple
integrals that arise as representations for the correlation functions in quantum integrable models solvable by the quantum
separation of variables. We shall refer to the general class of such integrals as the sinh model:

N N
Wl = f [ T sinhimer (va = yo)1 sinhlmawn(ya = y)l} - [ Je e - aVy .
N a<b a=1

R

When 8 = 1 and for specific choices of the constants w;,w; > 0 and of the confining potential W, 3y represents norms
or arises as a fundamental building block of certain classes of correlation functions in quantum integrable models that are
solvable by the quantum separation of variable method. This method takes its roots in the works of Gutzwiller [85, 86] on
the quantum Toda chain and has been developed in the mid *80s by Sklyanin [137, 138] as a way of circumventing certain
limitations inherent to the algebraic Bethe Ansatz. Expressions for the norms or correlation functions for various models
solvable by the quantum separation of variables method have been established, e.g. in the works [9, 59, 60, 82, 106, 105, 139,
146]. The expressions obtained there are either directly of the form given above or are amenable to this form (with, possibly,
a change of the integration contour from RY to ¢V, with ¢ a curve in C) upon elementary manipulations. Furthermore, a
degeneration of 3y[W] arises as a multiple integral representation for the partition function of the six-vertex model subject
to domain wall boundary conditions [93]. In the context of quantum integrable systems, the number N of integrals defining
3y is related to the number of sites in a model (as, e.g. in the case of the compact or non-compact XXZ chains or the lattice
regularisations of the Sinh or Sine-Gordon models) or to the number of particles (as, e.g. in the case of the quantum Toda
chain). From the point of view of applications, one is mainly interested in the thermodynamic limit of the model, which is
attained by sending N to +oo. For instance, in the case of an integrable lattice discretisation of some quantum field theory,
one obtains in this way an exact and non-perturbative description of a quantum field theory in 1 + 1 dimensions and in
finite volume. This limit, at the level of 35[W], translates itself in the need to extract the large N-asymptotic expansion of
In 3y[W] up to o(1). It is, in fact, the constant term in the expansion of In (33[W’]/3x[W]) with W’ some deformation of
W that gives rise to the correlation functions of the underlying quantum field theory in finite volume. These applications to
physics constitute the first motivation for our analysis. From the purely mathematical side, the motivation of our works stems
from the desire to understand better the structure of the large-N asymptotic expansion of multiple integrals whose analysis
demands to surpass the scheme developed to deal with S-ensembles.

As we shall argue in § 2.1, it is possible to understand the large-N asymptotic analysis of the multiple integral 3y[W]
from the one of the re-scaled multiple integral

N N
ZnlVal = f H{sinh[na)lTN(/la—/lb)] sinh[zrszN(/la—/lb)]}ﬁ ~He’NTNVN““)~dN/l.
N a<b a=1

R

There Ty is a sequence going to infinity with N whose form is fixed by the behaviour of W(x) at large x, and: Vy(§) =
Ty - W(Tné).

The main task of the book is to develop an effective method of asymptotic analysis of the rescaled multiple integral
Zn[V] in the case when Ty = N%, 0 < a@ < 1/6 and V is a given N-independent strictly convex smooth function
satisfying to a few additional technical hypothesis.

The treatment of the class of N-dependent potentials Vy which would enable one to deduce the large-N asymptotic
expansion of 3y[W] will be the matter of a future work.

Prior to discussing in more details the results obtained in this work, we would like to provide an overview of the devel-
opments that took place, over the years, in the field of large-N asymptotic analysis of N-fold multiple integrals, as well as
some motivations underlying the study of these integrals in a more general context than the focus of this book. This discus-
sion serves as an introduction to various ideas that appeared fruitful in such an asymptotic analysis, that we place in a more
general context than the focus of this article. More importantly, it will put these techniques in contrast with what happens in
the case of the sinh model under study. In particular, we will point out the technical aspects which complicate the large-N
asymptotic analysis of 3y[W] and thus highlight the features and techniques that are new in our analysis. Finally, such an
organisation will permit us to emphasise the main differences occurring in the structure of the large N-asymptotic expansion
of integrals related to the sinh-model as compared to the S-ensemble like multiple integrals.



The book is organised as follows. Chapter 1 is the introduction where we give an overview of the various methods
used and results obtained with respect to extracting the large number of integration asymptotics of integrals occurring in
random matrix theory. Since we heavily rely on tools from potential theory, large deviations, Schwinger-Dyson equations,
and Riemann-Hilbert techniques, which are often known separately in several communities but scarcely combined together,
we thought useful to give a detailed introduction for readers with various backgrounds. We shall as well provide a non-
exhaustive review of various kinds of N-fold multiple integrals that have occurred throughout the literature. Finally, we shall
briefly outline the context in which multiple integrals such as 3y[W] arise within the framework of the quantum separation
of variables method approach to the analysis of quantum integrable models. In Chapter 2, we state and describe the results
obtained in this book. In Chapter 3 appears the first part of the proof: we carry out the asymptotic analysis of the system
of Schwinger-Dyson equations subordinated to the sinh-model. It relies on results concerning the inversion of the master
operator related with our problem. It is a singular integral operator whose inversion enables one to construct an N-dependent
equilibrium measure. The second part of the proof is precisely the construction of this inverse operator: it is carried out
in Chapter 4 by solving, for N large enough, an auxiliary 2 X 2 Riemann-Hilbert problem. The inverse operator itself and
its main properties are described in Chapter 4.3. The third part of the proof consists in obtaining fine information on the
large N-behaviour of the inverse operator: Chapter 5 is devoted to deriving uniform large-N local behaviour for the inverse
operator. Chapter 6 deals with the asymptotic analysis of one and two fold integrals of interest to the problem. In Section
6.1 we build on the results established so far to carry out the large-N asymptotic analysis of single integrals involving the
inverse operator. Finally, in Section 6.3 we establish the large-N asymptotic expansion of certain two-fold integrals, a result
that is needed so as to obtain the final answer for the expansion of the partition function. The book contains four appendices.
In Appendix A we remind some useful results of functional analysis. In Appendix B we establish the asymptotics for the
leading order of In3y[W] by adapting known large deviation techniques. In Appendix C we derive some properties of the
N-dependent equilibrium measures of interest to the analysis. Then, in Appendix D, we derive an exact expression for the
partition function Zy[Vs] when 8 = 1 and Vi is a quadratic potential. We also obtain there the large-N asymptotics of
ZnI[Vis] up to o(1). This result is instrumental in deriving the asymptotic expansion of Zy[V] for more general potential,
since the Gaussian partition function always appears as a factor of the latter. Finally, Appendix E recapitulates all the symbols
that appear throughout the book. Some basic notations are also collected in § 1.6.
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Chapter 1

Introduction

1.1 Beta ensembles with varying weights

One of the simplest and yet non-trivial example of an N-fold multiple integral that we are interested in is provided by the
partition function of a S-ensemble with varying weights:

N
Z%1v) = f]—[m N ]_[ —NVW-d%l:fexp{Zﬁlnma—A,A—NZ V) -dVa. (1.1.1)

RN a<b RN a<b a=1

B > 0is a positive parameter and V is a potential growing sufficiently fast at infinity for the integral (1.1.1) to be convergent.
Zg) can be interpreted as the partition function of the statistical-mechanical system of N particles at temperature 8!, that
interact through a two-body repulsive logarithmic interaction and are placed on the real line in an overall confining potential
V. This logarithmic interaction is the Green function for the Laplacian in R? equipped with its canonical metric. By "varying
weights" we mean that the potential V is preceded by a factor of N, such that the logarithmic repulsion can typically be
balanced by the effect of V for A, remaining in a bounded in N interval. This is an important feature of the model that we
shall comment further on. We shall however start the discussion by explaining the origin of S-ensembles.

The partition function (1.1.1) can be interpreted as the result of integrating over the spectrum of certain random matrices
whose distribution is invariant under one of the classical groups. Consider the real vector spaces:

B =1 : real symmetric
Hyp=1{ B=2 : complex hermitian N X N matrices.
B =4 : quaternionic self — dual

We denote dM, the product of the Lebesgue measures for the linearly independent real coefficients of such matrices. The Lie
groups:
B =1 : real orthogonal
Yy =< B=2 : complex unitary N x N matrices
B =4 : quaternionic unitary

act on % g by conjugation. If M is a random matrix in .}, 5 drawn from the distribution® Cy, e ™V"V1. dpM, Cy.y being
the normalisation constant, the induced distribution P%) of eigenvalues must be of the form:

pNV(/l) d"a  with pNV( ) = (B)[ ]HM N l_“ —NV(A(,)}'

a<b

Hence, in this context, the partition function ZE{?[V] corresponds to the normalisation constant of the induced distribution
of eigenvalues. The three cases S € {l1,2,4} are very special, since they feature a determinantal or Pfaffian structure that

*Such distributions are indeed invariant under conjugation by YN, p
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is unknown for general 5. This additional structure allows one to reduce the computation of Zl(g)[V] to one of a family of
orthogonal or skew-orthogonal polynomials [117].

For general 8 > 0 and polynomial V, the partition function (1.1.1) can also be interpreted as the integral over the spectrum
of a family of random tri-diagonal matrices [64, 108], whose entries are independent and have a well-tailored distribution
depending on V. As there is no symmetry group acting here, this class of random matrices is very different from the invariant
ensembles. It is in nature closer to stochastic Schrédinger operators.

The B-ensembles have been extensively studied for more than 20 years, see e.g. the books [5, 51, 117, 131], for two
main reasons, that we shall develop below. From the probabilistic perspective, the statistical-mechanics interpretation of
B-ensembles makes ZE{?[V] and its associated probability distribution a good playground for testing the local universality
of the distribution of repulsive particles [79]. From the perspective of geometry and physics, the interest in the 8 = 2 case
—viz. random hermitian matrices— has been fostered, since the pioneering works of Brézin-Itzykson-Parisi-Zuber [34], by the
insight it provides into two-dimensional quantum gravity and the enumerative geometry of surfaces. This interest was eased
by the algebraic miracles that make the case 8 = 2 quite tractable from the computational point of view, and also raised by
the desire to understand the geometry (related to the integrable structure associated with the orthogonal polynomials) behind
these miracles.

1.1.1 Local fluctuations and universality

The physical idea behind universality is that the logarithmic repulsion dictates the local behaviour of the particles'. The
universality classes should only depend on 8 and the local environment of the chosen position on R. Typically one expects
that, when N — +oco, the particles will localise on some union of segments Uy[ay ; b;] and that, up to a O(N~!) precision, the
p™ will localise around a "classical" position 9.

To be precise, we introduce the k-point density functions p%‘)(x 1, .., Xx). These are symmetric functions of k real variables
characterized (if they exist) by the property that, for any sequence of pairwise disjoint intervals (Ai)f;lz
k
]P’N[Eil,...,ik e{l,....N} : 4 eAj] = f f p® Gy xp) ]_]dx,- . (1.1.2)
A Ak i=1

pﬁé) fails to be a density probability function, because of the unusual normalization:

K N!
) -
ey dx; =
kaPN (x1 Xk)l;[ X Y

which follows from (1.1.2) by taking a partition of R into k pairwise disjoint intervals and symmetrising the integration range.
In particular, N ’lp;})(x) is the local mean density of particles.

For instance, if 8 = 2 and we look at intervals of size 1/N around a point xo € R where the mean density of particles
is smooth and positive — i.e. in the bulk — one expects the distribution of the eigenvalues to converge to the determinantal
process of the sine kernel. This means that, if limy_,. N px)(xo) > 0, we expect that

P20 + &0 o))

lim =&, &)
N—ooo [px)(xo)]k S
where pgl?l are given by:
sinz(x — y)
PO ) = det [Kanln&)l  Kan(ry) = 2 (1.13)
1<i,j<k ﬂ(x_y)

Still for 8 = 2 and if we look at intervals of size 1/N*/3 around a point x, where the mean density vanishes like a square root,
one rather expects to observe the determinantal process of the Airy kernel:

_Ai(0)AT(y) — Ai'(0)AI(y)

(k) — (X X . =
pAi(é:l"‘-’é:k) - lg,ejtﬁk [KAl(xl’xj)]’ KAl(x7y) x—y (114)

By local, we mean "looking at intervals shrinking with N so that these contain typically only a finite number of particles in the N — oo limit".
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To reformulate, if the condition:

limy_o N™'p' ()

im
X—X0 |x0 —_ xl

A>0 (1.1.5)

holds, we expect that,

Jim N0 (g + APENZRE] ) = Ay Qe 8.
Without being too precise, let us say that (1.1.5) is the generic behaviour at the edge of the spectrum of random matrices of
large sizes.

The expression for the potentially universal distribution of particles for other shapes of large-N local mean density of
particles, and other values of 8 are known [144, 132] — although their understanding is currently much more developed for
B € {1,2,4}. The main theme in universality problems is therefore to prove that given models exhibit these distributions for
the local behaviour of particles in the large-N limit. As a matter of fact, the precise mode of convergence to the universal
laws that one can obtain is not always optimal from a physical point of view, namely it may hold only once integrated against
a class of test functions, or only after integration on intervals of size N~!*" for n arbitrarily small and independent of N. We
refer to the original works cited below to see which mode of convergence they establish.

First results of local universality in the bulk where obtained by Shcherbina and Pastur [130] at 8 = 2. Then, at 8 = 2 and
for polynomial V, Deift, Kriechenbauer, McLaughlin, Venakides and Zhou [55] established the local universality in the bulk
within the Riemann-Hilbert approach to orthogonal polynomials with orthogonality weight e™¥V®¥ on the real line. These
results were then extended by Deift and Gioev to 8 € {1, 2, 4} for the bulk [50] and then for the generic edge [49] universality.
The bulk and generic edge universality for general 5 > 0 were recently established by various methods and under weaker
assumptions. Bourgade, Erdos and Yau built on relaxation methods so as to establish the bulk [31, 33] and the generic edge
[32] universality in the presence of generic C* potentials. Krishnapur, Rider and Virdg [108] proved both universalities by
means of stochastic operator methods and in the presence of convex polynomial potentials. Finally, the bulk universality was
also established on the basis of measure transport techniques by Shcherbina [136] in the presence of real-anaytic potentials
while universality both at the bulk and generic edge was derived by Bekerman, Figalli and Guionnet [13] for C* potentials
with k large enough.

1.1.2 Enumerative geometry and N-fold integrals

The motivation to study the all-order asymptotic expansion of In Zl\('lf)[V] when N — oo initially came from physics and the
study of two-dimensional quantum gravity, especially in the case 8 = 2 corresponding to hermitian matrices. In the landmark
article [34], Brézin, Itzykson, Parisi and Zuber have argued that, for potentials given by formal series:

1/x2 tp .
vy = (5 4 _,)
@) u(2 ij

Jj=3

the free energy In Zl(ff)[V] has the formal expansion:

@)
V ormal —
ln( <Zz)N [Vl ) formal ZNz 2 @) (1.1.6)
ZN [‘/|t.:0] g>0

which is to be understood as an equality between formal power series in {¢;}, and we use the notation V|, _o(x) = ;‘—u
The coefficients 7® correspond to a weighted enumeration of "maps", i.e. equivalence classes of graphs ¢ embedded in
a topological, connected, compact, oriented surface . of genus g such that all connected components %; of .7 \ ¢ are
homeomorphic to disks. Each %; which is bordered by j edges of & is counted with a local weight —¢;, each vertex in ¢
is counted with a local weight u, and the overall weight of (¢, .%) is computed as the product of all local weights, divided
by the number of automorphisms of (¢,.7). For instance, choosing #3 # 0 and t;.3 = 0, 7 ® enumerates triangulations of
an oriented surface of genus g. More generally, In Zﬁ)[V] with 8 # 2 gives rise to enumerations of graphs embedded in
possibly non-orientable surfaces [73, 119]. Then, the expansion (1.1.6) also contains half-integer g’s. The expansions that
had been obtained in [34] and in the many subsequent works in physics that have followed. These handlings were set in the
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appropriate framework of providing an equality between formal power series in « and the parameters {t;} ;~3 in [70]. Indeed,
the fact of subtracting the free energy of the quadratic potential V|, (x) = x*/2u in the right-hand side of (1.1.6) turns the
formula into a well-defined equality between formal series; a combinatorial argument based on the computation of the Euler
characteristics 2 — 2g shows that the coefficient of a given monomial u* [], t;’f is given by a sum over finitely many genera g.
For a restricted class of potentials’ for which the integral (1.1.6) is convergent, the formal power series also corresponds to
the N — oo asymptotic expansion of Zﬁ)[V]. It is because of such a combinatorial interpretation that these expansions are
called "topological expansions", this independently of their formal or asymptotic nature.

The random hermitian matrix model (8 = 2) for finite N was also interpreted as a well-defined discretised model of
two-dimensional quantum gravity. For fixed {¢;}, there is a finite value u = u. at which the model develops a critical point:
the coefficients 7 exhibit as a singularity of the type (u, — u)?~(1-8) with a critical exponent —1/2 < vy, < 0 depending
on the universality class. One of the consequences of the appearance of such singularities is that the average or the variance
of the number of faces in a map of fixed genus diverges when u — u,. This allows one to interpret the u — u, limit as a
continuum limit. In taking such a limit, it becomes particularly interesting to tune the u-parameter in an N-dependent way
such that u = u. — N~'"*/2 . ji, hence making each term N>~2¢ ¥® of order 1 when N — co. In such a double scaling
limit, the expansion (1.1.6) does not make sense any more. However, it is expected, and it can be proved in certain cases,
that the double scaling limit of the appropriately rescaled partition function ZE\%)[V] exists. This limit was proposed as a way
of defining the partition function of two-dimensional quantum gravity with coupling constant ii. We refer to the review [80]
for more details. The investigation of these double scaling limits is similar in spirit to the investigation of universality that
we already mentioned, with the only difference being that a continuation to complex-valued i does have an interest from the
physics point of view, whereas it is often excluded from mathematical study of universality given the difficulty to address it
with probabilitistic techniques.

Finally, the all-order expansion (be it formal or asymptotic) of N-fold integrals in the S-ensembles and generalisations
thereof have numerous applications at the interface of algebraic geometry and theoretical physics. The key point is that the
coeflicients of the all-order expansions have an interesting geometric interpretation, and the study of matrix models in the
large N limit can give some insight into topological strings, gauge theories, efc. Describing the exponentially small in N
contributions to In Zl\([j)[V] has also an interest of its own. It is particularly interesting [115] as a path towards understanding
the possible non-perturbative completion(s) of the perturbative physical theories. As an illustration closer to the scope
of this book, we shall give in Section 1.3 a non-exhaustive list of N-fold integrals which have a physical or geometrical
interpretation.

1.2 The large-N expansion of Zl(f)

1.2.1 Leading order of Zl(g): the equilibrium measure and large deviations

Given a sufficiently regular potential V growing at x — oo faster than (8 + €) In |x| for some € > 0, the leading asymptotic
behaviour of the partition function Zj(‘g)[V] takes the form :

nZPV] = ~N(Pueg] + o(D) with &[] = f V) du(x) = B | Infx =yl du(odu) - (12.1)

X<y

In these leading asymptotics, the functional &® is evaluated at the so-called equilibrium measure Heq> @ probability mea-
sure on R that minimises the functional &®. The notion of equilibrium measure arises in numerous other branches of
mathematical physics, for instance the study of zeroes of families of polynomials or the one of the characterisation of the
thermodynamic behaviour at finite temperature of quantum integrable models [63]. The minimiser p.q can be characterised
within the framework of potential theory [109]. One can show that the equilibrium measure associated with the functional
EP exists and is unique. We stress that jeq is characterised by (1.2.3) and thus depends on $ only via a rescaling of the
potential, hence imposing the same dependence in the leading order term of the expansion (1.2.1).

Let us explain, on a heuristic level, the mechanism which gives rise to (1.2.1). For this purpose, observe that the integrand

fRoughly speaking, when there exists 1/N asymptotic expansion, its coefficients are the same as the formal expansion.
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of fo,i)[V] can be recast as
20B) 7 w_ 1y
exp{ - N?EPLY)]  where LY = NZ% (1.2.2)
a=1

is the so-called empirical measure while ¢, refers to the Dirac mass at x. For finite but large N, 4 — S(ﬂ)[Lx)] with
A < --+ < Ay attains its minimum at a point Yeq = (Yeg;1s - - - » Yeq:n) Whose coordinates yeq,) < +++ < Yeqn are bounded,
uniformly in N, from above and below. This minimum results from a balance between the repulsion of the integration
variables induced by the logarithmic interaction and the confining nature of the potential V since the entropy is negligible?.
It seems reasonable that the main contribution to the integral, namely the one not including exponentially small corrections,
will issue from a small neighbourhood of the point ¥, (or those issuing from permutations of its coordinates) and hence

yield, to the leading order in N, In Zl(e)[V] = —N*>(&® [L;’,/eq)] + 0(1)). As a matter of fact, the y.q,, are distributed in such

a way that they densify on some compact subset of R and in such a way that, in fact, Lg“‘) converges, in some appropriate

sense, to the probability measure fieq.

This reasoning thus indicates that the leading asymptotics of In Zﬁ)[V] issue from a saddle-point like estimation of the
integral (1.1.1). This statement can be made precise within the framework of large deviations. Ben Arous and Guionnet [7]
showed that the distribution of L%) under the sequence Pﬁ) of probability measures associated with Zﬁ)[V] satisfies a large
deviation principle with good rate function &®[u] at speed N2. This means that, for any open set Q and any closed set F of
the space of probability measures endowed with the weak topology, we have:

liminf N2 nPY[LY € Q) > —inf EP[y]

N—oo HEQ
limsup N2 nPP (LY € F] < —inf EP[u] .
N—oo HeF

Saying that &® is a good rate functional means that its level sets (E?)~!([0; M]) are compact for any M > 0. As a direct
consequence of this large deviation principle, the random measure Ly’ converges almost surely and in expectation, in the
weak topology, towards the (deterministic) equilibrium measure fieq.

The properties of the equilibrium measure ., have been extensively studied [53, 109, 133]. Its uniqueness follows comes
from the strict convexity of &#. Indeed, given two probability measures o, ; and ¢ € [0, 1], one has

EPI(1 = Do + i = (1 = HEP o] + t€P[ur] - B QL1 — pol

where, for any signed finite measure v of zero mass, one has:

> dk
Qv = - f dv(x)dv(y) Infx - 3] = fo UGk

X<y

which implies that Q[v] > 0. Furthermore, it is clear that equality holds if and only if v = 0. The latter does ensure the
strictly convexity of &7,

As a solution of a minimisation problem, p.q must satisfy an "Euler-Lagrange equation". This condition states the
existence of a constant Ceq such that:

Verr(x) = 0 peq—almost everywhere

Vegr(x) > 0 p—almost everywhere (1.2.3)

Verr(x) = V(x) - Ceq -B fln |x — yldﬂeq(y)’ {

where the second condition holds for any probability measure ¢ on R such that 8 [u] < +co. The inequality comes from the
fact that one minimises over positive measures, and the constant C, is a Lagrange multiplier for the constraint that the total
mass should be 1. V.g(x) is the effective potential felt by a particle; it takes into account V and the repulsion it feels from

2The Lebesgue measure does not participate to the setting of this equilibrium: the aforementioned terms induce a @V *) behaviour in the light of (1.2.1),
while on compact subsets of RY, the Lebesgue measure produces at most a O(eV) contribution, with ¢ depending on the size of the compact set.
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all other particles distributed according to peq. The characterisation (1.2.3) expresses that the effective potential is constant
and minimal on the support of u.q. The constant Ceq is chosen in such a way that this minimum is zero. It thus appears
reasonable to expect that, in the large N limit, the particles should mostly likely accumulate in supp[ueq]. More precisely,
[5, 6, 29] proves a large deviation principle for the position of individual particles at speed N with good rate function V.
This means that, for any open subset Q and closed subset F of R, we have:

liminf N"'InPP[Ja € {1,...,N} A, € Q] > — inf Ver(x)
N—oo xeQ

limsup N~ ln]P’,(g)[Ela ef{l,....,N}, L, e F] < —in£ Veg(x) .
XE

N—oco

One can prove that if V is C* for k > 2, then Heq 18 Lebesgue continuous with a C*=2 density. Besides, if V is real-analytic,
the density is the square root of an analytic function what, in its turn, implies that its support consists of a finite number of
segments, called cuts. Critical points of the model occur when the topology of the support becomes unstable with respect to
small perturbations of the potential. Namely when there exist arbitrarily small perturbations of the potential which result in a
support of the equilibrium measure in which one of the component has split in two, two components have merged, or where
a new cut has appeared ©. When this is not the case, one says that the potential is off-critical. For V real-analytic on R, a
necessary condition for off-criticality is that u.q vanishes exactly like a square root at the edges of the support:

lim L ke
X—a€dsupppeq \/|x — al dx

and this is the "generic" behaviour. When p.q vanishes like |x — a|k+% with & > 0, a small island of particles around a can
separate from the rest and form a new cut under certain small perturbations of the potential.

The simplest example of an equilibrium measure is provided by the one subordinate to a quadratic potential V(x) = x°.
This equilibrium measure is given by the famous Wigner semi-circle distribution [148]:

dx 1
deg() = o (B=4x) 1 _g ()

which has only one cut. Although there is no easy characterisation of the set of potentials V leading to one-cut equilibrium
measures, strictly convex V do belong to this set [118]. Indeed, since for any y the function x - —In |x — y]| is strictly convex,
integrating it over y against the positive measure pieq still gives a convex function. As a result, if V is strictly convex, the
effective potential (1.2.3) is a fortiori strictly convex. This imposes that the minimum of V¢ is attained on a connected set,
therefore the support of w4 is a segment.

A remarkable feature of S-ensembles is that, looking at the case of equality in (1.2.3), the density of peq can be built
in terms of the solution to a scalar Riemann—Hilbert problem for a piecewise holomorphic function having jumps on the
support of f1eq. If one assumes the support to be known, such Riemann—Hilbert problems can be solved explicitly leading to
a one-fold integral representation for the density of ueq. These manipulations originate in the work of Carleman [37], and
some aspects have also been treated in the book of Tricomi [143]. In the case where the support consists of single segment
[a; b] and for V at least C2, one gets that the density of the equilibrium measure reads:

(m—wgy{w—mu—mr_ (1.2.4)

b
a¢ v
diteq(x) = dx - 145(x) - f— .
“ ‘ B x-é (b -8 -a)
a
The above representation still contains two unknown parameters of the minimisation problem: the endpoints a, b of the
support of peq. These are determined by imposing additional non-linear consistency relations. In the one-cut case discussed
above, the conditions on the endpoints a and b are:

b

b
€ Ve ﬂfﬁ. EV'() dé

) B b - )¢ - a)

: R =1. (1.2.5)
J B b -oE-a): 2

a

TNote that under more general deformations of the potential, viz. not necessarily corresponding to small perturbations, it may also happen that two cuts
merge into a single one.
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The situation, although more involved as regards explicit expressions, is morally the same in the multi-cut case where one
has to determine all the endpoints of the support. We stress that the very existence of a one-fold integral representation with
a fully explicit integrand tremendously simplifies the analysis, be it in what concerns the description of the properties of fieq,
or any handling that actually involves the equilibrium measure. The one-cut case is computationally easier to deal with than
the multi-cut case: for instant when V is polynomial, the conditions (1.2.5) determining the endpoints a and b are merely
algebraic. As we will explain later, there is another, more important difference between the one-cut case and the multi-cut
case, that pertains to the nature of the O(1) corrections to the large-N behaviour of the partition function Zl(f,g)[V].

1.2.2 Asymptotic expansion of the free energy: from Selberg integral to general potentials

For very special potentials, the partition function Z](’g) [V] can be exactly evaluated in terms of a N-fold product. The quadratic
potential Vi (x) = x? is one of these special cases and the associated partition function is related to the Selberg integral [134],

from where it follows:
N B8 N l"(l+'"/3)
ZPel = @R @Ny FIEEN. | |

I+ )

With such an explicit representation, standard one-dimensional analysis methods lead to the large-N asymptotics of the
partition function:

nZ¥Wel = {g.ln(g)—%ﬁ}w ’§N1 N+{(; f) ln(%)+§-ln2+ln(2n)—lnF(1+§)}-N

+i(3+[—g+ ) lnN+X’(O;g,l)+ln(2ﬂ)+0(l). (1.2.6)

2\""2"p B

The function y(s; by, by) is the meromorphic continuation in s of the function defined for Re s > 2 by the formula:

1
X(sibiby= )

(miby + myby)*

my,nmy=>0
(my,mz)#(0,0)

Note that, when 8 = 2, the constant term in (1.2.6) can be recast in terms of the Riemann zeta function as:

In(27)
y

XL == -

The o(1) remainder admits an asymptotic expansion in 1/N whose coefficients are expressed as linear combinations with
rational coefficients of Bernoulli numbers and 2/8.
For generic potentials V, there is no chance to obtain a simple closed formula for Zl(ff)[V]. Nevertheless, the cases that

are computable in closed form do play a role in the asymptotic analysis of the more general Z](g)[V] beyond the leading
order. Indeed, most of the methods of asymptotic analysis rely, in their final step, on an interpolation between the potential
of interest V, and a potential of reference V, for which the partition function can be exactly computed. The strategy for
obtaining the leading corrections is to conduct, first, a study of the large-N corrections to the macroscopic distribution of
eigenvalues, and in particular to the fluctuations of the linear statistics:

N
B[ D S00-N [ £ (o
i=1

:N-EX,[ff(x).d(L;’/l)_ﬂeq)(x)]Eprl({i)V(/l){ff(x)-d(Lg\’})_ﬂeq)(x)]}.dl\’/l (1.2.7)
RN

for a sufficiently large class of test functions f. The subscript V indicates that we are considering the sequence of probability
measures for which Zl(e)[V] is the partition function. Assume that one is able to establish the large-N behaviour of (1.2.7) for
a one parameter ¢ family {V;};¢[0.1] of potentials this uniformly in ¢ € [0, 1] and up to a O(N ~*=1y k> 0 and fixed, remainder.
Then one can build on the basic formula:

(ﬁ)
ln(z Vl ——N2 fEV[[fﬁtVt(-x) dL(’l)(x) .dr (128)
Padl Vo]



14 CHAPTER 1. INTRODUCTION

so as to obtain the asymptotic behaviour of the left-hand side up to a O(N™*) remainder. If by some other means one can
access to the large-N asymptotics of In Z?[Vg] up to O(N~) remainder, then one can deduce the expansion of Zg) [Vi] to
the same order. The terms of order NIn N, In N, and the transcendental constant term in the asymptotic expansion of the
partition function usually do not arise from the fluctuations of linear statistics, but rather from an "integration constant" or
from some additional singularities present in the confining potential. The comparison to some known, Selberg-like integral
often seems the only way of accessing to these terms, especially in what concerns the highly non-trivial constant terms in
such asymptotic expansions. Note that when 8 = 2 one can build on orthogonal polynomial techniques to access to the
NInN and In N terms. Also, recently, some progress in an alternative approach to computing the logarithmic terms has been
achieved in [110].

1.2.3 Asymptotic expansion of the correlators via Schwinger-Dyson equations

As already mentioned, for a general potential, going beyond the leading order demands taking into account the effect of
fluctuations of the integration variables around their large-N equilibrium distribution. The most effective way of doing so
consists in studying the large-N expansion of the multi-point expectation values of test functions versus the probability
measure induced by ZI(‘\L;)[V], i.e. the quantities:

Ex[ff(xl, e X) ]_[ dL(N”(x,»)] ,
i=1

sometimes called n-linear statistics. Indeed the access to the sufficiently uniform in the potential large-N expansion of the
1-linear statistic allows one to deduce the asymptotic expansion of ZE{,”[V] by means of (1.2.8). As we shall explain in the
following, these linear statistics satisfy a tower of equations which allow one to express the n-linear statistics in terms of
k-linear statistics with k < n + 1. These equations are usually called the Schwinger-Dyson equations and, sometimes, also
referred to as "loop equations”.

We are first going to outline the structure and overall strategy of the large-N analysis of the Schwinger-Dyson equations
on the example of a polynomial potential. The latter simplifies some expressions but also allows one to make a connection
with the problem of enumerating certain maps. Then, we shall discuss the case of a general potential which will be closer, in
spirit, with the techniques developed in the core of the book.

Moments and Stein’s method

For the purpose of this subsection, we shall assume that the potential is a polynomial of even degree Vpoi(x) = 'g{ +22d ”).r] }

PP

with 4 > 0 so that P} is well-defined. (1.1.6) implies that for any integer number p, the p-th moment

() =By Zﬂ”] 22 3 29 Whotlco. (12.9)

has a power series expansion in (¢ 1)2_1, whose coefficients enumerate maps (see Section 1.1.2) with one marked face of degree
p- To explain what convergent matrix integrals and their asymptotic expansions on the one hand, and generating series of
maps and their topological decomposition in (inverse) powers of N on the other hand, have to do with each other, we shall
use Schwinger-Dyson equations.

Probably, the simplest example of a Schwinger-Dyson equation can be provided by focusing on the standard Gaussian
law y on R. An integration by parts shows that y satisfies

fo(x)dy(x)=ff’(x)d7(X). (1.2.10)

for a sufficiently big class of test functions f. In fact, y is the unique probability measure on R which satisfies (1.2.10). Recall
that the p™-moment of the Gaussian law has the combinatorial interpretation of counting the number of pairings of p ordered
points. One can, in fact, build on the above Schwinger-Dyson equation so as to deduce such a combinatorial interpretation
by checking that the moments satisfy the same recurrence relation than the enumeration of pairings.
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The strategy to extract the large-N behaviour of moments (1.2.9) relies first on the derivation of the system of Schwinger-
Dyson equations they satisfy. As for the Gaussian law, it is obtained by an integration by parts. To write this equation down,
we denote by my the quenched moments, i.e. the real-valued random variable:

_ 1 <
my(p) = 5 ) AL
a=1

We shall as well adopt the convention that my(p) = 0 when p < 0. Then, integration by parts readily yields

-1

S

1,2 2d
my(Dmy(p—1-0+ N(,E - l)pﬁN(p -D-my(p+1)- th%v(p +j-1[=0. (1.2.11)

Vpal
IE'N
=1

[

I
(=]

Compared to (1.2.10), this equation depends on the dimension parameter N. Note that (1.2.11) not only involves the observ-
ables my = E;\/,""l [my], but also the covariance of {my(p)} 20- To circumvent this fact, let us assume first that these moments
self-average, so that this covariance is negligible. Let us assume as well that the expectations my(p) are bounded by some C”
for some C independent of N, this for all p < P(N) where P(N) is some sequence going to infinity with N. Such information
imply that the sequence {my(p)} ., admits a limit point {m(p)} Equation (1.2.11) then implies that any such limit point

p>0"
{m(p)} 5o must satisty

p—1 2d
m(p+1)=Zm(l)m(p—1—l)—thm(p+j—l). (1.2.12)
=0 =1

Moreover, m(p) < C? for all p. It is then not hard to see that the limiting equation (1.2.12) has a unique solution such that
m(0) = 1 provided the #;’s are small enough: indeed this is clear for #; = 0 and the result is then obtained by a straightforward
perturbation argument, see [83] for details. Finally, one can check that this unique solution is also given by

2d NG
v = 3 {TT S Mapy b1 a0,

|
01,esl2g>0 © j=1 €J'

where Map,(p, {1, ..., {2q) is the number of connected planar maps with one marked, rooted face of degree p, and ¢; faces
of degree j, for 1 < j < 2d. Indeed, Tutte surgery — which consists in removing the root edge on the marked face, and
describing all the possible maps ensuing from this removal — reveals that these numbers satisfy the recursive relation:

p-1 2d
lA
Mapy(p + 1, 61,.... €)= Z Z {l_[( fj, )}MaP()(C],ll,--~,lzd)MaPo(P—C]—1,51—ll,n-,fzd—lzd)
g=1 02120~ j=1 \ "/
2d
+ Y GMapy(p + j= 1,0 G, £ = 1, G, Gg)
=

which turns into the Schwinger-Dyson equation for the generating function M(p).

This strategy to prove convergence to the generating function of planar maps is very similar to the so-called Stein’s
method in classical probability, which is widely used to prove convergence to a Gaussian law. This method can roughly be
summarised as follows. One considers a sequence of probability measures {uy}y-, on the real line and assume that there
exists differential operators { Ly}, such that for all N,

| Lyif1] = 0

for a set of test functions. Assume moreover that {ty} ., is tight and that Ly converges towards some operator £. Then, if
this convergence holds in a sufficiently strong sense, any limit point u of the sequence {uy} -, should satisfy

L] =o.
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If moreover there exists a unique probability measure u satisfying these equations, then this entails the convergence of the
sequence {uy}, towards u. For instance, convergence to the Gaussian law is proved when L[f1(x) = f’(x) — xf(x). Higher
order of the expansion can be obtained similarly in the case where one knows that £y admits an asymptotic expansion:

Lo r®
Ln=L+ -;G— + 7§5"+"'

so that if £ is invertible one could hope to prove an asymptotic expansion of the form:

(D M(Z)
=U+—+—=+---
HUN = H N N2

at least when integrated against a suitable class of test functions, and with:
uO1A = [ LD 0 LA P11 = | LD o LA - il LP 0 L£7111]. (12.13)

The main difference in B ensembles is that the Schwinger-Dyson equation (1.2.11) is not closed on the {my(p)},s0,
namely that involves auxiliary quantities (covariances) which cannot be determined by the equation itself. In order to study
the large-N behaviour of the moments by means of the Schwinger-Dyson equation (1.2.11) it is convenient to re-centre the
quenched moment around their mean leading to

p-1
B[ X @D = mw@) Gin(p = 1= D)= m(p = 1 = )| = my(p + 1)
=0

1,2 = “
+ N(E —)pmy(p—1)- thmN(p+j— 1) + ZmN(l)mN(p— 1-0) =0. (1.2.14)
j=1 =0

If one then assumes that the covariance produces o(1/N) contributions and that the moments admit the expansion :

A
m(p) = m(p) + 2 o1/,

one would find )
E[AmyI(p+ 1) ~ (B — 1) pmy(p—1),

where Z is the endomorphism of RY, which associates to a sequence {v(p)} the new sequence:

p=0°
p-2 2d

EVI(p) = v(p) =2 ) mDv(p = 1=2)+ > tjw(p + j=2). (1.2.15)
=0 j=1

When all #;’s are equal to zero, E is represented by a triangular (semi-infinite) matrix with diagonal elements equal to one,
and therefore it is invertible. A perturbation argument shows that = is still invertible when the ¢;’s are small enough. Hence,
we deduce that

. _ 2 —_—1
lim Amy = (/—3 —1)pE ' ml(p - 1).

To get the next order of the corrections, one needs to be able to characterise the leading large-N behaviour of the co-
variance. To this end, following [2, 3, 40], one derives a "rank 2" Schwinger-Dyson equation, which will give access to the
limit of the appropriately rescaled N covariance in the spirit of Stein’s method. This equation is obtained by considering the
effect, to the first order in &, of an infinitesimal perturbation of the potential V(x) — V(x) + ex* in the first Schwinger-Dyson
equation (1.2.11), i.e. t; — t; + 26, ke/B. It results in the insertion of a factor of my(k) in the expectation value in (1.2.11).
If we introduced the centred random variable my = N(my — my), this "rank 2" equation can be put in the form:

p-1

— — — — 1,2 — —

B | S GO in(p = 1 =)= i) ZiI(p + 1)+ (= o (®) in(p = D| = kmyk =1+ p). (1216
=0
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In this equation, we simplified some terms exploiting the fact that my is centred and that the first Schwinger-Dyson equation
(1.2.11) is satisfied. Again, assuming that the first term in (1.2.16) is negligible, we would deduce that:

lim E> [y (k) ity (p)] = —kE[S*2m](p) := wik, p).

where S*~2m is the sequence whose p-th term is m(k — 2 + p).
Plugging back this limit into the first Schwinger-Dyson equation yields the second order correction:

(1) (2) 1
m'(p) + m'“(p) +0(_>’
N N2 N2

my(p) = m(p) +

with

-1

Em®p+ 1) =) fwl.p-1-0+mOOm(p-1-D} + (% —1)pmM(p-1).
[

<

Il
(=]

Again, one can check that when 8 = 2, m® is the generating function for maps with genus 1 as its derivatives at the origin
satisfy the same recursion relations, which in the case of maps are derived similarly by Tutte surgery. The same type of
arguments can be carried on to all orders in 1/N.

As a summary, to obtain the asymptotic expansion of moments, and hence of the partial derivatives of the partition
function c.f. (1.2.9), we see that one needs uniqueness of the solution to the limiting equation (to obtain convergence of the
observables), invertibility of the linearised operator Z (to solve recursively the linearised equations), a priori estimates on
covariances, or more generally of the correlators (in order to be able to get approximately closed linearised equations for the
observables). The expansion can then be established and computed recursively, and this recursion is the topological recursion
of [75].

The Schwinger-Dyson equations for a general potential

For the S-ensembles in presence of a general potential V the Schwinger-Dyson equation also arise from an integration by
parts. The first Schwinger-Dyson equation takes the form:

Ex[g f %}Jj@)ALx)(x)-de)(y)+%(l—§) f £ - dLP () - f V(@) - dLP )] = 0

Similar equations can be derived for test functions depending on n-variables, although we shall not present them explicitly
here. We see that the first Schwinger-Dyson equation relates 1 and 2-linear statistics. More generally, the n-th Schwinger-
Dyson equations relates n-linear statistics to k-linear statistics with k < (n + 1). Therefore, as such, the Schwinger-Dyson
equations do not allow one for the computation of the n-linear statistics. However, it turns out that these equations are still
very useful in extracting the large-/N asymptotic expansion of the n-linear statistics. For instance, the leading order as N — oo
of the first Schwinger-Dyson provides one with an equation satisfied by the equilibrium measure:

B f@)-fG)

2 ) Ty e dug) - f V()£ (x) - dpteg(x) = 0. (1.2.17)

This equation is actually implied by differentiating the equality case in the Euler-Lagrange equation (1.2.3) for .4, and then
integrating the result against f(x)dueq(x). The most important point, though, is that one can build on the Schwinger-Dyson
equations so as to go beyond the leading order asymptotics. Doing so is achieved by carrying out a bootstrap analysis of the
system of Schwinger-Dyson equations. The latter allows one to turn a rough estimate on the (k + 1)-linear statistics into an
improved estimate of the k-th statistics. One repeats such a scheme until reaching the optimal order of magnitude estimates.
On the technical level, the essential step of the bootstrap method consists in the inversion of a master operator X, which
appears in the "centring" of the Schwinger-Dyson equation around ey, namely by substituting Lx) = Heg + Lg\f) in the first
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Schwinger-Dyson equation what, owing to the identity (1.2.17), leads to:

| [ ozt 5 [T arde oz 1(1-5) [rw-asbo]

I ,
_ —N(l—g)ff(x)-d,ueq(x) (12.18)

where:

10

KLf100) = B f %ﬁw~dﬂeq<y)—V’<x>f(x>——V’ff<x>f< ) - f =) (1.2.19)

The centred around peq n-th Schwinger-Dyson equations, n > 2, all solely involve the operator K.
Now, assuming that the operator K is invertible on some appropriate functional space, one can recast (1.2.18) in the form

1
E,Vv[ f f(x)-cu:xkx)] - —ﬁ(l—’;) f 9K LF10) - dpteq ()

-~(1-%) EV[ IESERYHE )] ﬂEV[ | KWK 40902000

The term arising in the first line is deterministic and produces an O(1/N) behaviour. The first term in the second line is given
by a 1-linear centred statistic that it preceded by a factor of N~!. It will thus be sub-dominant in respect to the deterministic
term. In fact, its contribution to the asymptotic expansion of 1-linear statistics is the easiest to take into account. Indeed,
assume that one knows the asymptotic expansion of 1-linear statistics up to O(N~¥) and wants to push it one order in N
further. Then, the term we are discussing will automatically admit an asymptotic expansion up to O(N~%~!) what readily
allows one to identify its contribution to the next order in the expansion of 1-linear statistics. Taken this into account, it
follows that the non-trivial part of the large-N expansion of 1-linear statistics will be driven by the one of 2-linear centred
statistics. In all cases, if one assumes that the 2-linear statistics produce o(1/N) contributions, the first Schwinger-Dyson
equation yields immediately the first term in the large-N expansion of 1-linear statistics. In order to push the expansion
further, one should access to the first term in the large-N expansion of 2-linear centred statistics. The latter can be inferred
from the second Schwinger-Dyson equation. We shall however, not go into more details.

The main point is that one can push the large-N expansion of k-linear statistics, this to the desired order of precision in N,
by picking lower order corrections out of the higher order Schwinger-Dyson equations. The effectiveness of such a bootstrap
analysis is due to the particular structure of the Schwinger-Dyson equations. It was indeed discovered in the early 90s that the
coefficients of topological expansions in 1/N of the n-point correlators are determined recursively by the Schwinger-Dyson
equations. The calculation of the first sub-leading correction to (1.2.1) based on the use of Schwinger-Dyson equations for
correlators was first carried out in the seminal papers of Ambjgrn, Chekhov and Makeenko [3] and of these authors with
Kristjansen [2]. The approach developed in these papers allowed, in principle, for a formal®, order-by-order computation of
the large-N asymptotic behaviour of Zﬁ) [V]. However due to its combinatorial intricacy, the approach was quite complicated
to set in practice. In [67], Eynard proposed a rewriting of the solutions of Schwinger-Dyson equations in a geometrically
intrinsic form that strongly simplified the structure and intermediate calculations. Chekhov and Eynard then described the
corresponding diagrammatics [39], and it led to the emergence of the so-called topological recursion fully developed by
Eynard and Orantin in [74, 75]. It allows, in its present setting, for systematic order-by-order calculation of the coefficients
arising in the large-N expansions of the S-ensemble partition functions, just as numerous other instances of multiple integrals,
see e.g. the work of Borot, Eynard and Orantin [27]. Eynard, Chekhov, and subsequently these authors with Marchal have
developed a similar* theory [40, 41, 42]. For 8 = 2, Kostov [103] has also developed an interpretation of the coefficient
arising in the large-N expansions as conformal field theory amplitudes for a free boson living on a Riemann surface that is

3Namely based, among other things, on the assumption of the very existence of the asymptotic expansion.
“For potentials with logarithmic singularities and 8 # 2, some additional terms must be included [38].



1.2. THE LARGE-N EXPANSION OF Z%¥ 19

associated with the equilibrium measure. It was argued in [104] that Kostov’s approach is indeed equivalent to the formalism
of the topological recursion.

To summarise, the above works have elucidated the a priori structure of the large N expansions. We have not yet
discussed the problem of actually proving the existence of an asymptotic expansion of In Zﬁ)[V] to all algebraic orders in
N, namely the fact that

K
mZPV] = NN+ N+ Y NFFPIV]+ o) (1.2.20)
k=0

for any K > 0 and with coefficients being some S-dependent functionals of the potential V. The existence and form of the
expansion up to o(1) when 8 = 2 was proven by Johansson [92] for polynomial V under the one-cut hypothesis, this by using
the machinery described above and a priori bounds for the correlators that were first obtained by Boutet de Monvel, Pastur
et Shcherbina [47]. Then, the existence of the all-order asymptotic expansion at 8 = 2 was proven by Albeverio, Pastur and
Shcherbina [1] by combining Schwinger-Dyson equations and the bounds derived in [47]. In particular, this work proved that
the coefficients of the asymptotic expansion coincide with the formal generating series enumerating ribbon graphs of [34] —
also known under the name of "maps". Finally, Borot and Guionnet [29] systematised and extended to all 8 > 0 the approach
of [1], hence establishing the existence of the all-order large-N asymptotic expansion of Zl(g) [V] at arbitrary 8 and for analytic
potentials under the one-cut hypothesis. This includes, in particular, the analytic convex potentials. The starting point always
consists in establishing an a priori estimate for the fluctuations of linear statistics, on the basis of a statistical-mechanical
analysis [47] or of concentration of measures [29], without assumptions on the potential beyond a sufficient regularity. This
estimate takes the form:
> 1)

for some constants C[f] > 0, C’, and for ¢ large enough independently of N. We remind that if Oy, ..., 0, are random

variables, their moment is:
El‘\/l[ 1—[ Ol] = atl =0 Bt”:()P](g)[ exp ( Z [,'0,')]
i=1

i=1
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while their cumulant is defined as:

n

Cﬂ[fl’ cee ’fn] = 6t1=0 o 'aln=0 lnpﬁ)[exp{zti()i}] .

i=1

In fact, the cumulants are enough for computing all the n-linear statistics. Indeed, one has the reconstruction

EYV[ f ]l[ﬁ(xa).ﬁdL;j>(xi)] = Z Z li]Cua\[{fk}keJa]-

s=1 [1;n]= a=1
Jiu--UJg

The expression for n-linear statistics involving genuine test functions in n variables belonging to the test space 7 (R") is then
obtained by density of, say, 7 (R)® - - - ® 7 (R) in 7 (R").

It is advantageous to work with C,[f, .. ., f,], since it is a homogeneous polynomial of degree n of the re-centred measure
Lx) — Meg, and concentration occurs in this re-centred measure:

<[] ()

where N is some norm. Then, under the one-cut assumptions, one shows that the master operator is invertible with a
continuous inverse for a suitable norm N. These two pieces of information allow one to neglect the contribution of some of
the higher order cumulants in the system Schwinger-Dyson equations and lead to a successive improvement of the a priori
bounds up to the optimal scale

1
Nn—2

Cn[fl""’f;l]

Cn[fb-"’fn] =

[WOLA,... £l + oD} . (1.2.21)
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There, (W,(,O) is some n-linear functional on the space of test functions that are pertinent for the analysis. The same method
can be pushed further and establishes recursively an all-order asymptotic expansion for the cuamulants:

SRS NTET WO ]+ oNE)ifp=2
Calfir s ful = . (1.2.22)
Yo N WALl + o(NPE) if g #2

for any K > 0. The asymptotic expansion (1.2.20) for the free energy can then be obtained by the interpolation method that
was outlined in Section 1.2.2.

Although this phenomenon will not occur in the present book, we would still like to mention for completeness that,
when the support of pq has several cuts, the form (1.2.20) of the asymptotic expansion is not valid any more: new bounded
oscillatory in N contributions have to be included in F ,(f) [V] for k > 0. Heuristically speaking, this effect takes its roots in
the possibility the particles have to tunnel from one cut to another [20, 69]. On the technical level, this takes its origin in the
fact that the master operator K has a kernel whose dimension is given by the number of cuts minus one. For real-analytic
off-critical potentials and general 8 > 0, the form of the all-order asymptotic expansion in the multi-cut case was conjectured
in [69], and established in [28]. It was also established up to o(1) by Shcherbina in [135] by a different technique, namely
via a coupling to Brownian motion to replace the two-body interaction between different cuts with a linear but random one.
We refer the reader to [28] for a deeper discussion relative to the history of this particular problem. We also stress that, so
far, the analysis of the double scaling limit around a critical potential where the support of the equilibrium measure changes
its topology have not been addressed mainly due to difficulties such a transition induces on the level of constructing the
pseudo-inverses of the master operator.

Above, we have focused our discussion solely on the approach based on the analysis of loop equations. However,
when 8 = 2, the orthogonal polynomial based determinantal structure allows one to build on the Riemann—Hilbert problem
characterisation of orthogonal polynomials [78] along with the non-linear steepest descent method [56, 57] based approach
to characterising the large degree asymptotic behaviour of polynomials orthogonal with respect to varying weights [54, 55]
so as to obtain the large-N asymptotic expansion of Zﬁ)[V]. Within the Riemann-Hilbert problem approach, Ercolani and
McLaughlin [66] established the existence of the all order asymptotic expansion at 8 = 2 in the case of potentials that are
a perturbation of the Gaussian interaction. Bleher and Its [17] obtained, up to a o(1) remainder the large-N expansion of
Zﬁ)[V] for polynomial V that give rise to a one-cut potential. Also, recently, Claeys, Grava and McLaughlin [43] developed
the Riemann—Hilbert approach so as to obtain the large-N expansion of Zﬁ)[V] in the case of a two-cut polynomial potential
V.

1.2.4 The asymptotic expansion of the free energy up to o(1)

We shall now make some general remarks about the nature of the terms arising in the asymptotic expansion of In Z](ff)[V].
The terms diverging in N when N — oo are not affected by the topology of the support of the equilibrium measure. In
the case of regular potentials, the pre-factors of the NIn N and In N corrections in (1.2.20) take the form:

1 2
(f)_[;, C(()ﬂ)ZE(S'Fg-"E).

they can be identified from the large-N asymptotics of the Gaussian partition function, cf. (1.2.6). Their presence in (1.2.20)

is only the sign that there is a more natural normalisation of the N-fold integral (1.2.20) which would kill the logarithmic

corrections in the large N limit. The terms of order N? and N are functionals of the equilibrium measure geq, which depend

in a non-local way on the density of this measure. As we have seen in Section 1.2.1, the prefactor of N2 is given by a double

integral involving pq. The term of order N is also known to be given by a single integral involving pq. More precisely, up to

a universal —viz. peq-independent— function of 3, it is proportional to the von Neumann entropy of the equilibrium measure
[40, 65, 135, 147]:

d eq(x
F® = Cteﬁ+(§ - l)fln( L ))-dueq(x). (1.2.23)

The fact that the entropy only appears as a sub-leading term is a typical feature of models having varying weights. The
bounded term is affected by the topology of the support: it is a constant in the one-cut case and it contains an additional,
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oscillatory contribution in the multi-cut case. Unlike the non-decaying terms, the coefficient in front of N~* with k > 0 only
depends on the local behaviour (at an order increasing with k) of the equilibrium measure’s density near the endpoints of its
support.

Once the asymptotic expansion of the free energy is established up to o(1), and in the case it does not contain oscillatory
terms, one can deduce a central limit theorem for the fluctuations of linear statistics. The starting point is the formula for the
Fourier transform of their distribution:

By _ iss
EX,[exp(isN f f(x)-de>)] - % (12.24)
N V]

Resorting to arguments of complex analysis, one can fairly easily extend the validity of the asymptotic expansion (1.2.20)
to potentials of the form Vy + AV/N, with V real-valued satisfying the previous assumptions, and AV complex-valued and
differentiable enough. Besides, since the logarithmic correction does not depend on perturbations of the initial potential Vj
and F ,(f)[V] are smooth functionals of V away from critical points of the model, one deduces that:

52
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where the error o(1) is uniform for s belonging to compact subsets of C and 6y G f] refers to the Gateaux derivative of G at
the point V and in the direction f. This implies that

N
D f) =N f ) - dpteq(x) = N f £ ALY ~ peg)() (1.2.25)
i=1

converges in law to a Gaussian random variable, with covariance given by the Hessian (defined by the second-order functional
derivative) of the energy functional introduced in Section 1.2.1, evaluated at V along the direction f:

FPIV] = P [ueq) -

This central limit theorem for V polynomial, f differentiable enough, any 8 = 2 in the one-cut regime, was first obtained by
Johansson [92]. The characteristics of the Gaussian variable can be computed solely from the knowledge of the functional
F (()ﬁ )[V] related to the energy functional, and of F iﬁ)[V] related to the entropy. For 8 = 2, F (lﬂ)[V] vanishes owing to its
prefactor in (1.2.23), and (1.2.25) converges to a centred Gaussian variable.

We observe that the fluctuations of (1.2.25) are of order 1. In the multi-cut regime, the tunnelling of particles between
different, far-apart segments of the support lead as well to order 1 fluctuations, which in general destroy the gaussianity of
(1.2.25) and the central limit theorem. This phenomenon was predicted in [129], and given a precise form in [28, 135]: the
Gaussian behaviour is in first approximation convoluted with the law of a discrete Gaussian variable, i.e. supported on a
lattice of an arithmetic progression on R with step of order 1 and depending on f, and whose initial term drifts with N at
a speed of order 1. As a result, the fluctuations display a Gaussian behaviour with interference fringes which are displaced
when N - N + 1.

1.3 Generalisations

It is fair to say that there exists presently a pretty good understanding of large-N asymptotic expansions of 8 ensembles. The
main remaining open questions concern the description of the asymptotic expansion uniformly around critical points (viz.
when the number of cuts changes) and the possibility to relax the regularity of the potential, for instance by allowing the
existence of singularities, e.g. of the Fisher—Hartwig type>. What we would like to stress is that the techniques of asymptotic
analysis described so far are effective in the sense that they allow, upon certain more or less obvious generalisations of
technical details, treating various instances of other multiple integrals.

The framework of small enough perturbation of the Gaussian potential is, in general, the easiest to deal with. Asymptotic
expansions for hermitian multi-matrix models have been obtained in such a setting. For instance, the expansion including

3 Although, even in these two cases, some partial progress has been achieved at 8 = 2 where one can build on the Riemann-Hilbert approach [16, 44, 52].
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the first sub-leading order was derived for a two-matrix model by Guionnet and Maurel-Segala [83], the one to all orders
for multi-matrix models by Maurel-Segala [116] and the one to all orders for unitary random matrices in external fields was
then obtained by an appropriate adaptation of the analysis of Schwinger-Dyson equations in [84]. Multi-matrix models are
interesting in operator algebras, since their ring of observables in the large N limit give planar algebras. Without claiming
exhaustiveness, they also appear in the theory of random tilings of arbitrary two-dimensional domains [22, 68], in gauge
theories [19] and topological strings via the topological vertex [71, 140]. Most of the time, however, the technology for their
asymptotic analysis is not sufficiently developed at present for the purposes of theoretical physics and algebraic geometry,
even in the (rare) case where the integrand is real-valued. In fact, even the mere task of establishing the leading order
asymptotics under fairly general assumptions is an open problem.

Another natural generalisation of S-ensembles consists in replacing the one-particle varying potential N - V by a regular
and varying multi-particle potential

N r N2-P
N V) = ZT D Vi k) (1.3.1)
a=1

p=1 T 1SineipSN

For r = 2, such interactions were studied by Gotze, Venker [81] and Venker [145] who showed that the bulk behaviour falls
in the universality class of S-ensembles. For general r, Borot [23] has shown that the formal asymptotic expansion of the
partition function subordinate to multi-particle potentials is captured by a generalisation of the topological recursion. The
existence of the all-order asymptotic expansion was established by the authors in [30] under certain regularity assumptions
on the multi-particle interactions. Note that for perturbations of the Gaussian potential of the form (1.3.1) the hypothesis
of [30] are indeed satisfied. We give below a non-exhaustive list of physically interesting models with » = 2. The ones
encountered in integrable models of statistical physics will be pointed out in Section 1.5.3.

Biorthogonal ensembles

For r = 2 and when 8 = 2, the structure of such models becomes determinantal in the special cases where the two-body
interaction takes the form:

(f() = fAD))(g() - g(/h)))
(A = 1) .

Va(dy, ) = ln( (1.3.2)

It is well known that, then, the associated multiple integrals can be fully characterised in terms of appropriate systems of
bi-orthogonal polynomials in the sense of [100]. By bi-orthogonal polynomials, we mean two families of monic polynomials
{P,}nen and { Q) }nen with deg[P,] = deg[Q,] = n and which satisfy

an(f(/l))~[g(/l)]j~e_Nvu)~d/l =0 and an(g(/l))-[f(/l)]j-e_NW)-d/l =0 for je{0,....,n—1}. (1.3.3)
R

R

The system of bi-orthogonal polynomials subordinate to f and g exists and is unique for instance when f and g are real-
valued and monotone functions. In that case, the multiple integral of interest can be recast as a determinant which, in turn,
can be evaluated in terms of the overlaps involving the polynomials P, and Q, by carrying out linear combinations of lines
and columns of the determinant:

N-1
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It is due to their connections to bi-orthogonal polynomials that such multiple integrals are referred to as bi-orthogonal
ensembles. The case f(1) = A% and g(1) = A is of special interest, since the bi-orthogonal polynomials can be effectively
described. In [21] Borodin was able to establish certain universality results for specific examples of confining potentials V.
Furthermore, it was observed, first on a specific example by Claeys and Wang [46] and then in full generality by Claeys and
Romano [45] that the bi-orthogonal polynomials can be characterised by means of a Riemann-Hilbert problem. However, for
the moment, the Riemann—Hilbert problem-based machinery still did not lead to the asymptotic evaluation of the associated
partition functions.
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Statistical physics in two-dimensional random lattices
For 8 = 2, with the same precise meaning that was discussed in Section 1.1.2, the N-fold integral:
N2—2h—p P mi

N r H
[ n-arenfi(- 258 2S5 T4 0

RN 1<a<b<N a=1 p=1 h>0 my,..,mp>1 i=1

enumerates maps whose faces, instead of being restricted to be homeomorphic to disks, can have any topology. Each face
homeomorphic to a surface of genus £, with p boundaries of respective perimeters my, ..., m,, is counted with a local weight
P m,- This model was introduced in [23], and encompasses a large class of statistical physics models on two-dimensional
random lattices. The simplest ones occur for » = 2, and the only other interesting cases we are aware of have r = co. The
general r = 2 case is equivalent to the enumeration of maps carrying a configuration of self-avoiding loops crossing certain
faces, each loop being counted with a Boltzmann weight n. The special case where the faces crossed by the loops are all
triangles corresponds to:

Va(r,y) = —nIn|l =z (A + )| (1.3.4)

where z is the local weight per triangle crossed by a loop. This is the O(n) loop model which was first introduced by Kostov
[101]. The 6-vertex model on a random lattice [102] is realised by:

Va(x,y) = —41In e, —e 7 4, (1.3.5)

In (1.3.4) for |n| < 2 and in (1.3.5) for any real vy, the existence and uniqueness of the equilibrium measure is known, and the
results of [30] for an all-order asymptotic analysis apply within the one-cut hypothesis®.

Chern-Simons theory in Seifert spaces

The perturbative expansions of SU(N) gauge theories lead to a weighted enumeration of Feynman graphs, which are dual to
embedded graphs in surfaces, and t’"Hooft observed that the N-dependence of the weights only comes from the topology of
the surface. For this reason, N-fold integrals related to matrix models are very common in gauge theories, although the form
of the probability measure might be complicated. For Chern-Simons theory on a simple class of three-dimensional manifolds
M called Seifert spaces (which include the three-sphere), the measure can be explicitly computed [11, 114], and leads to a
partition function for 8 = 2 and r = 2 with one-point and two-point interactions

k a; a,
(In 2)? (/11‘ _/lzl)
Vikd) =cy - +cy-1nA, Vo(dy, Ap) = In[———=
1D =c o ¢ -1n 2(A1, A2) ; n PR
where (ay, ..., a;) are integers, ¢y, c; rational numbers related to the geometry of .#, and u is related to the coupling constant

of the Chern-Simons theory. In this case of interest, the integration runs through (R*)". For the cases y = 2—k+ Zf';] ai‘1 >0,
the suitably defined energy functional is convex, and this implies existence and uniqueness of the equilibrium measure. The
cases 2 — k + Zf-;l al.‘1 < 0 are rather interesting: although one does not know currently how to prove uniqueness of the
equilibrium measure via potential theory by lack of convexity, Monte-Carlo simulations of the distribution of eigenvalues by
Weille seems to indicate that it should be unique [26, Appendix]. The all-order asymptotic expansion of the correlators in
these models receive an interpretation in terms of perturbative knot invariants in .#, and by large N-dualities, they can be
related to topological strings amplitudes in suitable target spaces [26, 25]. As an example of application of the existence of
the all-order large-N asymptotic expansion established in [30], Borot and Eynard derived some arithmetic properties of these
perturbative knot invariants in [26].

Multispecies S-ensembles

The B-ensemble with the two-point interactions can be generalised to several types of particles, and appear in the study
of coupling between conformal field theories with internal degrees of freedom (describing matter) and two-dimensional

©Tt was shown in [24], under fairly general hypothesis, that the equilibrium measures relevant for combinatorics are supported on a single segment.
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quantum gravity. From the probabilistic point of view, these models are potentially the source of new universality classes
that can be more usually found in multi-matrix models. But, as they are already written as N-fold integrals, their study is
much simpler than the multi-matrix models in which it is necessary to integrate over spaces of (non-commuting) matrices,
without the possibility of simultaneous diagonalisation.

Let D be a graph having M vertices and possibly multiple edges, and let A stand for its adjacency matrix —viz. A,,,
corresponds to the number of edges that link the vertices v and w—. [96] introduced the N-fold integral:

[T o) Tlie-ar T[] o 129

RN veD a=1 a<b {v,w} edge 1<a<N,
in®D 1<b<N,

The {/12’)}5;1 are thought as the positions of N, particles of type v, and N = } p N, denote the total number of particles.
These models appear in the N' = 2 supersymmetric gauge theories associated to ADE quivers [61]. Their study has been
revived recently [19, 96] in view of the conjectures of Alday-Gaiotto-Tachikawa [111] which propose a precise relation
between four-dimensional quiver gauge theories and the conformal blocks of Liouville theory of two-dimensional quantum
gravity.

Kostov introduced the slightly different model:

f Hﬁ{dﬂﬁ,v)e—zvvruﬂ“”} l_[ |/12’)—/1§,V)|2' 1_[ 1_[ |+ 4 . (137)

RN veD a=1 1<a<b<N, {v,w} edge 1<a<N,
(R*) eD  1<b<N,

Its partition function enumerates maps in which each face has a colour chosen among the set of vertices of D, restricted
in such a way that faces of colour v and v can be adjacent if and only if there is an edge between v and V' in D. Each
interface between a cluster of colour v and a cluster of colour v is weighted by the number of edges between v and V' in
D. Up to an affine change of variables, we retrieve the O(n)-model (1.3.4) in the case in which D has a single vertex from
which issue n loops. The g-Potts model corresponds to the case where D is the complete graph on g vertices, and the model
corresponding to 9 ="the Dynkin diagram of type A," is called the (restricted) height model. One can show [27, Lemma
5.5] that the suitably defined energy functional for these models is strictly convex if and only if (2 — A) is the Cartan matrix
of a Dynkin diagram of type A, D, or E, or of the extended Dynkin diagrams A, D, or E, or of the cyclic graph. The N-fold
integral (1.3.7) is simpler to analyse than (1.3.6) due to the absence © of logarithmic singularities when /lflv) = /lzw). New
universality classes remembering the ADE symmetries occur precisely when the confining potentials V, are tuned so that
the support S, of the equilibrium measure for the particles of type v approaches 0. Indeed, at the vicinity of O the attractive
interaction with —A%" of all other particles will change the local distribution of the particles. To our knowledge, the universal
distributions governing these universality classes have not been derived (although the original work of [96] exhibits some
integrable structure in these models), maybe because this model is not so well-known in the community working in random
matrix theory from the point of view of probabilities.

Conduction in disordered wires

Experiments showed that the properties of quantum transport of electrons in chaotic cavities feature some universality, and
therefore, one can expect to capture these properties as typical in an ensemble of random cavities. The simplest model
consists of two cavities related by two wires, in which N modes can propagate. Landauer theory describes the conduction in
such a system by a 2N X 2N scattering matrix:
(1)
t r

such that the amplitudes of the N modes in the first cavity is related to the amplitudes of the N modes in the second cavity by
multiplication by S. Conservation of the current implies that S is unitary, and in turn this implies that the matrices tt', t'(t’)",
1-rrfand 1 — r'(')" have identical spectrum consisting of N eigenvalues Ai,...,4y € [0; 1]. To understand the transport
properties in this setting, it is necessary to investigate the behaviour of the linear statistics ), _; f(14).

TThe singularities at A = —/l(bw) are absent since the integration runs through R*
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In the model, the distribution of the 4, is drawn from a §-ensemble with V(1) proportional to In A. In a model of non-ideal
leads and for 8 = 2, the distribution depending on the mean free path ¢ and the length L of the wire is proportional to [15]:

N
[] M=l [ [ (det K [L/EN: 4] -d"2 (1.3.8)
a=1 -

1<a<b<N

for kernels K, which involve Gauss hypergeometric functions, whereas for § # 2 it is unknown. In the metallic regime,
we have 1 <« L/¢ < N, and the distribution (1.3.8) simplifies drastically to a S-ensemble (here, for all 8 = 1,2,4) with a
two-body interaction:

N
1_[ e NVUa) 1—[ |/la - /1b| . |argsech2(/li/2) - argsechz(/l;/zﬂ -dVa (1.3.9)

a=1 1<a<b<N

where sech(x) = Coihx and argsech is its reciprocal function, and V is some explicit one-body interaction. Whereas (1.3.9)

falls into the class of models which can be treated with the existing methods of [30], the structure of (1.3.8) is much more
involved and goes beyond the present technology based on Schwinger-Dyson equations.

We refer to [14] and references therein for a justification of these distributions, as well as for a deeper overview of the
relations between random matrix theory (notably in the form of N-fold integrals) and quantum transport.

1.4 B-ensembles with non-varying weights

In all the examples of the multiple integrals discussed so far, the interaction potential V is preceded by a power of N. This
scaling ensures that, for typical configurations of the 4,’s, the logarithmic repulsion is of the same order of magnitude in
N than the confining potential. As a consequence, with overwhelming probability when N — oo, the integration variables
remain in a bounded region and exhibit a typical spacing 1/N. The scheme developed in [1, 29, 30, 55] for the asymptotic
analysis was adapted to this particular tuning of the interactions with N and, in general, breaks down if the nature of the
balance between the interactions changes.

Serious problems relative to extracting the large-N asymptotic behaviour already start to arise in the case of non-varying
weights, i.e. for multiple integrals:

N N
1_[ Ve = yolf l_[ e W0 . gy (14.1)
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Indeed, consider the integral (1.4.1) for N-large and focus on the contribution of a bounded domain of RY. In this case, the
logarithmic interactions are dominant with respect to the confinement (and this by one order in N): the dominant contribution
of such a region is obtained by spacing the y,’s as far apart as possible. Increasing the size of such a bounded region will
increase the value of the dominant contribution, at least until the confining nature of the potential kicks in. Hence, to identify
the configuration maximising the value of the integral, one should rescale the integration variables as y, = TnA, with
Ty — oo. The sequence Ty would then be chosen in such a way that the 2-body interaction and the confinement ensured by
the potential have the same order of magnitude in N, the ideal situation being:

W(Tyd) = N-Vyd)  with  Vy) = V(D) - (1 +0(1)) (1.4.2)

for some potential V,, and pointwise almost-everywhere in A. These new variables A are typically distributed in a bounded
region and have a typical spacing 1/N.

The simplest illustration of such a mechanism issues from the case of a polynomial potential V(1) = 22[:1 A%, ¢y > 0.
In this case, the sequence Ty takes the form Ty = N /25 Note that, up to a trivial prefactor, the two-body interaction
A+ |AP is invariant under dilatations. As a consequence, for polynomial potentials, the asymptotic analysis can still be
carried out by means of the previously described methods [54], with minor technical complications due to the handling of a
N-dependent potential. Although illustrative, the polynomial case is by far not representative of the complexity represented
by working with non-varying weights. Indeed, the genuinely hard part of the analysis stems form the fact that, in principle,
in the expansion (1.4.2):
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o the remainder may not be "sufficiently" uniform ;

¢ the non-varying potential W may have singularities in the complex plane. This last scenario means that the singularities
of the rescaled potential Vi given in (1.4.2) will collapse, with a N-dependent rate, on the integration domain.

In this situation, the usual scheme for obtaining sub-leading corrections breaks down. So far, the large-N asymptotic analysis
of a "non-trivial" multiple integral of the type (1.4.1) were carried out only when 8 = 2 and this for only a handful of
examples. Zinn-Justin [149] proposed an N-fold multiple integral representation of the type (1.4.2) for the partition function
of the six-vertex model in its massless phase and subject to domain wall boundary conditions. By using a proper rescaling of
the variables suggested in [149], Bleher and Fokin [18] carried out the large-/N asymptotic analysis of the associated multiple
integral within the Riemann—Hilbert problem approach to orthogonal polynomials. The most delicate point of their analysis
was to absorb the contribution of the sequence of poles ,/N, n = 1,2,..., of the rescaled potential that were collapsing on
R. In fine, they obtained the asymptotic expansion of the logarithm of the integral up to o(1) corrections.

The situation may, in fact, very easily be much worse than the scheme described above, simply because (1.4.2) might
not even hold to the leading order with an N-independent V,,. A simple example can be provided by W(y) = y*(3 + cos(y))
whose rescaled large-N leading behaviour has N-dependent oscillatory terms.

To conclude, it seems fair to state that despite the considerable developments that took place over the last 20 years in
the field of large-N asymptotic expansion of N-dimensional integrals, the techniques of asymptotic analysis are still far from
enabling one to grasp the large-N asymptotic behaviour of multiple integrals lacking the presence of a scaling of interactions.
Such integrals arise quite naturally in concrete applications. For instance, it is well known that correlation functions in
quantum integrable models are described by N-fold multiple integrals [89, 90, 91, 98] or series thereof [97]. Usually, for
reasons stemming from the physics of the underlying model, one is interested in the large-N behaviour of these integrals and,
in particular, in the constant term arising in their asymptotics. However, for most cases of interest, the given N-fold integrals
have a much too complicated integrand in order to apply any of the existing methods of analysis.

1.5 The integrals issued from the method of quantum separation of variables

1.5.1 The quantum separation of variables for the Toda chain

The quantum separation of variables method refers to a technique allowing one the determination of the spectrum, eigenvec-
tors and correlation functions of quantum integrable models. The method takes its roots in the 1985 work of Sklyanin [137]
and applies to a wide range of lattice quantum integrable models such as spin chains [76, 99, 122, 123], lattice discretisations
of quantum field theories in 1+1 dimensions [35, 82, 126] or multi-particle quantum Hamiltonians [94, 95, 137]. We will
outline the main ideas of the method on the example of the open quantum Toda chain Hamiltonian with (N + 1)-particles
[10]:

N+1 p2 N
Hroga = Z? e I i (1.5.1)
a=1 a=1

Above, x, is to be understood as the operator of multiplication by the a-th coordinate x, - ®(x) = x,D(x) while p,, is the
canonically conjugated operator, p, - ®(x) = —ih0DP(x)/dx,, so that [X,,p,] = b.ih. Here, x denotes a N + 1 dimensional
vector x = (x1,...,xy+1). Within such a realisation of the operators x,, and p,, the Toda chain Hamiltonian is a multi-
dimensional partial differential operator acting on the Hilbert space Hroga = LZ(RV*!, dV+1x).

The quantum Toda chain Hamiltonian is a quantum integrable model. This means, among other things, that Hr,4, can be
embedded into a family {tk}kN=0 of operators in involution, conveniently collected as coefficients of the polynomial:

N+1
() = AV DV (15.2)
k=0

such that Hyy = t, — t%. Thus, solving the spectral problem associated with fj means, in fact, solving a multi-dimensional
(due to the dimensionality of the ambient space) and multi-parameter (due to the necessity to keep track of eigenvalues #;, of
the operators t;) spectral problem

t - O(x) = t-D(x). (1.5.3)
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Since the model is translation invariant, its spectrum will contain a Lebesgue continuous part corresponding to the spectrum
of the total momentum operator Py, = ZaN:ll p,. However, if one puts oneself in the centre of mass frame, or if one fixes the
origin of coordinates at xy., viz. sets xy.; = 0, then the restricted operator has already a purely point-wise spectrum, see
e.g. [4].

The idea of quantum separation of variables is to build — using the various symmetries stemming from the quantum
integrability of the model — a unitary transform:

U : Hep = PR, dv) — Hpoqa = LARY,dV ) (1.5.4)

such that the transformed operator % ~' t(1)% becomes "separated”. The L* space Hiep is endowed with a measure dv which
is part of the unknowns in the problem of constructing %/. By "separated", we mean that one would like % to intertwine
the t(A2) operator with a direct sum of finite difference operators in one-variable. It turns out that this problem can be solved.
The measure dv on H,, factorizes dv = du®de into a product of a "trivial" one-dimensional Lebesgue measure de that takes
into account the spectrum ¢ of the total momentum operator, and a non-trivial measure du which is absolutely continuous in
respect to the N-dimensional Lebesgue measure d"y and takes the form

(1.5.5)

N

. 1 Ya = Vb . 7 (yu - yb)

i) = u)- 'y with w0) = oo ]_1! - sinh [ = |

When applied to sufficently well behaved functions D« Hiep, the action of the unitary operator % takes the form of an
integral transform

) . N
W[B)x, v 1) = f oy (x) - P -<1><y;s>-d“—\/%)®ds with Fy = Zy (1.5.6)

RN+1
where x and y are N-dimensional vectors and the non-trivial ingredients ¢y (x) are the GL(N,R) Whittaker functions. The
unitarity of the transform %/ as given by (1.5.6) has been established in [146] by means of harmonic analysis on groups, and
in [106] by means of the quantum inverse scattering method.

One can show [4] that for the Toda chain, the original spectral problem attached to the family {t(1)} . of operators in
involution, is in one-to-one correspondence with the problem of finding all solutions (#(1), ¢;(1)) to the below Baxter T-Q
equation

1) - g () = O g +in) + ()" 'g(1—in) (1.5.7)
that, furthermore, satisfy the conditions:
i) #(2) is a polynomial of the form #(2) = [T24 (A — 7)) with {m o, = {73}’
ii) A - gq,(A) is entire and satisfies, for some N-dependent C > 0, to the bound

N+ Dr

4l < C-exp{ -

|Re4|}|z|”T2‘<2'Imﬂ‘—h> uniformly in A€ {zeC : |Imgz <7/2} ; (1.5.8)

iii) the roots {r4}\*! satisfy to Yo' 74 = €.
The condition iii) relates the 7;’s to the eigenvalue & of the total momentum operator Py. This constraint issues from the
fact that the Toda chain Hamiltonian is invariant under translation, hence making it more convenient to describe the spectrum
of the chain directly in a sector corresponding to a fixed eigenvalue & of P,. After such a reduction, g, represents the
"normalisable" part of the Toda chain eigenfunction, associated with the purely point-wise spectrum. More precisely, if
(#(2), g,(1)) is a solution to the T — Q equation (1.5.7) then

N

s d
Do (X, Xy41) = f gy(x) - et e T T g, )} - fe)- HD g g

(1.5.9)
a=1 W

RN+1
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represents a wave packet having a dispersion in £ momentum space given by f € L'(R). Further the function

N
d
U™ (x) th¢ﬂx*| [ a0} - ) (1.5.10)
a=1

VN!
RN

represents the "normalisable” part of the generalised eigenfunction of the operators t(1) associated with the eigenvalues #(1)
and a total momentum &. One speaks of a separation of variables since the normalisable part of the generalised eigenfunction
is given by a product of functions in one variable ¢,(1,),a = 1,...,N.

The spectral problem associated with the Baxter equation might seem under-determined, in the sense that it contains
too many unknowns. To convince oneself of the contrary, at least heuristically, it is helpful to make the parallel with the
Sturm-Liouville spectral problem

findall (E,f) eRx Hy(R) suchthat — f”(x) + V(x) f(x) = E - f(x) (1.5.11)

with V sufficiently regular and growing fast enough at infinity and H,(R) is the second Sobolev space. Although the above
ordinary differential equation admits two linearly independent solutions for any value of E, only for very specific values
of E does one finds solutions belonging to H>(R). Regarding to (1.5.7), the regularity and growth requirements on g, play
the same role as the H>(R) space in the Sturm-Liouville problem: the T-Q equation admits solutions (¢, g;) belonging to the
desired class only for well-tuned monic polynomials of degree N + 1. It is precisely this effect that gives rise to so-called
quantisation conditions for the Toda chain.

In light of the above discussion, the quantum separation of variables may be thought of as a way to map a multi-parameter
and multi-dimensional spectral problem onto a multi-parameter (so as to keep track of the different eigenvalues of the t;’s)
but one-dimensional spectral problem. This results in a tremendous simplification of the problem.

Nekrasov and Shatashvilii conjectured in [121] and Kozlowski and Teschner later proved in [107] that it is possible to
construct all solutions to the T — Q equation for the Toda chain through solutions to non-linear integral equations. Namely,
leto = {o-k}sz +11 be complex numbers satisfying [Im 0| < %/2 and let In Y, denote the continuous and bounded on R solution
(if it exists) to the non-linear integral equation:

Yo (1)
InY,(1) = | du K(21—p) In|1 , 1.5.12
n Yy (1) fR i K(A - p) n( +19(;1—ih/2)19(,u+ih/2)) ( )
where
B N+1
KW= —— d HA) = A- . 1.5.13
W= @ ul} i) (15.13)
Starting from Y, one constructs the functions:
d/.l 1 Ytr(ﬂ)
1 H=—- ] —— - In|1 , 1.5.14
nvy (4) f2i7r/l—/1+ih/2 n( +ﬁ(y—ih/2)ﬁ(y+ih/2)) (1.5.19
R
and
. d,u 1 Y(r(ﬂ)
1 A—ih) = | — —— = 1In|1 . 1.5.15
A ORI 1wy n( T S =i/ O+ i)2) (1.5.15)
R
These auxiliary functions vy, then give rise to the functions
s (N+DA (N+Dr « (N+1)A (N+D)m
Are 7 Aoy () ~ A e h v (A —iR)
a5) = — L= g = — . . (1.5.16)
A= oy +1 A= 0oy
(-7} (=5}
k=1 h k=1 h
One can show that the ratio
A —=i)ay (A +ih) — qi(A+im)a (A —ih
() = 0g(A =iz (2 +ih) — az(A+iM)az (A - ih) (1.5.17)

0 (Dag (A +ih) — az (A +ih)az(d)



1.5. THE INTEGRALS ISSUED FROM THE METHOD OF QUANTUM SEPARATION OF VARIABLES 29

is, in fact, a monic polynomial in A of degree (N + 1) that has, furthermore, a self-conjugated set of roots. All these quantities
being given one constructs the function, depending on o and a parameter {:

0 (D) = Laz(D)
Ml e sinh Z(A — o))

Go(d) = (1.5.18)

which is a meromorphic solution to the T-Q equation associated with the polynomial 7,(1) that, furthermore, satisfies to
the growth estimates (1.5.8). The pair (¢4, go) provides ones with a solution to the Baxter T-Q equation if and only if the

parameters {o-l}N 1 and ¢ satisfy to the quantisation conditions, for any k € {1,...,N + 1}:
2 M1 h+1ln(—11§1 I +i(ox = 0) /) (1.5.19)
- Il —i(ox = o)) .
+ f dr ! + ! In|1+ Yo ()
2r ok —7+1R/2 o —T—10/2 P (r—ih/2) P (r +iR/2)
R
N+1

and ), oy =&.

k=1

It was shown in [107] that any solution to the T-Q equation gives rise to a solution Y, to (1.5.12) with a set of parameters
o= {o-k}kN:J“I1 satisfying to the quantisation conditions (1.5.19) and, reciprocally, that any solution to (1.5.12) with parameters
o satisfying to (1.5.19) gives rise to the solution (¢,(1), go(1)) to the T-Q equations.

1.5.2 Multiple integral representations

The objects of main interest to the physics of a quantum integrable model are its correlation functions, namely expectation
values of products of certain physically relevant operators taken between two eigenstates of the Hamiltonian of the model.
The simplest such objects are the form factors, namely expectation values of so-called quasi-local operators. In the language
of the Toda chain, such operators only act on a fixed subset of variables (xi,..., x,). The knowledge of form factors allows
one, in principle, to access to all correlation functions involving products of quasi-local operators acting on different sets of
variables: it is enough to insert the closure relation in between each of the operators. In order to compute the form factors of
local operators within the quantum separation of variables method, one has to solve the inverse problem, that is to say find
how the given local operator of interest is intertwined by the % -transform. In other words, one should find how the given
operator on Hryqga acts on the space H,ep, where the separation of variables is realised. This inverse problem has been solved
for different examples of quasi-local operators and for various models [8, 9, 82, 105, 122, 124, 125, 139].

o The Toda chain

The resolution of the inverse problem for the Toda chain has been pioneered by Babelon [8, 9] in 2002 and further developed
in the works [105, 139]. These results, along with the unitarity of the separation of variables transform % lead to multiple
integral representations for the form factors.

Let @, and @,., be two eigenfunctions of the Toda chain in the sector characterised by the total momentum & and built
up from solutions to the Baxter T-Q equation associated with the polynomials #(1) and #'(1). The associated finite part of the
form factor’ of the operator []/_, {e%~*¥+1} takes the form

; Xa—XN+1 _ ( ) ) N *
((Dg;/’ 1:][ {e ¢ } - O, )Ix1v+1—0 - r'(N Y fl_[ yh Slnh[ y — V)7 . 1:][ {(q,/(ya)) ql(ya)}
qt(ya + lh) N i dNy

’ 1‘:1[ {W .blz:L [Ya —}’b]} CQanN (1.5.20)

The index | xy41 = O refers to the fact that the coordinates are chosen so that xy,; = 0.

7Namely the one built up from the normalisable part of the wave function, in contrast with the non-normalisable part associated with the continuous part
of the spectrum described by &.
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e Lukyanov’s conjecture for the Sinh-Gordon model

Lukyanov [112] argued that the vacuum expectation value of the exponential of the field operator @ in the quantum Sinh-
Gordon model should be obtained from the properly normalised large-N limit

2

. N 63 . @
aly e = 1 {— ﬁ} th 6= . 1.5.21
€k = fim <mR) % W 201+ 021+ b2) (1.5.21)

In the above expression m is the Sinh-Gordon mass parameter, 27R is the volume, b is the coupling constant, and 3, is given
by the N-fold multiple-integral representation

N N
3a = fl_[ { sinh [(1 + b¥)(yx — yo)] - sinh [(1 + b~2)(yy — y{))]} . 1_[ {e—waua)} -dVy . (1.5.22)
RV k<t a=1

The one-body interaction is given by the confining potential

R cosh(l In|l + e FW d
Wo) = —aa + —Reosh) - f [ ]-—“. (1.5.23)
4 ( n ) cosh(A—u) «
sin %
1+ b2
Its expression involves the E solution to the non-linear integral equation
E(1) = 2amR cosh(1) — f D1 - ) 1n[1 +e’E(”)] -du (1.5.24)
R

whose integral kernel takes the form
n(b* - b72)

D) = coshuycos() where 1= —2 2 ) (1.5.25)
cosh(A + it) cosh(A — it) 22+ b2 +b72)

It is easy to see by using Banach’s fixed point theorem that, at least for R large enough, the non-linear integral equations

admits a unique solution £ € L*(R).

Per se Lukyanov’s conjecture [112] takes its roots in semi-classical reasonings applied to the classical Sinh-Gordon
model in finite volume. Later, Bytsko and Teschner [35] proposed a lattice discretisation version of the quantum Sinh-
Gordon model in finite volume 27R and implemented the quantum separation of variables for this model. Teschner [141]
provided a characterisation of the solutions to the T-Q equation which describes the spectrum of that model. The results
of these two papers suggest a representation for the expectation value of the exponential of the field in the quantum Sinh-
Gordon model slightly more complex than (1.5.21): the confining potential (1.5.23) arising in 3, should be replaced by a
more involved expression which, in particular, depends on N. We will however not provide this explicit form here. It is
an open question whether the limit (1.5.21) exists and if it exists whether it takes the same value when one inserts in 3,
the potential conjectured by Lukyanov and the one suggested by Teschner’s analysis. Note that a thorough characterisation
of {(e*®), has been recently conjectured by Negro and Smirnov in [120] on completely independent grounds; it is an open
question whether the limit (1.5.21) does indeed gives rise to the same object.

¢ General structure of form factors in the quantum separation of variables method

It is possible to obtain multiple integral representations for the form factors arising in other models solvable by the quantum
separation of variables. Although we shall not discuss the precise form taken by these representation, the main feature is that
the form factors are either directly expressed — as in the case of the Lukyanov integral (1.5.22) — or very closely related — as
in the case of the position operator form factor of the Toda chain (1.5.20) — to multiple integrals of the type

N N
f [ {sinbtrwi (v - sl sinhimantya =y} - [ e aV (15.26)
N a<b a=1

or their degenerations when some of the w;’s are send to 0. There %’ is some curve in the complex plane which, in the simplest
cases discussed above, coincides with R. The coefficients w;, w; are related to the given model’s coupling constants. The
confining potential W, which can be N-dependent, contains all the informations on the eigenfunctions and the operator
involved in the form factor.
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1.5.3 The goal of the book

This work aims at developing the main features of a theory that would enable one to extract the large-N asymptotic behaviour
out of the class of multiple integrals that naturally arises in the context of the so-called quantum separation of variables
method:

N N
wlW] = f [ T{ sinhimeos (v ~ y) sinhlmwn(ya = )1} - [ Je 700 -y . (1.5.27)
RN a<b a=1

As discussed earlier on, the examples issuing from the quantum separation of variables correspond to taking 8 = 1 and
specific choices of the potential W. Independently of its numerous potential applications to physics, should one only have
in mind characterising the large-N behaviour of N-fold multiple integrals, it is precisely the class of integrals described
by (1.5.27) that constitutes naturally the next one to investigate and understand after the S-ensembles issued ones (1.1.1)
and (1.3.1). Indeed, on the one hand the integrand in (1.5.27) bears certain structural similarities with the one arising in
B-ensembles. On the other hand, it brings two new features into the game. Therefore, 3y[W] provides one with a good
playground for pushing forward the methods of asymptotic analysis of N-fold integrals and learning how to circumvent or
deal with certain of the problematic features mentioned in Sub-Section 1.4. To be more precise, the main features of the
integrand in 3 [W] which constitute an obstruction to applying the already established methods stem from the presence of

e anon-varying confining one-body potential W;

e a two-body interaction that has the same local (viz. when 4, — A,) singularity structure as in the S-ensemble case,
while breaking other properties of the Van-der-Monde interaction such as the invariance under a re-scaling of all the
integration variables.

Although the tools of asymptotic analysis discussed previously break down or have to be altered in a significant way, a certain
analogy with matrix models and S-ensembles persists. Indeed, upon a proper rescaling in the spirit of Sub-Section 1.4, one
can show for certain examples of potentials that the integral localises at a configuration of the integration variables in such
a way that these condense, in the large-N limit, with a density pq. In fact, we show in Appendix B that it is possible to
repeat, with some modifications, the large-deviation approach to S-ensemble integrals so as to obtain the leading asymptotic
behaviour of In 3 [W] for certain instances of confining potentials W. However, in order to go beyond the leading asymptotic
behaviour of the logarithm, one has to alter the picture and work directly at the level of the rescaled model

N N N
Zy[V] = f [ T{sinh [N (2, = 4] sinh [N (A, - Ab)]}ﬁ J e e [ [ dda - (1.5.28)
N a<b a=1 a=1

R

This integral is related to 3y[W] by a rescaling of the integration variables. The exponent « is fixed by the growth of the
original potential W at infinity. Finally, the potential V should depend on N and correspond to some rescaling of the original
potential W. In fact, the main result obtained in the present paper deals with the large-N asymptotic expansion of the rescaled
partition function Zy[V] and this in the case where

o the potential V is smooth, strictly convex, has sub-exponential growth and is N-independent. ;
e 0<a<1/6;

The first assumption is more than enough to carry the large deviation analysis, which gives the leading order of In Zy[V] as
well as a O(N'*®) bound for the error term, while the second assumption appears in the course of the bootstrap analysis of the
Schwinger-Dyson equations. Per se, the application of our technique and results to computing the asymptotics of the original
integral 3, [W] would demand to take a N dependent potential and study Zy[Vy], which is technically much more involved.
However, this problem is not conceptually different from the one studied in this book. Therefore, the setting we shall discuss
is more fit for developing the method of asymptotic analysis of this class of integrals. We shall address the question of
N-dependent potentials Vi related to specific applications to quantum integrable models in a separate publication.
Within our setting, in order to grasp sub-leading corrections to In Zy[V], one faces several difficulties:
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(i) owing to the scaling N, the nature of the repulsive interaction between the 4,’s changes drastically between N = oo
and N finite. Therefore, one has to keep track of the transition of scales between the per-se leading contribution —
which feels, effectively, only the brute N = co behaviour of the properly normalised two-body interaction — and the
sub-leading corrections which experience the two-body interactions at all scales.

(i) The presence of two scales N and N® weakens a naive approach to the concentration of measures.

(iii) The derivative of the two-body interaction possesses a tower of poles that collapse down to the integration line, hence
making the use of correlators and complex variables methods to study Schwinger-Dyson equations completely inef-
fective.

(iv) The master operator arising in the Schwinger-Dyson equations is a N-dependent singular integral operator of truncated
Wiener—-Hopf type. One has to invert this operator effectively and derive the fine, N-dependent bounds on its continuity
constant as an operator between spaces of sufficiently differentiable functions.

(v) The large-N behaviour of one-point functions, as fixed by a successful large-N analysis of the Schwinger-Dyson
equations, is expressed in terms of one and two dimensional integrals involving the inverse of the master operator. One
has to extract the large-N asymptotic behaviour of such integrals.

The setting of methods enabling one to overcome these problems constitutes the main contributions of this work.

First, in order to strengthen the concentration of measures and, in fact, effectively absorb part of the asymptotic expansion
into a single expression, one should work with N-dependent equilibrium measures, that is to say equilibrium measures
associated with a minimisation problem of a quadratic N-dependent functional on the space of probability measures on R.
The density of such an N-dependent measure can be expressed as an integral transform whose kernel is given by a double
integral involving the solution to an auxiliary matrix 2 X 2 Riemann—Hilbert problem. This very fact constitutes a crucial
difference with the matrix model case in that, in the latter case, the density of equilibrium measure can be expressed in terms
of the solution to a scalar Riemann—Hilbert problem, hence admitting an explicit, one-dimensional integral representation.
On top of improving numerous bounds, the use of such N-dependent equilibrium measures turns out to be crucial in order to
push the asymptotic expansion of In Zy[V] up to o(1).

Second, the per se machinery of topological recursion mentioned earlier breaks down for this class of multiple integrals.
In order to circumvent dealing with the collapsing of poles, we develop a distributional approach to the asymptotic analysis
of Schwinger-Dyson equations. The latter demands, in particular, to have a much more precise control on its constituents.

Third, the inversion of the master operator is based on handlings of the inverse of the operator driving the singular integral
equation for the density of equilibrium measure. Obtaining fine, N dependent bounds for this operator demands to go deep
into the details of the solution of the 2 X2 Riemann—Hilbert problem which arises as the building block of this inverse kernel.
We develop techniques enabling one to do so.

Finally, the precise control on the objects issuing from Schwinger-Dyson equations yield, through usual interpolation by
means of #-varying potentials, an N-dependent functional of the density of equilibrium measure — itself also depending on N
— as an answer for the large-N asymptotics of In Zy[V]. Setting forth methods for the asymptotic analysis of this functional
demands, again, a very fine control of the inverse build through the Riemann—Hilbert problem approach. We develop such
methods, in particular, by describing the new class of special functions related to our problem.

Putting in perspective the bi-orthogonal ensembles.

At this point, it appears useful to make several comments with respect to the existing literature on bi-orthogonal ensembles.
Indeed, the applications to the quantum separation of variables correspond to setting 8 to 1 in 35[W] and hence Zy[V]. In
this case, these multiple integral corresponds to a bi-orthogonal ensemble. As such, they can be explicitly computed, at least
in principle, by means of the system of bi-orthogonal polynomials associated with the bi-periodic functions €™'7, e and
with respect to the weight e="®) supported on R. As shown by Claeys and Wang [46] for a specific degeneration (which
corresponds basically to sending one of the w’s in (1.5.27) to zero) and then in full extent by Claeys and Romano [45], such a
system of bi-orthogonal polynomials solves a vector Riemann-Hilbert problem. Furthermore, the non-linear steepest descent
approach [54, 55] to the uniform in the variable large degree-N asymptotics of orthogonal polynomials can be generalised
to such a bi-orthogonal setting, leading to Plancherel-Rotach like asymptotics for these bi-orthogonal polynomials [46]. In
principle, by adapting the steps of [66], one should be able to derive the large-N asymptotic expansion of the integral 35[W]
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in presence of varying weights, viz. provided the replacement W < NV is made. However, such a result would by no means
allow one for any easy generalisation to non-varying weights. Indeed, as we have argued, in the non-varying case, one rather
needs to carry out the large-N analysis of the rescaled model Zy[V]. However, starting from such a multiple integral would
imply that one should study the system of bi-orthogonal polynomials associated with the functions e™ @1, ¢™"®2Y  The
presence of N introduces a new scale in N to the Riemann—Hilbert analysis. Taking the latter into account would probably
demand a quite non-trivial modification of the non-linear steepest descent method.

On top of all this, one needs to construct the equilibrium measure. For similar reasons of absorbing part of the asymptotic
expansion, this measure will have to issue from the same N-dependent minimisation problem and hence correspond to the N-
dependent equilibrium measure that we construct in the present paper. However, if one goes into the details of the work [45],
one observes that these authors provide a one-fold integral representation for the density of the one-cut equilibrium measure
arising in bi-orthogonal ensembles. The kernel of this transform involves the inverse of an explicit and basic transcendental
function. Although extremely effective in the varying case, such an integral representation appears ineffective in the analysis
of Zy[V]. Indeed, then, one would have to manipulate N-dependent versions of this inverse and, in particular, obtain uniform
in N local behaviours thereof. A priori, since this inverse does not seem to admit an explicit series expansion or a manageable
integral representation, such a characterisation seems to be quite complicated. Furthermore, the transform constructed in [45]
does not exhibit explicitly the factorisation of square root singularities at the edges - in contrast to the case of the one-fold
integral representation arising in 8 ensembles, c.f. (1.2.4). This means that, just as in our setting, one would have to extract
the square root behaviour by hand. Therefore, although one dimensional, we believe that this transform, in the present state
of the art, is much less effective then ours, at least from the point of view of our perspective of asymptotic analysis. In
fact, when specialised to the construction of the equilibrium measure, the 2 x 2 Riemann—Hilbert analysis we use enables
us, among other things, to provide the leading, up to exponentially small corrections in N, behaviour of the inverse of the
N-rescaled map built in [45]. Thus, indirectly, our approach solves such a problem.

1.6 Notations and basic definitions

In this section, we introduce basic notations that we shall use throughout the paper.

General symbols

e 0 and O refer to standard domination relations between functions. In the case of matrix function M(z) and N(z), the
relation M(z) = O(N(z)) is to be understood entry-wise, viz. M jx(z) = O(N jx(2)).

e O(N~™) means O(N~X) for arbitrarily large K’s.
e Given aset A C X, 1, stands for the indicator function of A, and A® denotes its complement in X.
o A Greek letter appearing in bold, e.g. A, will always denote an N-dimensional vector:
A= (A,...,Ay) eRY. (1.6.1)
and dV A denotes the product of Lebesgue measures Hg:l da,.

e given x € R, | x] denotes the integer satisfying [x] < x < [x] + 1

e Throughout the file, the curve %;gg will denote the curve depicted in Figure 5.1 appearing in § 5.1.1. This curve is such
that 2¢ = dist(R, ‘frfgg) > 0. Throughout the text, this distance will always be denoted by 2¢.

e [ is the 2 x 2 identity matrix while o* and o stand for the Pauli matrices:

+ _ [0 1 ~_ (0 0 (10
o _(OO o =1 0 and o =19 _1 |- (1.6.2)
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Functional spaces

e M'(R) denotes the space of probability measures on R. The weak topology on M'(R) is metrized by the Vasershtein
distance, defined for any two probability measure u; and y, by:

Dy, o] = sup
fe€Lip;1(R)

f F@d - uz)(f)‘ : (16.3)
R

where Lip; ;(R) is the set of Lipschitz functions bounded by 1 and with Lipschitz constant bounded by 1. If f is a
bounded, Lipschitz function, its bounded Lipschitz norm is:

f(§)—f(77)‘

1.6.4
&-n (o®

IAllL = lfllz~@®) + sup
£#neR

e Given an open subset U of C", O(U) refers to the ring of holomorphic functions on U. If f is a matrix of vector valued
function, the notation f € O(U) is to be understood entrywise, viz. ¥V a, b one has f,, € O(U).

e Ck(A) refers to the space of function of class k on the manifold A. C¥(A) refers to the spaces built out of functions in
Ck(A) that have a compact support.

e LP(A,du) refers to the space of p"-power integrable functions on a set A with respect to the measure . LP(A, du) is
endowed with the norm

fllmg = { f P dy(x)};. (1.6.5)
A

e More generally, given an n-dimensional manifold A, W,f (A, du) refers to the p™ Sobolev space of order k defined as

WA, dpr) = {f CLPAW) : F .. 0uf e DPAdw). Y a <k with ae N} . (1.6.6)
(=1

This space is endowed with the norm
n
I wrago = max{llds ... 0% flragn ¢ a €N, £=1,...,n, and satisfying Zaf <k} (1.6.7)
=1

In the following, we shall simply write L”(A), Wkp (A) unless there will arise some ambiguity on the measure chosen
onA.

e We shall also need the N-weighted norms of order ¢ for a function f € W;°(R"), which are defined as
¢
Il llws e
NOLA = ZM (1.6.8)

pa
p=0 N

In particular, we have the trivial bound Nf\f) Lf1 < Clf IIW?(Rn). Also, the number of variables of f is implicit in this
notation.

e The symbol # denotes the Fourier transform on L*(R) whose expression, versus L' N L?>(R) functions, takes the form

Flel() = f @(€) e¥de . (1.6.9)

R

Given i € M'(R), we shall use the same symbol for denoting its Fourier transform, viz. ¥ [u]. The Fourier transform
on L*(R") is defined with the same normalisation.
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The s™ Sobolev space on R is defined as

H,(R") = {ueS’(R”) il ) = f(l+|Ztgﬁ)z’rﬂu](n,...,rn)|2-d"t < +oo}, (1.6.10)
a=1

Rn

in which &’ refers to the space of tempered distributions. We remind that given a closed subset F' C R", H (F)
corresponds to the subspace of Hy(R") of functions whose support is contained in F.

The subspace

¥(A) = [HeH(@) : f T THIN eV S 0}

1.6.11
2im ( )

R+ie

in which A € R is closed will play an important role in the analysis. It is defined in terms of y;, the (1, 1) entry of the
unique solution y to the 2 X 2 matrix valued Riemann—Hilbert problem given in Section 4.2.1.

Given a smooth curve X in C, the space M(L*(Z)) refers to £ x ¢ matrices with coefficients belonging to L*(X). It is
endowed with the norm

sy = { [ D 1Mo Moo duo)} (1.6.12)
> a,b

and * denotes the complex conjugation.

Certain standard operators

Given an oriented curve X C C, —X refers to the same curve but endowed with the opposite orientation.

Given a function f defined on C \ X, with X an oriented curve in C, we denote -if these exists- by f.(s) the boundary
values of f(z) on £ when the argument z approaches the point s € X non-tangentially and from the left (+) or the
right (—) side of the curve. Furthermore, if one deals with vector or matrix-valued function, then this notation is to be
understood entry-wise.

H* = {z € C : Im(%z) > 0} is the upper/lower half-plane, and R* = {z € R : +z > 0} is the closed positive/negative
real axis.

The symbol C refers to the Cauchy transform on R:

d
CLAI) = fsfslﬁ (1.6.13)
R

The + boundary values C.. define continuous operators on Hy(R) and admit the expression

D1 q
C.IAI) = J% - ;Z(ss)_ ;).
R

(1.6.14)

Given a function f supported on a compact set A of R”, we denote by f, an extension of f onto some compact set K
such that A C Int(K). We do stress that the compact support is part of the data of the extension. As such, it can vary
from one extension to another. However, the extension f, is always assumed to be of the same class as f. For instance,
if fis LP(A), W/ (A) or C*(A), then f, is LP(K), W/ (K) or CK(K).
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Chapter 2

Main results and strategy of proof

Abstract

In the first part of this chapter we gather the main results which follow from the analysis developed in this book. To start
with, in Section 2.1, we discuss an example, in Theorem 2.1.1, of the leading large-N asymptotic expansion of In 3y [W] where
3n[W] is the unscaled partition function defined by (1.5.27). We shall also argue that the large-N asymptotic behaviour of
(1.5.27) — whose integrand does not depend explicitly on N — can be deduced from the one of the rescaled model (2.5.1)
— whose integrand depends explicitly on N— that we propose to study. Then, after presenting the per se model of interest
and listing the assumptions on which our analysis builds in Section 2.2, we shall discuss the form of the large-N asymptotic
expansion of the logarithm of the rescaled partition function In Zy[V] in Section 2.3. Then, in Section 2.4, we shall discuss
the characterisation of the N-dependent equilibrium measure that is pertinent for our study as well as the form of the inverse
Wi of a fundamental singular integral operator Sy that arises naturally in the study. Finally, Section 2.5, we outline the
main steps of the proof.

2.1 A baby integral as a motivation

Let &iy) the functional, defined in R U {+oo} for any probability measure u € ML(R):

_ Br(w + w))

%
et = [ {2(er + ) - P2 oL

Theorem 2.1.1 &y is a lower semi-continuous good rate function. Furthermore, given a potential W such that

|f\1im €T W) = ¢4 >0 forsome g>1, (2.1.2)
—+00
it holds
. Ingy[W] .
T T Tt Somlid @13
(ply)

This infimum is attained at a unique probability measure peq°" . This measure is continuous with respect to the Lebesgue
measure and has density

(ply) g(g — D)€l 1
= =2 = 1., ) 2.14
O = J s e (2.14)
,ugély) is supported on the interval [a ; b), with (a, b) being the unique solution to the set of equations
bl = Jape! = P 2.15)
q

37
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We have, explicitly:

st
T 2¢°-9g+6
22¢g-1)

lim M = (Cq)% ~(%(w1 +w2))

N—+co N2+ T

(2.1.6)

The proof of this proposition is postponed to Appendix B, and follows similar steps to, e.g., [5]. We now provide heuristic
arguments to justify the occurrence of scaling in N in this problem. Just as discussed in the introduction, the repulsive effect
of the sinh-2 body interactions will dominate over the confining effect of the potential as long as the integration variables will
be located in some bounded set. Furthermore, in the same situation, the Lebesgue measure should contribute to the integral
at most as an exponential in N. We thus look for a rescaling of the variables y, = TyA, where the effects of the confining
potential and the sinh-2 body interactions will be of the same order of magnitude in N. This recasts the partition function as

N N
W] = (TN)N f ]_[{sinh [rw Ty(Ay — )] sinh [rws Ty (A, —A,,)]}ﬁ feMIotava, (2.1.7)
=1

RN a<b a

Taking into account the large-variable asymptotics of the potential, we have:
N
Z W(Tyd,) ~ TEN, (2.1.8)
a=1

where the symbol ~ means that for a "typical" distribution of the variables {/la}ll\' , the leading in N asymptotic behaviour of
the sum in the right-hand side should be of the order of the left-hand side. Similarly, assuming a typical distribution of the
variables {/la}llV such that most of the pairs {1,, 4,} satisfy Ty|4, — 45| > 1, one has

N
Z B1n{sinh [w; T(Aq — A)] sinh [rw, Ty(Aa = )]} ~ CN* Ty . (2.1.9)

a<b

Thus, the confining potential and the two-body interaction will generate a comparable order of magnitude in N as soon as
N?>-Ty = T} -N,ie.

Ty = N . (2.1.10)

Theorem 2.1.1 indeed justifies that the empirical distribution L;}D of 4, = N o Yy, concentrates around the equilibrium
measure, with a large deviation principle governed by the rate function (2.1.1).

This observation implies that, in fact, Zy[Vy] with Vy(1) = N E -W(N = A) is the good object to study in that it involves
N
interactions that are already tuned to the proper scale in N. Due to the relation 3y[W] = N+ - Zy[Vy], one readily has access
to the large-N asymptotic expansion of 3y[W].

2.2 The model of interest and the assumptions

It follows from the arguments given in the previous section that, effectively, the analysis of the unrescaled model boils down
to the one subordinated to the partition function

N N
ZylV] = f ﬂ { sinh [w) N* (A, = A3)] sinh [maw,N* (A, - A,,)]}ﬁ ]_[ e NV N (2.2.1)
RN a<b a=1

with @ some parameter — equal to 1/(g — 1) in the previous paragraph — and V a potential that possibly depends on N.
Due to such an effective reduction, in this paper, we shall develop the general formalism to extract the large-N asymptotic
behaviour. Therefore, we shall keep the complexity at minimum. In particular, we shall not consider the case of N-dependent
potentials which would put the analysis of Zy[V] in complete correspondence with the one of 3y[W]. Indeed, this would
lead to numerous technical complication in our arguments, without bringing more light on the underlying phenomena. By



2.3. ASYMPTOTIC EXPANSION OF Zy[V] AT =1 39

focusing on (2.2.1), we believe that the new features and ideas of our methods are better isolated and illustrated. We shall
incorporate the peculiarities of the model 3y[W] of (1.5.27) and investigate its asymptotic behaviour up to o(1) in a future
publication.

In the present paper we obtain the large-N asymptotic expansion of In Zy[V] up to o(1) under four hypothesis

e the potential V is confining, viz. there exists € > 0 such that

limsup |71 V() = +o0; (22.2)

[é] =400

e the potential V is smooth and strictly convex on R ;

o the potential is sub-exponential, namely there exists € > 0 and Cy > 0 such that

Vé eR, sup
n€[0:e]

VE+m| < (vl +1), (2.2.3)

and given any k > 0 and p € N, there exists C, ,, such that

VEeR,  [VP@)|e™® < (. (2.2.4)

o the exponent @ in N is neither too large nor too small:

0<a<1/6. (2.2.5)

The first hypothesis guarantees that the integral (2.2.1) is well-defined, and that the A’s will typically remain in a compact
region on R independent of N. It could be weakened to study weakly confining potentials, to the price of introducing more
technicalities, similar to those already encountered for 8 ensembles — see e.g. [87].

In the second assumption, V could be assumed C* for k large enough. The convexity assumption guarantees that the
support of the equilibrium measure is a single segment'. In principle, the multi-cut regime that may arise when the potential
is not strictly convex can be addressed by importing the ideas of [28] to the present framework. We expect that the analysis
of the Riemann-Hilbert problem in the multi-cut regime is very similar to the present case, but with a larger range of degrees
for the polynomial freedom appearing in the solution (4.3.14). Though it would certainly represent some amount of work,
the ideas we develop here should also be applicable to derive the fine large N analysis of the solution of the Riemann-Hilbert
problem in the bulk and in the vicinity of all the edges of the support of the equilibrium measure.

The third assumption is not essential, but allows some simplification of the intermediate proofs concerning the equilib-
rium measure and the large deviation estimates, e.g. Theorem 3.1.6 and Corollary 3.1.10. It is anyway satisfied in physically
relevant problems.

In the fourth assumption, @ = 0 can already be addressed with existing methods [30]. The upper limit @ < o* = 1/6
has a purely technical origin. The value of a* could be increased by entering deeper into the fine structure of the analysis of
the Schwinger-Dyson equation, and by finding more precise local and global bounds for the large N behaviour of the inverse
of the master operator Uy', in more cunning norms. Intuitively, the genuine upper limit should be @* = 1, since in the
a > 1 case, we reach a regime where the particles do not feel the local repulsion any more. However, obtaining microscopic
estimates is usually a difficult question — for 5 ensembles, it has been addressed e.g. in [32, 33]. So, one can expect important
technical difficulties to extend our result to values of « increasing up to 1.

This set of hypothesis offers a convenient framework for our purposes, enabling us to focus on the technical aspects
(@) — (vi) listed in § 1.5.3 without adding extra complications.

2.3 Asymptotic expansion of Zy[V] atg =1

We now state one of the main results of the paper, namely the large-N asymptotic expansion of the partition function Zy[V]
which holds for any potential V satisfying the hypothesis stated above

ISee e.g. the expression of the N = oo equilibrium measure (2.4.3). Its proof is given in Appendix C.
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Theorem 2.3.1 The below asymptotic expansion holds

VI ) | e BV
IH(ZNTG;N])WZI = -N ; Ve N30+ (QUV Vowl(w) ~ QUV. Valay)

+ R - (QUV. Vel (bn) + QUV: Vo] (ay)) + o(1) . (2.3.1)

The whole V-dependence of this expansion is encoded in the coefficients ©,[V] and in the function [V, Vo.n1(€). o and
No are numerical coefficients given, respectively, in terms of a single and four-fold integral. Also, the answer involves the
Gaussian potential

7B(w1 +w2) - [€ = (ay + by)E]

1 2 1
by—ay + — > —1
NN Ne ,Z‘] nwp n(

(2.3.2)

WG;N(f) = w1 )

wp(wr + wy)

and sequences ay and by that are given in Theorem 2.4.3. If we denote Vf\’, =V + Wy, the coefficients ©,[V] take the form

by
-1 - —\/7
©lV] = meN(f)'(VN) (& d¢ (2.3.3)

when p = 0 and, for any p > 1:

by

BVl = upi f V(&) - VD) dé (2.3.4)

an

-IS —\(e+ +\(s+ s —\({+ +\(s+
+ > S—f{(—l)‘(Vm“’ Dan) - (Vi) an) + D7 (V) bw) - (Vi) ”(bN)}.
s+l=p-1 "~
5,6>0

The coefficients ;¢ are defined by:

is+[+1 +1 5! 9" as+l+{’—r 1
T = _( H ) L ) . (2.3.5)
2r — ri(s+€+1-r)! Ou ‘R ()’ =0 Qust1+=r AR, (u)/In=0
R, is the H™ Wiener—Hopf factor of 1/F[S (), with S defined in (2.4.16), that reads
( id il
% Wy N\~ W\ 27rw1)- (2nw2)
Ri(A) = : Pol—— . - 2.3.6
1@ 2w \Jw + ws (a)1 +(u2) (u)l +w2) r(l/l(wl +a)2)) ( )
2nwi Wy
The function §) describing the constant term is defined as
V() = Wg.n(©) V(&)
QUV, Wen1(§) = - 111( ” ) (2.3.7)
oM© = vrgmwre MW@
The V-independent coefficient )y in front of the term N reads
+00 ;
duJm), , ) f 2sinh [1/(2wy)]sinh [1/Qw»)] €™ da
b = S + S th Ju) = : . 2.3.8
0 f o WS’ + S@) - with J@w) sinh [ + @)/ Qanan)]  2ix (2.3.8)

0 G
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Finally, the numerical prefactor Xy is expressed in terms of the four-fold integral

W) +w duJ(u)+oo v—u vt+u
N = -4 Zf N fdvﬁu{S(u)-(r[ 1 =—=-))

R Jud
diduy  wlw; + wy) r it _ _ Xy
Qim)? (1+ RU(DR (1) J e ax{s o (r(x) " D+ wz))} - @

GCrew

The integrand of Ny involves the function v which is given by

w1y
c1(x) + co(x) pz::I 21w, n (a)p(a)l + (UZ))}

W = 1+ 27B(w; + w2)co(x) (2.3.10)

with

eidx aﬂ 1 da
— - (2.3.11)

2171\/(4)1 + wy f A 6/11’ R ()

(gr(ei )

cp(x) E{ .

The result for 8 # 1 contains two more terms, and is given in the body in the book, by Proposition 3.4.1, in terms of N-
dependent simple and double integrals 3 “( ). The final form for the asymptotics up to o(1) of these extra terms can be worked
out following the steps of Section 6.3, although we decided to leave it out of the scope of this book, since 8 # 1 does not
seem to appear in quantum integrable systems.

2.4 The N-dependent equilibrium measure and the master operator

It is not hard to generalise the proof of Theorem 2.1.1 to the present setting so as to obtain the below characterisation of the
leading in N asymptotic behaviour for Zy[V].

Theorem 2.4.1 Let E be the lower semi-continuous good rate function
1
Seol] = 3 f(V(H) + V(&) - nf(wr + w)l§ —nl) du(€)dun) . (24.1)

Then, one has that

anN[V] _
M N T Tl & o] - (2.4.2)

The infimum is attained at a unique probability measure peq. This measure is continuous with respect to the Lebesgue
measure, and has density

V')

Peq(&) = B(wr + )

o )(é) (2.4.3)

supported on the interval [a ; b], with (a, b) being the unique solution to the set of equations
V'(b) = -V'(a) = nB(w; + wy) . (2.4.4)

One has, explicitly,

V() (b - (V@)
e MZVV] V@ ve) (VO G-a) 4 (V@) & (24.5)
Notoo  N2+a 2 4nB(w; + wy)
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The strict convexity of V guarantees that the density (2.4.3) is positive and that it reaches a non-zero limit at the endpoints
of the support. This behaviour differs from the situation usually studied in 8 ensembles with analytic potentials which leads
to a generic square root (or inverse square root) vanishing (or divergence) of the equilibrium density at the edges.

Note that the function &, defined in (2.4.1) arises as a good rate function in the large deviation estimates for the empirical
measure L%), cf. (1.2.2). In fact, a refinement of Theorem 2.4.1 would lead to the more precise estimates

InZy[V] = —N***E[teq] + ON?) . (2.4.6)

Thus, with respect to the usual varying weight S-ensemble case, there is a loss of precision by a N'=® factor. This, in fact,
takes its origin in that the purely asymptotic rate function E[peq] does not absorb enough of the fine structure of the saddle-
point. As a consequence, the remainder O(N?) mixes both types of contributions: the deviation of the saddle-point with
respect to its asymptotic position and the fluctuation of the integration variables around the saddle-point.

The fine, N-dependent, structure of the saddle-point is much better captured by the N-dependent deformation?® of the rate
functions Ec:

2

Enlpl = ! V() + V) - —ﬂa In sinh [tN“wp, (€ — )]} | du(€)du) - (2.4.7)
2 N
=1

This N-dependent rate functions appear extremely effective for the purpose of our analysis. Namely, it allows us re-
summing a whole tower of contributions into a single term. The use of &y should not be considered as a mere technical
simplification of the intermediate steps; it is, in fact, of prime importance. The use of the more classical object &, would
render the analysis of the Schwinger-Dyson equations impossible. This fact will become apparent in the core of the file.
Here, we only state the improvement provided by the use of the finite-N minimiser of Ey:

InZy[V] = =N*** inf &y[u] + ON') . (2.4.8)
HeMI(R)

As usual, this minimiser admits a characterisation in terms of a variational problem:

Proposition 2.4.2 For any strictly convex potential V, the N-dependent rate function Ey admits its minimum on M'(R) at
a uni babili o } ilibri } ;

que probability measure pg’. This equilibrium measure is supported on a segment [ay ; by] and corresponds to the
unique solution to the integral equations

2

VE - f {]_[smh (7N w, (€ ~ n)]}dueq><n) = C4  on [ay;by] (24.9)
p=1
2

Ve - o f {l_[smh N‘*wp(g—n)]}dueq>(n) > ¢ on R\[ay:byl. (2.4.10)
p=1

with Cég’) a constant whose determination is part of the problem (2.4.9)-(2.4.10). The equilibrium measure admits a density
pgc\l’), which is C¥=2 in the interior lay; by[ if V is C*. Finally, one has the behaviour at the edges:

peq><§> = 0( VE-ay), pa(€) = O(\by-¢). (2.4.11)

£—by

The proof of this proposition is rather classical. It follows, for instance, from [30, Section 2.3] in what concerns the
regularity, and from a convexity argument (see [118, Theorem 2.2]) in what concerns connectedness of the support and the
strict inequality in (2.4.10). Elements of proof are nevertheless gathered in Appendix C. In fact, regarding to the equilibrium
measure, we can be much more precise when N is large enough:

Theorem 2.4.3 In the N — oo regime, the equilibrium measure yg(;’)

2The property of lower semi-continuity along with the fact that Sy has compact level sets is verified exactly as in the case of 8-ensembles, so we do not
repeat the proof here.



2.4. THE N-DEPENDENT EQUILIBRIUM MEASURE AND THE MASTER OPERATOR 43

e is supported on the single interval [ay ; by] whose endpoints admit the asymptotic expansion

k k
an;e 1 bN;t’ 1
ay = a + ; N * O(W) and by = b + ; i+ O(W), (2.4.12)
where k € N* is arbitrary, (a, b) are as defined in (2.4.4) while
2 -1
X 1 4 . 144
( by, ) _ {Z ln( w1wy )} ( 1% ,fa) {v ,fb)} » ) : (2.4.13)
ay:i P 2nw, wy(w) + wy) =V"(b) - {V"(a)}
e is continuous with respect to Lebesgue. Its density is pf,g) vanishes like a squareroot at the edges:
V'(ay) + O(N™%) V"(by) + O(N™%)
(N) N (N)
()~( )\/ “an ()~( )\/b— : (2.4.14)
Peg (& i—ay \ B n(wy + wy) §-an Peq (€ &by \ B Vr(wr + wy) Ve

and there exists a constant C > 0 independent of N such that:
N
”pfaq)”L‘”([aN ) < CUV Nl ay by - (2.4.15)

This density takes the form pgc\l]) = Wy[V'], with Wy as defined in (2.4.18).

If the potential V defining the equilibrium measures satisfies V € C*([ay ; by]), then the density is of class C*2 on
lay s byl.

Note that the characterisation of pgg) in the theorem above comes from the fact that it is solution to the singular integral
equation SN[peg’)](f) = V'(¢) on [ay ; by], where

by 5
Snl8]©) = JC SIN“E-n]pm)dy  and  S©&) = Zﬁnwp cotanh [7rw,é] . (2.4.16)
ay p=1

The unknowns in this equation (pgg), ay, by) should be picked in such a way that pf,f{) has mass 1 on [ay ; by] and is regular at
the endpoints ay, by. Thus, determining the equilibrium measure boils down to an inversion of the singular integral operator
Sy. In fact, the singular integral operator Sy also intervenes in the Schwinger-Dyson equations. The precise control on its
inverse Wy — defined between appropriate functional spaces — plays a crucial role in the whole asymptotic analysis.

These pieces of information can be obtained by exploiting the fact that the operator Sy is of truncated Wiener—Hopf
type. As such, its inversion is equivalent to solving a 2 X 2 matrix valued Riemann—Hilbert problem. This Riemann—Hilbert
problem admits a solution for N large enough that can be constructed by means of a variant of the non-linear steepest descent
method. By doing so, we are able to describe, quite explicitly, the inverse “Wy by means of the unique solution y to the
2 x 2 matrix valued Riemann—Hilbert problem given in Section 4.2.1. We will not discuss the structure of this solution here
and, rather, refer the reader to the relevant section. We will, however, provide the main consequence of this analysis, viz. an
explicit representation for the operator ‘Wy. For this purpose, we need to announce that y;, the (1, 1) matrix entry of y, is
such that u +— p'/? - y11(u) € L*(R).

Theorem 2.4.4 Let 0 < s < 1/2. The operator Sy : Hi([ay ;by]) = X,(R) is continuous and invertible where, for any
closed A C R,

de 0} (2.4.17)

X,(4) = {HeH(A) : f XN T THIN" e =
R+ie
is a closed subspace of Hs(A) such that Sy(Hs([ay ;bn])) = X4(R). The inverse is given by the integral transform Wy
which takes, for H € C'([ay ; by]) N X4(R), the form

by
N2w da d e—iN”(.f—aN)/l .
WALHIE) = f 2 ﬁﬂT{mumw—%-x”(mxlzu)} fdnew W HG) . (2.4.18)

273
R+2ie R+ie ay



44 CHAPTER 2. MAIN RESULTS AND STRATEGY OF PROOF

In the above integral representations the parameter € > 0 is small enough but arbitrary. Furthermore, for any H €
C 1([aN ;by)), the transform Wy exhibits the local behaviour

WnIHI(E) e C.H'(ay)Vé—ay  and  Wy[HI(E) e CrH'(by) Vby = & . (2.4.19)

—a —
where Cp g are some H-independent constants.

Note that, within such a framework, the density of the equilibrium measure ugg) is expressed in terms of the inverse as
pg(\l’) = ‘Wy[V’]. In this case, the pair of endpoints (ay, by) of the support of ,ug(\l]) corresponds to the unique solution to the

system of equations

2im
R+ie ay

bN bN
f Wy[V ] dé = 1 and f X1 [ v ooy an = 0. (2.4.20)

The first condition guarantees that ,ug(;’) has indeed mass 1, while the second one ensures that its density vanishes as a square
root at the edges ay, by. Using fine properties of the inverse, these conditions can be estimated more precisely in the large-N
limit, hence enabling one to fix the large-N asymptotic expansion of the endpoints ay, by as announced in (2.4.12)-(2.4.13).

2.5 The overall strategy of the proof

In the following, we shall denote by py(4) the probability density on R associated with the partition function Zy[V] defined
in (2.2.1):

N N
1 . . ,3 —NH"V/l
= —— h N, — A h N, — A ) 2.5.1
P () ZulV] g{sm [ N( »)] sinh [wy N( b)]} ne ( )

a=1

pn(d) gives rise to a probability measure Py on RY. We also agree that, throughout the file, LE\’,D refers to the empirical
measure

N
1
@ _
Ly = NZ% (2.5.2)
a=

associated with the stochastic vector A.

Definition 2.5.1 Let vy, ..., v, be any (possibly depending on the stochastic vector A) measures and ¥ a function in € vari-
ables. Then we agree upon

(lp)v]@_”@w = <¢(§1,...,§[))V1®”_®w =Py| f Y. E)dv @ @ dv,| (2.5.3)
R¢

whenever it makes sense. We shall add the superscript V whenever the functional dependence of the probability measure on
the potential V needs to be made clear.

Note that if none of the measures vy, ..., v, is stochastic, then the expectation versus Py in (2.5.3) can be omitted.

The Schwinger-Dyson equations constitute a tower of equations which relate expectation values of functions in many,
non necessarily fixed, variables that are integrated versus the empirical measure (2.5.2). More precisely, the Schwinger-
Dyson equations at level k (k > 1) yield exact relations between various expectation values of a function in k variables and its
transforms, this versus the empirical measure. The knowledge of these expectation values, yields an access to the derivatives
of the partition function with respect of external parameters. For instance, if {V,}; is a smooth one parameter family of
potentials, then

dInZylVi] = -N**@,V) ], . (2.5.4)
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The exponent V; appearing in the right-hand side is there so as to emphasise that the expectation value is computed with
respect to the probability measure subordinate to the t-dependent potential V;.

Thus the problem boils down to obtaining a sufficiently precise control on the behaviour in N of the one-point expectation
values. This can be achieved on the basis of a careful analysis of the system of Schwinger-Dyson equations associated with
the present model. Since this machinery does not simplify much in the 8 = 1 case, we do this for general 8. The result for
some sufficiently regular function H and potentials V satisfying to the general hypothesis, is our Proposition 3.3.6.

In the 8 = 1 case, Proposition 3.3.6 reads:

; 1
—-NPYHY = —NZ f H(E) - Wy[V'](¢)dé + Esd[H, V] + o(1). (2.5.5)

an

and the proof shows that the remainder o(1) is uniform in H and V provided that H is regular enough and that V satisfies to
the hypothesis given in (2.2.2)-(2.2.4). Furthermore, the expansion (2.5.5) involves

34[H, V] = f Wy|0efS (N*(€ = %)) - Gu[H, VI(&, %)} ) de , (2.5.6)

with

WyIHIE — WnlHI0)

GNIH, V]E ) = WyIV1©) B WNIVIm)

(2.5.7)

Note that, in (2.5.6), the = indicates the variable of the function on which the operator Wy acts. Given sufficiently regular
functions H,V, we obtain in Section 6.3 and more precisely in Proposition 6.3.10 the large-N asymptotic behaviour of
J4l[H, V]. We then have all the elements to calculate the large-N asymptotic behaviour of the partition function Zy[V]. For
this purpose, we observe that, when 8 = 1, the partition function associated to a quadratic potential can be explicitly evaluated
as shown in Proposition D.0.19. One can also show (c¢f. Lemma D.0.18) that there exists a unique, up to a constant, quadratic
potential Vg.n such that its associated equilibrium measure has the same support [ay, by] as the one associated with V. Then
Vi = (1 = 1)Vg.y + tV is a one parameter ¢ smooth family of strictly convex potentials, and /,zeq y, = (- t),uéN)V(N :“g(\;j)v
Furthermore, if follows from the details of the analysis that led to (2.5.5) that the remainder o(1) will be umform inte[0;1].
As a consequence, by combining all of the above results and integrating equation (2.5.4) over ¢, we get that, in the asymptotic
regime,

Zy[V
1n(ZN[NV[G]N]) N2 f at [0V W © + N (N Vanl(oy) - V. Vew(ay)

+ No - (SVIV Valbn) + U1V Val(an)) + o(1) . (25.8)

The constants Jj and &, were defined respectively in (2.3.8) and (2.3.9), while §} is as given by (2.3.7).

Note also that the first integral can be readily evaluated (integration of rational functions in t) on the asymptotic level
by means of Proposition 6.1.6. It produces an expansion into inverse powers of N and, as such, does not contribute to the
constant term unless « is of the form 2/n for some integer n. Note that it is this integral that gives rise to the functional
6,[V] in (2.3.1). Finally, the answer for the large-N asymptotic behaviour of the partition function Zy[Vg,y]=1 can be
found in Proposition D.0.19. As follows from Lemma D.0.18 the quadratic potential Vi.y is such that Vg.y — Wo.y =
O(N~>) with Wg.y as defined in 2.3.2 and where the remainder is uniform on some N-independent relatively compact open
neighbourhood of [ay ;by]. This allows one to replace Vig.y by Wg.y in the right hand side of (2.5.8). Also, it is clear
form the large-N expansion of the partition function associated with quadratic potentials given in Proposition D.0.19 that
InZy[Venlp=1 —InZy[We.n]p=1 = o(1).

For 8 # 1, (2.5.5) is modified by the addition of two more terms J °( ) and 3. - Their large N behaviour can be determined
without difficulty — but with some algebra — along the lines of Sectlon 6.1.2 and § 6.3. Then, to arrive to a final answer for
Zn[V]pz1 similar to (2.5.8), we would need to compute exactly the partition function for the Gaussian potential Zy[Vg.n]gz1-
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We do not know at present how to perform such a calculation. Thus, we would be able to derive the asymptotic behaviour
of the partition function at 8 # 1 up to a universal, i.e. not depending on the potential V, function of 8. However, since
the values 8 # 1 do not seem to appear in quantum integrable systems, we shall limit ourselves in this book to the result of
Proposition 3.4.1 for the case 5 # 1.



Chapter 3

Asymptotic expansion of In Zy[V] - the
Schwinger-Dyson equation approach

Abstract

In the present chapter we develop all the necessary tools to prove the large-N asymptotic expansion for In Zy[V] up to
o(1) terms, in the form described in (2.5.5). This asymptotic expansion contains N-dependent functionals of the equilibrium
measure whose large-N asymptotic analysis will be carried out in Sections 6.1-6.3. We shall first obtain some a priori
bounds on the fluctuations of linear statistics around their means computed vs. the N-dependent equilibrium measure /,tg(;').
In other words, we consider observables given by integration against products of the centred measure: Lg\’,b = Lg\’}) - ,ug(\]/) .
Then we shall build on a bootstrap approach to the Schwinger-Dyson equations so as to improve these a priori bounds. We
shall use these improved bounds so as to identify the leading and sub-leading terms in the Schwinger-Dyson equations what,
eventually, leads to an analogue, at 8 + 1, of the representation (2.5.5) which will be given in Proposition 3.3.6. Finally,
upon integrating the relation (2.5.4) so as to to interpolate the partition function between a Gaussian and a general potential,
we will get the N-dependent large-N asymptotic expansion of In Zy[V] in Proposition 3.4.1.

. . . . N
3.1 A priori estimates for the fluctuations around ,ugq)
For simplification, we use the notation:
sy(&) = % ln[sinh (mw;N¥E) sinh (ﬂw2N"§)] (3.1.1)

for the two-body interaction kernel. The model provides a natural way of comparing two probability measures:

Definition 3.1.1 If u,v € M;(R), we set:

D[, v] = - f sn(& —m) d(u = v)(&) du =)@ , (3.1.2)

with sy as given in (3.1.1). D*[u, v] is a well-defined number in R U {+co}.
The notation is justified by the property > > 0 following from:
Lemma 3.1.2 We have the representation:

B~ d
D, v] = f{217\r]“¢p pz:; cotanh [2wad]} . |7'-[ll - V](<P)|2 : % 5 (3.1.3)

where F [u](€) is the Fourier transform of the measure p.

47
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Proof — The claim follows in virtue of the formula F[f;](¢) = —(r/p)(cotanh[rp/2t] — 2t/np) with
fi(x) = In|sinh(tx)| — x| + In 2. |

Definition 3.1.3 The classical positions va for the measure ﬂgﬁ) are defined by

N
R

fdyeq)(y) for ie[1;N] and x(l)v =ay , x]NV =by . (3.1.4)

—00

i
N

Our first task is to derive a lower bound for the partition function (2.2.1), by restricting to configurations of points close
to their classical positions:

Lemma 3.1.4 Zy[V] > exp{—NZWSN[ng)] + O(N”“)}.

We stress on this occasion that using the N-dependent rate function Ey allows the gain of a factor 1/N in the remainder with
respect to the leading term, while using &, would lead to a weaker estimate O(N?) for the remainder. This is of particular
importance to simplify the analysis of Schwinger-Dyson equations that will follow.

Proof — Tt follows from the local expressions obtained in Section 5 that p(N) is continuous with respect to Lebesgue measure

with density bounded by a constant M independent of N, as shown in (2.4.15). This ensures that

1
N| s ; . ) 1.
le UN ie[O;N-1] (3.1.5)

| i+1

We obtain our lower bound by keeping only configurations in

1

Q = {AeRV : A= < —1.
{de sgpl al < !

Let o, be some N-independent e-neighbourhood of [ay ; by]. Since V € C I(R), it follows that

V'l Vi
V() - v < V7l viz. —V(xN)—” lewo

-V(4, 3.1.6
4MN “ AMN V(da) ( )

fora € [1; N and for any A € Q. Thus, upon a re-centring at x\ of the integration with respect to A,, we get

N N 2
t+a I+a , ﬁ
ZnlV] > l_[ {e—N] V(XZV)} — Y IV o) % f l—[ { l_] sinh [na)pN”(va -y + xflv - )Hbv)]}
a=l [—1/@MN) /amny - 4<b Pl
N . N
l+a N N o 2 XN
> [ e Vo) e Viken « ]_[ N =) 5 f d [ {1 00} - G1T)
a=1 a<b a=1

VI<-<Vy

We remind that sy has been defined in (3.1.1). The second line is obtained by keeping only the configurations where i = v;
is increasing, and then using that sinh is an increasing function. Finally:

N N

l+a (N _ Nlte ao (WN_ N 1 1 N
ZnlV] = l_[ {e—N V(Xa)} “ar WVl we . l_leZN sy(x, =xg) | M(4N_M) ) (3.1.8)

a=1 a<b

We rewrite the first product involving the potential by comparison between the Riemann sum and the integral:

IV |z

N - (by —ayn) . (3.1.9)

1 N
N2, Ve = f VO dul @ + on, 10wl <
a=1
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It thus remains to bound from below the S-exponent part. Using that sy is increasing on R*, we get:

A
N-1 a+1 7'b+1
[50-088@ad0) = Y, [ [ Lo@mne -2t duo
X<y a,b=0 xf:’ Xﬁ’
1 N-1 N-1 N-1 1
< = Z Z sv( =)+ Z s =y o - (110)
a=0 b=a+1 a=0
The first sum can be recast as
N-1 N N-1 N N N-1
Z Z sy(xlY = xy = Z Z sv(x = XYy + Zs,v(xﬁ—xgv) - ZSN(XS]H . (3.1.11)
a=0 b=a+2 a=1 b=a+1 b=1 a=0
It follows from (3.1.5) and from I)cflV - xi’l < |by — an| < C for some C > 0 independent of N, that:
,max sy, =) = NO(InN + N®)  and 1rgi>1<v|s,v(xﬁj -x)l = O(1). (3.1.12)
Hence, it follows that
N
N2 f w0 =00 0) < O+ D syl = (3.1.13)
X<y a<b
thus leading to the claim. ]

We now estimate the fluctuations of linear statistics by using an idea introduced in [113].

Definition 3.1.5 Given a configuration of points 11 < --- < Ay, we build a sequence A <o <Ay defined as
A=A and I]m =:le + max (A1 —/lk,e’a“N)z). (3.1.14)

Further, for any A € RN, we associate a vector A € RN by ordering the A’s with a permutation o, apply the previous
construction to obtain a N-uple A, and put them in original order with the permutation o~"'. The corresponding empirical

measure is:
— 1 N
A S
N N ; Ay

and we denote Lx_)u the convolution of LE\’}) with the uniform probability measure on [0 ; e~V /N1

The new configuration has been constructed such that, for £ # k,

=2 = e ™V -] < -] and |4 - A < k- 1) eV (3.1.15)
@)
Niu
yield finite results. The scale of regularisation e
to N7%.

We introduce the effective potential associated to the N-dependent equilibrium measure:

is that it is Lebesgue continuous; as such it can appear in the argument of Ey or D? and
—-(InNy? _ N-InN

The advantage of working with L

is somewhat arbitrary, but in any case negligible compared

Vver @ = V@ - 2 f swE-mau®op - . (3.1.16)

By the characterisation of the equilibrium measure (Theorem 2.4.2), Vy..x = 0 in the support [ay ; by], while Vg > 0
outside [ay ; by].
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Proposition 3.1.6 Assume that

e the partition function Zy[V] satisfies a lower-bound of the form

ZIV] 2 exp{ - N*"Ey[ul)] + on},  On = o(N**); (3.1.17)
o the potential is sub-exponential, viz. there exists € > 0 and Cy > 0 such that

VxeR, sup |V/(x+1)| < CV(|V(x)|+1). (3.1.18)
t€[0 ;€]

Then, given any 0 < 17 < 1, we have for all 2 € RY that
pv(A) < exp{ - N* DL . 1y = 6y = N**(1 =) f V() dLY) (€) + O(N(In N)Z)} : (3.1.19)
R

The effective potential V.. has been defined in (3.1.16) while D*[u, v] is as given in (3.1.1).

Proof — The partition function takes the form:

Zy[V] = f d"a exP{—N2+“( f V(x)dLﬁj)(x)—zdiag[Ljéd)}, Taiaglu] = f sN(x = Y) du()du(y) -
RN XEY

(@)

., i the above integration. We start

where sy defined in (3.1.1). We are going to estimate the cost of replacing L%D by L
with the term involving the potential. Since we assumed V sub-exponential, we have:

7 1w (a-1) \~ @-1
'f\/(x)dLﬁv”(x) - fV(x)de)(x)' < % 2 e(ln—N)z~sup{|V(/la+t)| L e [o;m]}

NC ~
e(lnN‘;Z(fW(deLg\/})(x) + 1). (3.1.20)

Further, since V(x) — +oco0 when |x| — oo, there exists Céff > 0 such that
Vx eR, Cla(1 + Vyer(0)) = Cy(IV(X)|+1). (3.1.21)

Asa consequence,

exp{ - N2t f V(x) dL}(,D(x)}

IA

N3+a C’ _ ~
CXP{— _eff[l + fVN;eff(x)dLE\”l)(x)]_N2+afv(x)dL§\/})(x)} ) (3.1.22)

eIV

Now, let us consider the term involving the sinh interaction. Since sy is increasing on R* and the spacings between A,’s are

larger than those between the A,’s, it follows that Zd,-ag[Lﬁ\'})] < Zdiag [L;f)]. Furthermore, we have:

Zaiael L] = gl Ly = f ALY (0 ALy () f Cufsn(r=y) = sy(x =y + NV ) - )

X#Ey [0;1]2

1
-5 f Pusy[N eV 1y —up)] . (3.1.23)
[0;17?
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When N is large enough, we can use the Lipschitz behaviour of sy on [e"MV i /2, +oo| for the first term. Indeed:
g g p

2

syl = S22

p=1

2 cotanh[rw,N°|x|] < ¢/’ NN’ (3.1.24)

for some ¢’ > 0. Besides, we exploit that sy is increasing to bound the second term. This leads to:

aiae LP] — ZaaelLD]] < (V1) + € NI (nNY (3.1.25)

Since the measure L( ) is continuous with respect to Lebesgue, it is not any more necessary to take care of the diagonal
singularity in sy, and we obtain:

exp{ - N2+"( f V(x)dL (x) - zdmg[L;f)])} < exp{ - N2+“5N[L}§>u] + O(N(In N)2)} (3.1.26)
R

X exp {e_(l" NP N3+a Clye f Vi, eﬂ(X)dLu) (x)} .

Since ugf? is also continuous with respect to Lebesgue, En [,ug;’ ] is finite and we can expand the first term around y(N).

EV[LY] = En[u] + LD, ] + f d(LE&L—ueq)xx){vu) 2 f Al () sN<x—y>}.
R R

We recognize in the last integral Vy, eff(x) + Cg(;’ ) integrated against a measure of mass 0. So, we can omit the constant Ceq,
and since V.. = 0 on the support of ,ueq , we actually find:

ENLD] = En[ull] + DD 1] + f Ve (0 AL, (1)
R

If we plug this relation in (3.1.27), we obtain a similar bound but now with Vy..¢ having the prefactor

N> — e‘(l‘”")2N3+"Céff < (1 —)N**?, this for any 0 < 77 < 1, provided that N is large enough. [
In order to bound the one and multi-point expectation values and in particular the various terms arising in the Schwinger-

Dyson equations, we introduce the exponential regularisation of a function. This regularisation allows one to deal with

functions that are unbounded at infinity but whose expectation values are still well defined.

Definition 3.1.7 Given a function f in n variables, its exponential regularisation with growth « is defined by

n

K1) = {[ [V} @6 (3.127)

a=1

Definition 3.1.8 We define the centred empirical measure as:
L= ® (3.1.28)

Prior to establishing the simplest a priori bounds on the multi-point expectation values {f) Q! £ We need to establish a
1=N

convenient decomposition thereof. The latter is written in such a way that the leading in N behaviour comes from the part
involving a restriction of f to a compactly supported function.

Lemma 3.1.9 There exists t > 0 and a functional ﬂg\';) on the space of functions f such that K[ f] € Wy (R") for some k > 0
satisfying

]svug{supp[yég])]} c [-1/2:1/2] and |ﬂ§\';)[f]| < cne’CNw'||7<K[f]||wg°(R”) (3.1.29)
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and such that
N = Sdgr e + AV (3.1.30)

In the above decomposition,

felér, &) = flén. &) | o (3.1.31)
a=1

where ¢ € CZ(R) is such that
0<¢p<1, O—:n =1 and supp[g] C [-(t+ 1)+ 1]. (3.1.32)

Proof — We first claim that the constant Cg‘;/ ) arising in the minimisation problem for the equilibrium measure (2.4.9) is

bounded in N. Indeed, it follows from (2.4.9) that

by )
cy = f V(&) duiy €) - % f in{[ | sinhlma, N - m1} duly )duly ) (3.133)
an [an ;DN T? p=l

Therefore, we have:

2
~ N 1 : @
ICX] < IVllimayonn + IV gay f W| tn { | ] sinhlre, N - 1| dzd (3.1.34)
o2 p=1
[an ;bn]
where we have used that uéﬁ” is a probability measure and that its density is bounded by (2.4.15). The double integral
remaining in (3.1.34) can be bounded by an N-independent constant. Such bounds are obtained by using that the function

2

In{ [_[ sinh[na)aN"f]H — 1wy + w)I¢] (3.1.35)

a=1

1
gné) = o

approaches 0 point-wise in & € [ay — by ; by — ay] \ {0} and is bounded as |gn (&) < C(1 + |ln |§||). Since the endpoints ay
and by are bounded in N in virtue of (2.4.12), we can apply the dominated convergence theorem to (£,17) — gny(€ — 1) on
lay ; by1*.

The finiteness in N of Cg(;/ ) along with the confinement hypothesis (2.2.2) on the potential implies the existence of ¢t > 0
independent of N such that:

Ve | K
2 2
where the effective potential is defined by (3.1.16). In virtue of (2.4.12), one can always choose ¢ such that it also holds

supplusn’] € [~1/251/2].
Since

V& e R\ [-1,1], Vier(§) 2 (3.1.36)

1
<f>®’l‘ Lx) = <fsym>®'l’£§j) with fsym(éjl’ conén) = E Z f(f(r(l)s cee ’fa'(n)) (3.1.37)

' oeGy

we may assume that f is a completely symmetric function. Then, one gets

D ew = Sdgrep + AV AU = Z(Z)ﬂ&"fp[ﬁym] (3.1.38)
p=1
where
p (t+1) n » .
A foml = Ba| f AL (&) f [Taclen]1(1 - o) [ ] o€ fum@....0)|. (3.1.39)
(-age 971 —G+1) @=PH a=1 a=p+1
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Note that, in the intermediate steps, we have used that supp[yf,g) ] N [-2;1]° = 0. Hence, one gets the bound

|G Lagmd| < I Moy - 27 NV ey A (3.1.40)

with

a4y = 55 [ @ Z ﬂ{ VOO Ay ()] 44 (3.1.41)
—]

N 4
— (€.p)
> gade) = Y CED P TT R P 1y (3.1.42)
N— —_———
ai,....dp =1 ry,..re>1 1<by,....bs,<N _
=1 rit..tre=p pairwise disjoint " re

.....

Zp: >oar, <. (3.1.43)

As a consequence, we get

Ap = IZP: Z i, f IO ﬁ{ekr“m’")'1)"”(’1”»‘)}"”

(=1 ry,,re=1 RN bi,..y be>1 s=1
= 14 pairwise disjoint
p 4
N---(N=-€+1
Z ( ) Z cier, f l—[d/l f ]—[ da, pN(/l)l—[ ferrV@) - (3.1.44)
=1 r1+_|p+r( (=1 311°Y a=1 RN-¢ 4= {+1
It follows from (3.1.19) with n = 1/2 given in Proposition 3.1.6 that:
N 1
I+a
PN 1o@)] < [ Jem?V Vet exp - NZWmeZ[L;j)u,ugﬁ)]} (3.1.45)
a=1
This bound leads to:
1 A7l4a ¢ | A7l+a N-¢
Ap<Cp - max { f oIV vN;eff(f>+KV(§)d§} . max { f oIV vN;eff(f)dg} . (3.1.46)
..... p Py 4
[—2;1]¢ R
Further, in virtue of (3.1.36) we have, for N large enough,
' f f e'“‘”“‘"'dfi = o). (3.1.47)

[=51]¢ [=1;1¢ [=2;1¢

The integral over R in (3.1.46) is bounded uniformly by a constant A, since Vy.s > 0, and Vy..q grows at least linearly at
infinity. All in all, for any p € [ 1; n ]}, (3.1.46) is bounded by C’ANe=N " = 0(e=N"™), whence the result. ]

Corollary 3.1.10 Let « > 0. There exist constants C, > 0 depending on n and « such that the below bounds hold for any f
satisfying K[ f] € WP (R")

|(f(§1,...,§n>)®7£%>| < Co{NTIKL My + N2 ITGLF U oy - IFGLF I e} - (3.1.48)
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Proof — Using the decomposition (3.1.30) it is enough to obtain the bounds (3.1.48) for the compact restriction fi. of
g p g p |

@ _ (A’) +( L“)

(/1)
N ’ ) we can write:

defined in (3.1.31). Upon decomposing Ly,

Gdgren = 2, > B f fielér.... é—‘n)l_[dL%)u(fzu [T e -r0)e| + Do - (3.1.49)

(=1 ij<-<igp Rn a=1_
=1

Since Ia’s are not far from Ia’s according to (3.1.15), we can bound forany £ < n — 1,

s f flre o &) ]_[dﬂ”) € [ ] aud, - i)

a=1

i} i
< 2. ||7<K[f]||W;°(Rn)N(N2_ D e(;nVN)z . (3.1.50)

To get the second factor, we used the chain of bounds
lficllwen < CillKl fielllwe@n < CoAllK L fwe e - (3.1.51)

As a consequence, the first sum in (3.1.49) will only give rise to [[FK[flllws g - O(N™*) corrections. This being settled,
Proposition 3.1.6 ensures the existence of M > 0 and a constant C > 0 such that, for N large enough:

Py[Quw| = O( ™) with Qi = [AeRY : D LY WY] > MIN). (3.1.52)
This ensures that
(o) gy g | < € MK Mooy &M 4 Rl fe (3.1.53)
with
Rl fie] = PN[lg f felér,... gn)]_[d.zzﬁéi,@a)] : (3.1.54)
Finally, using Cauchy-Schwarz inequality to make the distance © appear:
Rl 1 = [oa|tay, fsff]( )]_]ffz:“) o 52|
Niu N Q lc Plse-e5Pn Nu Pa (271_)"
C] LR g4 dn 2
< {f it (901 el .(2”‘;’”} PN[ 1o, DY 1| (3.155)
re [V {2N“ Z cotanh[ 20, N"]}

The last factor, because it is evaluated on the complement on .y, is at most O(N~"/2). The Fourier transform part of the
bound can be estimated with the bound:

2

. h
2N"<p,;coan o NE N"

n —1

[

Hence, there exists a constant C,, > 0 such that:

ﬂ (C Nlgil) < (CN®)" (1 W }”2) . (3.1.56)

i=1

Kfedge ol < CuN D 2(1fell ey + 1 Fllwg ) (3.1.57)
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where the W;° norm is nothing but the L* norm. In order to bound || fi||5,,,®) by the W;> norms (c.f. their definition (1.6.7)),
we observe that:

”ﬁc”%—]n/z(Rn) < fiella, @y - Wiellzzgey - (3.1.58)
The L*(R") norm is bounded directly as:
I fiellzwn < C'Q2t+2)7 - KL Nwsr - (3.1.59)

Finally, in order to bound || ficl|s, "), We remark that (1 + 1) < 4*(1 + £2)", so that:

n 2n
(1 +{Z¢Z}”2) < CZPk(Sop-n,‘Pn (3.1.60)
a=1

for some symmetric homogeneous polynomial of degree k which has the expansion:

Pl o) = D pua et @l with  py 0. (3.1.61)
ky+--+k,=k

This ensures that

el ey < CZ D, P f |]_[a“ S RCTS
k=0 ky+--+k,=k
< C 420" KL Wy - (3.1.62)

To get the last line, we have repeatedly used the sub-exponential hypothesis (2.2.4). As a consequence, for some constant C’

1 1
”ﬁC”Hn/Z(Rn) < C/ ° ”(](K[f]”‘%V,‘f(R”) ° ”(](K[f]”‘%Vg’(R”) . (3163)

Inserting the above bound in (3.1.57), we obtain

1 1
[Kfiedgyr gl < G N2 ITGL Wi oy - WL Wiy - (3.1.64)
what leads to the claimed form of the bound on the average () QLo - ]

3.2 The Schwinger-Dyson equations

In the present section, we derive the system of Schwinger-Dyson equations in our model. The operator

Un[PIE) = (&) {V'(&) — Snlp 1)} + Snld - p5 1) (3.2.1)

with Sy defined in (2.4.16) will arise in their expression, and play a crucial role in the large-N analysis. It will be shown in
Proposition 4.3.8 that the operator Sy is invertible and in Proposition 5.2.1 that the operator Uy is invertible as well. We will
build on this information until the end of this chapter. At a later stage, we shall use as well fine bounds on the W;°(R) norms
of functions K [‘L(}(,1 [#]] which will be obtained later in Proposition 5.2.2. We do stress that these results on the invertibility
of Sy and Uy as well as those relative to estimates involving (Ll;,l will be obtained independently of the results obtained in
the present chapter. By presenting this technical result only in a later Chapter 5, and using it as a tool in the present chapter,
we hope to make the principles of analysis of Schwinger-Dyson equations more transparent.

Since we will be dealing with operators initially defined on functions in one variable but acting on one of the variables of
a function in many variables, it is useful to introduce the
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Definition 3.2.1 Given an operator O : Wy [R) — W7 (RY) acting on functions of one variable and ¢ € W R, Ol 9]
refers to the function

OPlEr, .. nve1) = Ol@Er,. .o érmrs % Exits oo Enve-D]Epo - - Eriem1) (3.2.2)
in which * denotes the variable of ¢ on which the operator Oy, acts.

For instance, according to the above definition, we have Uy.1[¢](&1, ..., &) = Un[P(+, &, ..., ED](ED).

Definition 3.2.2 If ¢ is a function in n > 1 variables, we denote 0, the differentiation with respect to the p™ variable. We
also define an operator ZP) - : WPRY) - W;"’(R”‘l) by:

Ew)[‘ﬁ](fh e ’fn) = ¢(§1’ e ’fpfh‘fl"fp? s ’fnfl) .

Proposition 3.2.3 Let ¢, be a function in n real variables such that K [¢,] € W*R"), cf. (3.1.27), for some k > O that
can depend on n. Then, all expectation values appearing below are well-defined. Furthermore, the level 1 Schwinger-Dyson
equation takes the form:

1 _ a- a-
_<¢1>L§\7) + §<DNOWN1[¢1]>L;7)®L§¢) + Ni+a (6 Uy o1 >(N) NTa (5 Uy [¢1]>_Cu> =0. (3.2.3)
There, Dy corresponds to the non-commutative derivative
2
VIgIE ) = {Zﬁnwp cotanh [, N° (¢ - n)]} (6&) - o) - (3.24)
p=1
In their turn, the Schwinger-Dyson equation at level n takes the form:
1 + 1
— =P -1 _ -1
<¢n>é)£(;) - N2+a ;(*p °© N;l[ap¢n]>&;4¢) + 2<Z)N;l OWN;1[¢’1]>I(§£%>
A=B) 0 L O ) g (1-8)
+ e (amN;l[%])ﬂg@Lx) + e D (P 0 U [0,n]) Bt W T (X TN )9 o (29

p=2

Proof — Schwinger-Dyson equations express the invariance of an integral under change of variables, or equivalently, inte-
gration by parts. Although the principle of derivation is well-known, we include the proof to be self-contained, following
the route of infinitesimal change of variables. Let ¢, a = 1,...,n + 1 be a collection of smooth and compactly supported
functions. We introduce an e-deformation of the probability density py given in (2.5.1) by setting:

N N
]—[ { sinh [7wiN* (2, = A)] sinh [, N* (A, - /l,,)]}ﬁ ]—[ e N Vitean(a) (3.2.6)

a<b a=1

1
Zy({&})

(fea}))
pr : (/l) =

where:

n+l

Vi) = V() + Zea(w)(f) f $“m) dﬂéﬁ')(n)) (3.2.7)

a=2

The new normalisation constant Zy({¢,}) in (3.2.6) is such that p(‘f" is a still a probability density on RN.

We then define G, (u) = u + t¢'V (). Since 9" (&) is bounded from below, for t small enough G, is a diffeomorphism of

(&) =

R. Let us carry out the change of variables A, = G;(u,) and translate the fact that p, " is a probability measure. This yields

N
. f fam)]_[cu = f PG, G | | Gl dag (0-28)
a=1

RN RN
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As a consequence, the change of variables yields, to the first order in ¢:

N
1 f dNA{1+rZaA¢“>u )}{ —tN““Z(V«@n)’(ﬂam‘”(aa)}

RN a=1

N 2
{1 + tN® Z [Z Brw, cotanh[nw,N*(1, — /lb)]][qﬁ(l)(/la) - ¢<1>u,,)]} Q)+ o). (329

a<b p=1
Identifying the terms linear in 7 leads to:

(eh)
Ly

{avial)s + 3oL, + G - 6210

L(/‘)®LM) Nl +a

The superscript ({€,}) is there to emphasise that the averages should be taken with respect to the probablhty measure asso-
ciated with the e-deformed density (3.2.6). We then centralise the empirical measures with respect to yeq By using the

integral equation satisfied by the density of the equilibrium measure V'(¢) = Sy [p(N)](E) for € € [ay ; by], we obtain:

n+l

D@0y + @006y )
N

p=2

(e (1-

L“)®£“) + Nl+a

+ (D [¢"1) ((alqﬁ“)) w + (9 ¢<‘>>(fa’)) = 0. (32.11)

£y

Sending €,’s to zero in this equation leads to the desired form of the Schwinger-Dyson equation at level 1. In order to get the
Schwinger-Dyson equation at level n, we should compute the €, derivatives of (3.2.11) evaluated at €, = 0. However, first,
it is convenient to multiply the above equation by Zy({€,})/Zy[V] so as to avoid differentiating the {¢,}-dependent partition
function entering in the definition of the density p({ D). Doing so, however, produces additional averages in front of the
averages solely involving the non-stochastic measures peq:

n . 1 n+l n+l . ;
—(Uylp™1ED) g¢< k@)@w + W;(cp(”@l)am(")@l) ]—M &g o
7
n+1 ( ﬂ) n+l

z(m[qs“’](a,sz)ﬂ¢<“><§a+1> 5 40 (@160 €0) ]_[¢<“>(§u D) o

u) Nl +a

1 n+l n+l n+1
+ NMZ;( 000167 ED)) ]_[¢<“>(§“’> o o (le)( 1¢“>(§>[_]¢<“><fa o = 0 G212
p= N
W

To any ¢ € R"!, we associated the vector &7 € R” by &P = &1, ép-1,61,€p, - .., En1), Wwhose components arise in
products of the type ﬂ"” #@(&P)). The representation

by

UN[PIE) = OV + f {Zﬂﬂwp cotanh [7w, N* (¢ - n)]}(¢<n> $(&)) peq () dn (3.2.13)

an

readily shows that the operators Uy and Dy are both continuous as operators Wi°(K) — W°(K) for any compact K C R.
This continuity along with the finiteness of the measure Py is then enough to conclude, by density of CZ(R) ® - - - ® CZ°(R)
in C(R"), that equation (3.2.5) holds for all functions ¢,, € C2°(R"). Eventually, the assumption of compact support can be
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dropped. Indeed, given any ¢, € C:(R"), the Schwinger-Dyson equation at level n can be presented as

n

1 _ 1
<([/IN;1[¢H]>®-C(/\7) = N2+a pz;<:,(p)[(9p¢n]>(§L%) " E<DN;1[¢"]>’(§>£W
1-8) " (= L
* (an (‘91¢”>ﬂg§>i§zx‘> + szZ(“(”)[ap‘ﬁ”])ygz)&f.cw " (N'+f)<al¢">é£%" G219

p=2

It is readily seen due to the sub-exponentiality hypothesis (2.2.4) that given 0 < k < «’ and ¢, such that K, [¢,] € W"(R"),
we have:

1K [ Una[@allllwe @y < ClIIGInllllwe (3.2.15)

and likewise for Dy.;. Thus, since Ki[#,] € W°(R") can be approached in W{°(R") norm by functions K, [y,] with ,, €
C>(R™), it remains to invoke the finiteness of the measures Py and the decomposition of the n™ order averages obtained
in Lemma 3.1.9 so as to get (3.2.5) in full generality. In the announcement of the result, we actually choose to write the
Schwinger-Dyson equation (3.2.5) for 71;,;11 [¢.] instead of ¢,. This rewriting is possible because we construct in Chapter 5
this inverse ‘L{;,;ll, and merely anticipate the use we will make of this equation. The Schwinger-Dyson equation we have
proved in the form (3.2.5) holds independent of the invertibility of Uy.;. ]

It follows from the form taken by the Schwinger-Dyson equations that, if we want to solve these equations perturbatively
we should, in the very first place, construct the inverse to the operator Uy. This should be done is such a way that one can
control explicitly or at least in a manageable way, its dependence on N and its possible singularities. Indeed, the building
blocks of Uy, exhibit, for instance, square root like singularities at the endpoints of the support [ay ; by] of the equilibrium
measure. In § 5.2.1, we shall construct a regular representation for ‘Ll;,l. By regularity, we mean that the various square
root singularities present in its building blocks eventually cancel out, hence showing that 'L{]:,1 [H] is smooth as long as H is.
Then, in § 5.2.2, we shall provide explicit, N-dependent, bounds on the W;*(R) norms of rL(I(,1 [H]. These will play a crucial
role in the large-N analysis of the Schwinger-Dyson equations.

3.3 Asymptotic analysis of the Schwinger-Dyson equations

The asymptotic analysis of the Schwinger-Dyson equation builds heavily on a family of N-weighted norms that we introduce
below.

Definition 3.3.1 For any ¢ € W,°(RP), the N-weighted L™ norm of order { is defined by

¢

NO[g] = Z”(pnwﬂ (3.3.1)

= N ko
This notation does not specify the number of variables of ¢ since this is usually clear from the context.
The weighted norm satisfies the obvious bound:
NYT1 < € ligllws e - (3.3.2)
and, respectively, the operators of differentiation and "repetition of a variable" Z(” are bounded as :
N 18,61 < NN V101 NVIEPIgI < NYIg] (3.3.3)

Also, it is important to introduce a specific function that allows one to control the dependence on the potential in the various
bounds that issue from the Schwinger-Dyson equations.
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Definition 3.3.2 The order ¢ estimate of the potential V is defined as

4 14
max{ [TIKLV Mwg @y X ka =20+ 1}
(V] = a=1 a=1 . (3.3.4)
{min(] > infpg 5 [V, V(D +€) - V(B [V'(a—¢€) - V’(a)l)}

where € > 0 is small enough and fixed once for all, while k > 0. We also remind that K, is the exponential regularisation of
Definition 3.1.7.

Since « only plays a minor role due to the sub-exponentiality hypothesis (2.2.4) in the estimates provided by n/[V], we
chose to keep its dependence implicit. Note also that the constants 1,[V] satisfy

e [V]-ne[V] < neeir[V]. (3.3.5)

Lemma 3.3.3 Let « > 0. There exist constants C,¢, Cy.p > 0 such that, for any ¢ satisfying
o Kielpl € W3, ,(R")
o £ P4 L, ..., &) € X(lay ;by]), 0 < s < 1/2, that is to say'

by
d e
f ﬁ Y1 (W) f P&, &, .. &) N EPGE = 0 almost everywhere in (&, ...,&,) € R™! (3.3.6)
R+ie ay

we have the bounds:

NOKIURL G| < Cue - elVI- N - (nNY* - N[0 (33.7)
NY|KdDyalell] < Cu - nNY - NV [5001] (3.3.8)

Note that the above lemma implies, in particular, a bound on the weighted norm of Dy.; o 71;,;11:
N Kl D o UL [91]] < €l meaa [VI- N - (In N N[ R L01] (339)

We stress for the last time that the proof of this Lemma, for the part concerning U5, relies on estimates of this inverse

N;1°
obtained in Chapter 5 independently of the present chapter.
Proof — We first focus on the norm of K, [Dy.1[#]]. In order to obtain (3.3.8), we bound

n+1 n+l
Ok &) = | |08 Kl Dhalg1l61, . €)  with DTk, <€ k€N (3.3.10)
a=1 a=1

by different means in the two cases of interest, viz. N*|¢; — &| > (In N)? and NYé - & < (In N)2.
We first treat the case N®|¢; — &| > (In N)?. Observe that for IN°4| > (In N)?, we have:

Ve >0, [0S (N < Sroch + (1= bro) )y Ne™ W’'N < ¢(InN)? (3.3.11)
for some constants c¢, where S is defined in (2.4.16) and ;o being the Kronecker symbol. Therefore:
2 (k
Ok < )] ]_[( ) Jor o & ) = B @ s )| oot - ANNY
patlozk, a=1 Pa
a=1,2
max(ky,kp)
< C- Nmaxkk)le 1y Ny? N~ max |0} 3.y
(InN) z; max (0301 (n€5, . &)
< C-N-(nN? - NO[Kde] (3.3.12)

't is straightforward to check by carrying out contour deformations that, for functions ¥ decaying sufficiently fast at infinity with respect to its first
variable, the condition (3.3.6) is equivalent to belonging to X;(R).
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where, in the intermediate calculations, we have used:

n+1
SuaE.6r . 6 = | | (Ko, &, E0) (33.13)
a=3

We now turn to the case when NI — &| < (In N)2. Observe that for any £ € N and [N?¢| < (InN)?, the function §, with
S (x) = xS (x), satisfies

28
Neg

VE>0,  |OLSNO < 6o NESINE) — =]+ 28] + (1= 60) N“ISllw=@) < ceN*(InN)? (3.3.14)

for some constants ¢,. Starting from the integral representation

1

dr ~
Ok (net) = | 2 0R 00100y + 162 = £). 65 ) - SN (G = ) (33.15)
0
we obtain:
(ﬁ‘l)(ﬁi) Cti+ty ] p1+pa+l 2
Ok Genet)| < > S f (1= @ 7 gy, )(én + 1€ = €1).65, . €ne) - (INN) -
Patla=ka 0
a=1,2
k1+kz+1
< CN®+R(p N)? Z N’mnEI[Is}a?é]|(5f¢{k¢,;)(flaf3,--.,§n+1)|
s=1 1e2
< CN™(InN)*- NOOIK 8] - (3.3.16)

Putting together (3.3.12) and (3.3.16) and taking the supremum over {k,} such that }, k, < ¢, we deduce the desired bound
(3.3.8) for the weighted norm of Dy.
The bounds for the weighted norm of %K [‘I/I;,;ll [¢]] are obtained quite straightforwardly by using the W;*(R) bounds on

7(,([‘1/[;,;11 [#]] as derived in Proposition 5.2.2. [ ]

With the bounds on the action of the operators "L{;,,‘1 and Dy.;, we can improve the a priori bounds on the centred
expectation values of the correlators through a bootstrap procedure.

Proposition 3.3.4 Let @ < 1/4 and pick « > 0. There exist an increasing sequence of integers (my),, positive constants
(Cp)n, such that, for any n > 1 and ¢ € X,([ay ; by]) in the sense of (3.3.6) and satisfying K. [¢] € W,f; @®R"), cf. (3.1.27), we
have:

. LA/ (a—Dn
(B o] < Co VI NI IS N (3.3.17)
The whole dependence of the upper bound on the potential V is contained in the constant n;,[V], and we can take:
my= 00 g= 4[], (=21t g)+327 - 1). (3.3.18)
1 -4a

Proof — The proof utilises a bootstrap-based improvement of the a priori bounds given in Corollary 3.1.10. Namely, assume
the existence of sequences 7y — 0, 2y € [0; 1], and constants C,, > 0 independent of N, and integers £, increasing with n,
such that, for any ¢ such that K, [¢] € W°(R"):

(B 0| < Cona VI NI - (-2 + N7 (3.3.19)

We will establish that there exists a new constants C;, > 0 and integers ¢;, = 2{,,1 + 3 such that, for K,[¢] € W (R"):

(B | < Cuvng VI MBI - (i -y + N, (3.3.20)
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where

xy = xy(In N)o*?

max (N°ny ; N5 N7 'nyt) . (3.3.21)
Before justifying (3.3.21), let us examine its consequences. The bootstrap approach can be settled if

Xy =N"ny (3.3.22)
Assuming momentarily that 7y = N7, when 0 < @ < 1, the range of @ and y ensuring (3.3.22) is:

a<y<l-a what implies @ < 1/2. (3.3.23)

The rate vy, at which %}, /%y goes to zero increases when y runs from @ to 1/2, is maximal and equal to 1/2—a wheny = 1/2,
and then decreases when y increases between 1/2 and 1 — «
The a priori estimate proved in Corollary 3.1.10 gives:

< C;-||7(K[<z>]llévnm(]m-||7<K[¢]II3V50(R”)-N“"””/2 < C - NP [Klgl] N@12m (3.3.24)

[ o
Therefore, the assumption (3.3.20) is satisfied with ny = N7 for y = 1/2 — @, and the order £, = n for the weighted norm.
The bootstrap condition (3.3.23) then implies @ < 1/4, and in this case, we find:

(1-4a)

#y < xy (InN)Y» NS (3.3.25)

Now, we can iterate the bootstrap until the first term in (3.3.20) becomes less or equal than the second term N@~D"_ This
is obtained in a number of steps g, determined by the equation N~(1/20n N~(1-42)4./2 « N@=Dn therefore:

n
w =1+ . 3.3.26
=1+ (3.3.26)
The order of the weighted norm appearing in the bound of the n point correlations at step g of the recursion satisfies 9 =
25}(1111) + 3, with initial condition £’ = n. The solution is
9 =29+ q)+3029-1). (3.3.27)

Therefore, we get at the end of the recursion:

<Gy N NTI[K RN, my = 60 (3.3.28)

(D)

We shall now justify the claim (3.3.21). Starting from (3.3.19), we bound (¢>®7 i given by the Schwinger-Dyson

equations of Proposition 3.2.3, using the norms of the operators Uy.; and Dy obtained in Lemma 3.3.3. We stress that it
is indeed licit to apply the bound (3.3.7) for (L{;,l for, if ¢ satisfies the condition (3.3.6), then so do the functions d,¢ with

p =2,...,n. Respecting the order of appearance of terms in (3.2.5), we get*:
N?@ “(a—
'<¢>®’;£w Cn 2” l[V]Nz+ (lnN)% ‘”N(Z[” 1+2>[7( (1] - ( 1=l + NOD 1))

+ Cny

n+l

[VIng,., i [VIN(n N0t NI - (e + NOHDOD)

N?@
+ Cny, [V]n&l_wl[v]

NiTa (lnN)Zé’n 143 N(Zé’n 1+3)[7( [¢] ( N N(n 1) (- l))

+ C(n(n,z[v]) (ln N)Zf —2+2 N(Zf’n 2+1)[(}( [¢]] ( SHy + N(n—z)((l—l))
2

N1+(1

N2+(l/

+ Cg VI, [VI e (n N NS [9] - ( -ew + N™070) L (3.3.29)

2The third and fifth line are absent in the case 8 = 1, and it gives a larger range of a > 0 for which 7y can be chosen so that the bootstrap works. But,
eventually, this does not lead to a stronger bound because we can only initialize the bootstrap with the concentration bound (3.1.10) i.e. ny = N~(1/2=®),
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for some constant C > 0 depending on n and « only. Note that terms integrated against the probability measure yéﬁl) have
been bounded by means of sup norms. The maximal powers of N are exactly as in (3.3.21) — since we assume ny — 0,
the powers arising in the first line are negligible compared to those in the fourth line. We can then use (3.3.5) to bound the
products of 1,[V]’s in terms of nz [V] for a choice:

€, > max (26,1 + 2,26,41 + 3,261 +3,26,0 + 2,26, + 3) . (3.3.30)

n —

Since (£,), is increasing, we can take £, = 2{,4; + 3, and we indeed find (3.3.20) for N large enough. Note that, the new
sequence ({.), is, again, increasing. Then, the maximal power of In N occurs in the second line, and is (In N)*1+5 =
(In N)%*2. So, we have fully justified (3.3.20). [ |

The improved estimates on the multi-point correlators are almost all that is needed for obtaining the large N asymptotic
expansion of general one-point functions up to o(N ~(2+@)) corrections. Prior to deriving such results, we still need to introduce
an operator Xy mapping any function W;°(0), O a bounded open subset in R", onto a function belonging to X,([ay ; by]) in
the sense of (3.3.6).

Definition 3.3.5 Ler Xy be the linear form on W{*([an ; by]):

'N(l/
X11; +(0)

Xnlgl = Xll(ﬂ) f WN"(E=bN) g g) de (3.3.31)

R+ie an
Then, we denote by X N the operator

Xn[g1E) = 6(6) — Xnlo] (3.3.32)
and also define:
U =Uy 0o Xy,  Wy=WyoXy. (3.3.33)
It follows readily from the identity
l—e¥v (g . _
f/\/ll(ﬂ)' Y ﬁ = x11:+(0) with Xy = N%by —an) , (3.3.34)

R+ie

that X, ~Nl¢] € X ([ay ; by]) in the sense of (3.3.6). The proof of (3.3.34) follows from the use of the boundary conditions
e N r=an)y 11 () = x11.-(2), A € R the fact that y;; € O(C \ R) and that y;(2) = O(|4|"'/?) at infinity. Likewise, by using
the bounds (6.1.23) obtained in Corollary 6.1.3 it is readily seen that

N[ KdXnlgl]| < - NPIHB1) - (3-3.35)
Proposition 3.3.6 Given any k > 0, and any ¢ satisfying K. [¢] € W;°(R), we have:
1-p5) ~_ - — ~
Dy = Sl (0Tl + g EX0TA DM T ] ),
(1-p) ~ 1 T ~
2N2(€a> <81621{N}1%{N§2 [DN % [¢’]]] >®2u$)
1 onle, V
(Nz(fj) (01 Uy 01Uy, [¢]]> w ”j\[,fm] (3.3.36)
The remainder Sy, V] is bounded as:
lonlg. V1| < € ne[V1- Ny [Klel] - N%" (In Ny (3.3.37)

for a constant C > 0 that does not dependent on ¢ nor on the potential V, and the integers:
¢ = max(3m3 + 5, 8m, + 18), ¢ = max(4ms + 9, 14my + 37), ¢” = max(14m, + 17,6ms + 16)

given in terms of the sequence (m,), introduced in (3.3.18).
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Proof — The strategy is to exploit the Schwinger-Dyson equation and get rid of expectation values of functions integrated
against the random measure L%D . This can be done by replacing them approximately by integration against a deterministic
measure of a transformed function, up to corrections that we can estimate.

Let ¢ be a sufficiently regular function of one variable. Since the signed measure LE\’,D has zero mass, it follows that
) o= (Xnl[6]) £ We can use the Schwinger Dyson equation at level 1 (3.2.3) for the function Xy[¢], and apply the
sharp bounds of Proposition 3.3.4 to derive:

1-8

Nlm < Cmapal V- NS (K611 - N2 (In N>+ (3.3.38)

(@0 = e (01 [Xnto])

Above, we have stressed explicitly the composition of the operator ‘LI;,I with Xy. This bound ensures that

|l (1-p)?

e O U O 0 = iy (UG [ TB11) | S € Man V1N [TAGT]- N (An V)1 (3.3.39)
eq

where we remind that (L~{;,1 = (Ll;,' o X, ~- Equation (3.3.39) can be used for a substitution of the term proportional to (1 — 3)
in the Schwinger-Dyson equation at level 1 (3.2.3), and we get:

(1-pB)* ~_
e CAT R EA 7 W”M

< C My [V NY[HKB]] - N* 3 In N4 (3.3.40)

'<¢>Lx) - <a (L{ [¢]> (N) -

N1+a

— 3D o T Bl g

In order to gain a better control on the term involving Dy — which is a two-point correlator — we need to study the Schwinger-
Dyson equation at level n = 2 (3.2.5). Given a sufficiently regular function ¥, in two variables, using the sharp bounds of
Proposition 3.3.4, we find:

11\/1+€<(a (uN 1["”2]» 1l @ L

< C MoV NS Klga]] - N3 (In NP+ L (3.3.41)

Wy = el osThb L)) -

We apply this estimate to the particular choice:
V&1, E) = DU 9] E). (3.3.42)
Thanks to the bound (3.3.9) on the norm of Dy o (LI;,' and the sub-multiplicativity (3.3.5) of the n,[V]’s, we deduce:

'(lﬁz)@zbf - N21+‘Y <E(2)[62ﬂ1:/;11 [WZ]DH(L/Z) - ]lvH'f((a (LIN 1[w2])> D @ £

< C My [V N K] - N7 (InN)Y™H10 - (3.3.43)

This can be used for a substitution of () = (DyoU,') in the left-hand side of (3.3.40). Before performing this substitution,
we still need to control the term in (3.3.43) which is proportional to (1 — ). This is a one-point correlator for the function:

1-p
Nl+a

Y€)= By U [, )] () Ay () - (3.3.44)

Applying the one-point estimate (3.3.38) to the function i, along with the bounds (3.3.7)-(3.3.8) for the norms of ’Ll;,l and
Dy, we find:

1-B

1 mn: a—. 1
N < Congas[V]- NG 2P [HAAN] - N2 (I V)T (3.3.45)

<a (LI [Wl]) (N)

) o -
This leads to:

1, ~_ (1-p)7
'<¢2>®ZL§¢) - N2+Q<.:(2)002WN31[¢2]>ﬂ$) T N2+ <61(UN182[ Nz[WZ]D U @ ul?

< CongupasV]- NG PU[KGIG]] - N (An N3 (3.3.46)

The result follows by substituting this inequality in (3.3.40). ]
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3.4 The large-N asymptotic expansion of In Zy[V] up to o(1)

We can use the large-N analysis of the Schwinger-Dyson equations to establish the existence of an asymptotic expansion up
to o(1) of In Zy[V]. The coeflicients in this asymptotic expansion are single and double integrals whose integrand depends
on N. We will work out the large-N asymptotic expansion of these coefficients in Sections 6.1-6.3. Prior to writing down
this large-N asymptotic expansion, we need to introduce several single and double integrals that will enter in the description
of the result. We also remind the notation Wy = Wy o X, ~ Where Wy is the inverse of Sy (c¢f. (2.4.16)), studied in
Section 4.3.4. Given H, G sufficiently regular on [ay ; by], we define the one-dimensional integrals:

; WylH
3[H,G] = f HE) - WyIGIé) - dé,  I[H.G| = f ’WN[G](S)ﬁs{#,]]((?)}df (34.1)
and
Wy[H
SAHG) = [ WaiG1©0 WN[&(WIZ[[G']])]@ d 342
f VGO f{ e }5. (342)
We also define the two-dimensional integrals:
by — —_
N (= wie_ oy (WHHIE)  WyIHIG)
34[H.G] = f WN[ag{S(N ¢ Grie1e WN[G,](*))}](S)df (3.43)

and

by
1
Sul.G) = 5 [ dEmWalG' 1O - WalG 1
WylHIG)  WylH](x)
WG () WyIG ()

1
0:0,
e ’[WN[G']<§)-WN[G'](n)

‘WN;l o (WN;Z[S (N¥(x1 — %)) - { }}(g, 77)] . (344

Above, * refers to the variables on which the operators act, #;, viz. #;, to the first, respectively second, running variable on
which the product of operators Wy.; - Wy, acts. The subscript 8 reminds that the terms concerned are absent in the case

B=1

Proposition 3.4.1 Let Vg.n(1) = gnA% + tyA be the unique Gaussian potential associated with an equilibrium measure
supported on [ay ; by] as given in Lemma D.0.18 and assume that 0 < a < 1/6. Then there exists { € N such that one has
the large-N asymptotic expansion

1

1
_N2+(Yf\ss[arvt’ ] dt _ N(] ﬁ)fw(l) atVt’ Vt] dt - Ede[atVI’ Vt] dt
0

0

n (Z%E:}v]) )

1 -
! ﬁ) f {3800V, Vi + Sagld Vi, Vil} - de + O™ (inNYY) . (3.4.5)

Proof — The result follows from (2.5.4). Indeed, the remarks above (2.5.8) allow to identify the equilibrium measures

/‘l(e](;,;)\/, =(1- t)#é’(\]’;)VG:N + t#g; )v for all ¢+ € [0,1]. One can then use Proposition 3.3.6 to expand (H,VI)Z?), along with the

representation for (LI;,l on the support of the equilibrium measure which reads

Wy[H](E)

— 346
WnIV'1E) (340

U HI©) =
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Taking these data into account, it solely remains to write down explicitly the one and two-dimensional integrals arising in
Proposition 3.3.6. ]

Note that the factors I ‘”(2) 510:Vi, Vi] and J4;4[0, Vi, V] are preceded by the negative power of N™. Still, it does not mean
that these do not contrlbute to the leading contribution, i.e. up to o(1), to the asymptotics of the partition function. Indeed,
the presence of derivatives in their associated integrands generates additional powers of N°.
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Chapter 4

The Riemann—Hilbert approach to the
inversion of Sy

Abstract
In the present chapter we focus on a class of singular integral equation driven by a one parameter y-regularisation of
the operator Sy. More precisely, we introduce the singular integral operator Sy,

Sw, [01€) = f S,(N*E—n)p(p) -dy  where | @0.1)
Xy = N (by —ay)

an

"y { S, = S©) - 1ymyymu

This operator is a regularisation of the operator Sy in the sense that, formally, Sn.. = Sy. This regularisation enables
to set a well defined associated Riemann—Hilbert problem, and is such that, once all calculations have been done and the
inverse of Sy., constructed, we can take send y — +oo at the level of the obtained answer. It is then not a problem to check
that this limiting operator does indeed provides one with the inverse of Sy.

We start this analysis by, first, recasting the singular integral equation into a form where the variables have been re-
scaled. Then, we put the problem of inverting the re-scaled operator associated with Sy., with a vector valued Riemann-
Hilbert problem. The resolution of this vector problem demands the resolution of a 2 X 2 matrix Riemann—Hilbert problem
for an auxiliary matrix y. We construct the solution to this problem, for N-large enough, in § 4.2.2 and then exhibit some
of the overall properties of the solution y in § 4.2.3. We shall build on these results so as to invert Sy, and then Sy in
subsequent sections.

4.1 A re-writing of the problem

4.1.1 A vector Riemann—Hilbert problem

In the handlings that will follow, it will appear more convenient to consider a properly rescaled problem. Namely define

@
2inp

It is then clear that solutions to Sy, [¢](£) = H(¢) are in a one-to-one correspondence with those of

H((+ Nay)N™®) . 4.1.1)

@) = ¢(E+Nay)N™)  and A =

XN
dn
IN: = S (€ - = = h() . 4.1.2
o l1©) f HE= ) - 55 = H©) (4.12)
0
For any N and y > 0, the operator .., is continuous as an operator

Iy + H([0;3%n])  — H([=yxn;vxn]) € Hs(R). 4.1.3)

67
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Indeed, this continuity follows readily from the boundedness of the Fourier transform #S ] of the operator’s integral kernel,
c.f. Lemma 4.1.2 to come.
First, we shall start by focusing on spaces with a negative index s < 0 and going to construct a class of its inverses

S+ H((=yxy:yiy])  —  Hy([0:%y]) . (4.1.4)

What we mean here is that, per se, the operator is non-invertible in that, as will be inferred from our analysis, for —k < s <
—(k=1)

dimker #y,, = k. 4.1.5)

In fact, the analysis that will follow, provides one with a thorough characterisation of its kernel. Furthermore, when restricting
the operator .y, to more regular spaces like H,([0;Xy]) with s > 0, we get that the image .#n.,[H,([0;Xy])] is a closed,
explicitly characterisable subspace of Hy([—yXy ; (¥ + 1)xx]), and that the operator becomes continuously invertible on it.

In the following, we shall invert the operator .#y., by means of the resolution of an auxiliary 2 X 2 Riemann—Hilbert
problem and then by implementing a Wiener—Hopf factorisation. The analysis is inspired by the paper of Novokshenov
[127] where a correspondence has been built between singular integral equations on a finite segment subordinate to integral
kernels depending on the difference on the one hand and Riemann—Hilbert problems on the other one. The large parameter
analysis is, however, new.

In fact the very setting of the Riemann—Hilbert problem-based analysis enables one to naturally construct the pseudo-
inverse of .., - i.e. modulo elements of ker[.”y.,] — when the operator is understood to act on H, spaces with negative
index s < 0. The inversion of .#y., understood as an operator on H, spaces with positive index s > 0 goes, however, beyond,
the "crude" construction issuing from the Riemann—Hilbert problem-based analysis. It is, in particular, based on an explicit
characterisation, through linear constraints, of the image space QS”NW[HX([O ;xn1D], s = 0. For 0 < s < 1/2, which is the case
of interest for us, we show that ., [H([0; xy])] coincides with X,([—yxy ; (y + 1)xn]).

Lemma 4.1.1 Let h € Hy([0;Xy]), s < 0. For any solution ¢ € Hy([0;xn]) of (4.1.2), there exists a two-dimensional vector
function ® € O(C \ R) such that ¢ = F'[(®1),] and ® is a solution to the boundary value problem:

o (®,), € F[H(R*)] for a € {1,2}, and there exists C > 0 such that:

VYu>0, Vael{l,?2}, f|cba(aiiy)|2-(1+|A|+|p|)zs-d/1 <C. (4.1.6)
R

o We have the jump equation for ®,(1) = G,(1) - P_(1) + H(A) for A € R, with:

el/RN 0

0
G,(1) = ( L FS, ) e ) and  HQ) = ) 4.1.7)

—e W[ h](A)

Conversely, for any solution ® € O(C \ R) of the above boundary value problem, ¢ = F~'[ (®y),] is a solution of (4.1.2).

We do remind that + denotes the upper/lower boundary values on R with the latter being oriented from —co to +oo ; h,
denotes any extension of i to Hy(R) ; 7S, ](1) refers to the Fourier transform of the principal value distribution induced by
Sy

VXN
FIS,1) = JC S(&)etde . (4.1.8)
—YXN
Proof — Assume that one is given a solution ¢ in Hy([0; Xy]) to (4.1.2). Then, let ¢, g be two functions such that

supp(¥r) = [xn;+oo[ , supp(yr) =]-00;0] 4.1.9)
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and

XN

J[ Sy (& —me@) -

0

dn

g he(§) = YL(&) + Yr(&) . (4.1.10)

Then, by going to the Fourier space, we get:

1
2inp CFISHQ) - FlelD) = FlhdD) = Flygal(D) + Flyold) . (4.1.11)

By Lemma 4.1.2 that will be proved below, 7[S,] € L*(R). Hence ¥ € H,(R*) whereas ; € H,(R™). Then, we introduce
the vectors

(4.1.12)

Fi) = ( Flel) T Lz, 1) )

e [ ]() ) wmd - R@ = ( Flwl)
where we agree upon ¢x, (£) = ¢(¢ + xy). Since [Fy], € F[H R")], respectively [F|], € F[H(R7)], it is readily seen that
Fro () = (1-1d)" - [F;],(D) resp. F () = (1+id)"-[F],() (4.1.13)

defines a holomorphic function on H*, respectively H~, with L>(R) +, respectively —, boundary values on R. The Paley-
Wiener Theorem A.0.14 then shows the existence of C > 0 such that:

Vu>0, Yae{l,2), f|[FT/l]a(/1¢i,,)|2.(1+|A|+|p|)2f.dﬂ <C. (4.1.14)
R

In other words the function:
o = FT'I]HL + FL'IH, (4115)

solves the vector valued Riemann—Hilbert problem.

Reciprocally, suppose that one is given a solution @ to the vector-valued Riemann—Hilbert problem in question. Then,
seto = FU(®),]. We clearly have ¢ € Hy(R"), but we now show that the support of ¢ is actually included in [0, Xy].
Let (-, -) be the canonical scalar product on L*(R, C). If pg is a € function with compact support included in ]xy, +oo[, we
have:

(or: @) = (Flprl, Flel) = (€™ Flogl(1 = i%)™, (1 +1)*(@)-) , (4.1.16)

where * denotes the running variable. But this is zero since (1 + i%)*(®;)- € F[L*(R7)], whereas, by the Paley-Wiener
Theorem A.0.14, e " F[pg](1 — i*x)™* € F[L*(R7)]. Finally, the fact that ¢ € H([0;Xy]) satisfies (4.1.2) follows from
taking the Fourier transform of the second line of the jump equation (4.1.7) for ®. |

For further handlings, it is useful to characterise the distributional Fourier transform #[S, ] slightly better.

Lemma 4.1.2 The distributional Fourier transform ¥ S, (1) defined by (4.1.8) admits the representation

FIS,1(1 - - 2w
%};) = RO + (elﬂm + e_”m”’)%v + ry()  where  ky = —;Tpcotanh[ﬂwpyflv] 4.1.17)
. [Awr +wy)
o [ A 22
R() = YR : (4.1.18)
25inh[— sinh —]
2wq 2wo
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and

ijw)

2 2 —idyEy ilyxy ilg
) = (mwp) { e _ e },e s (4.1.19)

— iA(1 — e~ er) y sinh?[7w, (€ — yxy)]  sinh?[mw, (€ +yxy)])  2im

Besides, for Im A = € > 0 small enough, there exists C. > 0 independent of N such that, uniformly in Re 1 € R:

(D] < CelA™2 - exp ] — yay(2r min[wy, wa] — €)} . (4.1.20)

Proof — One has that

XN 1/]§
lim f 7, cotanhlxe, (& + ien)] - St 4.1.21)

718,10 1<
B EZ 2im

217r,8

1 ﬂ'(,l.)p . l/lfdg
2 20 oot i | counhlrnE vie) S

,2 I,

where I'), = [—yxy ; yxn] U [yXy +i/w) ; =YXy + 1/w,], where the second interval is endowed with an opposite orientation.
It then remains to add the counter-term:

() = Z& f e % cotanh[rw,yEy] + cotanh[mw,(€ - yEv)])
0

e d¢

+ &7 (cotanh{rw,yy] - cotanh[xw, (& + y)_cN)])} ~ (4.1.22)
to form a closed contour fp. Upon integrating by parts, we find the expression (4.1.19) for ry(1). Then, we pick up the
residues surrounded by I',, and we also write aside the term behaving as O(1/41) when A — oo. This leads to the appearence
of ky in (4.1.17). The bounds on the line ImA| = € > 0, with € small enough are then obtained through straightforward

majorations. ]
The resolution of the vector Riemann—Hilbert problem for @ can be done with the help of a matrix Wiener-Hopf factor-

ization. In order to apply this method, we first need to obtain a +-factorization of the matrix G, given by (4.1.7). This leads

to an 2 X 2 matrix Riemann—Hilbert problem that we formulate and solve, for N sufficiently large, in the next subsections.

4.1.2 A scalar Riemann-Hilbert problem

In order to state the main result regarding to the auxiliary 2 X 2 matrix Riemann—Hilbert problem, we first need to introduce
some objects. To start with, we introduce a factorization of R(A) that separates contributions from zeroes and poles between
the lower and upper half-planes A € H*. In other words, we consider the solution v to the following scalar Riemann—Hilbert
problem, depending on € > 0 small enough and given once for all:

e v € O(C\ {R + ie}) and has continuous =-boundary values on R + i€ ;

_iE. -1 .
e u(d) = ( l/l)l (I +0(7)) if Im1>e when A4 — oo non-tangentially to R + i€ ;
-i(i1)2 - (1 + O(17")) ifImAd<e
e v,()-RA) = v_(1) for Ae€R+ie .

This problem admits a unique solution given by

R:'(1) ifImA>e
— T
@) = { R(1) ifImA<e (4.1.23)
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where
2 id
i w z” w z” I:11 F(l B 2nw )
Ri) =L Vor v o ( 2 )( ! ) r 4 4124
T( ) A DU w1 + wy w1 + wy F(l _ 1A(w; + wZ)) ( )
2nwwr
and
2 il
1 w _Zi/l w _zu l:ll r(Zmu )
R, = ( 2 )”‘”-‘( ! )”’—” 4125
l( ) 2wy + wy \wi + ws w1 + Wy l_,(l/l(a)l + 0_)2)) ( )
2w wr
Note that
R(0) = —ivVo; +w;  and (/lRT(/l))M_O = ivVo, + . (4.1.26)
Also, Ry and R satisfy to the relations
Ry(-1) = ' -R()  and (RT(/l*))* = 1R (4.1.27)
Furthermore, Ry, exhibit the asymptotic behaviour
Ri() = (=i -(1 +0@") for 21— o (4.1.28)
AeH*
R = -iid)?-(1 +0@™") for 1— e (4.1.29)
AeH~

as it should be. The notation T and | indicates the direction in the complex plane where Ry/; have no pole nor zeroes.

Preliminary definitions

We need a few other definition before describing the solution to the factorisation problem for G, . Let:

[0 -1 [ -1 RQ)e B
() = ( I —ROeH ) and RV = ( 0 | , (4.1.30)
as well as their "asymptotic" versions:
) _ [0 -1 w _ (-1 0
RT = (1 0 ) and Rl —( o 1 /- (4.1.31)
We also need to introduce
1 0 1-R) _ -
1 2 Q) - —idXy
M) = [ ~ 1 - R*(1) R C ] and M) = [ v R(1) ¢ , (4.1.32)
v3(A) - R() 0 1
where v is given by (4.1.23), and:
br PLa) = b + ky A7 0D o
Pr() = L, + —II"'(0)oT1(0) and ) _ ) (4.1.33)
7 Pri() = L + kyAle07DBw . o=
in which T1(0) is a constant matrix that will coincide later with the value at 0 of the matrix function I, c¢f. (4.2.14).
1 KN
Or = (4.1.34)

2(0) 1+ ky/(w) +wr)
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4.2 The auxiliary 2 x 2 matrix Riemann-Hilbert problem for y

4.2.1 Formulation and main result

The factorisation problem for the jump matrix G, corresponds to solving the 2 X 2 matrix Riemann—Hilbert problem given
below. This problem is solvable for N large enough.

Proposition 4.2.1 There exists Ny such that, for any N > Ny, the given below 2 X 2 Riemann—Hilbert problem has a unique
solution. This solution is as given in Fig. 4.2

o the 2 X 2 matrix function y € O(C \ R) has continuous +-boundary values on R;

_ . el o
Pm(/l)-( Sgn(Rff) e ).(_i/l)‘? (b + &+ 00?)  aewt

* x() = .
PL;l(/l)~( o sen(Red)re )-(u)‘z’e%-(zz + 2o aer

for some constant matrix y1, when A — oo non-tangentially to R ;
o x+() = G- x-() for A€R.
Furthermore, the unique solution to the above Riemann—Hilbert problem satisfies det y(2) = sgn(Im(Q)) for any A € C\ R.
The existence of a solution y will be established in § 4.2.2, by a set of transformations:
x ¥ w1l 4.2.1)

which maps the initial RHP for y, to a RHP for I whose jump matrices are uniformly close to the identity when N is large,
and thus solvable by perturbative arguments [12]. The structure of y in terms of the solution IT is summarized in Figure 4.2.
The uniqueness of y follows from standard arguments, see e.g. [48], that we now reproduce.

Proof — (of uniqueness)
Define, for 1 € C\ R,

d() = detly(D]1g-(D) — detly(D)]lg-(1) . 4.2.2)

Since y has continuous +-boundary on R, it follows that d € O(C \ R) has continuous + boundary values on R as well.
Furthermore these satisfy d, (1) = d_(1). Finally, d admits the asymptotic behaviour d(1) = 1+ O(17'). d can thus be
continued to an entire function that is bounded at infinity. Hence, by Liouville theorem, d = 1. Let y, y» be two solutions
to the Riemann—Hilbert problem for y. Since yx, can be analytically inverted, it follows that y = x; U'. 1 solves the
Riemann-Hilbert problem:

e Yy € O(C\ R) and has continuous +-boundary values on R;
e Y() =1, + O(17') when A — oo non-tangentially to R;
e y.(1) = y_(1) for A€eR .

Thus, by analytic continuation through R and Liouville theorem y = I,, hence ensuring the uniqueness of solutions. ]

4.2.2 Transformation y ~» ¥ ~» II and solvability of the Riemann—Hilbert problem

We construct a piecewise analytic matrix ¥ out of the matrix y according to Figure 4.1. It is readily checked that the
Riemann—Hilbert problem for y is equivalent to the following Riemann—Hilbert problem for ¥:

e ¥ € O(C*\ Zy) and has continuous boundary values on Xy ;
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0

- . 03, 1mi .
S T 1+ Ky (@) + o) ) [v(0)] ¥(A) has a limit when 1 — 0 ;

e The matrix (

e Y1) =1, + O(17'") when 1 — oo non-tangentially to Zy ;
o W.(1) = Go(1)-V_(1) for A€y:

where the jump matrix Gy takes the form:

ei/l},v
for AeTy  Gy() = b + ——— .0, 423
or1ely () ) + PR o ( )
2/1 —idxXy
for leT,  Gy(d) = b + %-0’*, (4.2.4)
and for 1 € R +ie
1 —v (Du_(2)e v
Pl 1 +
Go() = I, + ¥ el . (4.2.5)
R | —— -1
vy (Dv_(1)
®
®

[u()] ™ - Rﬁ“’)@- P - x (D)

M;' ) [p(D] - Re(A) - PLL) - x ()

M) - D] - R7' ) - PLL ) - G () - ()

®
W] - (R®) o PLL(D) - x()

®

Figure 4.1: Xy = I'y UT| U {R + i€} is the contour appearing in the Riemann—Hilbert problem for . I';;; separates all the
poles of R~'(1) from R (they are indicated by ®), and is such that dist(I'y/;, R) > ¢ for some 6 > O but sufficiently small.

The motivation underlying the construction of ¥ is that its jump matrix Gy not only satisfies Gy — I, € M, ((L2 N L“)(Eq;)),
but is, in fact, exponentially in N close to the identity

Gy — Dllpyz(sey + 1Gw — Lliptaszey = O™, (4.2.6)
with

% = (by —ay) - min { Aeirngrl Im 4| ; 2y( 7 min[w;, w,] — 6)} . 4.2.7)
T
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Note that we have a freedom of choice of the curves I'y,;, provided that these avoid (respectively from below/above) all the
poles of R™'(1) in H*/~. As a consequence, we have the natural bound:

2
inf [Ima < 2192 (4.2.8)
AGFTUFl w1 + (00))

These bounds are enough so as to solve the Riemann—Hilbert problem for ¥. Indeed, introduce the singular integral
operator on the space M(L*(Zy)) of 2 x 2 matrix-valued L?*(Zy) functions by

Gy = L)1) dr

. 429
t—z2 2ir ( )

C)[Mj() = lim f
Ze—sideof Ty Ty

Since Gy — I, € Mg((L"“ N Lz)(zxy)) and Zy is a Lipschitz curve, it follows from Theorem A.0.13 that C;;) is a continuous
endomorphism on M,(L*(Zy)) that furthermore satisfies:

e M uizm,y < € (4.2.10)
Hence, since

Gy — I € My(L*(Zy)) and  Cy)[D] € Mo(L(Zy)) (4.2.11)
provided that N is large enough, it follows that the singular integral equation

(h-co)m] = 1 (4.2.12)
admits a unique solution I1_ such that I[T_ — I, € My(L*(Zy)). The bound (4.2.6) also implies that:

L= = Dl a2y <1 (4.2.13)

for N large enough. It is then a standard fact [12] in the theory of Riemann—Hilbert problems that the matrix

nw = L + f (Gv-D)0 L d (4.2.14)
2y

t—A 2irm

is the unique solution to the Riemann—Hilbert problem:
e I1 € O(C\ Xy) and has continuous + boundary values on Xy ;
e II(1) =1, + O(17") when A — oo non-tangentially to Zy ;
o I[I,(1) = Gy(A) - TI_(N) for 1 € Zy .
We claim that for any open neighbourhood U of Xy such that dist(Zy, dU) > ¢ > 0, there exists a constant C > 0 such that:

C e N
VileU, W -5n], < —- . 4.2.15
€ a,bn;%g}[ D) - DLl T ( )

Indeed, we can write:

Gy — b)ap(®) dr
t—A1 2im

2 1/2
|Gy - D)@ |
+ ”H_ - IZ”MQ(LZ(E\;A)) . (f 2 . 2) . (4216)
a,i;,ﬂ 2 [t =] 2m)

max [I1(1) — I < max
a,be{l,Z}[ @) = blg, abe(1,2)
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The second term is readily bounded with (4.2.13) and the fact (4.2.6) that Gy is exponentially close to the identity matrix.
For the first term, we study the asymptotic behaviour of Gy — I, with help of § 4.1.2:

Ce—IRet\ . e—%fN”

IA

, 4.2.17)
< ClteeN . (4.2.18)

if rel UTy, I(Gy — D) (D)
if teR +ie, (G — D)ap(D]

A

For the contribution on R + i€, we split [Gy — L](f) = Cy -t~ + O(t™2). We compute directly the contour integral of the term
in !, and find the bound bound max, |[qu]ab . /l’1| if ImA > ¢, and O otherwise. Hence, it is bounded by ¢;/(1 + |4|) for
some constant ¢; > 0. The contribution of the remainder O(|z]™?) to the contour integral can be bounded thanks to the lower
bound dist(Zy, 1) > ¢, /(1 + |4|) for some constant ¢, > 0. Collecting all these bounds justifies (4.2.15).

The Riemann—Hilbert problem for ¥ and II have the same jump matrix Gy, but ¥ must have a zero with prescribed
leading coefficient at A = 0, while IT has a finite value I1(0). We then see that the formula:

YD) = TI(A) - Pr(D) (4.2.19)

with:

1 KN
v2(0) 1 +ky /(w1 + w)

0
Pr) = I + TR-H’I(O)O-’H(O), and g = (4.2.20)

yields the unique solution to the Riemann—Hilbert problem for Y. Tracking back the transformations IT ~» ¥ ~» y, gives
the construction of the solution y of the Riemann—Hilbert problem of Proposition 4.2.1, summarized in Figure 4.2. This
concludes the proof of Proposition 4.2.1. [ |

PLa@ - (R) - [uh]™ - TI) - PaCd)

Prp(D) - R - [w(D]™ - My(A) - TI(Q) - Pr(A)

G() - Pry () - Ry - [p(D] 7 - M (1) - TI(D) - Pr(A) R +ie

Pry(D) - Ry - [ - M (D) TI(A) - Pr(A)

Pry() - R - [u()]™ - TI(A) - Pr(A)

Figure 4.2: Piecewise definition of the matrix y. The curves I'y/; separate all poles of A — R~!(1) from R and are such that
dist(I'y;;, R) > 6 > € > O for a sufficiently small 6. The matrix IT appearing here is defined through (4.2.14).
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4.2.3 Properties of the solution y

Lemma 4.2.2 The solution y to the Riemann—Hilbert problem given in Proposition 4.2.1 admits the following symmetries
1 0 1 -2 ~ (1 0 -1 0
=0 = (0 o )»(u)‘( 0 1 ) and  (¥(1) = (0 o )-x(—ay( 0 ) (4.221)

where * refers to the component-wise complex conjugation.

inoy inoy

Proof — Since Gy(-1) = e G;l(/l)e‘ﬁT, the matrix:

2 = ') e (=) 4.222)

is continuous across R and thus is an entire function. The asymptotic behaviour of Z(1) when 4 — oo is deduced from the
growth conditions prescribed by the Riemann—Hilbert problem (c¢f. Proposition 4.2.1):

E) = id-o" —i(y; -0t + ot xy) + 07Y). (4.2.23)
Since E(A) is entire, by Liouville theorem this asymptotic expression is exact, namely

EQ) = id-o" —i(y1-0" + ot x1). (4.2.24)
Observe that

i -0t + o0ty = ( L\’/b]ﬂ g{%‘ii ) ) (4.2.25)

By expanding the relation det [y(2)] = 1 for 2 € H" at large A, we find that the matrix y is actually traceless. Finally, the
jump condition at A = 0 takes the form

x-(0) = o3 x+(0). (4.2.26)
Using this relation and the expression for = given in (4.2.24), we get:
. . 0 ;
—iy+(0) = —iy.(0) ( D('O]ZI ) ie. il =1 (4.2.27)
il

since y.(0) is invertible. This proves the first relation in (4.2.21). In order to establish the second one, we consider:

EW) = x (=) T (1) (4.2.28)

With the relation (G,(1%))" = G);l(/l) and the complex conjugate of the asymptotic behaviour for y, one shows that s
holomorphic on C \ R, continuous across R and hence entire. Furthermore, since it admits the asymptotic behaviour

i3

B = e 2 (L +0u™), (4.2.29)

inoy

by Liouville’s theorem, E(/l) =e 7. [ |

Lemma 4.2.3 The matrix y admits the large-A, A € H* asymptotic expansion

K - xx —io™ - Xy

X = (i) 0" + (4.2.30)
; (= i)
where (xi)r is a sequence of constant, 2 X 2 matrices, with y_1 = 0 and yo = I, and:
—sgn(Re 1) e 0
KQ) = (4.2.31)

—KTN -sgn(Re ) e — 1 —iky - sgn(Re 1) e~ D
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In particular, we have:

1 1
@) = —1/22 k[ sgn(Re ) €™ [y, 111 — 1[Xk+1]21] (4.2.32)
(—id) " &4
1 1
@) = s Z k[ sgn(Re ) "™ 1112 — 1[Xk]22] (4.2.33)
(—id)" &4
Note that one should understand the matrix y -1 occurring in (4.2.33) as y— := 0. We also remind that [x]21 = 1.

Proof — It is enough to establish that IT admits, for any ¢, the large-1 asymptotic expansion of the form:

k
. . 1
) = Za ‘M, + All)  with  AyII() = O(W) forany6>0 and Io=1. (4.2.34)
£=0

Indeed, once this asymptotic expansion is established for IT, the results for y follow from matrix multiplications prescribed
on the top of Figure 4.2.

Equation (4.2.15) shows that the expansion (4.2.34) holds for k = O uniformly away from Xy. This is actually valid
everywhere, for the jump matrix Gy(1) is analytic in a neighbourhood of X¢ and asymptotically close to I, at large A in an
open neighbourhood of Xy, c.f. (4.2.17)-(4.2.18).

Now assume that the expansion holds up to some order k. Consider the integral representation (4.2.14) for IT. We recall
that (I1- — 1) € L?(Zy) and Gy — I, decays exponentially fast along 'y UT'|. Thus, standard manipulations give an asymptotic
expansion of the form:

Gy — b)) -T1L(1) dt _
P Z T, A"

(4.2.35)
FT Ul"l
It thus remains to focus on the integral on R + ie. We can first move the contour to R + i€’ for some 0 < €’ < ¢, and insert

the assumed asymptotic expansion at order k:

Gy - b)) - 11() dr
t—A 2im

R+ie

_ Z f(Gq/ RO di - Gy b)) Ayl dr 0

o Hit-A) 2in t—2 2im
R+ie’ R+ie’
It follows from (4.1.19) that we can decompose ry(1) = rf\;')(/l)e”ﬁ’v + r;)(/l)e‘”m, with rg\;")(/l) bounded in A away from
its poles. This induces a decomposition Gy — I, = (Gy — 1) + (Gy — L) on R + i€’. Inspecting the expression (4.2.5),
we can convince oneself that there exist curves ¢, C H* going to oo when Re? — +eo, 7 € 45 and such that:
(Gy — L)P(1) - T,

o> has no pole between R + i€’ and €% ,
- (t— Q) v

e (Gy — I)® (1) decays exponentially fast in f when ¢ — oo along Cirp

Therefore, we obtain:

Gy —D)®)-T; dt [ (Gy-L)P@ -1, dr Gy - L)) -Tl, dr
-1  2in =1 5 T P e (4.2.37)

R+ie’ [ -
"Gy Gy

and the properties of this decomposition ensure the existence of an all order asymptotic expansion in 17! when A — oo. It
thus remains to focus on the last term present in (4.2.36). For 6 > 0 but small, we write:

(G\P—Iz)(t) A TI(0) dz L
/ -

R+ie

AT ()
plaa! |/1|1—26 .

d
f tf(pr—Iz)(t)-AmH(t)-ﬁr + (4.2.38)

R+ie

A6+1
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The decay at oo of Ay Il and (Gy — I») guarantees the existence of an asymptotic expansion of the first term in the right-hand
side, this up to a O(17%~?) remainder. Finally, we have:

_ +1 Gy = DL)(®) - AigTI(D) ﬂ
AT )| = ‘ftk PRy =

|/1|1 =26 dt
4.2.39
f el —al’ ( )

R+ie

where we used the assumed bound (4.2.34) for AjyIl(r) and the O(1/f) decay (4.2.18) for Gy — I,. The growth of the
right-hand side at large A is then estimated by cutting the integral into pieces:

C A% |o|71-9) if Ret| <4]/2
1 1-26 _
W'Jﬁ < cure - if 14]/2 < [Ret| <3| /2 (4.2.40)
C lf|~(1+9 if [Re#| >34 /2

for some C > 0 independent of A and ¢. The integral over 7 of the right-hand side on each of piece is finite, and collecting all
the pieces, we get Ay T(1) = o(1) when 4 — co. [ |

4.3 The inverse of the operator Sy

4.3.1 Solving #y.,[¢] = hfor h € H([0;Xxy]), -1 <s<0

With the 2 x 2 matrix y in hand, we can come back to the inversion of the integral operator .#y., according to Lemma 4.1.1.

Proposition 4.3.1 Assume —1 < s <0, and h € Hy([0;Xy]). Any solution to Sy, [¢](€) = h(&) is of the form ¢ = %;ZO (7]
where

%zg[he] = 77—1[(*—Zo))(11;+ “Cilfi] + X124 - Cil o] + 19')(11;+]- (4.3.1)

Above, ¥ € C and zp € C \ R are arbitrary constants. We remind that y . is the upper boundary value of y on R, C is the
Cauchy transform (1.6.14), C.. its + boundary values and h, is any extension of h to Hy(R).

Sreo@ \ _ —iamy ) (/1—20)_1)(12;+(/1)
( S22 (D) ) - ¢ F el ( —x11:+(4) ) ) 4.3.2)

The transform Wy.., is continuous on Hy(R), -1 < s < 0:

1Zozo By < Cw lellmce - (4.3.3)

the continuity constant Cy being however dependent, a priori, on N. Finally, when h € C'([0;Xn]) the transform can be
recast as

XN

— da [ i
Wy [BIE) = fﬂ zgreﬂ—/l{ﬂ—)(n(/l)/\{lz(ll) /\{11(#!)/\{12(/1)} fe"wh(ﬂ)'dfl

R+2ie’ R+ie’ 0
: da
+ ﬂfe" ) - == . (4.3.4)
2r
R+ie’

where € > € is arbitrary but small enough and such that Imzy > € in the case when 7o € H*.

We stress that the integrals, as written in (4.3.4), are to be understood in the Riemann sense in that they only converge as
oscillatory integrals.
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Proof — The proof is based on a Wiener-Hopf factorisation. For the moment, we only assume that s < 0. Let @ be any
solution to the vector Riemann—Hilbert problem for ®@ outlined in Lemma 4.1.1. Then, define a piecewise holomorphic
function Y by

Y 'O - HQA) AeH*
TW) = _ (4.3.5)
¥ '{DDW) — HA) Ae€H
where, for some zp € C\ R
f 81, (t) dr
= 2in(t — ) . A _
HQ) = R (1) dt with ( gl(/l) ) =x;')-HQ) . (4.3.6)
(/1 _ Zo)l"_l f 81351 g2( )
R 2im(t =)
Above, taking into account that s < 0, we have set
8au, (1) = (t—20)"ga(H) with t;=k for —k<s<—-(k—1). (4.3.7)

It follows from the asymptotic behaviour for y. (1) at large A that g; € F[H,-1,2] and g2 € F[H,11/2]. Recall that Theorem
A.0.11 ensures that the + boundary values C. of the Cauchy transform on R are continuous operators on H.(R) for any
|7l < 1/2. Thus, C.[g1.,] € Hsrk-1/2(R) as well as C.[g2,,-1] € Hyik—1,2(R), which implies:

H,.c¥[H,(R)] withs;=s—1/2and s, =5+1/2. (4.3.8)

Equation (4.1.6) ensures that, uniformly in ¢ > 0,

Va € {1,2}, f|‘rau + iy)|2 (144 + ) da< C . (4.3.9)

The discontinuity equation satisfied by @ along with flw - fla;_ = g, guarantee that Y, € O(C \ R) admits F[H,, (R)]
+ boundary values that are equal. Then, straightforward manipulations show that, in fact, T is entire. Furthermore, for any
¢ € N such that s, + £ > —1/2 and for any u > |Im z|, we have:

01y +igu) dA
r(z) = f ) 43.10
@ = Z ( (4.3.10)

A+ ieu — 7)f+! i

Thus

1+ 1] + |ul) > 1/2 NT:
nlax(f(—lzjz)((w frr (/l+1e,u)|2(1+|/l|+|y|)2“d/l) 4.3.11)

¢
|32Ta(z)| = == \ Jg |4 +ieu—

where the last integral factor is bounded. So far, the parameter y was arbitrary. We stress that the constant C in (4.3.9) is
uniform in u. Thus taking u = 2|z| and assuming that |z| > 1/2, we find:

Al +2)72 172
|35Ta(z)| <C |Z|—(sa+€+1/2).(f (l |+ ) ) ) (4.3.12)

B [(A=1)2+ 1]

In particular, reminding the values of s, in (4.3.8), we find that 6’2’1‘1'2(1) and 6’;'?1 (z) are entire and bounded, so they must
be constant. These constants are zero due to (4.3.12). Hence, there exist polynomials P; € C;_[X] and P, € C;_»[X] such
that

_ [ Pi(@
T() = ( o) ) . (4.3.13)
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Reciprocally, it is readily seen that the piecewise analytic vector

P1(z)
P>(2)

provides solutions to the Riemann—Hilbert problem for ®.
From now on, we focus on the case k = 1, i.e. h € Hy([0;xy]) for —1 < s < 0. Then, it follows from Lemma 4.1.1 that
any solution to .#y.,[¢] = h takes the form ¢ = #j., [h.], with:

D) = y()-HQA) + () ( ) with P, € Cio[X] for —k<s<—(k—1) (4.3.14)

F{ o111 = 1) = x11:4(D) - (A= 20)Ce[fi) (D) + x12:4() - Col oy J) + & x11:4(D) (4.3.15)
with f,..,’s given by (4.3.2).
It is then readily inferred from the asymptotic expansion for y at 4 — oo given in Lemma 4.2.3, and from the jump

conditions satisfied by y, that indeed ®;., € F[H([0;xn])]. Also the continuity on F[H(R)] with || < 1/2 of the +
boundary values C.. of the Cauchy transform, c¢f. Theorem A.0.11, ensures that

1P, llFta,ey £ Cllhela,w) (4.3.16)

which in turn implies the bound (4.3.3).

It solely remains to prove the regularised expression (4.3.4). Given h € C 1([0; xx]) it is clear that 1 € H,([0;Xx]) for any
s < 1/2. We chose the specific extension i, = h. Then, it follows from the previous discussion that % olh] € Hy([0;xn]).
The integral in the right-hand side of (4.3.4), considered in the Riemann sense, defines a continuous function on [0 ; Xy], that
we denote momentarily “//,9 . [1]. Now, for any f € C*([0;xy]), starting with the expression (4.3.1) for % .z [h], we have:

(f- Moz IB) = (FIfl®1) = ff’f]( ) - P (D)da = fff]( - O(Hda (4.3.17)
R+2ie
= f (F1e2*F1D) - FLe™* He, )X = (f, Foz [1) . 4.3.18)
R

in e represents the running variable with respect to which the Fourier transform. There, we have equality %;ZO [A] = %;ZO [A]
for h € C' N Hy([0:;Xy]).

A priori, the solutions %;ZO [A.] given in (4.3.4) has two free parameters ©J and zy. This "double" freedom is, however,
illusory.

Lemma 4.3.2 Given z, z(’) € C\Rand 9 € C, there exists ' € C such that %ZO = %@Z&.

Proof — By carrying out the decomposition 4 —zg = A —pu + u — zo in the first term present in the integrand of (4.3.4), we
get that Wy, = Wyizpyieo

: 7: he ° e—i,qu d
8(z0) = fm(”) (A1) 2 (43.19)
U= 20 2im
R+ie
and oo means that one should send zyp — oo under the integral sign of (4.3.4). |

Hence, with the above lemma in mind, we retrieve that the kernel of .#y., is one dimensional when considered as an
operator on H([0;Xxy]), with —1 < s < 0. The above lemma of course implies that we can choose zy arbitrarily in (4.3.4).
It is most suitable to consider the specific form of solutions obtained by taking zp — 0 with Imzy < 0. Forh € C L([0; %N,
this yields a family of solution parametrized by ¢ € C:

d —iAé—iuxy A . da
Holhl() = f f 2“ ° { ~xl1(a>xlz(u>—Xn(u)xlz(ﬂ)}ﬂh](u) + 1 f (e == (43.20)
it o u—A4 \u 2n

R+2ie/  R+ie’ R+ie’

It is possible to find real-valued solutions to .., [¢] = h by taking h purely imaginary:
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Lemma 4.3.3 Let 9 € iR and let h € C'([0; %y]) satisfy h* = —h. Then, (#ylh])" = #pylhel.

Proof — From Lemma 4.2.2, we have —y11(-=4) = (y11 (/l*))* and y1p(—4) = (Xlz(/l*))*. Hence, under the assumptions of the
present lemma

(H3[h)©)) = f

da d ei/l§+iy§NeZE’.f+e’}N 1= 2ie ., _,
= f L {— — X1 (=2 + 2i€ )y ia(—p +i€)

2m =2ir pu—A+ie u—ie
R
s s s s * s s * i€ 2€'¢ rd/l
+ x1(—u + i€y +2i€) p F [ 1 (—u +i€) — O e“ecyn(-1+i€) — . (4.3.21)
——— — 27'[
~Fh -4 R
The change of variables (1, u) — (—A, —w) in the first integral and A4 — —2 in the second integral entails the claim. ]

4.3.2 Local behaviour of the solution %[h] at the boundaries

In the present subsection, we shall establish the local behaviour of %[h](f) at the boundaries of the segment [0 ; Xy], viz.
when & — 0 or & — T, this in the case where & € C'([0;Xy]). We shall demonstrate that there exist constants Cy, Cx, affine

in ¢ and depending on A, such that %[h] exhibits the local behaviour

— Co — Cx _
Wylh] = — + 0O(1) f — 0 d Wylh] = —X _ 4+ 001 f - . 4.3.22
9lh](€) VE ) for & an 9[1](€) N ) for &— (xn) ( )

Let us recall that our motivation for studying % takes its origin in the need to construct the density of equilibrium
measure pgg) which solves SN[pg(;])] = V’ as well as to invert the master operator Uy arising in the Schwinger-Dyson
equations described in § 3.2. The density has a square root behaviour at the edges what translates itself into a square root
behaviour at £ = 0 and ¢ = Xy in the rescaled variables. Having this in mind, we would like to enforce Cy = Cx, = 0. For
this purpose, we can exploit the freedom of choosing #. This is however not enough and, as it will be shown in the present
section, in order to have a milder behaviour of #y[h] at the edges, one also needs to impose a linear constraint on 4. In fact,
we shall see later on that the latter solely translates the fact that 2 € S, [H(R)] with 0 < s < 1/2.

This informal discussion only serves as a guideline and motivation for the results of this subsection, in particular:

Proposition 4.3.4 Let

—iuxy d
Jilh] = f £ x12() - FIhI(w) - 2—# . (4.3.23)
Retie K n
Then, for any h € C'([0;Xy]) such that
- d
Hulhl = f ey - Flhlw - = =0 (4.3.24)

2im
R+ie

we have ¥ g, lh] € (L' 0 L®)([0; Ty ]).

Prior to proving the above lemma, we shall first establish a lemma characterising the local behaviour at 0 and Xy of functions
belonging to the kernel of #y.,,.

Lemma 4.3.5 The function

: dAa
W(é) = f e*”fo(A)ﬂ satisfies Sy W1 =0 €€]0;7yl (4.3.25)

R+2ie

and admits the asymptotic behaviour

W€ = L + O(1) when &—0F and Y(é) = -

1
iVné iya(xy = &)

+ O(1) when ¢ — (xy) . (4.3.26)
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Proof — One has, for £ €]0; xy[ and in the distributional sense,

~ da e M F y](li) ell=Vxv _ 1
Iyl = f 7 2ip X11:+(A) - T

a f du (" da e M F IS, ](u) X 11 (D)W — ey ()

h 2 2inB i(A— )

R R—ie
o (du TS, da yi (D) ¥
= )T 2B “An) f 7 id—p)
R-ie
du 4 Ty
_ _IE{XZ“‘(”)C g | oiuGiy g)X21;+(ﬁl)}~ (4.3.27)
R

Note that, in the intermediate steps, we have used that y .+ (1) = eiv X11:-(1), and deformed the integral over A to the lower

half-plane. Further, we have also used that

o FIS,1()

) = = () (4.3.28)
2inp

Observe that, when 0 < & < Xy, the function u + ya;._(u)e *¢ (respectively, u +— ya1.4 ()" ~9)) admits an analytic

continuation to the lower (respectively upper) half-plane that is Riemann-integrable on R — it (respectively R + it), this for

any 7 > 0, and that decays exponentially fast when 7 — +oc0. As a consequence,

x21.-(D) + ¢

VE €10 Tl f B (e g () + D o () = 0, (4.3.29)

2w
R

which is equivalent to .Zy., [¥](€) = 0
From the large-A expansion of y(1) given in Lemma 4.2.3, we have for 1 € R + 2i¢€’,

sgn(Re 1) ™ + i

W) = xnu@ + (=i)!72 = 0ja1™"?) . (4.3.30)
Hence,
e da sgn(Re 1) &1V da e da
= A ‘”f-——f—-— — . 4331
v fW( e 2r (=112 2 M (=12 2in ( )
R+2i€ R+2i€ R42i€

By dominated convergence, the first term is O(1) in the limit £ — 0*. The second term is also a O(1). This is most easily seen
by deforming the contour of integration into a loop in H, around iR* + 2i€’, hence making the integral strongly convergent,
and then applying dominated convergence. Finally, the third term (4.3.31) can be explicitly computed by deforming the
integration contour to —iR*:

f—'_ _ -1 1 _ 1 “dr T2 1 4332)
=DV 2in — NEJ (=2 (e D[ 2n T igE  ivAE o
0

R+2ie

Similar arguments ensure that the first and last term in (4.3.31) are a O(1) in the ¢ — (xy)~ limit. The middle term can
be estimated as

f sgn(Re 1) SHGv-6) | da _ e 20w=0)¢ sgn(d) e da
9 (= i) 2t on iy -¢ J (—id+2¢ @y - &)'?
+2i€’

— +00
—Z(JcN £)e’ —t dt i

- O(vVxy—¢). (4333
ﬂ\/xN S (14 2€/ (v - &)l Gy — &) + O(Vxv=8) . ( )
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Putting together all of the terms entails the claim. ]

Before carrying on with the proof of Proposition 4.3.4 we still need to prove a technical lemma relative to the large-4
behaviour of certain building blocks of #y[h].

Lemma 4.3.6 Let h € CP*'([0;Xy]). Then, the integrals

_ Xia() - FIRw) - e du . (1 ifa=2
Halhl(D) = f i) i with 0y = 0 ifa=1 (4.3.34)
R+ie
admit the |A] — oo, Im A > 2¢’ > 0, asymptotic behaviour:
p w(l/z)(/l) p w(l)
Falh() = =1 7,00 + Z Tt > = T+ O (4.3.35)
o (—iy A =1
where
k-1 o
('/2)(/1) Zikfh(k“)()_cN){sgn(Re D™ e s, lia + i[/\/€+1—62(,]2a} , (4.3.36)
=0

and w,ila) are constants whose explicit expression is given in the core of the proof .

Proof — The regularity of & implies the following decomposition for its Fourier transform:

Pk () e — p® (0 et [ ,
Flhl(w) = Z k) S © ((. ))p+1 f RPD(1) el dg (4.3.37)
k=0 11 s
It gives directly access to the large-u expansion:
po
- )
a0 TG = Y =B+ R . (43.38)

k=1

The remainder is R(ll;) (1) = O@P73/?) when y is large, whereas Ték)(y) remains bounded as long as Imy is bounded.
Explicitly, these functions read:

k-1

TOW) = Zi"‘f(h““”)(m—eiﬂ-*Nh““l“’)(xN)){—sgn(Reu) S P i[ml_%]az} (4.3.39)

=0
where y,, are the matrices appearing in the asymptotic expansion of y, see (4.2.30). The integral of interest can be recast as

P

B T(k)(,u) e ik S du 1 tpp) —ixy , GH
/]a[/’l](/l) = f ( IIU)I/Z k(/J /1) 217T ; /l[+1 f R (,U)e pXN Er

RHE

p+l R(P) o d
N f a W R i, (4.3.40)

A (= 1) 2in

R+ie’

In virtue of the bound on R(l’; ) the last term is a O(/l””%). In order to obtain the asymptotic expansion of the first term we
study the model integral

(c1sgn(Re pr) — coe ¥ ) (ke — k) du

D = ) - ) 2in

R+ie’

, (4.3.41)
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where Im A > € while ¢, ¢; and ki, «, are free parameters. By deforming appropriately the contours, we get that:
p y g approp y g

c1sgn(Re Del™ — ¢ sgn(Re ) d
) = SO — .2 4.342)
(1) 24 oy (Ci) Pk -y 2ix
=I'([0;ie'])
—k 1/2 —mN dt —iuxy , ,—k d
+ cph (=) f - — + Kk 95‘ ?+ . ﬁ (4.3.43)
iy (T =D
cisgn(Re 1) e™ — ¢, —g+) 1@ —(p+2)
K T - Z/l DD 0N M) (4.3.44)

q=0

The constant L,(f) occurring above is expressed in terms of integrals

+00

sgn(Re a-k g 50 df e Wi L yak g
LD = —cix sen®ep) w7 i [k 8 ¢ K (4345)
k (—in)'? 2irr n (—ip)'?  2ir
—I([0:ie']) ¢ —I(R-)

and the remainder function reads:

A-sen(Rep) - wP*=% d 1. e v . ik g
M) = ey BTV EC W e
(i) -2 27

=22 2in
R k)2 % d
A k2 e gy
+ ek (—i)EP f a8 (4346
T

=I([0:ie’]) T'GR™)

(t+1)
b
If we define:
p k-l k=t (k—L-1)
) = (@ | a2 -leadia ko —1h (xn)
" f_o{ &2 = ilenonla K2 — FHID(0) (@347
we obtain:
(1/2) (1)
T(k) —iuxy d P a 1) P Wy,
f T e du Z i + > S o). (4.3.48)
(- 1;1)1/2 Ku—2A) 2in —i)2 2k —
R+1e 7=0
Furthermore, the above relation and equations (4.3.34) and (4.3.40), ensure that
om0 d
f RP (e . % = Ak + @Y. (4.3.49)
Vg
R+ie
Hence, putting all the terms together, we arrive to the expansion (4.3.35) with the constants w glven by
—~ d
(D _ (D k p(p) —ipxy L
Weg = W — f R} (e = " Yin k>1. (4.3.50)
R+ie’
|

Proof — (of Proposition 4.3.4). Given h € C'([0;Xy]) and for & €]0;Xy[, we can represent % as an integral taken in the
Riemann sense!

— . da
Holhl(©) = f 1@ Zlhld) = x@ Aulhl)] 5. (4.3.51)

R+2ie’

IThe fact that the integral (4.3.51) is well-defined in the Riemann sense will follow from the analysis carried out in this proof.
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where we remind that _#1,[h](1) have been defined in (4.3.34). Using the asymptotic expansions of Lemma 4.2.3 for y and
those of Lemma 4.3.6 for _#,[h], we can decompose:

sgn(Re D) ™ +i  i.9[h]
001 Sl =@ Al = Salhl- = —(_iﬁ),/z

w3 ” (Dfsgn(Re ) ™ + i) —iw}? (1)
il

(4.3.52)

+073?).

As a matter of fact, the coefficient of 1/(—i4) in this formula vanishes, as can be seen from the expressions (4.3.36) for

wl(la/ . Besides, integrating the O(17%/?) in (4.3.51) yields a contribution remaining finite at & = 0 and ¢ = Xy, that we

denote %[h] € C°([0; xn]). Eventually, the effect of the first line of (4.3.52) once inserted in (4.3.51) is already described
in (4.3.32)-(4.3.33). All in all, we find:

i7h  —
“//o[h](f)—ﬂlz[h]{ +0(+/ %y )} Ll + W hE) . (4.3.53)

\/ﬂ(xN né

Since we have %[h](f) = %[h](f) + JY(€) in terms of the function ¢ of Lemma 4.3.5, we deduce that:

~ Lﬂ h)
P ramlh)&) = vli + O(Ey = &) + TEh® (43.50)
and this function is continuous on [0 ; xy] if and only if .#}[h] = 0. [ |

4.3.3 A well-behaved inverse operator of Sy.,

Since, in fine, we are solely interested in solutions belonging to (L' N L*)([0;Xx]) we shall henceforth only focus on

%]2[/1] (4] and denote this specific solution as #y.,[A]. Furthermore, we shall restrict our reasoning to a class of functions
such that .#11[h] = 0. We now establish:

Proposition 4.3.7 Let 0 < s < 1/2. The subspace
Z([=yxn; (v + DXN]) = {h € Hy([-yxy:(y + Dxy]) + Aulhl = 0} (4.3.55)
is closed in Hy([—yxy ; (y + 1)Xn]), and the operator:
Iy H([0338]) — ny [Ho([0530])] = Z5([=yxn 5 (y + DN (4.3.56)
is continuously invertible. Its inverse is the operator
Wy = Zs(l=yZn (v + DEN]) — H([0:3n]) - (4.3.57)
On functions h € C'([0;Xy]), it is defined as:

Al [ dy e ey
Wy (&) = fg ﬁﬁ

R+2i€ R+ie

{Xu(/l))(lz(ll) - % 'Xu(ll))(lz(/l)}T[h](H) . (4.3.58)

For h € C'([0;Xx]), Wiy [B1(€) is a continuous function on [0;Xy], which vanishes at least like a square root at 0 and X.
The operator Wy, extends continuously to Hy([0;xn]), 0 < s < 1/2 although the constant of continuity of #y., depends, a
priori, on N.

Comparing (4.3.58) with the double integral defining #}.¢ in (4.3.20), one observes that A/u in front of y1;(4) is absent
and that there is an additional pre-factor w/A in front of y1,(4).
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Proof — Continuity of #i.y.
Take h € C 1([—)&1\/ ; (v + Dxn]). We first establish that #j.,[h], as defined by (4.3.58), extends as a continuous operator
from Hy([—yxy ; (y + 1)xn]) to Hg(R). We observe that:

)(12(/1 + 2i6/)

Fle Wiy W) = xni(A+20€) - ClenF The [JA +i€) = F=m=

-ClY1Flhe1])(A +i€) (4.3.59)
with he (€) = e €€ h(E),

Y = (u+ie)yn(u+ie)eEHW and Vi) = xio(u +ie) e W (4.3.60)

It thus follows from the growth at infinity of y|; and y, and the continuity on H,(R), |7| < 1/2, of the transforms C, where
Clf1V) = C[f1(A +i€"), cf. Proposition A.0.12, that

P vyl < C{”CE/D?IZ'?[hE’]]”T[HS1/2(R)] * ”CE'L?“ .T[hf/]]”T[Hxl/z(R)]} 4.3.61)
: C’{ ||551z 'ﬂhf’]”ﬂHH/z(R)] + H)?“ 'ﬂhf’]||ﬂHH/z<R>]} (3362
< CMhellaw < C7 NllHG=yzy s+ DEa]) - (4.3.63)

Proof — The space Z([—yxn ; (y + Dxy]).
Given h € Hy([-yxy ; (y + 1)xy]), we have:

1/2
|71 < ( f (1 + )yl du) WAl =y s+ DD - (4.3.64)
R

As a consequence, .#1; is a continuous linear form on H([—yXy ; (v + 1)xy]). In particular, its kernel is closed, what ensures
that Z5([—yxy ; (¥ + Dxy]) is a closed subspace of Hy([—yxy ; (y + 1)xy]). We now establish that:

Iy [Hs([0:30])] € Zs([=yXn s (y + DXn]) (4.3.65)
Let ¢ € C'([0;Xy]) and define h = ZNwle]. Then, using the jump condition (4.3.28):

. - FIS . ~ o 4
Sulh] = f dn¢(n) f C_I”XNX11;+(IJ)[2+I]BWCW = f dn () f (e + yor (e du  (43.66)
0 R 0 R

and this quantity vanishes according to (4.3.29). The equality can then be extended to the whole of H([0;Xxx]),0 < s < 1/2
since .} and .%y., are continuous on this space and C'([0;Xy]) is dense in H([0; Xy]).

Proof — Relation to the inverse.
By definition, for any h € (Hy N Cl)([—yEN ; (1 +v)xn]), we have:

_ Al [ dy e e /l
Trnlhl@) = f “ f e ”-x“(muw)—xll(u)mu)}-ﬂh](y)

R+2ie’ R+ie’

d —1/1xN
f L) [Ha — o) Flhlw)

2im
R+2ie Reie’
da d, e_iflf_iﬂfzv
= |3 f.—ﬂ—{)(u(/l))(lz(ﬂ) —Xu(,u))(lz(/l)} - F IR w)
7l 2ir pu—A4

R+2ie’ R+ie’

dd e x12(A) T . _
- f Toene ) f SE W FING) = Falh© . (4367

R+2ie’ R+ie

=0
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In the last line, we used the freedom to add a term proportional to .#1;[h] = 0, so that the combination retrieves the announced
expression (4.3.58). The continuity of the linear functional .#1, on Hy([0;Xy]) is proven analogously to (4.3.64), hence

ensuring the continuity of the operator Wflz[h] Since both operators #y., and Wylz[h] are continuous on H([0;xy]) and
coincide on C' functions which form a dense subspace, they coincide on the whole H([0; xy]). From there we deduce two
facts:

e we indeed have .Ay.,[#y.,[h]] = h, as a consequence of ‘SﬂN;)’[%lz[h] [A]] = h. This shows that the reverse inclusion
to (4.3.65) holds as well.

e The function #y.,[h] is supported on [0;Xy] (and thus belongs to H([0;Xy])) since Lemma 4.1.1 ensures that
W g, [h] is supported on [0; Xy] this for any h € H([—yxn; (y + Dxn]) € H([—yXn; (y + Dxy]) with 0 < s < 1/2
and -1 <7 <0.

Proof — Local behaviour for C'([0; Xy]) functions.
It follows from a slight improvement of the local estimates carried out in the proof of Proposition 4.3.4 that, given
h € C'([0;%x]), we have:

Wyhl©) = CO+CPVE+OE)  Wylhl©) = C +CY'P Iy —€+0Gy - €)

form some constants C(L”/)R with a € {0, 1/2}. It thus remains to check that Cio) = C}O) = 0. It follows also from the proof of
Proposition 4.3.4 that #j.,[h] is, in fact, continuous on R. Since supp[#.,[A]] = [0;Xy], the function has to vanish at 0 and
Xy so as to ensure its continuity. Thence, C(O) C(O) 0. |

4.3.4 Wy: the inverse operator of Sy

(R™)™ - [w()] - T - Ped)

RN - [ - My(2) - TI(A) - Pr(d)

( ei/l}N 0

R(/l) e—iﬁfN ) : Rl(/l) : [U(/D]_O—3 : MII(/D : H(/l) : PR(/]')

R - [pO] 7 - M (D) - TI(A) - Pr(d)

R[] - TI() - Pr(A)

Figure 4.3: Piecewise definition of the matrix y (at y — +o0). The curves I'y/; separate all poles of A — AR(A) from R and
are such that dist(I';;;, R) > ¢ for some ¢ > 0 but sufficiently small.

In order to construct the inverse to .%y, we should take the limit y — +oo in the previous formulae. It so happens that this
limit is already well-defined at the level of the solution to the Riemann—Hilbert problem for y as defined through Figure 4.2.
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More precisely, from now on, let y be as defined in Figure 4.3 where the matrix II is as defined through (4.2.12)-(4.2.14)
with the exception that one should send y — +co in the jump matrices for ¥ (4.2.4)-(4.2.5). Note that, in this limit, Gy = I,
on R +ie, viz. ¥ is continuous across R +ie. Then, we can come back to the inversion of the initial operator Sy in unrescaled
variables — compare (4.0.1), (4.1.1) and (4.1.2).

Proposition 4.3.8 Let 0 < s < 1/2. The operator Sy : Hy([an ; by]) — H(R) is continuous and invertible on its image:

2im

xs(R)={HeHS<R> : f e GOFTHIN e N . S _ 0}. 4.3.68)

R+ie

The inverse is then given by the operator Wy : X,(R) — H([ay ; by]) defined in (2.4.18):

N2(1 d —iN*A(¢-an) -
WrlHIE) = f e I - {x“u)xlzw—%-mwxlzu)}e‘w“bNﬂH](N“u) (4.3.69)

R+21e R+ie

with y being understood as defined in Figure 4.3.

Proof — Starting from the expression for the inverse operator to .%4., and carrying out the change of variables, one obtains
an operator ‘W, which corresponds to the inverse of the operator Sy.,. Then, in this expression we replace y at finite y by
the solution y at y — +oo, as it is given in Figure 4.3. This corresponds to the operator Wy, as defined in (2.4.18). One
can then verify explicitly on the integral representation for Wy by using certain elements of the Riemann—Hilbert problem
satisfied by y that the equation Sy[Wy[H]] = H does hold on [ay ; by]. All the other conclusions of the theorem can be
proved similarly to Proposition 4.3.7. u

We describe a symmetry of the integral transform Wy that will appear handy in the remaining of the text.
Lemma 4.3.9 The operator Wy has the reflection symmetry:

WilHl(ay + by - &) = —Wy[H"1(€) (4.3.70)
where we agree upon H"(&) = H(ay + by — £).

Proof — 1t follows from the jump conditions satisfies by y and from Lemma 4.2.2 that, for 1 € R,
Xi(=A) = e () and iz (=) = € (ri () = Ay () - (4.3.71)

Upon squeezing the contours of integration in the integral representation for ‘Wy to R we get, in particular, the + boundary
values of yi,. It is then enough to implement the change of variables (4, u,n) — (-4, —u, by + ay — 1) and observe that, all
in all, the unwanted terms cancel out. |

In the case of a constant argument (which clearly does not belong to X(R)) the expression for Wy simplifies:

Lemma 4.3.10 The function ‘W y[11(€) admits the one-fold integral representation

_Na/\,/12;+(0) X11() iV AE=ay) | d_/l

1 = . 4.3.72
Wnl11©) 2B y 7in ( )
R+ie’
Proof — Starting from the representation (2.4.18) we get, for any & €lay ; by[,
du e iN'E-and ] 1 i
Wrl11€) = = @ - 5 ) (1 - ). (4.3.73)
217r 2in u A

R+21E R+ie

One should then treat the terms involving the function 1 and e **¥ arising in the right-hand side differently. The part involving
1 is zero as can be seen by deforming the u-integral up to +ico. In what concerns the part involving e #*, we deform the
u-integral up to —ico by using the jump conditions e "y ,.. (1) = yx14_(1). Solely the pole at u = O contributes, hence
leading to (4.3.72). [ |



Chapter 5

The operators Wy and 71;,1

Abstract

In this chapter we derive a local (in &), uniform (in N), behaviour of the inverse Wx[H](&). This will allow an effective
simplification, in the large-N limit, of the various integrals involving W [H] arising from the Schwinger-Dyson equations
of Proposition 3.2.3. Furthermore, these local asymptotics will provide a base for estimating the W’ norms of the inverse
of the master operator Uy, cf. (3.2.1). In fact, such estimates demand to have a control on the leading and sub-leading
contributions issuing from Wy with respect to W’ norms. We shall demonstrate in § 5.1.1 that the operator ‘W can be
decomposed as

WN = Wi + (ka + W, + (Wexp~ (5.0.1)

The operator Wex, represents an exponentially small remainder in W’ norm, while the three other operators contribute to
the leading order asymptotics when N — oo. Their expression is constructed solely out of the leading asymptotics in N of
the solution y to the Riemann—Hilbert problem given in Proposition 4.2.1.

In § 5.1.2 we shall build on this decomposition so as to show that there arise two regimes for the large-N asymptotic
behaviour of Wx[H] namely when

e &isinthe "bulk"” of [ay ; by), i.e. uniformly in N away from the endpoints ay and by.
o £ is close to the boundaries, viz. in the vicinity of the endpoints ay (resp by ).

In addition to providing the associated asymptotic expansions, we shall also establish certain properties of the remainders
which will turn out to be crucial for our further purposes.

5.1 Local behaviour of Wy[H](¢) in &, uniformly in N

5.1.1 An appropriate decomposition of Wy

We remind that any function H € C*([ay ; by]) admits a continuation into a function C*(lay — 17; by + n[) for some n > 0.
We denote any such extension by H,, as it was already specified in the notation and basic definition section. In the present
subsection we establish a decomposition that is adapted for deriving the local and uniform in N asymptotic expansion for
Wh.

In this section and the next ones, we will use extensively the following notations:

Definition 5.1.1 To a variable ¢ on the real line, we associate xg = N*(by — &) and x; = N*(§ — ay) the corresponding
rescaled and centred around the right (respectively left) boundary variables. Similarly, for a variable n, we denote yg and yy,
its rescaled and centred variable.

Definition 5.1.2 If H is a function of a variable &, we denote H"(£) = H(ay + by — &) its reflection around the centre of
[an ; by] (as already met in Lemma 4.3.9). This exchanges the role of the left and right boundaries. If H is a function of

89
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many variables, by H" we mean that all variables are simultaneously reflected. If O is an operator, we define the reflected
operator by:

O"[H] = (O[H"])" (5.1.1)
Definition 5.1.3 Let %jg (respectively %r(e_g) ) be a contour such that:

e it passes between R and I'y (respectively I ).

+3in/4 +in/4

e it comes from infinity in the direction of angle e and goes to infinity in the direction of angle e

These contours are depicted in Figure 5.1, and we denote §/2 = dist(%%), R) > 0. We also introduce an odd function J by
setting, for x > O:

eiﬁx da
J(x) = f RO 2r - (5.1.2)

(+)
%)reg

poles & zeroes of A — R (1)

poles & zeroes of A — AR;(4)

Figure 5.1: The curves s -

Proposition 5.1.4 Given any function H € C*([ay ; by]) with k > 1 belonging X,(R) (the image of Sy, see (4.3.68)), the
function Wx[H) is C*~'(Jay ; by[) and admits the representation

WNIHIE) = WrlH(xg, &) + WilH(E) + WiH(x,&) + WepHI(E) (5.1.3)
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with:

NQ’

Wi[H:](€) 277,8

[He(€+N""y) = H(&)] J(y) - dy, (5.1.4)

WrlH.](x, &)

(5.1.5)

by
N21y 1/lx N (1) He(f)
T 218 f 2in f 2in (u — /l)Ri(/l)RT(p){f ety = iuNw}

G G
—WrlH!(x,an + by — &) . (5.1.6)

WilH](x,8)

The remainder operator Wex,[H.] reads:
WCXP = (Wj(\:“'—) - ((Wx+))A + Wres - ((Wres)/\ + ArW[(\:'—) - (A(WZ(\:—_))/\ » (517)

where the operators WEVH) and AWE\T) are given by

(+4) N20z —lN"/l(f by)+IN®u(n—ay) u
Wy T HIE) 28 f217r fZln' (y DR, COR, () {‘Pn(ﬁ)‘l’n(ﬂ)— 1"1’11(#)‘1’12(/1)}1‘1(77),
(+) (+)

NZ(y —1N“/l(.§ byn)+HNu(n—by) 7
27 f217r f217r f (u = DR (DR (1) {1 T2 FFa@Fia) - ‘1’11(/1)‘{‘22(/1)}H(TI)

(+) (=) ay
?reg <Freg

AWOHNE)

(5.1.8)
while W is the one-form:
N 06k (" du Wii(w) T N —an)
Wies[H] = _WSW IﬁmfdnH(n)e Hran) (5.1.9)
Cree an

The piecewise holomorphic matrix Y (u) corresponds to the solution to the Riemann—Hilbert problem for ¥ described in
Section 4.2.2 in which we have taken the limit y — +oo.

In the expressions above, we have used an extension H, of H whenever it was necessary to integrate H over the whole real
line, but we can keep H when only the integrals over [ay ; by] are involved — e.g. in (5.1.8). The decomposition given
in Proposition 5.1.4 splits ‘Wy into a sum of four operators. The operator Wy takes into account the purely bulk-type
contribution of the inverse, namely those which do not feel the presence of the boundaries ay, by of the support of the
equilibrium measure. This operator does not single out a specific point but rather takes values which are of the same order of
magnitude throughout the whole of the interval [ay ; by]. In their turn the operators Wk, represent the contributions of the
right/left boundaries of the support of the equilibrium measure. These operators localise, with exponential precision, on their
respective left or right boundary. Namely, they decay exponentially fast in xg;;, when xg,;, — +oo. This fact is a consequence
of the exponential decay at +oo of J(x) in what concerns the first integral in (5.1.5) and an immediate bound of the second
one which follows from inf {Im 4, A € %rg;)} > 0.

Proof — We remind that since we are considering the y — +co limit, the matrix ¥ has no jump across R + ie. A straightfor-
ward calculation based on the identity:

_RII (/l) ei/l},v R;l (/l)

M= ko

) -Y(1) valid for A between R and I'y (5.1.10)
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shows that, for such A’s and u’s,

NZ(Y N A N
%'e Ve N){Xn(/l))(lz(ﬂ) - %~X1|(y))(12(/l)}e’\’“(” = Z Keo(Aulém) . (5.1.11)

€1,6€{+}
The above decomposition contains four kernels

2a e—iN"/l(f—aN)HN"/,t(n—hN)

N H
K __ = — ¥ Ny - =¥ P 1.12
(Aulém) 2B RGOR (D) { 21(A) W2 (1) ’ 21() 22(/1)}, « )
K..(d N R B 5.1.13
w(ulén) = 2B RIGOR, (@) { (¥ - 1 1) 1a( )}, (5.1.13)
N2 o iNTAGE by +iNun-by) u
K, _ = —— ¥ ¥ - =¥ ¥ .1.14
(A ulémn) 278 RIGDR @) { 11 (D)W (1) ’ 21(1) 12(/1)}, « )
N201 e—iN"/l(f—aN)+iN“;4(7]—aN)

_ K
Kaplem = —35=—mm s {‘le(/l)‘{’u(/l) A‘Pn(ﬂ)‘}'zz(ﬂ)}- (5.1.15)

The labeling of the kernels K, ,(1,u | &,17) by the subscripts €, € refers to the half-planes H® x H® in which they are
exponentially small when N — co, provided that the variables &, 77 € [ay ; by] are uniformly away from the boundaries ay or
by.

One should note that the above kernels K, ., have a simple pole at A = 0. In particular,

e ST . iV HGr-ay) N> g - T112(0)

Res (K,+(/1,,Ll | f, 7]) d/l,/l = 0) Ri(‘u) m N (5116)
_ _#\PZI(H) LiNu(n—by) N2 Or - 1112(0)
Res (K__(A,p | £,1m)dA, A = 0) T uGn OB (5.1.17)

Furthermore, the kernels are related. Indeed, according to the definition of ¥ in terms of y in Figure 4.1, we have for 4
between I') and R:

—R['(1) R;'()e

x() = ( 0 R, ) () (5.1.18)

and by invoking the reflection relation for y obtained in Lemma 4.2.2, we can show that:

Y(=Q) = ( _2_1 g )~‘I’(/l)-( (1) _1’1 ) ) (5.1.19)

The above equation ensures that

Ke(Lpl &), (5.1.20)
Kir(Lplém) . (5.1.21)

K_.(=A,—play+by—&ay+by—n)
K _(-Ad-ulay+by—&ay+by—n)

The decomposition (5.1.11) of the integral kernel allows one recasting the operator Wy as:
WylHIE) = Y WDHIE (5.1.22)
€] ,EgE{i 1 }

where

2ir 2ir
R+2ie R+ie

by
—_ da d Kelsz /l, P
WD e = f du f an WH(U). (5.1.23)
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The next step consists in deforming the contours arising in the definition of (Wz(\f] ©)[H]. We shall discuss these handlings on

the example of (W},‘”[H]. In this case, one should deform the A-integration to R — 2ie. In doing so, we pick the residues at
the poles at A = 0 and A = u leading to

b,

— . a K_.(1
WOIHIE) = WilH] + f 2 f dnK_.(LA| £m)HG) + f 2 f ko f M

R an R-2ie R-ie
It remains to implement the change of variables (4, u) — (—A, —w) in the last integral and observe that

N2 eiNu@m-£)
K (LA &n) = ﬁW since det¥(1) =1, (5.1.24)

so as to obtain
WLIHIE) = WilH] + WLIHIE) - W [H (ay +by - £) (5.1.25)

with W, being given by (5.1.9) and
by
© NZ(k
WRIHI® = 3 f J(N"(n = £)) HGp dy (5.1.26)

with the function J given in (5.1.2). A similar reasoning applied to the case of "l‘/lifj\,")[H](f) yields
W OHNE) = ~Wy PV [H [(ay + by — &) — Wies[H"] . (5.1.27)

Hence, eventually, upon deforming the contours to (feg or %r(e_g) in the (WS’G') operators,

WyIHIE) = WSVHIE) - WPH(an + by - &) + WSTIHIE)
— Wy [H (ay + by = &) + Wi[H] = Wi[H'] + WHIE) . (5.1.28)

The operator (W,(\;r” appearing above has been defined in (5.1.8) whereas

WEIHIE) = f f f K (M‘ 'f”) . (5.1.29)
2im 2in
%()

Gre
At this stage, it remains to observe that
WYTIHIE) = WP lHIGw) + AWV HIE) . (5.1.30)

where AW ™ is as defined in (5.1.8), while

WOLH N2 p 2 et b 5.1.31
[H10) = —575 f 2in f 2ir (y—/l)Rl(/l)RT(,u) ' 13D
</r(e:) %( ) ay

As a consequence, we obtain the decomposition:

WyIHIE) = WOTHI(x) + WOIHIE) + WTHI(xR) + Wep HIE) (5.1.32)
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where we have set (W;_O) [H]l(x) = —(VV;?O) [H"](x). In order to obtain the representation (5.1.3) it is enough to incorporate
certain terms present in "Wl()(l)()[H 1(¢) into the R and L-type operators. Namely, we can recast (Wl()(l)()[H 1(6) as

by
N2w
WaHIO = 5 f JN* (1 - €) [Ha) - HO dn — N HEeo(xe) — 00(xr)]

o +oo  —xp
= WlH1© - Nootr) — 0o(x)] Hu(@) — ﬁﬁ{ f . f }[He(§+N“y)—He<§>] J)dy .

There, we have introduced

1o I

6 ) TR 2 ie.  Qyx)= R (5.1.33)
<gr(e;)

Qo(x) =

The representation (5.1.3) for ‘Wy[H] follows by redistributing the terms. This decomposition also ensures that Wy[H] €
C*!(lay ; by[). Indeed, this regularity follows from the exponential decay of the integrands in Fourier space when & €
Jay ; by[ and derivation under the integral theorems.

|
Note that the integral defining ¢ in (5.1.33) can be evaluated explicitly leading to:
1 1 _ 27|xlw wy
—_ W] +wy
Q@) = 5 -In R — (5.1.34)
4 ﬂ 1+e @rto +m(u}+(u2

In particular, it exhibits a logarithmic singularity at the origin meaning that J(x) has a 1/x behaviour around 0.

5.1.2 Local approximants for Wy

In this subsection, we obtain uniform — in the running variable — asymptotic expansions for the operators Wy, ‘Wr and
Wexp- In particular, we shall establish that if & is uniformly away from by (respectively ay), ‘Wp (respectively ‘W) will
only generate exponentially small (in N) corrections. Finally, this exponentially small bound will hold uniformly after a
finite number of ¢-differentiations. Prior to discussing these matters we need to introduce two families of auxiliary functions
on R* and constants that come into play during the description of these behaviours.

Definition 5.1.5 For any integer £ > 0:

1 +o00
we(x) = ?ﬂfy"J(y)dy, (5.1.35)
+1 1/1x
o = 3z f = f S R0~ DD (5.1.36)
cgr(e*g) R—ie’
ic a1
we= 2i7rﬁ€!6_/l"(m)uo' (5-1.37)

Note that uy, = 0 since R is an odd function — given in (4.1.18).

For ¢ = 0, this definition of gy coincide with (5.1.33), whose explicit expression is (5.1.34). Indeed, we remember from
§ 4.1.2 that T means that we can move the contour of integration over u up to +ico without hitting a pole of R;l (u). According
to (4.1.26), u Ry(u) has a non-zero limit when ¢ — 0, so we just pick up the residue at u = A, which leads to the expression
(5.1.33). For £ > 1, the function @/ is continuous at x = 0. Furthermore, for any £ > 0, o/(x) and @ ,(x) decay exponentially
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fast in x when x — +oo. Indeed, it is readily seen on the basis of their explicit integral representations that there exists C; > 0
such that:

loe| + || < CoeC" forex1. (5.1.38)
Proposition 5.1.6 Let k > 0 be an integer, H € C**!([ay ; by]), and define:

k k
H() - H(by) HY¢) H(by)
WedHle.6) = O () = o) + ) S e (5.139)
(=1 t=1
k
HO®
WoalHIO = Y rod (5.1.40)
=1
These operators provide the asymptotic expansions, uniform for & € [ay ; by]:
WrlH I (xg, &) = WerplHl(xr, &) + Ay WrlH ](xz, &) , (5.1.41)
WwlH (&) = WialHIE) + Ay Wikl[H(E) - (5.1.42)
The remainder in (5.1.41) takes the form:
k
A WrlH(x,€) = Ry [HI(,€) + > xR [HR) (5.1.43)
=0
with ‘Rg);)[ qlHe € W,E‘X’)(RJr X lay ; by]) and (Rﬁel;[//f]); ([H] € WIE"O)(R"), and the more precise bound:
P (0) PR(1/2) Ce O e
Ymel0: k] max { IR HCor. 6| + |65RR;[k];g[He](xR>|} < S e (5.1.44)
(el0:k1
for some C,C’ > 0 independent of N and H. The remainder in (5.1.42) is bounded by:
Al WolH |y ey < €N NHE e, - (5.1.45)

Proposition 5.1.7 Let k > 0 be an integer; and H € C***!([ay ; by]). The operator Wy, takes the form:

k
WeplHIE) = RO G [H Ok, &) + > xp P RO [HCee)

=0
k
AR TH G, &) + > xR [H ey ) (5.1.46)
=0
with RE%;R/L[HQ] € W,E‘x’)(]R+ x lay ; by]) and Rgiﬁl)e/L;g[He] € W,Em)(]R”’), and the more precise bound:
im0kl max {JPRY 4, H . O] + [ERU G|} < O IHE sy (5.1.47)
e[ 0k

for some C,C’ > 0 independent of N and H.

The idea for obtaining the above form of the asymptotic expansions is to represent H in terms of its Taylor-integral
expansion of order k. We can then compute explicitly the contributions issuing from the polynomial part of the Taylor series
expansion for H and obtain sharp bounds on the remainder by exploiting the structure of the integral remainder in the Taylor
integral series. In particular, the analysis of this integral remainder allows uniform bounds for the remainder as given in
(5.1.44), (5.1.45) and (5.1.47). The reason for such handlings instead of more direct bounds issues from the fact that the
integrals we manipulate are only weakly convergent. One thus has first to build on the analytic structure of the integrand
so as to obtain the desired bounds and expressions and, in particular, carry out some contour deformations. Clearly, such
handlings cannot be done anymore upon inserting the absolute value under the integral sign, as then the integrand is no more
analytic.

Proof — We carry out the analysis, individually, for each operator.
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The operator W\,
The Taylor integral expansion of H up to order k yields the representation

k

1 H?P
WlHIE) = Y 5 p!(f) [wama + suwatrio. (5.1.48)
p=1 R
where
L -
AWl HIE) = 5o f ar ,;t) f dyy* ' I H V(€ + N1y) (5.1.49)
0 R

In the first terms of (5.1.48) we identify:
¢

a1
4 — e S — |
fy Joydy =1 éW(R(A))u:o 2nB Ll ug (5.1.50)
R

and we remind that this is zero when £ is even. Finally, we get that the remainder is a C* function of &, and:

IHE D o ey ol
Vm e [0; k1, A Wk [Hllwe qay v < —f| | |J(Y)|2 e (5.1.51)

Since J decays exponentially at co (see (5.1.33) and (5.1.34)), the last integral gives a finite, k-dependent constant.

The operator Wy
The contribution arising in the first line of (5.1.5) can be treated analogously to ‘W, what leads to

+00 k

« H(f)
o [N - H@lay = - Y O )+ AW (5.1.52)
B J £ N De )
with
e PRI ) Y
AW H(x, &) = BN f k 1J(y) e H*YE+ N y) . (5.1.53)
x 0

Since J decays exponentially at infinity, we clearly have:

(1) c’ ||H£k+1)||W°°(R)
max |a AW H (g, 6)| < CeCrn = —n )

pel0;m Nk—m)a (5154)

for some constants C, C’ independent of H and N. We remind that the &-derivative can act on both variables ¢ and xg =
N*(by = &).

We now focus on the contributions issuing from the second line of (5.1.5). For this purpose, observe that the Taylor-
integral series representation for H yields the following representation for the Fourier transform of H:

f H()e"N' 080 dy = Fia[HI(w) + FaxlHe () + F3H (W) , (5.1.55)

an
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where we complete the integral over [ay ; by] to ] — oo ; by] in the first term, while the two last terms come from subtracting
the right and left contributions:

k p+l1 an
FiolH() = _Z(Naﬂ) HPby) . BHIW = f HL( -0 g 515
p=0
and
by 1 '
Faalttd) = [ an [ ar e 0 by HE by 100 b)) (5.157)
—00 0 °
Thus,
N2a 1/1x
T 2B iuyg
2mf3 f 2ir f 2im (u — /l)Ri(/l)RT(/l)f H(me **dn
G G

S HO®
= Zﬁgm) + L [FoxlH] + F3[H(x) . (5.1.58)
=0

Y

L, is an operator with integral kernel — see later equation (5.1.65):

-1

which satisfies the assumptions of Lemma 5.1.8 appearing below. Thence, Lemma 5.1.8 entails the decomposition:

k
LaJT2alH + FIHA) = Y {512 Lo | Toal B + F3IHI)]
=0

+ (A La)[Fox[Hel + F3[H](x)  (5.1.60)

in which both Ly.¢[Fox[H.] + F3[H.]](x) and (AygLa,)[F2x[He] + F3[H.]](x) belong to W;*(R*) and are as given in
(5.1.67)-(5.1.68)
By using the bounds:

" il HE | gy . 1 ¢ " @) 5.1.61
|‘7_—2;k[ e](/,[)| < W simce |I #| < ﬁ or ue reg > ( .. )

and

[[H ]l ®) . g~ vlim

(5.1.62)
|uIN@

[F3HIW)| < ¢
we get that there exists N-independent constants C, C’ such that

k+1
WHS Ny

(= (5.1.63)

A 07 - (&7 Lage + A Lay)| Foal Hel + F3lH|(w))| < Ce

We have relied on:

Lemma 5.1.8 Let A(A,u) be a holomorphic function of A and u belonging to the region of the complex plane delimited by
‘Kr(ez) and %r(eg) and such that it admits an asymptotic expansion

k A 0 1/2
AL ) = Z A"(")m — + AwA(Ly)  with { 1A (bl )3 . (5.1.64)
= i1 —ig)] A A, ) O(lA[7*+372) - |ul'/2)
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Then, the integral operator on u - Lm(cfrgg))

{f : wmnf e LES))

_ N dp ACLHD a
Lalflx) = 2nﬂf21ﬂf2inme S (5.1.65)
Cre Crg
can be recast as
k
LAl = DT R Ly [F100 + A Lalf1(0) (5.1.66)
=0

where the operators

N2l (du Awetf()
Laglflx) = == f— ff : (5.1.67)
" 2ﬂﬁr(iR+>2m(€§;)2m [*(u ~ is) = A=
N2 du ApAQ,
AwLalflw) = 5o f f i U ( ” it iy (5.1.68)
<g(‘;) cbpr(ec)

are continuous as operators pr- L (Cﬁr(e?) — W2 (R*). Note that, above, T'(iR*) corresponds to a small counterclockwise loop
around iR*.

Proof — 1t is enough to insert the large-u expansion of A and then, in the part subordinate to the inverse power-law expansion,
deform the A-integrals to (iR + i), translate by +i¢ and, finally, rescale by x. The statements about continuity are evident.
|

The operator ‘W.,, (Proposition 5.1.7)

The analysis relative to the structure of ‘Wey,[H.] follows basically the same steps as above so we shall not detail them here
again. The main point, though, is the presence of an exponential prefactor e M which issues from the bound (4.2.15) on
I1- 1. |
5.1.3 Large N asymptotics of the approximants of W)

The results of Propositions 5.1.6 and 5.1.7 induce the representation
HI(¢) = WrilHI(xr, &) + Wik [HIE) — WralHI(xp, an + by — &) + Ay WnlHI(E) , (5.1.69)

with all remainders at order k are collected in the last term. In this subsection, we shall derive asymptotic expansion (in N)
of the approximants Wy, and Wr, in the case when their unrescaled variable & scales towards by as & = by — N~ x with
x being independent of N. We, however, first need to establish properties of certain auxiliary functions that appear in this
analysis.

Definition 5.1.9 Let € > 0 be an integer. As a supplement to Definition 5.1.5, we introduce, for any integer £ > 0:

(—x)*! X)P @ 511(x) (=x)? um
be(x) = 0pi(x) — s )‘QO( X) — ﬁzgw and  w(x) = HZ[ (5.1.70)
Spp>0 spp>0
and.:
t0() = b)) + (), apy) = DM ey (5.171)

ap(x)
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-1/2

It will be important for the estimates of § 5.2.2 to remark that x™'/“ag(x) is a smooth and positive function:

Lemma 5.1.10 Let £,n,m > 0 be three integers such that n > m. There exist polynomials p¢.,, of degree at most n + € and
Sunctions frm, € W2, (R*) such that, for any x > 0:

W0 = VXPoma(e™™ + " fona(x)  and  ap(0) - ae(x) = VXPrma(e + X frmax) . (5.1.72)

The function ay(x) is positive for x > 0 and satisfies

1 X
ao(x)):OE m + O(x) (5173)

Finally, one has, in the x — +0co regime,
ap(x) = u; + O™ s ap(x) - ap(x) = up(x) + O(e™) (5.1.74)

and the bound on the remainder is stable with respect to finite-order differentiations.

Proof — By using the integral representation (5.1.2) for the function J, we can readily recast wy(x), for x > 0 as:

if+1 ei/lx al( 1 )d/l
273 A QA\R) ) 2in -~

(+)
(greg

w(x) = (5.1.75)

The p-integral arising in the definition (5.1.36) of g, can be computed by moving the contour of integration over y up to +ico,
and picking the residues at u = A and y = 0:

id’+l ei/lx da i£’+1 ei/lx a{f ( 1 ) da

0c(x) = % /VTR(/UET + Te(x) with 71(x) = ﬁ TR,(D a—ﬂ[ TR WZOE'
)

cg“) (greg

The first term can be related to the functions gy and @, of Definition 5.1.5 by an £-fold integration by parts based on the
identities:

1 " (=1 d° (e L B

_ (Sl d _{ } - £y ﬂ_{_} 5.1.76

A a/lf{ 17! } ne A\ RQY S;{s!p!(lx) v RO (5.1.76)
5,p=0

Namely, we obtain — writing the identity for £ + 1 instead of £ — that:

(=™ (=) myi1(x)
0r41(x) — T (x) = m@o(x) + szlm . (5.1.77)

5,p=0

According to Definition 5.1.9, we can thus identify 7., (x) = by(x) — in this proof, we will nevertheless keep the notation 7.
Hence, it remains to focus on 7,(x). Computing the {"-order y-derivative appearing in its integrand and then repeating the
same integration by parts trick, we obtain that:

e+ Gxy & [ 1 el o 1y dd
_ Lot ydt 1.
e 271,8er sipir! aﬂs(RT(ﬂ))m:of 1 (’)/IP{RL(/l)}Ziﬂ (5.1.78)

+r+p=_

In the second integral, let us move a bit the contour ‘5&) to a contour %r(;;o which passes below 0 while keeping the same

asymptotic directions as %r(;g. Doing so, we pick up the residue at A = 0:

eltx  gr 1 ) da oP 1 eltx  gr 1 da
. —{—} — = ——{—} + . —{—} — (5.1.79)
A 0 \R (W) 2in AP \ R () )10 A 0w \R () 2in
€ 6

reg
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We observe that there exist constants ¢, such that:

n

1 o 1 _ Cpy P)p-1
1) - 2 g " A o

This decomposition ensures that AEZ ]) [R}'](2) is holomorphic in H~, has a simple pole at A = 0 and satisfies AEZ ]) [R'](D) =
O( /l—(n+3/2)).

Since ¢/2 is the distance between % e and R, we can choose this contour — for a fixed ¢ — such that the branch cut of

the denominators in (5.1.80) is located on a vertical half-line above ¢

reg0" This implies that the remainder in (5.1.80) is

holomorphic below %r(ezo. So, in the second integral of (5.1.79), we obtain with the first sum contributions involving:

idx da —¢x q—1/2
f ¢ e c v (5.1.81)
[i(A - ig)]¢*"/? 2in il(g + 1/2)

Oreg

in which (after the change of variable + = —ix(1d — i¢)) we have recognised the Hankel contour integral representation of
(g +1 /2)}_1. In its turn, the contribution of the remainder in (5.1.80) can be written:

. da 1(1/1) X '"1 (1,1) X da
[ et 52 = [ o= S0 it 57 AR - 5182

217T

) &) )
1% Creg %mg 0

=0

Note that the last sum vanishes since we can deform the contour of integration to —ico provided m < n. Also, we could
deform ‘5;20 back to %rg) in the first term since the integrand has no pole at 4 = 0. All-in-all, we get

feux oP { 1 }d 1 P { 1 } Z”: Cpg € S* X971/
- -\ = - + P —
A O \R (D)) 2ix 027 \R (1)) 2=0 e il'(g+1/2)

Cgr(;g)
m-1 ,.
Orr e S ) da
+ fA[n][ ](/l)(e > g )2i7r‘ (5.1.83)

r=0
(+)
Cgreg

With the bound

' mzi (ix) A"

and theorems of derivation under the integral, we can conclude that the last term in (5.1.83) is at least n—m times differentiable
and that it has, at least, an m-fold zero at x = 0. With the decomposition (5.1.83), we can come back to 7, given by
(5.1.78). The second term in (5.1.83) — which contain derivatives of 1/R| — can be recombined with its prefactor — containing
derivatives of 1/R; — by using the Leibniz rule backwards for the representation of the derivative at 0 of 1/R = 1/(R;R)).
Subsequently, we find there exist a polynomial py.,,, of degree at most n + ¢ and a function fz,,,, € W52, (R*) such that

< XA (5.1.84)

if (ix)p 6s+1{ 1 }
|A= ()

T€+l(x) = \/_pl’mn(x)e o+ x f{’mn(x) 27Tﬂ (S+ 1);py a/ls+1 R(ﬂ)

(5.1.85)

The claim then follows upon adding up all of the terms. Finally, the estimates at x — +oo of a, follow readily from the
exponential decay at x — +co of the functions @ and @.
To compute the behaviour at x — 0, we remind that:

ap(x) = bo(x) +1u; = 71(x) + 1y . (5.1.86)
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We already know from (5.1.85) that ay(0) = 0, and we just have to look in (5.1.78)-(5.1.83) for the coefficient of +/x in the
case ¢ = 1. For this purpose, it is enough to write (5.1.78) with n = 1. Then, the squareroot behaviour occur for p = r = 0
and s = 1 in the sum, and gives:

co:1 X1/2 e s

-1
25 T2 kR Wlio + 000 (5.1.87)

ap(x) =

The coefficient cp.; is given by the large A asymptotics in (5.1.80), coming from that of R| (1) given by (4.1.29):
Co;1 = -1. (5188)

On the other hand, we know from (4.1.26) that:

1
R (ly=0 = o (5.1.89)

Therefore:

1 X
ap(x) = % m + O(x) . (5.1.90)

We finally turn to proving that ag > 0 on R*. It follows from the previous calculations that

1 1 e —1 da
a(x) = —(—) f—f. (5.1.91)
0 278\ Ry o J - ARLCD) 2i

The integral can be computed by deforming the contour up to +ico and, in doing so, we pick up the residues of the poles
located at

_ Amwiw n>1. (5.1.92)
w1 + wy
All-in-all this yields
oy, L) (=1 (] = g0
() = Y aga(l = e E")  with  ag, = (@ +wp) DT (1 =6 (5.1.93)

2nfwiws -n?-n! -T(—kn)-T(— (1 -x)n)

n>1

and k = wy/(w; + wz) < 1. By using the Euler reflection formula, we can recast ag., into a manifestly strictly positive form

_ (@i +w) (sin[ﬂkn] )2 T +xn)-T(A+ (1 -xn) (5.1.94)

qap- =
o 2nfwwr bl n2 - n! -k (1 = k)=

The asymptotics of ag., then takes the form

[ _ ; 2
o ~ (w1 + w)) ' 2k(1 : K) '(sm[ﬂm]) ' (5.1.95)
n—+eo 2Bwiwy - by

Thus the series (5.1.93) defining ag(x) converges uniformly for x € R*. Since the series only contains positive summands,
ap(x) is positive for x > 0. |

The main reason for investigating the properties of the functions a,(x) lies in the fact that they describe the large-N
asymptotics of the function Wg[H](x, by — N™% x) + Wk [H](by — N~* x). In particular, ag(x) arises as the first term and
plays a particularly important role in the analysis that will follow. Let us remind Definition 3.3.1 for the weighted norm:

|| Hllws gy
NYH] = ) = (5.1.96)
k=0
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Lemma 5.1.11 Let k > 0 be an integer, H € C**([ay ; by]). Define the functions:

k=1 70e+1)
(Wg‘i)[H](x) = H’(bN) bo(x) + W , (5.1.97)
(=1
= H D (by) we(x)
WEIHI®) = Hbon + ), = (5.1.98)

=1

The approximants at order k, Wri[H](x, by — N~% x) and Wy [H](by — N™* x), admit the large-N asymptotic expansions:

Wira[H)(x,by = N™"x) = WAHIx) + Ay W [H(x) (5.1.99)
Wokl Hl(by = N™"x) = Wi [HI®) + Ag Wi [HI(x) . (5.1.100)
The remainders have the following structure:
AW HI(x) = N_k“~e_§x{(lnx)R;l?k[H](x) + R [H ](x)}, (5.1.101)
AW THIx) = N7 RE [H)() (5.1.102)

where R(‘S’)k[H] € W°°(R+)f0ra =1,2,3. Fora =1, we have:

|R(l)

ask

[H](x)| = O(**!) (5.1.103)

uniformly in N. Moreover, we have uniform bounds for x € [0; eN®], namely for £ € [0; k]:

OEROIHI(xR)| < Crg - 2™ - N NP [HEDT (5.1.104)
a=2,3, OLRO [HI(xp)| < Cre- N - NQTHEVT, (5.1.105)

where we remind xg = N*(by — &).
Note that we can combine the operators into the asymptotic expansion

k

Z H D (by) ae(X)}

1.1
H (by) Nt (5.1.106)

WL IHI(x) + WEHI(x) = H'(by) ao(x){l +
=1

Proof — The form of the large-N asymptotic expansion follows from straightforward manipulations on the Taylor integral
representation for H'(¢) around ¢ = by for £ € [0; k]. The control on the remainder arising in (5.1.99), (5.1.100) and
(5.1.106) follows from the explicit integral representation for the remainder in the Taylor-integral series:

1
1 = ) (—x)k+l k 1 = pr=t(— )1kt
AWV HI(x) = N‘k"fdtH(k”)(bN—N“’ tx){—( 2 (k)!c) %) _ Z( 2 gg(kx_)gg w[(x)},
£ (k= 0)
k x)k+1=¢
Ay WEHI(x) = N"“"ZW Ty f de (1 = H* Dby — N 1x) . (5.1.107)
=1

and we remark that p(x) — given by (5.1.34) — has a logarithmic singularity when x — 0. The details to arrive to (5.1.104)-
(5.1.105) are left to the reader. [ |

Collecting the bounds, we have obtained in sup norms, we find in particular ‘Wy[H] is bounded when H is C':
Corollary 5.1.12 There exists C > 0 independent of N such that, for any H € C'([ax ; by)),

IWNIHwsqay by < C I Hellwe) - (5.1.108)
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5.2 The operator U,

Let us remind the definition of the operators Uy and Sy:

Un[PIE) = &) -{V'©) - SnIpld1E)] + Snls - p1(€) (5.2.1)
bN 2

Snlgl©® = f SIN¢ -mlgtndn  and S = ) prw,cotanh [rwye] . (522)
p=1

an

and the fact that ‘W) defined in § 4.3.4 is the inverse operator to Sy. We also remind that the density pgc\f ) of the N -dependent
equilibrium measure satisfies the integral equation:

Vée[ansby],  Snlply 1) = V(). (5.2.3)

This makes the first term of (5.2.1) vanish for & € [ay ; by], but it can be non-zero outside of this segment.

In this section we obtain an integral representation for the inverse of Uy, which shows that (L{;,l [H] is smooth as long as
H is. Then, in § 5.2.2, we shall provide explicit, N-dependent, bounds on the W7 (R) norms of ’Ll;,l [H]. This technical result
is crucial in the analysis of the Schwinger-Dyson equation performed in § 3.3.

5.2.1 An integral representation for U,/

Proposition 5.2.1 The operator Uy is invertible on (X, N C)(R), 0 < s < 1/2, and its inverse admits the representation

VnlHIE)

ULHE) = ——22, 524
~ [H](&) VNVE) ( )
where Vy = (V%] + (V1[3] with
by d by
H¢é) - H
Ve - [ OB and VR = [ Ve Wi dn. (5.2.5)
g (- 5)V(s—an)by - s) g
and the integral kernel of the operator (Vz[\%] reads:
by
Sre [Nw(s - TI)] - Sre [Na(f - TI)] . 2,8
Vs = f £ £ d h Swee@) = S© - = 5.2.6
T TN e e (O =50 - 3 (5.2.6)

Finally, we have that, for any & € [ay ; by], VN[V'1(€) # 0.

Note that the above representation is not completely fit for obtaining a fine bound of the W;°(R) norm of ’Ll;,l [H] in the
large-N limit. Indeed, we will show in Appendix C that Vy[V'](£€) > ¢y > 0 for N large enough. Unfortunately, the constant
cy — 0 and thus does not provide an optimal bound for the W;°(R) norm. Gaining a more precise control on cy (eg. its
dependence on N) is much harder, but a more precise control is one of the ingredients that are necessary for obtaining sharp
N-dependent bounds for the W;°(R) norm of ’Ll;,l [H]. We shall obtain such a more explicit control on cy in the course of the
proof of Theorem 5.2.2.

Proof — Given H € (X, N Cé)(R), let ¢ be the unique solution to the equation Sy[¢](¢) = H(¢) on [ay ; by]. Reminding the
definition of Sy in (2.4.16), it means that, for & €lay ; by[:

by

{H(é‘) - fSreg[Na(é: - 77)]¢(77) d)’]} . (527)

an

by
p(pdn _ N
m = U({:) Where U(f) = 217Tﬁ
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As a consequence, the function

by
F) = —— [22. 9 i g = Va—anG=bw (5.2.8)
9@ J z-n 2ir

solves the scalar Riemann—Hilbert problem
e F € O(C\ [ay ; by]) and admits = LP([ay ; by]) boundary values for p €]1;2[ ;
e F(z) = O(z’')whenz — oo ;
o F.(x)—F_(x) = U(x)/q+(x) for any x €lay ; by[ .

Note that the L? character of the boundary values follows from the fact that both ¢ and the principal value integral are
continuous on [ay ; by]. The former follows from Propositions 5.1.4-5.1.6 whereas the latter is a consequence of (5.2.7). By
uniqueness of the solution to such a Riemann—Hilbert problem, it follows that
U
FQo = [ o zeC\lawibal. (5.29)
q+(s)(s —2) 2im
an
By using that, for &€ €]ay ; byl,
by
1 ds
~¢(&) = q.&)-(F.(&) + F.(¥))  and — = =0, (5.2.10)
g+(s)-(s=&) in

an

we obtain that:

VN2(€ —ay)(by - &)
2r2B

#(&) = Vn[H]E) (5.2.11)

with the expression of Vy given by (5.2.5). Further, given any & € R \ [ay ; by], we have:
by

SllE) = f S wesN(E — 1o dy +

ay

4inf
N(l

qéF ) . (5.2.12)

It then remains to use that, for such &’s

by

1 ds 1
f (s -& it q@) G213

aN

S0 as to get the representation

Snlol€) = HE) - @ - VyIH]E) . (5.2.14)

We can now go back to the original problem. Let ¢ be any solution to Uy[y] = H. Due to the integral equation satisfied
by the density of equilibrium measure on [ay ; by], it follows that, for any & € [ay ; by] such that Wx[V’](€) # 0,

Wy[H](E)

= . 5.2.15
Y(é) WalVI© ( )
and we can conclude thanks to the relation (5.2.11). For &€ € R\ [ay ; by], we rather have:
Snv[WyIH - H
W) = N[ WnNIH]](&) 3] (52.16)

Sn[WNIVIE) - V(&)
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at any point where the denominator does not vanish. It then solely remains to invoke the relation (5.2.14). Note that

2288 (€)
VN (E = ay) by - &)

VaV'1E) = (5.2.17)

It is shown in proof of Theorem 2.4.2 given in Appendix C, point (ii), that pg;[) (&) > 0 for & €lay ; by[ for N large enough

and that it vanishes as a square root at the edges. Furthermore, it is also shown in that appendix, Equation (C.0.8), that
V(&) — Sy[WnIV']](€) # 00on R\ [ay ; by]. Thus the denominator in (5.2.4) never vanishes and thus holds for any £ € R
and any H € X; N CL(R). The result then follows by density of X; N C.(R) in X; N C'(R). [ |

5.2.2 Sharp weighted bounds for U/}

The aim of the present subsection is to prove one of the most important technical propositions of the paper, namely sharp
N-dependent bounds on the W;°(R) norm of le;,' [H]. Part of the difficulties of the proof consists in obtaining lower bounds
for Wy [V’] in the vicinity of ay and by as well as in gaining a sufficiently precise control on the square root behaviour of
‘Wy[H] at the edges.

Proposition 5.2.2 below is the key tool for the large-N analysis of the Schwinger-Dyson equations. We insist that although
our result is effective in what concerns our purposes, it is not optimal. More optimal results can be obtained with respect
to local W;° norms, viz. W;°(J) with J being specific subintervals of R, or with respect to milder ones such as the Wf R)
ones. However, obtaining these results demands more efforts on the one hand and, on the other hand, requires much more
technical handlings so as to make the best of them when dealing with the Schwinger-Dyson equations. We therefore chose
not to venture further in these technicalities.

Before stating the theorem, we remind the expression for the weighted norm (Definition 3.3.1):

4

NOg) = ZM (5.2.18)

la
k=0 N

and the ad hoc norms on the potential (Definition 3.3.2):

14 1
max{ [TIKLV Mwg @y X ka =26+ 1}
V] = = = e (52.19)
{min(l , infg 5 [V, V(D +€) = V(B)I, [V'(a—¢€) - V/(“)D}

for some € > 0 small enough but independent of N. We also remind that K [H] is an exponential regularisation of H, see
Definition 3.1.7.

Proposition 5.2.2 Let £ > 0 be an integer, and Cy, « be positive constants. There exist a constant Cy > 0 such that for any
H and V satisfying

o KielH] € W55, | (R) and Kye[V] € Wi, ,(R) ;
° ||V||W§o([a_5;b+§]) < Cy for some 6 > 0 where (a, b) are such that (ay, by) N—> (a,b) ;
—+00
o He X (lay;bn]);
we have the following bound:

KUy H] < Cpo[V]- NEDe an NP2 NCEV[5GHT] (5.2.20)

]”W;"(R)

Proof — As discussed in the proof of Proposition 5.2.1, the operator ‘Ll;,l can be recast as

WIH](E) Sn[WnIH]|€) - HE)

U HIE) = ———— Ly '
VIO = Sy v e O T S vile - vie

Lay b1 (©) - (5.2.21)
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Therefore, obtaining sharp bounds on (LIXJI [H] demands to control, with sufficient accuracy, both ratios appearing in the
formula above. Observe that the same Proposition 5.2.1 and, in particular, equations (5.2.11)-(5.2.14) ensure that, given
€ > 0 small enough and H of class C**!, the functions

WnlH]E) Sn[WnlHI]E) - H()

_— d 5.2.22
2 T ® and £ @ (52.22)

with:

qr(&) = N (by — &) = x}? (5.2.23)

are respectively C*([by — € by]) and C*([by ; by + €]). A similar statement holds at the left boundary. Furthermore, the same
proposition readily ensures that both functions are clearly C**! uniformly away from the boundaries.

The large-N behaviour of both functions in (5.2.22) is not uniform on R and depends on whether one is in a vicinity of
the endpoints ay, by or not. Therefore, we will split the analysis for £ in one of the four regions, from right to left on the real
axis:

JRW - _ hy + e(InNY2 - N7 +oof (5-2.24)
I§ = [by:by +e(InN)* - N™] (5.2.25)
Jj\lle;in) = [by —e(nN)>-N~®;by] (5.2.26)

I = [ay+e(nN) - N";by - e(InN)* - N™] . (5.227)

Indeed, the behaviour on the three other regions:

J%‘;in) = [ay:ay + e(nN)®- N (5.2.28)
J%;ext) = [ay —e(nN)*-N"%;ay] (5.2.29)
J%;out) = ]-o0:ay—e(nN)?-N] (5.2.30)
can be deduced by the reflection symmetry
WAIHIE) = ~Wy[H @y + by~ &) 6231

from the analysis on the local intervals (5.2.24)-(5.2.26).

The proof consists in several steps. First of all, we bound the W;° (J(N*)) norm of the functions in (5.2.22), this depending
on the interval of interest. Also, we obtain lower bounds for the same functions with H < V. Finally, we use the partitioning
of R into the local intervals (5.2.24)-(5.2.26) so as to raise the local bounds into global bounds on 71;,1 [H] issuing from those
on Wy[H] - g5 and {Sx[Wy[H]] - H) - 5"

Lower and upper bounds on J%ﬁom)

Let us decompose S given in (5.2.2) into:
S(x) = So(x) + (AS)(x), with S (x) = Br(w; + wy)sgn(x) (5.2.32)

We observe that when & € J%e;o”‘) and n € [ay ; by] one avoids the simple pole in the kernel functions S [N*(& — n)] of the
integral operator Sy. Besides, the decomposition (5.2.32) has the property that, for any integer ¢ > 0, there exists constants
¢, Cy > 0 independent of N such that:

VeI W elay byl JOLASINE-mI| < C N eV (5.2.33)

We have proved in Lemma 6.1.7 and 6.1.8 that

< CliHlwe®) » IWNIH]L (ay 5y < CIIHellwe ) (5.2.34)

by
] f W[HI(E) dé



5.2. THE OPERATOR U, 107

for some C > 0 independent of N. Subsequently:

A

ISV IWNLHN |y som, < 620 C -y + Ce N &N W TH N tay oy (5.2.35)

IA

500 C' NVIHIH]] + C) N =N (g 0 ) NO[HGIH]) - (5.2.36)

We have used: in the first line, the estimates (5.2.34) ; in the second line, the definition (5.2.18) of the weighted norm, and we
have included exponential regularisations via K, whose only effect is to change the value of the constant prefactors. Since
(an,by) — (a,b) in virtue of Corollary 6.2.2, we can write for N large enough:

TSN WNIHT] = H]ll o geom, < Cr- N NOKG[H]] . (5.2.37)

Indeed, a bound from the left-hand side is obtained by adding the W;° norm of H to (5.2.36), which is itself bounded by a
multiple of NN [K,[H]].

Thanks to the decomposition (5.2.32) using that sgn(é —n) = 1 for ¢ € Jﬁ;(om) and 17 € [ay ; by], as well as the exponential
estimate (5.2.33) and the L' bound of ‘W) from Lemma 6.1.8, we can also write:

by
SN[ WIVIIE) = V/(€) = nB(w; + w)) f WyIV 1) dg = V'€ + O(e ™ IV lyray ) - (5.2.38)
N——

=V'(b) ay
—————
=1

The identification of the first term comes from (3.1.16). Further, we have for |¢ — b| < e and & € Jg’f;om):

. " € (In N)?
> =
[E}/is]'v @l = 2 N¢

. e V" (b)
V > —
® 2 2 N¢

(5.2.39)

Vi(b) =Vl = [€- bl e

To obtain the last bound we have assumed that € was small enough — but still independent of N — and made use of [b — by| =
O(N~%) as well as of ||V||W3w([a,5 .b+s]) < +oo and N large enough. Finally, it is clear from the strict convexity of V that in the
case |b—¢&| > e:

e V'(b+e) -V (b)

V(D) =Vl 2 V(b +e -V B2 5 o (5.2.40)
where the last inequality is a trivial one. Therefore, in any case, for N large enough:
4 4 L : : 4 ! _ 4
[SYIWNIVI] = V(@) 2 o min {gel[rgb] V'@, IV'(b+e) - Vb)) . (5.2.41)

The combination of the numerator upper bound (5.2.37) applied to H = V' (using that the weighted norm is dominated by the
W norm) and the denominator lower bound (5.2.41) implies that, for any « > 0 such that both sides below are well-defined:

1K [SN[WNIV']] - V/]”W;o@;\ll?:om)) NEDa . Cy- ||V/||W;°(]R)
< .
ISV [WNIVTIE) - V(&) min { infeega ) V)], [V/(b + €) = V' (b))}

(5.2.42)

Implicitly, we have treated € from (5.2.41) like a constant.

Lower and upper bounds on Jg\l,’k)

Consider the decomposition of Wy from (5.1.69):

WnIH](E) = WuxklHIE) + Ay W[ He () + WrlH J(xgp)
- (WR[HA](XL’ by +an — &) + (Wexp[He](‘f) . (5.2.43)
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From the expression of Wy in (5.1.40), we have the bound:

. (k=D ry(s+1)
”(ka;k [H]”W?(J]g\l;k)) < Gk SEI[l[’l(?ﬁ I NN [H ] (5.2.44)

and recollecting the estimates of the other terms from Propositions 5.1.4 and 5.1.6, we also find:

[ WokalHel + WrlH = (We) [He] + WerplHe]

—kary py(kt1
ety S ce N H )”W;"(]R) , (5.2.45)
AN

with the reflected operator ‘W 1@ as introduced in Definition 5.1.2. We do stress that, in the present context, H, denotes a
compactly supported extension of H from [ay ; by] to R that, furthermore, satisfies the same regularity properties as H. All
in all, the bounds (5.2.44)-(5.2.45) yield

WOl < s max (NYTHOT) (5.2.46)

Besides, for k = 1 we have from (5.1.40):
Wk V'1(6) = uy V7' (€) . (5.2.47)

The constant #; was introduced in Definition 5.1.5, and according to the expression of R(A) in (4.1.18), it takes the value:

1

= 5o Ton” 0. (5.2.48)

u
So, using the bound (5.2.45) for k = 1 and ¢ = 0 to control the extra terms in “Wy in sup norm, we get

’ . 77 _ C up . 1’7
|(WN[V](§)| > ulgéﬁfb]v (€3] N(Y||Ve||W§°(R) > > gel[gfb]{v é)} (5.2.49)

where the last lower bound holds for N large enough. The above lower bound leads to
”(thk[v,]uwgwﬁk’) Cy- ”V,”Wfim(mk))

S ] 14
[WalVIE)| (ot V@)

(5.2.50)
(R;in)
Lower and upper bounds on J g

In virtue of Lemma 5.1.11 and Proposition 5.1.6, given k € N*, we have the decomposition
WNIHIE) = (W) + Wi IHI(xR) + QeulHol(xg, &) (5.2.51)

QralH(xr, &) = Ay W H(xg) + Ay WEIH(xg) — WralHM(x, by + ay — €) + AigWalH(E)  (5.2.52)
where ApWx[H.] has been introduced in (5.1.69). We remind from (5.1.106) that:

k
(Wi + WiDIHI(xe) = H' (bx)ao(xg) +

r=1

H(r+l)(hN)

o (a0 - 0)(xe) (5.2.53)

For any integers n, ¢ such that n > € + 2, Lemma 5.1.10 applied to (¢, m,n) <= (r,£ + 1,n) tells us:

ag(x) - (ag - a,)(x) _
S5 = poena®@e + X2 fopa(0, T = P + X2 () (5.2.54)
\x Vx
for some polynomials py..41 ,(x) of degree at most n + k and functions fi.;1, € W;"_([ +1)(RJ,). We therefore get:

gz Wizl + Wb UH e gsim, < € - N (n N NGPLH] (5.2.55)
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In this inequality, one power of N* pops up at each action of the derivative of xg = N%(by — £). Furthermore, by putting
together the control of the remainders in Proposition 5.1.6 and Lemma 5.1.11, we get that:

k
QealH(o8) = Y e + 2] + file) (5.2.56)

m=0

where, for any 0 < ¢ < k, the function f; satisfies:
0502 fixm))| < Cree - x £, N(ha NOTHIDY - (In(xg) e + 1) (5.2.57)

Since the functions (W;;? + ’W(asl)[H - qp' and Wy[H] - g,' are smooth on Jj(\f;i“), so must be Qgi[H.] - g5'. As a

(0)

consequence, we necessarily have c;., = 0. The properties of the remainders then ensure that, for any 0 < £ <k,

|Ck1/2)| . N—ka . ||H£k+l)||ww

- (5.2.58)

Thus, all-in-all, by choosing properly the compactly supported regular extension H, of H from [ay ; by] to R we get
lgz" - WNTH Uy gy < Ce - (AnNyP* - NCOD® NV HL] (5.2.59)

upon choosing k£ = £. This holds for any « > 0, the right-hand side being possibly +co.
In what concerns the lower bounds, observe that

VO (by)  ay(xg)
G (W L WD H ) = ao(xR) Wy (p (by)  ailx 5.2.60
( bk;1)[ 1xr) = b1 V"(bN) Ne ( )

as well as

|c(1/2) + c(ll{z)x + x5 P i) < C- {N_” (R + DIV llwew + N7¢ XR(hlxRe Ok 4 1)”V”||W°°(R)} (5.2.61)
These estimates imply, for N large enough:

WylV'] a0(R) |, 1nN ’

' NIV'16) S ol R)V (by) — ( ) ) Vel (5.2.62)

qr(€) VxR

The function x — ag(x)/ v/x is bounded from below on R*, ¢f. Lemma 5.1.10 and (ay, by) — (a, b) in virtue of Corollary
6.2.2. As a consequence, for any potential V such that ||Ve||W;o([a ) < C, there exists Ny large enough and ¢ > 0 such that

Wy[V’
' N[ ](f) > c¢inf {V,,(f)} ) (5263)
qr(é) lasb]
We can deduce from the above bounds that, for any ¢ € Jgg;in) s
-1, ’ Rin |
L Ty R S L (5.2.64)

g & - WNIV'IE) infiq {V"(6)}

Lower and upper bounds on Jg\lf;e"t)

Let us go back to the vector Riemann—Hilbert problem discussed in Lemma 4.1.1. The representation (4.1.10) and the fact
that the solution @ to this vector Riemann—Hilbert problem allows one the reconstruction of the functions ¢ and ¢, arising
in (4.1.10) through (4.1.15). Using the reconstruction formula (4.3.14) with P; = P, = 0 and zp = oo and applying the
regularisation trick exactly as in (4.3.67), we get & € [by ; +oo[:

a1 rd AN (by—E)-iuN* (by—n)
Swlwatmle) = v [32 [ S5 f ——— fen el - K ) (5265)

R+2ie R+ie ay
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The local behaviour of the above integral representation can be studied with the set of tools developed throughout Section 5.
We do not reproduce this reasoning again. All-in-all, we obtain:

lgz" - Kl SNIWNLHT] = H]llys v, < CeIn N+ NED NGV H] (5.2.66)
and, for any & € J%Q;EXI),
97" ©) - ASKWNIVIO] = V@] > ¢ inf V" (by) (5.2.67)

provided that N is large enough. Likewise, we have the bounds:

’
||(](K [V ] ||W§?+l (Ix?:ext))

g L SMWNIV] = V' llye oo, < Cr-(nNP . Nl

a5 @) - {ShWnIV] - V') infia) {V7(€)

Synthesis

Let us now write:

wne = Y {SN["WN[HJ]@—H@) WylHIE)

-1 Asout)
S Wl -ve W@ T Sivie
gz () - {Sn[WNIH]](E) — H(E)}
g5 (&) {SN[WNIV'I]E) — V'(6)}

° IIE\;&:in) (f)

A=LR

WiIH]E)
. IJ([\/]\;cx‘)(f)} + (m . llﬁ\k;k)(é‘:) s (5269)

The piecewise bounds (5.2.37)-(5.2.42) on I\, (5.2.46)-(5.2.50) on 1T, (5.2.59)-(5.2.64) on I$Y, (5.2.66)-(5.2.68) on
Jﬁ\f;’n), and those which can be deduced by reflection symmetry on the three other segments defined in (5.2.28)-(5.2.30), can

now be used together with the Fad di Bruno formula

d_[ J_C _ f!(ZZ=1nk)! _ f(m)(f) (/)(f)
df"(g)(f) - Z:f ng]:n m! g(&) {n, 1e@) } (5.2.70)

to establish the global bound. Note that, in the intermediate bounds, one should use the obvious property of the exponential
regularisation:

)4
Kl £l = | | Kaplfal - (5.2.71)
a=1

The details are left to the reader. [ |



Chapter 6

Asymptotic analysis of integrals

Abstract

In this Chapter we carry out the large-N asymptotic analysis of the single and double integrals that arise in the problem.
First, in § 6.1.1, we deal with the one-fold integrals that arise in the characterisation of the image space X,(R) of Hy([ay ; by])
under the operator Sy. Then, in § 6.1.2 we evaluate asymptotically in N one-dimensional integrals of Wx[H] versus test
functions G. This provides the first set of results that were necessary in § 3.4 for a thorough calculation of the large-N
expansion of the partition function. Then, in Section 6.2 we build on the obtained large-N expansion of the two types of
single integrals so as to characterise of the support of the equilibrium measure. Finally, in Section 6.3 we obtain the large-N
expansion, up to a vanishing with N remainder, of the double integral (3.4.3) arising in the large-N expansion of the partition
function at 8 = 1.

6.1 Asymptotic analysis of single integrals

6.1.1 Asymptotic analysis of the constraint functionals Xy[H]
Recall that for any H € C'([ay ; by]) the linear form Xy[H] defined in (3.3.31):

iN?
Xx11;+(0)

R+1s’

Xn[H] =

)m(u) f H(p)e!™" =) dp 6.1.1)

is related to the constraint .#1;[h] defined in (4.3.24) where H and h are related by the rescaling (4.1.1):

N x11:4(0 N¢
MawOxm,  hew=2

2n3 2inp
In the following, we shall obtain the large-N expansion of the linear form Xy[/4] introduced in (3.3.31) and defining the
hyperplane X; where we inverse operators. We first need to define new constants:

Julhl = -

H(ay + N™%x) . (6.1.2)

Definition 6.1.1 If p > 0 is an integer, we define:

, - RO i Hmf &
- fwmmM‘)p memﬂ €13

The equality between the two expressions of 7, follows from the symmetry (4.1.27).

Lemma 6.1.2 Let k > 1 be an integer, and H € Ck([aN ;by]). We have an asymptotic expansion:

k=1 . -i
Xn[H] = Z INGP {HP(@ay) + (1Y HP by} + ApXyIH], (6.1.4)

p=0

111
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where:

|Aw&XNIH]| < C N7 | Hllw=(ay y) - (6.1.5)

Proof — For A between I'y and R, we decompose y into:

XD = X + AP0 (6.1.6)

In terms of the various matrices used § 4.2.2, the main part is:

ei/l}N 1 1
- - +
X;*‘S)(A) = R )] -MT(/I)~(12+ ”7) =| RW AR R (6.1.7)
- Ry(A) 0
and is such that the remainder is exponentially small in N:
o -1
OV = ¥ - [6)  with [T = (12 + 7) TIA) - Pr(A) — I . (6.1.8)

Indeed, the large-N behaviour of 6 inferred from (4.1.17) and (4.1.34) as well as the estimate (4.2.15) on the matrix IT — I,
imply that, for €’ fixed but small enough, and uniformly in1 e R+ir,0 <7 < ¢”:

Ce* N
|[6T]ap ()| < T A (6.1.9)

Furthermore, a direct calculation shows that
l ei/l}N

3 [611]21 (1)
AR () Ry ()

Ry(1)

D) = ( )[m]nu) - , (6.1.10)

and taking into account the large-A behaviour of Ry, given in (4.1.24)- (4.1.25), we also get a uniform bound ford € R + i,
O<t<e€:

] < S 6.1.11)
T dn < T 1.
In particular, this estimate (6.1.11) implies:
1 R (0) —xuN®
= - + O(e™ Ny, (6.1.12)
Xx11:+(0) 2
The decomposition (6.1.6) in formula (6.1.1) induces a decomposition:
Xy[H] = X®[H] + XS [H) (6.1.13)
where
4 T
iN“ U (exp) iN®u(n—
XCEP[H] = — H(peN' o) . g 6.1.14
Y114(0) N i LYT (ﬂ)]ll @)l n ( )
[Ze) ay

and € is a contour surrounding 0 from above, going to co in H™ along the rays te=** and e~ % and such that max {Im() :
1 € €9} = €. Note that we could have carried out this contour deformation since I1(1) is holomorphic in the domain
delimited by R + i€’ and €.
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Since for 4 € ‘g(’), we have:

by -,
| [ Hope™ o WAy 6.1.15)
an
it is readily seen that
XSPH]| < € N 5N | Hllo qay oy - (6.1.16)
It thus remains to estimate
Xg\z}s)[H] :X;;IS)[H] + XE;S)[HA] (6117)
where
as iN? du
XOH] = f H(pelVHo-by) g (6.1.18)
: X11+(0) J 2in iR, (u) 7 (

G

and the second term arises upon the change of variables (u,7) = (—u, ay + by — 1) in the initial expression. The dependence
in N is implicit in these new notations. Note that we could deform the contour from R + i€’ up to R — i€’ or ‘é(e; since the
integrand is holomorphic in the domain swapped in between. Replacing H by its Taylor series with integral remainder at
order k, we get:

X H] = Xg[H] + AXgY[H] . (6.1.19)

The first term is:

k-1 p
HP (b du 1 i -2 I, H(”) b
Xy = ivey SO0 L gy - Z( P00 (6120
’ = 17-)(11;+(0)R J - 2im pRy (1) Ry(0)x11:+(0) 2=
—ie’ —0o
where we have recognised the constants 7, of Definition 6.1.1. The remainder is:
A X(’ ) 1 S H(p)(bN) d/l 1 r D im]d
as H — =
X L] ixl1;+(0){z PN ) iRy ) T
(C”Ore& —00
d by ! (1 )k 1
u  N“ kf =D iNYuG—by) 1r(R)
= dn(m-> dt ———e" TN HY(by + t(n — b . (6.1.21
+ fQiﬂMRT(H) 1@ = by) T (by +1(m=bn)) . ( )
Gg w 0

X (as)[H] yields the leading terms of the asymptotic expansion announced in (6.1.4). Hence, it remains to bound A[k]X(aS)[H]
The first line in (6.1.21) is exponentially small and bounded by a term proportional to ||H| ”Wk [(lay by The second line is
bounded by

o |dﬂ| —N°|Im pu(n—by) —ka
N AROF W oo ) it gy RTw>| e ] < N iy 122
It thus solely remains to put all the pieces together. ]

Using these estimates, we obtain the continuity of the linear form X in sup norms:
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Corollary 6.1.3 There exists C > 0 independent of N, such that:
i;\;N[H]l < ClHllwe(1ay by - (6.1.23)

Proof — We have shown in the proof of Lemma 6.1.2 a decomposition:
XOH] = X9[H] + XS [H + X$V[H] (6.1.24)

X;fs)[H] is given in (6.1.18). It has y .4 (0) as prefactor, and we have seen in (6.1.12) that this quantity takes the non-zero
value —2/R(0) up to exponential small (in N) corrections. So, we have the bound:

IR, (0)] 1 |du

NHweorr o 1y - T Al
> Hllwgday ewp ) Jlltm | Ry ()| 27
G

(6.1.25)

x| <

where the inverse power of [Imy| and the loss of the prefactor N resulted from integrating the decaying exponential
N H0=bV)| over [ay ; by], given that Imyu < O for u € %(62. We conclude by combining this estimate with (6.1.16) which
shows that the remainder is exponentially small. ]

6.1.2 Asymptotic analysis of simple integrals

In the present subsection, we obtain the large-/N asymptotic expansion of one-dimensional integrals involving ‘W y[H]. This
provides the first set of results that were necessary in § 3.4 for a thorough calculation of the large-/N expansion of the partition
function.
Definition 6.1.4 If G and H are two functions on [ay ; by), we define:
by
(G H] = f G() - Wy[H](&) d¢ (6.1.26)
an

where the Wy is the operator defined in (2.4.18).

To write the large N-expansion of J,, we need to introduce some more constants:

Definition 6.1.5 [f s, > 0 are integers, we set:

+00

st = f x* be(x) dx (6.1.27)

0

where the function b, has been introduced in Definition 5.1.9.
Proposition 6.1.6 Let k > 1 be an integer, G € C*"'([ay ; by]) and H € C**'([ay ; by]). We have the asymptotic expansion:

by by

k=1

1
S[G.H] = w [ 6@ @ + Zw{”vﬂ [ G

an P:1 an

-[S s s s ~
) ey H“*”(bN)-GWbN)+(—1>fH<f+‘>(aN>G(-)<aN>]} + MG H] . (6.128)
s+t=p-1

5,0>0

where we remind that u’s are the constants appearing in Definition 5.1.5. The remainder is bounded as
|A[k]35[G, H]| < CN™ IGlIw= (ay onny 1Hellwe, qay sbx1) (6.1.29)

for some constant C > 0 independent of N, G and H.
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Note that the leading asymptotics of J4[G, H], i.e. up to the o(1) remainder, correspond precisely to the contribution
obtained by replacing the integral kernel S (N%(¢ — 1)) of Sy by the sign function— which corresponds to the almost sure
pointwise limit of S (N*(¢€ — 1)), see (2.4.16) — and then inverting the formal limiting operator. The corrections, however, are
already more complicated as they stem from the fine behaviour at the boundaries.

Proof — Recall from Propositions 5.1.4 and 5.1.6 that “Wy[H] decomposes as

WnIHIE) = WrilHI(xz,€) + Wiia[HIE) = WralH"[(xp, ay + by =€) + AigWy[H.](€) (6.1.30)
where
A WAH o ey S €N MNHE Dl (6.1.31)
This leads to the decomposition
3[G. H] = 301G, H] + 3QIG. H] - 3O[G" H"] + Ay3,[G. H,] (6.1.32)
where:
by

~(bk)
391G, H]

f G(&) - W[ H1(&) €,

an

AN

391G, H] = NL f G(by = N™°x) - Wry[H](x, by = N™*x)dx ,
0
by
A[k]SS[G, He] = fG(é:) : A[k]rWN[He](‘f) dé: . (61 33)

ay

Clearly from the estimate (6.1.31), there exist a constant C” > 0 such that:
AWSIG. H| < € N - |IGllz=ay oy - IHE ey - (6.1.34)

The asymptotic expansion of Sib,:‘) follows readily from the expression (5.1.40) for Wy[H]. It produces the first line of

S(ﬂ)

(6.1.28). As a consequence, it remains to focus on J_,". Recall from Proposition 5.1.11 the decomposition

Wil HI(x, by = N™"x) = WHIx) + AW [H](x) (6.1.35)
and especially the bounds (5.1.103)-(5.1.105) on the remainder, which imply:
Al WEIHI)| < Ce X Inx - N7 - ||H[lwe

k+

(®) - (6.1.36)

The contribution of the first term of (6.1.35) involves the functions b,. it remains to replace G by its Taylor series with
integral remainder of appropriate order so as to get

k=1 B

~ 1 (_1)S s s ~

SRIGHY = ) s D, o HO 0w - GYby) f o) dx + AdP[G, H] (6.1.37)
p=0 s+l=p : 0

5,6>0
where
1
dx by(x) (—x) ! f dr (1 = )G Dby = N91x)  (6.1.38)
0

= HD(by) W

Aw3Y(G, H] -
Nk L (k= € = 2)! J

XN

1
+ 4w | Glon=N"x)- AW HI(x) dx . (6.1.39)
0
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Clearly from (6.1.36), there exists C”” > 0 such that:
ASQIG.HI| < €7 N7 IHelhws, o - Gl taw v - (6.1.40)

k+1

Moreover, one can extend the integration in (6.1.37) from [0; Xy] up to R*, this for the price of exponentially small correc-
tions in N. Adding up all the pieces leads to (6.1.28). ]

In the case when G = 1, i.e. to estimate the magnitude of the total integral of “Wy[H], we can obtain slightly better
bounds, solely involving the sup norm.

Lemma 6.1.7 There exists C > 0 independent of N such that, for any H € C'([ax ; by)),

by
| [ wattn@ae < Cittiuge (6.141)

Proof — Recall from Propositions 5.1.4 the decomposition:
WnIHIE) = WrlH(xx,€) + WiH(E) — WrIH(xp, ay + by =€) + W [HI(E) . (6.1.42)

We focus on the integral of each of the terms taken individually. We have:

N~

by
f(ka[He](f) ¢ = 2 ﬁ dy J(y) ﬁHe(bN +1) — He(ay +t)] dt (6.1.43)
0
thus leading to
by
| [ Wadr@ de| < Cluge (6.1.44)

Next, we have:

+00

dyJ(y)fds‘[H(§+N_ y) = H(&)]

by
f WilHI(x, ) dé =

ﬁ
XN N~y
X dyJ(y) f[Hc(bN +1) = He(by — Ny + 1] dt
2npB
0 0
1 I/DCN_ fH() lﬂ}kd +_fH()l/b(Rd (6145)
217rﬁ 217r 2171(/1 DR, (R (D) e e gede
C G

The exponential decay of J at +oo ensures that the first two lines of (6.1.45) are indeed bounded by C ||He||Wg°(R) for some
N-independent C > 0. The last line is bounded similarly by using

C' | Hellwe )

N
vﬁ c (gr(eig)’ ‘ ch(é_-)eii/lNu(bN—f) dé:‘ < T]\Flo . (6146)

It thus solely remains to focus on the exponentially small term Wex,[H]. In fact, we only discuss the operator Wy, ) a
all others can be treated in a similar fashion. Thanks to the bound (4.2.15) for I1(1) — I, and the expression (4.2.19) of the
matrix ¥ in terms of I1, we have:

1 0 e—%gN”
Q) = ( Ui ) + O(TMI) (6.1.47)
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which is valid for A uniformly away from the jump contour Zy (see Figure 4.1). Therefore, using the definition (5.1.8) of
"WE\,H) :

by
X N dAdyl 1
WPH, < O Hllwr e [ ] : 6.1.48
[ < it @m? 1= IR GOR ) A (.148)
ay %p{(;g)
Adding up all the intermediate bounds readily leads to the claim. ]

By a slight modification of the method leading to Lemma 6.1.7, we can likewise control the L' ([ay ; by]) norm of Wy
in terms of the W{® norm of (an extension of) H.

Lemma 6.1.8 For any H € C'([ay ; by]) it holds

IWNHL a5y < ClIHAwe@  and | WeplHlllLiqay oy < €N Hlwe @) - (6.1.49)

6.2 The support of the equilibrium measure

In the present subsection we build on the previous analysis so as to prove the existence of the endpoints (ay, by) of the
support of the equilibrium measure and thus the fact that

PO = Ly (&) - WAV IO dé 6.2.1)
where Wy is as defined in (2.4.18).

Lemma 6.2.1 There exists a unique sequence (ay,by) — defining the support of the Lebesgue-continuous equilibrium mea-
sure which corresponds to the unique solution to the minimisation problem (2.4.9)-(2.4.10). The sequences ay and by are
bounded in N.

Proof — The existence and uniqueness of the solution to the minimisation problem (2.4.9)-(2.4.10) is obtained through a
straightforward generalisation of the proof arising in the random matrix case, see e.g. [48].

The endpoint of the support of the equilibrium measure should be chosen in such a way that, on the one hand, the density
of equilibrium measure admits at most a square root behaviour at the endpoints and, on the other hand, that it indeed defines
a probability measure. In other words, the endpoints are to be chosen so that the two constraints are satisfied

by
Xy[V'1=0 and J,[1, V'] ZI(WN[V/](.f)df =1. (6.2.2)

The asymptotic expansion of Xy[V’] and J,[1, V'] is given, respectively, in Lemma 6.1.2 and Proposition 6.1.6. However,
the control on the remainder obtained there does depend on ay and by. Should ay or by be unbounded in N this could brake
the a priori control on the remainder. Still, observe that if (ay, by) solve the system of equations (6.2.2) then & — Wy [V'](£)
with Wy associated with the support [ay ; by] provides one with a solution to the minimisation problem of Ey defined in
(2.4.7). By uniqueness of solutions to this minimisation problem, it thus corresponds to the density of equilibrium measure.
As a consequence, there exists at most one solution (ay, by) to the system of equations (6.2.2).

Assume that the sequence ay and by are bounded in N. Then, the leading asymptotic expansion of the two functionals
in (6.2.2) yields

V'(by) + V'(an)
V'(by) — V'(an)

O(N~) . ( 11 )( V'(by) — V' (b)

u' + O(N) viz. | -1 Viay) - V'(a) ) = O(N7Y). (6.2.3)

Note that the control on the remainder follows from the fact that |ay| and |by| are bounded by an N-independent constant.
Also, (a, b) appearing above corresponds to the unique solution to the system

V'(b) + V'(a) =0 and V'(b) — V'(a) = u;". (6.2.4)
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We do stress that the existence and uniqueness of this solution is ensured by the strict convexity of V.

The smoothness of the remainder in (ay, by) away from 0, the control on its magnitude (guaranteed by the boundedness
of ay and by) as well as the strict convexity of V and the invertibility of the matrix occurring in (6.2.3) ensure the existence
of solutions (ay, by) by the implicit function theorem, this provided that N is large enough. Hence, since a solution to (6.2.2)
with ay and by bounded in N does exists, by uniqueness of the solutions to (6.2.2), it is the one that defines the endpoints of
the support of the equilibrium measure. ]

Corollary 6.2.2 Let the pair (a, b) correspond to the unique solution to the system
V') + V(@) =0 and V') - V'(a) = u;". (6.2.5)

Then the endpoints (ay, by) of the support of the equilibrium measure admit the asymptotic expansion

k-1 k-1

an;e —ka bN;f —ka
= Dy ON*)  and by = § ~ie * O(N~* @y, (6.2.6)
£=0 =0

aN

where ay.g = a and by,y = b.

Note that the existence and uniqueness of solutions to the system (6.2.5) follows from the strict convexity of the potential V.

Proof — The invertibility of the matrix occurring in (6.2.3) as well as the strict convexity of the potential V ensure that ay
and by admit the expansion (6.2.6) for k = 1, viz. up to O(N~%) corrections. Now suppose that this expansion holds up to
O(N~* D) Tt follows from Lemma 6.1.2 and Proposition 6.1.6 that the asymptotic expansion of Xy[V’] and J[1, V'] up to
O(N7*@) can be recast as
( XnlV'1- 7! ) _ ( V'(by) + V'(an) + Bra-1lV'] + Tt AgXnlV'] ) 6.2.7)
SILVT-uit | 7\ Vo) = Vian) + By [V'] + uy' - AL V'] ) o

In this expression, we have |-|61 . A[k]XN[V’H + |u1‘1 - ApgSSs[ 1, V’]| < CN~* since ay and by are bounded uniformly in N,
while

(6.2.8)

(o2

( B [V'] )_ kz—i L( H 1!’161 .(V(p+1)(aN) + (—l)f’V(”“)(bN)) J
BarctlV ] NP Gt + Topet )iy = VD by) = (et + (=D - VI Diay)
We remind that 7, was introduced in Definition 6.1.1, u,, in Definition 5.1.5, and Ty , in Definition 6.1.5.
Since both B;4_1[V’] and B,,—1[V’] have N™* as a prefactor, by composition of asymptotic expansions, there exist
functions Bpe(by:1, ..., bne-1 | an:1, ..., ane-1), indexed by p € {1,2} and £ € [ 1; k — 17, independent of k, such that

k-1
Biu-1[V'] L [ Bie(bn:ts. .. bne-r lawis. .. ane-r) —ok
S I S L : : : + O(N-Y | 6.2.9
( Br-11V'] [Z] N\ Bae(by:i,....bye-1 | anits .., ane-1) ) (6:29)

As a consequence, we have the relation:

k=1
I 1 V'(by) = V'(b) ) -1 ( Bie(bni, .. byt | anits. .. ange-1) ) —ka

, , = D ’ ’ ’ + O(NT™). 6.2.10

( 1 -1 )( V'ian) — V'(a) ; Nt \ By(byi,....byne1 | an,. .. ane-1) V) ( )

This implies the existence of an asymptotic expansion of ay and by up to a remainder of the order O(N~*?). ]

6.3 Asymptotic evaluation of the double integral

In this section we study the large-N asymptotic expansion for the double integral in:
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Definition 6.3.1

by
Sq[H. V] = f Wy 0 Xy| 0[S (N*(£ = %)) - Gn[Xn[H], VIE, 0)}|(€) dé (6.3.1)

with
WyIHIE — WnlH]0)
WNIV'IE) WV

We remind that * indicates the variable on which the operator ‘W acts. The asymptotic analysis of the double integral Jq.5
arising in the 8 # 1 large-N asymptotics (cf. (3.4.4)) can be carried out within the setting of the method developed in this
section. However, in order to keep the discussion minimal, we shall not present this calculation here.

In order to carry out the large-N asymptotic analysis of 34[H, V], it is convenient to write down a decomposition for
Gn[H, V] ensuing from the decomposition of Wy that has been described in Propositions 5.1.4 and 5.1.6. We omit the proof
since it consists of straightforward algebraic manipulations.

GN[H, V]Eé ) = (6.3.2)

Lemma 6.3.2 The function Gy[H, V|(£,n) can be recast as

GNIH. VIE D) = GulH.VIE 1) + Gy lH, V(g yr: £,1)
— Gl lH VG, yiian + by — Eay +by =) + AwGyIH,VIE ) . (633)

The functions arising in this decomposition read

Whik [H1(€)

Gl L VIE ) = 35="0n &

- Een, (6.3.4)

and

WEAHIx) W V) (ngiL+W§;?)[H1(x>} ) ( fon )

Woual VIO~ WoalVIEO (WS + Wy ()

G H VIO ys€,m) = {
bk:k

(6.3.5)

Xy

Finally, the remainder Ay Gy takes the form

1 WylH
AwGNH VIE D) = Go—rmem A Al WHIE) = A WalV'1E) - M} - (o)

[v']@{ WV
+ ARG H, VIGw, &3 &) — AmG o [HN VM (xp,yiian + by — éay +by —1) . (6.3.6)

The reminder Ayg W of order k has been introduced in (5.1.69), while

(as) ) _ 1 (as) a @) WNLHIE)
AnGy [H, VI(x,y:é,n) = —(ka;k[V'](f){A[k](WR [H](x) = Apg Wy V' 1(x) WAIVIE
(as) ’
e WNIHIE) Wi V10 } ( £ )
— (AW ) p[H — (A Wn )RV . . - . (6.3.7
(A Wn)g[HIE) = (A Wh)R[V'1é) WV @) (W;ﬁi+W}éf)[V’](x) Xy (6.3.7)
The local right boundary remainder arising above is defined as

A Wn)g = Wy — W) = Wi (6.3.8)

Note that the two terms gﬁgjj present in (6.3.3) correspond to the parts of Gy that localise at the right and left boundary. The

way in which they appear is reminiscent of the symmetry satisfied by Wy:

WilH(ay + by — &) = —Wn[H"1(€) . (6.3.9)
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Lemma 6.3.3 The double integral 34[H, V] can be recast as

SulH, V1 = Sunk|GoicalH, V1| + Sank| G [H, V1 + Gl IH", V]|
+ Jur|(Gowk + GRDIH, V] + (Gokx + GDIH", VM| + Aga| Xn[HL V] . (6.3.10)

The bulk part of the double integral is described by the functional

SapklFl = —

o | =m0 - aps e - mFem) . ©3.11)

[ay sbnT?

The local (right) part of the double integral is represented as

2 de e N (by—6) by

N2 & elAN“ by P

Fl = —— dn e N v (S (N (£ — n))F(&,n)) . 6.3.12

SurlF] = wleﬂfzm o TROR® J S (N*(€ = m)F €. m) (63.12)
cg‘(;;) (g() ay ay

Finally, Ay3q represents the remainder which decomposes as

4

AwSdH V] = ) ApSeplH, V] (6.3.13)
p=1

ApgSan[H, V] = f(Wexp[af{S(Na(é:_*))'(gN_A[k]gN)[HaV](g,*)}](é:)df (6.3.14)

ApSaalH, V] = f(WN[aE{S(Na(‘f_*))'A[k]QN[HvV](fa*)}](f)df (6.3.15)
by

AgSeslH V] = - f WILIE) - Xn|0elS (N*(€ — %) - Ga[H. VI(E. )} €) dé . (6.3.16)

ApSealH. V] = =Sa|(GlIH V) + (GalTH", V"])] (6.3.17)

where Wey, is as defined in (5.1.32).

Proof — We first invoke the Definition 3.3.5 of the operator X, N SO as to recast J4q[H, V] as an integral involving solely
‘W, and another one containing the action of Xy. Then, in the first integral, we decompose the operator ‘W) arising in the

"exterior" part of the double integral Jy[H, V] as Wy = ((W(O) + “W(O) + ‘W(O) + Wexp), cf. (5.1.32). Then, it remains to
observe that

by by
f WP|0S (N*(& = %)) - Gu[H, VI(E o)} |(xp) dé = f W 0elS (N*(€ =) - Gu[H", V(€ )| (xr) dé (6.3.18)

and that
—Sd;bk[(gﬁis,g[HA,VA])A] = Sd;bk[gﬁii)[HA,VA]]- (6.3.19)

Putting all these results together, and using that the functions Gykx[H, V] and g“‘”[H V] solely involve derivatives of H
which implies:

GoicklXNIHL V] = Gul[H. V] and  GeY[XyIHLV] = Gi[H. V], (6.3.20)

we obtain the desired decomposition of the double integral. ]
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6.3.1 The asymptotic expansion related to J,.,x and 34z
Once again, we need to introduce new constants:

Definition 6.3.4 If { > 0 is an integer, we set:

J(w) u* , f J@W) S (u) u?@D
he = —— |uS Su)|d d ] = ——d 6.3.21
2 f anB oy 1S W+ S@lduand e, ampl+ (6321
R R
where the function J comes from Definition 5.1.3 and S is the kernel of Sy and appears lately in (5.2.2).

They are useful in the following:

Lemma 6.3.5 Assume F € C**?([ay ; by)?) and antisymmetric viz. F(&,1) = —F(11,€). We have the asymptotic expansion:

k
1 4 - —2ka
SapklF1 = =N 1o Tewen FI0) = EET {325-7?353[1”](0) + Do Ty ‘>[F](0>} + O(N*%)  (6.3.22)
=1
in terms of the integral transforms:
1217N—|S| 2by—|sl
Teven F1(s) = 3 fF[(V+ $)/2,(v=5)/2]dv  and  TowlFI(s) = fas{sfl F[(v+5)/2,(v—s5)/2]}dv. (6.3.23)
2ay—|s| 2an—|s|

The integral transforms 7 even, 7 odd can be slightly simplified in the case of specific examples of the function F. In particular,
if F takes the form F(&,n) = g(¢) — g(n) for some sufficiently regular function g, then we have:

2by
Teven[F1(0) = fg'(V/Z)dV = 2[g(bn) - glan)] - (6.3.24)

2ay

Proof — We first implement the change of variables

{ u Ne&-1) ‘e { & = (w+N™"w)/2
v &+ h ] (v=N""u)/2

(6.3.25)

in the integral representation for J4.,k[F]. This recasts the integral as

N2 Xy 2bn—|ulN~* N N

~ _ o V+uN"® v—uN"

SanlFl = =33 f du J(u) f 6u{S(u)-F[ e ]}dv
—Xn 2ay+|ulN~

= _i:/:ﬁ f (-’(”) (S () + S (W] Teven[F1N™) + N™*J(u) - uS (u) - %dd[F](uN‘“))du (6.3.26)

_}N

Both J(u) - uS (1) and J(u)[uS’(u) + S (u)] decay exponentially fast at infinity. Hence, the expansion (6.3.22) readily follows
by using the Taylor expansion with integral remainder for the functions 7even/odd[F1(uN~) around # = 0, and the parity
properties of Teven/odal F1. [ |

Lemma 6.3.6 Let F(x,y;&,n) be such that

L F(x7y;§777) = _F(y,x;n,f) B
o the map (x,y;&,1m) — F(x,y;&,n) is C3(R* x R* X [ay 1 by]?) ;
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e F —and any combination of partial derivatives of total order at most 3 — decays exponentially fast in x,y uniformly in
(&.m) € lan :by], viz.

4
max{lﬁi"@fzc')?@f]"‘F(x,y;f,r])| : Zpa < 3} < Ce cminty) (6.3.27)

a=1

o the following asymptotic expansion holds uniformly in (x,y) € [0;eN®], for some € > 0 and with a differentiable
remainder in the sense of (6.3.27).

k —cmi ;
" » ff(x, y) Ck e cmin(x,y)
F(.X,y; bN -N X, bN -N y) = W + (W N (6328)
=1
where f; € CC(RY X RY) for € € [ 1; k]| while
max {|a§:a§, fiey)| : pra <3 and Cell; k]]} < CpeeminGy) (6.3.29)
Then, denoting Fy(&,m) = F(N%(by — &), N*(by — n); £, 1), we have an asymptotic expansion:
L duJ) 1
N _ uJ(u
SawklFyl = - ; Tl f el KX 0@ filv=w/2, 0+ w2} + O(W) : (6.3.30)
- R |ul

Note that, necessarily, f; are antisymmetric functions of (x, y).

Proof — The change of variables

u = N'E&-n) . & = by-N*(v-w)/2
{ v N(2by — & — 1) { = by-Nv+u)2 (6.3.31)

=
|

recasts the integral as

N 2xN—|ul
du J(u) f { V—u v+u V—u v+u}
Jak[F] = —N¢ d -F ;by — - . 3.32
andF) = <N [ S0 [ avafsa - F| T S by - S - | (6332
XN ]

At this stage, we can limit all the domains of integration to |u|, |[v| < eN*, this for the price of exponentially small corrections.
Then, we insert the asymptotic expansion (6.3.28) and extend the domains of integration up to +oo this, again, for the price
of exponentially small corrections, and we get the claim. ]

Very similarly, but under slightly different assumptions on the function F, we have the large-N asymptotic expansion of
the right edge double integral.

Lemma 6.3.7 Let F(x,y;&,n) be such that

i F()C,y; fs 77) = _F(y’ X3 Tl,f)f
o the map (x,y;€,1m) = F(x,y;&,1) is CC(R* x R* X [ay ; by]?);
e F decays exponentially fast in x,y this uniformly in (¢£,1) € ay ; by] and for any combination of partial derivatives of

total order at most 3, viz.:

4
max{|a§"a§23§3054F(x,y;§,n)| : Z Pa < 3} < Ceeminty) (6.3.33)
a=1
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e the following asymptotic expansion holds uniformly in (x,y) € [0;eN®], for some € > 0 and with a differentiable
remainder in the sense of (6.3.33).

k
o o fe(x,y) Ce (X +y+1)
F(.X,y;bN—N X, bN—N y) = W + (W) N (6334)
=1
where f; € C3(RY X RY) for € € [ 1; k1 while
max{|a§a;’f[(x,y)| Cp+qg <3 and Ce[l; k]]} < G+ +1). (6.3.35)
Then, we have the following asymptotic expansions
e [ !
TT) . .
SarlF, e TYAS (x —y) - fr(x,)}dxdy + Ol —|. (6.3.36
ar[FN] = N(" Do f217r f217r - #)RL(A)RT(N) {S(x=y) - fe(x,y)}dxdy (N‘”‘) ( )
Gl G
The function Fy occurring above is as defined in the previous Lemma.
Proof — The change of variables x = N*(by — &) and y = N*(by — 1) recasts the integral in the form
et [
il VTG 1§ (x — ) - F(x,y; by — Nx, by — N™y)}dxd
qur f217r (1= WR DR () J S G =) Flxyiby X by = N7y)dxdy
<gr(e;) <gr(eg)
We can then conclude exactly as in the proof of Lemma 6.3.6. ]

6.3.2 Estimation of the remainder Ay 34[H, V].

Lemma 6.3.8 Let k > 1 be an integer. Given Cy > 0, assume V strictly convex, smooth enough and |IVQIIW§0(R) < Cy. There
exists C > 0 such that, for any H € X4(R) smooth enough, the remainder integral Ay3q[H, V] satisfies:

|AwalH, V1| < CNT g [Vl - I Hllws, o - (6.3.37)

Proof — 1t follows from Lemma 5.1.11 and 5.1.10, as well as V" (by) # 0 by strict convexity, that:
(Wi + WEIIHI

W, T W)

(6.3.38)

is smooth at x = 0. As a consequence, the function

&1 o Goka[H. VIE ) + Gl [H, VI(xg, yr: £.1)
L ARWRIHIO W) (Wih + WEDIHGw)

Wl V1@ Woal VIO (W), + WV ](ap)

- (g o ,,) (6.3.39)

is smooth in (&, n7). Furthermore, it follows from Theorem 5.2.1 that (¢,7) — Gn[H, V1(£, 1) is smooth on [ay ; by] as well.
Since g“‘”[H V1(xg, yr; &, 1) is smooth in & — respectively n7 — as soon as the latter variable is away from by or ay, it follows
that (¢, r]) = ApGnlH, V1€, 1) is smooth as well.

The remainder Ay Gy described in (5.2.36) involves the remainders A[k]‘Wl(:/sgk studied in Lemma 5.1.11, and (A Ww)r
defined in (6.3.8) and for which Proposition 5.1.6 and Lemma 5.1.11 also provide estimates. Using the properties of the a’s
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obtained in Lemma 5.1.10 and involved in the asymptotic expansion of the (as) quantities, it shows the existence of constants

ci,(_),z, c%z) and of functions f;,x € We(R") bounded uniformly in N and satisfying f,..x(x) = O(x"*!/?) such that

1L X0 (1/2) =172 Sk (XR)
AwGnlH, VIEm) = W[Z:(;(C&k xp o+ el xg )+ T = (ko R). (6.3.40)

for (xg,ygr) € [0;€]*. Since AGnIH, V1€, 1) is smooth, we necessarily have that c%z) = 0for ¢ € [0;m]. The
representation (6.3.40) thus ensures that

max max |8%9° A H, V], <
ommax (XR,yR)| 0n A GnH, VI(E T])l
€[0;€]?

Cy
Nk=nma e[V ||H€||W:o+l+k(R) : (6.3.41)

Here, the explicit control on the dependence of the bound on V and H issues from the control on the remainders entering in
the expression for Ay Gy[H, V].

Similar types of bounds can, of course, be obtained for (xz,y;) € [0; €. Finally, as soon as a variable, be it £ or 7, is
uniformly (in N) away from an immediate neighbourhood of the endpoints ay and by, we can use more crude expressions
for the remainders so as to bound derivatives of the remainder Ay Gy [H, V]. This does not spoil (6.3.41) and we conclude:

Mok [V] - 1 Hellwes

max max |a§a$A[k]gN [H’ V] (f’ 77)| = N(k—nn)a/ n+l+k

0<t+psn (&)
€lay :byT?

(R) - (6.3.42)

Having at disposal such a control on the remainder Ay Gy[H, V], we are in position to bound the double integral of interest.
The latter decomposes into a sum of four terms

4
AwSalH, V] = )" AySaplH, V] (6.3.43)
p=1

that have been defined in (6.3.14)-(6.3.17).

Bounding A;34.1[H, V]
Let

(€)= SN (E—m) - GuH VIE D] and A€, m) = dSINE - ) - AwGhH VIED} . (6.3.44)
Observe that given (£,7) — f(&,n) sufficiently regular, we have the decomposition:

by by by 3
f Weplf (& )& dé = f Wl f(a, @) dé + f de f A7 Wesp 0,11, 9)](©) . (63.45)

an

The latter ensures that

nelay ;by]

by
| f Wepl£€ 01 de| < [[Wespl @, Oy iy + O3 =) 50D [[Wesol0y 1 9|0y ey - 63:46)

The two terms can be estimated directly using the L! bound (6.1.49) obtained in Lemma 6.1.8. For the first one:
[ WesolF@ns Ol inp < €18 Ifelan, Dy < Cre” N [ fllye e (6.3:47)

for some Cy,C, > 0 independent of N and f, and likewise for the second term. But the W;"(Rz) norm of f; is also bounded
by a constant times the W*([ay ; by]?) norm of f, and we can make the constant depends only on the compact support of the
extension f,. Therefore:

[ WexolF@ns O 1 qan np < €€ 1w ay (6.3.48)
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for some Ci, C; > 0. Taking f = 7 — Ayt to match the definition (6.3.14) of Ay;3q4.1, this implies:
A Sar [H. VI < Cle™ (It qa o) + 11T W ay o)) - (6.3.49)

It solely remains to bound the W3°([ay :by1?) norm of 7 and ApgT. We remind that, for € € [ay ; by], we have from the
definition (6.3.2) and the expression of "LI;,I given in (5.2.21):

GvlH, VI(€) = U [HIE) — Uy [HIM) . (6.3.50)

By invoking the mean value theorem and the estimate of Proposition 5.2.2 for W;° norm of (Ll;,' [H], we obtain:

. Gy[H. V) e

Ilellwy oy oy < CN (§7n)'—>% < ON|UNTH| e oy 635D
n W2 (lay by ) o

< Cpr (NP NEDT o [V NGV [ K HI) (6.3.52)

< C/-(InNY™ - NED o[V Hllwg, @) (6.3.53)

where the last step comes from domination of the weighted norm by the W™ norm of the same order — and the exponential
regularisation can easily be traded for a compactly supported extension up to increasing the constant prefactor. Similarly, in
virtue of the bounds (6.3.42), we get:

43—k
AW Tlws(ay byy < C NGO o[V [ Hlwes

k+l+:

J®) - (6.3.54)
Putting these two estimates back in (6.3.49) with £ = 2, we see that:

|AwSaa[H VI < Cp - N - e N vy [V] - | Hellwes

max(k,5)+4 ®) -

(6.3.55)

which is exponentially small when N — oo.

Bounding Ay 34.2[H, V]

ASa:2[H, V] has been defined in (6.3.15) and can be bounded by repeating the previous handlings. Indeed, using (6.1.49)
on the L! norm of ‘Wy and then following the previous steps, one finds:

|AwSaalH, VI < 1Al gay e (63.56)
with Ayt defined in (6.3.44) and bounded in W;° norms in (6.3.54). Hence, we find:

| AW SaalH, V]| < €7 NOP* oy [V] - | Hellws, ) - (6.3.57)

ket

BOlll’ldil’lg A[k]Sw [H, V]
This quantity is defined in (6.3.16), and it follows from the explicit expression for Wy [1](£) given in (4.3.72) that

f Xx11(4d) o IN"AGE-ay) | daa (6.3.58)

[ASaslH, VI < € N lellwyay uy - 12 (O)] - 1oy = axl - sup 1 i

£elay byl

R+ie

where 7 is as defined in (6.3.44). The decomposition (6.1.6) for y and its properties show the existence of C,C’ > 0 such
that:

V1eR +i€, () < Cla?, and |y < Ce N, (6.3.59)
Hence, by invoking the bounds (6.3.53) satisfied by 7, we get:
ASaslH, V]| < C7-N**-(InN)* - eV P =Ov=al ) [V] - ||l e - (6.3.60)

Since % > 0 is bounded away from 0 when €’ — 0 according to its definition (4.2.7), we also have %, — €’ xy > 0 uniformly
in N for some choice of € small enough but independent of N.
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Bounding Ay 344[H, V]

This quantity is defined in (6.3.17), and it involves integration of:
TEm) = (SN =) - G [H, VI(xw, yi by + ay = &by +ay =) (6.3.61)

where gﬁ;‘jj was defined in (6.3.5). It only involves the operators (nglf)k and (W;;Z), whose expression is given in Lemma 5.1.11.

Let us fix € > 0. Straightforward manipulations show that, for (¢,n) € [ay + €; by1?, we have:
[ru@m)| < CN**e M)y (V] - [[Hollweg) < C- N -e N e [V] - | Hellwe e (6.3.62)

which is thus exponentially small in N. Similar steps show that, for

(& n) € {lay +€;by] x [ay s ay + €l U {lay ;ay + €] X [ay + €3 b1} U {lay say + €] X [ay s ay + €} , (6.3.63)
we have:
& m| < CN*went IVIIHIlwe e - (6.3.64)

Here, the exponential decay in N will come after integration of 7, as it appears in (6.3.17). Indeed, given ImA > 0 and
Impyu < 0 we have:

bN bN
' fei/lxke—iﬂ}‘kTL(é:’ n) dédn| < CN3ae—eC’N‘*nk+l V] ”H”W,f“(R) f e~ Im AN (by—=&)~[Im pIN* (b —=1) dndé
ay ay+e

by  ay+e ay+e ay+eay+e
+ CN3"nk+1 [V] ||H||W°°(R){ fd{: fdr] + fdé«‘ fdn + f f dfd)’]} =[Im AN (by—=&)—Itm p|N* (by—n)
ay+e  ay ay+e
CN3ae—5’N”
< wea[VIHHIWe®) - —5—— - (6.3.65)
|4 ul
Note that, above, we have used that for A € ‘fr(;g and u € ‘@”r(;g), we can bound:

MmA™ <ea™,  Imp™ < el (6.3.66)

for some constant ¢; > 1. Hence, all in all, we have:

oNe et [V Hllwe
< NPTV 'fld/llfld,ul' k+1 W R)
= Al - 1R (DR ()l

S (G LH, VD)

G
< CVNP e N L [V] IHllwe®) - (6.3.67)
Then, putting together all of the results for each Ay 3q4,, for p € [ 1; 4] entails the global bound (6.3.37). ]

6.3.3 Leading asymptotics of the double integral

We need to introduce two new quantities before writing down the asymptotic expansion of the double integral Jq.
Definition 6.3.9 We define the function:

«(x) = %W (6.3.68)
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and the constant:

du J(u) V—u v+u
No = ﬁ! yor lldv[){S(u)-(t[ 5 1- ¢ 7 ])}

+00

1 iﬂx—iyyax{s (x = [c(x) —cy)] — x+ y}dx dy (6.3.69)

" 2B J2in f 2in (1 - y)Ri(/l)RT(/J)

<g(+) ‘K< )

Proposition 6.3.10 We have the large-N behaviour:

H/(bN) H’(aN) H H
SoH, V] = -2 N{ - } N { b } ASJH, V 6.3.70
SalH, V] o Vi Vian + No (V”)( v) + (V") (an); + A34[H, V] ( )
and the remainder is bounded as:
C
A3¢[H, V] < —= -o[Ve] - [Hellwz ) - (6.3.71)

N(

Proof — We first need to introduce two universal sequences of polynomials Z({x,}) and Q({y,}!; {a,}{). Given formal
power series

fO=1+> £ and  g@=1+ ) g (6.3.72)
21 =1
they are defined to be the coefficients arising in the formal power series
8@ _ 0oy L
P({fphy and —: = 1+ ) Qg,):{fp})z - (6.3.73)
f(z) ;‘(” f@ ; (lepks L)1)
Note that
Qigy = > &L (6.3.74)
r+s=(
7,520

where we agree upon the convention P, = 1 and gy = 1. This notation is convenient to write down the large-N expansion of
Ghk:x — defined in (6.3.4) — ensuing from the large N-expansion of Wy, provided by Lemma 5.1.11. We find, uniformly in
(1) € [ay s byT*:

O Ooice[H, VIE 1)

Goal HVIED) = )~ + O(N™*) (6.3.75)
=0
where
Ovie[H, VI, 1) = gokee[H, V1) — goke[H, VI (6.3.76)
with
H'(§) H(E) upy VED(E) upy )
<[H,V = —. —_— — i —=—1 ] 6.3.77
B VIE) = ) ({ e A Ve e (6.3.77)
Also, in the case of a localisation of the variables around by, we have:
Y o H(by) k " HP D (by) up(x) ) VP (by) u,y(x)
Gl F. Vi =N "xby =N = S DN ({ ) WO L })
k |k
oy 0(%) . (6378)
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Finally, we also have the expansion,

k

WTH VIO yiby = N7 by = Ny = )
=1

(6.3.79)

Ol VICry) | feemne
N(l{’ N(k+ Da

where Og.[H, VI(x,y) = arye[H, VI(x) - grye[H, V](y) and

_ 1 V@D(by) uy(x) HS*D(by)
ettt 0 = s 3 (g k) e
m,s>0
__HGw { V() o) |
O - A L OV T
m,s,p=0
V@D(by) VE(by)

HO D (by) .
({ H/(bN)_ aq(x)}q’{ V"(bN)_ Clq(x)}q) W by(x) . (6.3.80)

We can now come back to the double integral J4. It has been decomposed in Lemma 6.3.3. If we want a remainder
ApgSq decaying with N, we should take k = 6 in Lemma 6.3.8. Then, up to O(N~%), we are thus left with operators Jg.pk
and J4.g, and Lemmas 6.3.5 and 6.3.7 describe for us their asymptotic expansion knowing the asymptotic expansion of the
functions to which they are applied. Here, they are applied to the various functions involving Gy, and g};‘s,g whose expansion
has been described in (6.3.78) and (6.3.79). As these expression shows, in order to get 34 up to O(N~%), one just need the
expressions of gpk.o[H, V](£) from (6.3.77) and gg.;[H, V](x) from (6.3.80). These only involve the universal polynomials P
and Q;, whose expression follows from their definitions in (6.3.73):

(A =-fi QUeiifi) =1 -f - (6.3.81)

Therefore, we get

Sok:1 [H, V](€) =

HO  nd gl Vi) = 2= a0 (i) (by) - (6.3.82)

V/I (f) U VII

and we recognize in the prefactor of the second equation the function c¢(x) of Definition 6.3.9. Finally, we remind that we
take the remainder at order k = 6. The claim then follows upon recognising the constant 8y from Definition 6.3.4 in the
computation of the leading term by Lemma 6.3.7. ]



Appendix A

Several theorems and properties of use to the
analysis

Theorem A.0.11 (Hunt, Muckenhoupt, Wheeden [88]) The Hilbert transform, defined as an operator
H : L*(R,w(x)dx) — L3R, w(x)dx)
is bounded if and only if there exists a constant C > 0 such that, for any interval I C R:

{%Ifw(x)dx}-{%f%} <c (A0.1)

1

In particular, the operators "upper/lower boundary values" C. : F[HsR)] — F[H;R)] are bounded if and only if
Is] < 1/2.

A less refined version of this theorem takes the form :

Proposition A.0.12 For any vy > O, the shifted Cauchy operators C, : f = C,[f] with C,[fI() = C[fI(A + iy) are
continuous on F[Hy(R)] with |s| < 1/2.

Theorem A.0.13 (Calderon [36]) Let £ be a non-self intersecting Lipschitz curve in C and Cs the Cauchy transform on
L*(Z, ds):

s —

VfeIXZ,ds)  Cslfl@) = f S (S)Z : 2(11_; €0(C\3). (A.0.2)
z

For any f € L*(Z,ds), Cs[f] admits L*(Z, ds) + boundary values Cs.+[f]. The operators Cs..[f] are continuous operators
on L*(Z, ds) which, furthermore, satisfy Cs.. — Cs.— = id.

Theorem A.0.14 (Paley, Wiener [128]) Let u € L>(R*). Then F [u] is the L*(R) boundary value on R of a functionu that is
holomorphic on H*, and there exists a constant C > 0 such that:

Yu > 0, f A i) -da < € (A.0.3)
R

Reciprocally, every holomorphic function onw on H* that satisfies the bounds (A.0.3) and admits L>(R) + boundary values
U, on R, is the Fourier transform of a function u € L*(R¥), viz. u(z) = Flul(z), z € H*.
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Appendix B

Proof of Theorem 2.1.1

We denote by py the rescaled probability density on RV associated with 3y, namely

N N N
! B o 1
1 = | | inh N%(A, — Ap)] sinh N% (A, — A | | ~WINTA) ith = —.
pv(Ad) - (Kb{sm [t N ( »)] sinh [rw, N ( b)]} Ll e with  a, -1

To obtain the above probability density, we have rescaled in the variables in (1.5.27) as y, = N% A, with the value of a,
guided by the heuristic arguments that followed the statement of Theorem 2.1.1. We shall denote by £y the probability
measure on M!(R) induced by py, viz. the measurable sets in M!(R) are generated by the Borel o-algebra for the weak
topology, and for any open subset in M'(R), we have:

Pn[O] = f py()d¥a. (B.0.1)

(LPeo)

The strategy of the proof consists in proving that Py is exponentially tight and then establishing a weak large deviation
principle, namely upper and lower bounding $» on balls of shrinking radius this for balls relatively to the bounded Lipschitz
topology, see e.g. [5].

Exponential tightness

Lemma B.0.15 The sequence of measures Py is exponentially tight, i.e.:

lim sup lim sup N™**) In Py[K(] = —c0 . (B.0.2)

L—+o00 N—oo

where K, = fp e M'(R) : [|x*du(x) < L}.
R

Proof — By the monotone convergence theorem,

MeN

f x| du(x) = sup f min(|x|? , M) du(x). (B.0.3)
R R

The left-hand side is lower semi-continuous as a supremum of a continuous family of functionals on M, (R). Thus, K is
closed as a level set of a lower semi-continuous function. For any u € K;, we have by Chebyshev inequality:

1 L
ull-M:MI] < o ﬁxlqd,u(x)ﬁ e (B.0.4)
[-M ;M]°
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Asa consequence,

K. C ﬂ {u e M'®) : pl[-M: MY] < %} . (B.0.5)

MeN

The right-hand side is uniformly tight, by construction and is closed as an intersection of level sets of lower semi-continuous
functions on M!'(R). Thence by Prokhorov theorem, it is compact. As K} is closed, it must be as well compact.

We now estimate Py[K ]. We start by a rough estimate for the partition function. It follows by Jensen inequality applied
to the probability measure of RV

N eWga,
]_[ (B.0.6)
al [e WdL

that

N o =Wl
In[3v[W1] = NIn| f e Wda| + f D" Bln{sinh [rw; (A, - 4p)] sinh [mer(de = )]} | | e,
RV a<b a=1 J‘C_W(/Dd/l

NV - 1 SWAD-W) g 2
- V| f ] + ﬁ(_) f In { sinh [xw1 (4, = A2)] sinh [rws () = A2)]} - & 182 807

(emeai

As a consequence, 3y > eV * for some k € R. It now remains to estimate the integral arising from the integration over Kj.
Using that |sinh (1)] < e we get:

N N

]_[ { sinh [7wiN"(2, — )] sinh [rwsN4(2, — /l;,)]}ﬁ < ﬂ exp {B(w) + w)N"|A, — )
a<b a<b
N N
< ]—[ exp {mp(wi + w )N (] + |AD)} < ]—[ exp {mB(wi + w )N |4} . (B.0.8)
a<b a=1
Hence,
N N
PyIKE] < eV NN f ]_[exp 7B(wy + w))NWH |, — W(N% A, )} dVa (B.0.9)
a=1
{Lek;}

Since |¢]'™4 I ‘—> 0 there exists a constant C € R such that
£|—+00

cq lE1°
2

VEER,  nB(w; +w)lé] < +C. (B.0.10)

Likewise it follows from (2.1.2) that given any € > 0 there exists 7. € R* such that

Y& ER, —cq(1+ e =1 < W) < —c,(1 =€) €7 + ¢ . (B.0.11)
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In the following, € will be taken small. Taking into account that ga, = a, + 1, (B.0.10) and the upper bound of (B.0.11) lead
to:

N
C
PylKs] < eV NuN f ]_[exp{N%”c + EqN%“ Il? + T — co(1 — €N |/1a|‘1}~dfu
a=1
{iex;}
N c,(1 —4e)
2 2+a, ag+1 -
< NN kN*+CN "+TeNf (ne_“qu Mal”) exp{— 4 5 N2+"ﬂf|x|q de)(x)}dN/l
(rers) .
N
< NaneC’NZM‘I+T5N—|Cq(1—4é)/2]LN2+“‘l( f e’ g /1) (B.0.12)

for some constant C’ > C and N large enough. As a consequence,

limsup N~ InPy[K§] < C = Ley(1 — 4€)/2 ,

N—+oo

and this upper bound goes to —co when L — +co. ]

Lower bound

In the following we focus on the renormalised measure on M;(R) defined as 7_>1v = 3n[W]-Py. We will now derive a lower
bound for the  volume of small Vasershtein balls, in terms of the energy functional &,y of (2.1.1), namely:

_ Br(w: + wo)

2 & =7l (B.0.13)

SWM]=ff@mW@ww, E@n) = (g +Int')

Lemma B.0.16 Let Bs(it) be the ball in M'(R) centred at u and of radius & with respect to Dy. Then, for any u € M'(R), it
holds

lim inf lim inf N~ %) InPy[Bs()] = ~Epuylul (B.0.14)

Proof — Letu € M'(R)and ¢ > 0. If f |x] du(x) = +oo, then Epiy[u] = +oo and there is nothing to prove. Thus we may

assume from the very beginning that f [x]7 du(x) < +oo0. If M > 0 is large enough, we have u([-M ; M]) # 0, and we can
introduce:

Lym -
Uy = —————— (B.0.15)
u([—M ; M])
which is now a compactly supported measure. We will obtain the lower bound for Py[Bs(u)] by restricting to configurations
close enough to the classical positions of 1, and only at the end, see how the estimate behaves when M — co. For any given
integer N, we define:

Vae[1,N],  x¥M =inf{xeR : fd,uMz Ni 1}. (B.0.16)

—00

N.M . . . .
When N — o, LE\J,C ) approximates p,, for the Vasershtein distance, so there exists Ns such that, for any N > Ng, we have
the inclusion:

Qs = {/l eRY : Vae[l,N], |1, - x| < 5/2} c {/l eRY : Dy(un,LY) < (s} : (B.0.17)
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Subsequently:
—_ N B N
Pr[Bs(ua)] = NV f l_[{sinh [ N (1, — )] sinh [raw,N% |/la—/lb|]} [Tevo o a¥a. (B.0.18)
Qs a<b a=1

It follows from the lower bound

e |l
s
Isinh (V)] = =175

(B.0.19)

from the lower bound for W in (B.0.11), and ga, = a, + 1, that:
_ eNagInN+7o) N N N 5
PrBs] 2~y f exp {ﬂﬁ(w1+wz)N”" D e = Bl-N" ey (14€) M}H {ev(ta—2)) -d¥ 2. (B.0.20)
Qs a<b a=1 a<b

where we have set

nwi N |A| mwo, N |A|

A) = . B.0.21
SN = T o N A T+ maa N ] ( )
Now, we would like to replace 4, by xIaV’M . Since the configurations A € Q; satisfy |x$/ M_ A4 < 6/2, we have:
1)
Z g — Al = -N(N - 1= + Z(be’M — XMy (B.0.22)
2
a<b a<b
Since g > 1, we also deduce from the mean value theorem:
0 _
al? < [+ L 4 572) (B.0.23)
and thus
q _ N.M|4 0 M _q¢q g-1
—(1+el? = —(1+¢€) 'xa | + - he s(XN-M hes(x) = 7(1 +é€)-(|x+6/2) (B.0.24)
q

These inequalities yield the lower bound:
Py[Bs(w)] = exp {c N2 - NM«((S{C’ + f hes@©dLy @)+ EglLly 1+ ecq f 1 dLEJ”'M)(f))} -Gy (B.0.25)

for some irrelevant, N and ¢ independent, constants C, C’ > 0. Furthermore, the factor Gy s reads

N
Gys = fl_[{gN(/lb—/la)}ﬁ'dN/l (B.0.26)

S a>b
2

inwhicthrd =QsN{AeRY : A < - < Ay
To find a lower bound for G s, we can restrict further to configurations such that u, = 4, —xﬁ,v M increases with a € 1, N7,
and satisfies |u;| < 6/(2N) and |uy41 — us| < 0/2N for any a € [1, N — 1]. Using that & — gy(£) is increasing on R, we have:

N-1 N
Gns > f [ THewttan =)™ - d¥u > f [ THan@ap? =D d¥y (B.0.27)
[-s/2.8/2% ¢! (062N 972

Now, using an arithmetic-geometric upper bound for the denominator in gy (v), we can write:

Ne+lg 1w,

> A = CNH -y (B.0.28)

Vv € [0,6/2N], gn(v) =2
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for some irrelevant C’ > 0 independent of § provided that 6 < 1. So, we arrive to:

N-1 -
(6/2N)y*PN=a+D) &' N*InN

O =0 INBN(N=-1)/2
Grvs > — - (CN¥%! . ~=7
TR y Lpv—a++17

(B.0.29)

for some C’ > 0 independent of 6. Hence, ultimately
Pu[Bs()] = €N N exp{ — N2+ [6(0 + f hes(@) de‘”“)(f)) +EpplLy ] + ec, f &7 de‘”'M’@]} (B.0.30)

To establish the desired result (B.0.14), we only need to focus on the last exponential. If ¢ is a C' function of p real variables,
we denote:

¢M(&) = min [¢(€) 5 1gl=q-papa | (B.0.31)

which has the advantage of being bounded and Lipschitz. Since uy, is supported on [-M ; M], so must be the classical

N.M
positions x)"_ and we can apply the truncation to all the functions against which LE\’,‘ )

appear the truncated functional:

is integrated. In particular, we make

Egipltl = f EM(E,m) du(@)du(y) - (B.0.32)
The advantage is that now, all functions to be integrated are Lipschitz bounded. Since, Dy (uy, LE\’,CN'M)) — 0 when N — oo,
we get:

. InPy[Bs(w)]
hm 1nf _—
N—oo N2+a/'i

> -5 (c + f hes(€) d,uM(f)) — k] — ecq f { max(gl, M)}’ duu (&) - (B.0.33)
The right-hand is an affine function of €, and at this stage, we can send € to 0:

lim inf N~ In Py [Bs(upy)] = -6 (C + f ho.s(€) d,uM(f)) - Epiylum] - (B.0.34)

N—oco

Now, for any fixed ¢, there exists My such that, for any M > Ms, Dy(u, uy) < 9, and consequently:

lierILiorng‘@*“q) InPy[Bas(w)] > —6<C + f ho5(€) d/,tM(f)) — Eiy [m] - (B.0.35)

We could replace SEgﬁ) by &Eply) here because piys is supported on [-M ; M]. Now, we can consider sending M — oco. Since
we have the bound:

VEneR,  EEm<C L+ +Inl"),  hos <C (1+E7) (B.0.36)

and we assumed that f |£17 du(€) < +o0, we get by dominated convergence:

lim inf N~ 1n Py [Bys(u)] > —6<C + f ho5(€) d/,t(f)) — Eiy [l - (B.0.37)

N—oco

Last but not least, sending 6 — 0, the first term disappears and we find:
lim inf lim inf N~ In Py [Bas ()] = ~Epiy)lpl - (B.0.38)
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Upper bound
In this paragraph, we complete our estimate by an upper bound on the probability of small Vasershtein balls:
Lemma B.0.17

lim sup lim sup N™%** In Py[Bs(u)] < ~Epiy) [14] (B.0.39)
6—0 N—-oo

Proof — Let u € M!'(R). In order to establish an upper bound, we use that |sinh (x)| < e™ and the upper bound in (B.0.11)
for the potential W. This makes appear again the function &gy of (B.0.13):

N

Pr[Bs()] < eN@an Nt f eXP{ - N> ( - 2¢4€ f ¢4 dLjy + 5<p1y>[L§§’])} ]_[ e N el L gN Y (B.0.40)
L eByw o

where we have put aside one exponential decaying with rate € to ensure later convergence of the integral. If M > 0, let us
define the truncated functional:

Elpyy 1] = f EMEn du@dutp),  EMI = min[M; EEn) - cqe (K1 + )] - (B.0.41)

Since E™ is a Lipschitz function bounded by M, with Lipschitz constant bounded by O(M'~/9), we deduce the following
bounds when the event LE\/}) € Bs(u) is realised:

(M.} 7 (D (M.}
|6(p1y§ (L1 - &y | <CoM, (B.0.42)
for some constant C > 0 independent of N, ¢ and €. Therefore:
_ N
Py[Bs()] < exp {C'Nln N + N%+2 (CM -0 — Ségye)}[/"])} . (fe—t‘qfl/l" d/l) (B.0.43)
It follows that:
lim sup N~ InPy[Bs(u)] < CM -6 — &y 1] (B.0.44)

N—oo

We observe that —E'™-€ is an increasing function of €. We can now let e — 0 by applying the monotone convergence
theorem:

lim sup N+ InPy[Bs(u)] <CM -6 — agg{;;’ me (B.0.45)
N—oo

Then, sending § — 0 erases the first term, and finally letting M — oo using again monotone convergence:

lim sup lim sup N~ In Py[Bs(w)] < ~E iyl » (B.0.46)
5—0 N—oo

Notice that monotone convergence proves this last inequality even in the case where Sy (1] = +o0. |

B.0.4 Partition function and equilibrium measure

By applying the reasoning described in [58], to the lower bounds (Lemma B.0.16) and upper bounds (Lemma B.0.17), along
with the property of exponential tightness (Lemma B.0.15), we deduce that Ey) is a good rate function for large deviations,
ie.

for any open set Q C M (R), lzivm inf N InPy[Q] > - inslz Epiplul ,
—+00 ME
for any closed set F ¢ M'(R) limsup N~ InPy[F] < - inf Epiy) (1] - (B.0.47)
N—+o0 HE
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These two estimates, taken for Q = F = M!(R), lead to

lim N~®%) In3y = — inf & . B.0.48
Jim 9% e (oly) 1] ( )

The proof of the statements relative to the existence, uniqueness and characterisation of the minimiser of &y is identical
to those for the usual logarithmic energy [133] — and even simpler since there is no log singularity here. The minimiser is

denoted p" and it is characterised by the existence of a constant C&»*” such that:

cq |17 = 7f(w1 + w2) f E-nldul’e) = C&Y forg, ulY everywhere (B.0.49)
cq €17 = nB(wi + w)) f € —nldu®’) > Y forany £eR (B.0.50)

The construction of the solution of this regular integral equation is left as an exercise to the reader. We only give the final
result in the announcement of Theorem 2.4.1. Actually, the fact that (2.1.4) is a solution can be checked directly by integration
by parts, and we can conclude by uniqueness.

|
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Appendix C

Properties of the N-dependent equilibrium
measure

We give here elements for the proof of Theorem 2.4.2, which establishes the main properties of the minimiser of:

1 2
el =5 [ [v@ # V) — i { [ ] sinh [N, € - n)]}] du(@dut) (0.1
p=1

among probability measure y on R, with N considered as a fixed parameter. As for any probability measures u,v and
a €[0,1],

Evlap + (1 = )] - adylul - (1 - &IVl = —a(l = D[~ vip — ],
&y is strictly convex, and the standard arguments of potential theory [109, 133] show that it admits a unique minimiser,
denoted pgg). More precisely, one can prove that ,ug(\l]) has a continuous density péﬁ” (as soon as V is C?) and is supported on
a compact of R (since the potential here is confining for any given value of N) a priori depending on N, see e.g. [30, Lemma
2.4]. What we really need to justify in our case is that:
(0) the support of ,ug:{ ) is contained in a compact independent of N ;
@ ,u(ez’ ) is supported on a segment ;

@i pg{ ) does not vanish on the interior of this segment and vanishes like a square root at the edges.

As a preliminary, we recall that the characterisation of the equlhbrlum measure is obtained by writing that &y [,u(N) +ev] >

En [u(N ] for all € > 0, all measures v with zero mass and such that ,ueq + ev is non-negative. The resulting condition can be
formulated in terms of the effective potential introduced in (3.1.16):

Vien@) = Uyen(@ = inf Uy, Un(6) = V(&) - f sn(€ = 1) dugg () (C02)

with the two-point interaction kernel:

sy(&) = % In [ sinh (rw; N*€) sinh (T, N€)] . (C.0.3)

The equilibrium measure is characterised by the condition:

Vner(€) =0, with equality pgg ) almost everywhere (C.0.49)
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Proof — of (0). Let my > 0 such that the support of ,ug;’) is contained in [—my, my]. For || > 2my, we have an easy lower
bound:

w my +O(1) (C.0.5)

'fsN(f n)d,ueq)(n)| = —ln[smh (mrwN%my) sinh (nng‘YmN)]

where the remainder is bounded uniformly when N — oo and my — oco. By the growth assumption on the potential, there
exists constant C, C’ > € > 0 such that

V(&) 2 Clel'™e + ¢ (C.0.6)

Therefore, we can choose m := 2my large enough and independent of N such that Vy..g(¢) > O for any |£] > m. This
guarantees that the support of ,ufil/ ) is included in the compact [—m ; m] for any N.
Proof — of (i).
We observe that —sy is strictly convex:
BN o (mwp)?
2 4 (sinhrw ,,éf)

sHE) = - <0. (C.0.7)

Since V is assumed strictly convex and ,u(N) is a positive measure, it implies that Viy..q is strictly convex. Therefore, the locus

where it reaches its minimum must be a segment. So, there exists ay < by such that [ay ; by] is the support of ,u( ). This
strict convexity also ensures that

Vied@) > 0 for any E>by, Vi <0 for any E<ay . (C.0.8)

Proof — of (ii).
This piece of information is enough so as to build the representation:
P (€)= WNIV'T gy ,1(8) (C.0.9)
for the equilibrium measure. Indeed, we constructed ‘W y[H] in Section 4.3.4 so that it provides the unique solution to:

by
VE €lay : ball, f sy INGE -1 el ) = V'(©) (C.0.10)

an

which extends continuously on [ay ; by], and this was only possible when Xy[V’] = 0 in terms of the linear form introduced
in Definition 3.3.5. Since the equilibrium measure exists, this imposes the constraint:

Xy[V']1=0. (C.0.11)

Besides, since the total mass of (C.0.9) must be 1, we must also have:

f"WN[V'] =1. (C.0.12)

At this stage, we can use Corollary 6.2.2, which shows that (C.0.11)-(C.0.12) determine uniquely the large-N asymptotic
expansion of ay and by, in particular there exists a < b such that (ay, by) — (a, b) with rate of convergence N~¢. Besides,
the leading behaviour at N — oo of Wy is described by Proposition 5.1.4 and 5.1.6. It follows from the reasonings outlined
in the proof of Proposition 5.2.2 that

2 2

L N2 () ]
N{l NIY
N (o f)) £elby— (N2 - N;byl

O+ O(N) £¢€lay

2nB(w1+ws)
3
@ = WAVIO = Vb ao(N by~ 8) + o B

nN 3
V(an) ao(N*(¢ — an)) + O(( ! \/N"(é"—azv)) é€laysay +(InN)* - N7
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(C.0.13)

Therefore, for N large enough, pg(;’)(f) > 0 on [ay ; by]. The vanishing like a square root at the edges then follows from
he properties of the a’s established in Lemma 5.1.10. In fact, one even has

s
lim — == = N2 V”(bN)-lirr(l)x‘”zao(x) + O(N‘“)} =
X—

i~by by — &

N2V (b)

- L OWNNY?. C.0.14
B Nr(w) + w») +O( ) ( )
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Appendix D

The Gaussian potential

In this appendix we focus on the case of a Gaussian potential and establish two results. On the one hand, we establish in
Lemma D.0.18 that, for N large enough, there exists a unique sequence of Gaussian potential Vg.y = gyA> + tyA such that
their associated equilibrium measure has support O'(eq [ay ; by]. On the other hand we show, in Proposition D.0.19, that
the partition function associated with any Gaussian potential can be explicitly evaluated, and thus is amenable to a direct
asymptotic analysis when N — oco. Note that when w /w; is rational, such Gaussian partition functions have been evaluated
in [62] by using biorthogonal analogues of the Stieltjes-Wigert orthogonal polynomials.

Lemma D.0.18 There exists a unique sequence of Gaussian potentials

Vo = gnA> +tyd (D.0.1)

N) _

such that their associated equilibrium measure has support ooq’ = lay ; by]. The coefficients gy, ty take the form

-1
wiwW? —c0
Wy (wp(w1 + wz))} " O(N ) (b2

= 7T,8(U.)1 + wz){bN —ay + N¢ Z

and

v = —(ay +by)gy + O(N™7). (D.0.3)

Proof — Let V(1) = gA? + tA be any Gaussian potentlal Since it strictly convex, all previous results apply. Suppose that
Vi gives rise to an equilibrium measure supported on o-eq = [ay ; by]. This means that the potential V; has to satisfy the
system of two equations that are linear in V;:

bN bN
d v
f WNIVEIE) dé = 1 and f ﬁ yu(u) f Vi ()eN ) dp = 0 (D.0.4)

R+ie’ ay
It follows from the multi-linearity in (g, f) of V; and from the evaluation of single integrals carried out in Lemma 6.1.2 and
Proposition 6.1.6 that there exist two linear forms Ly, L, of (g, f) whose norm is a O(N~>) and such that

2

1 1
1 = L{(b[\/ - (,lN) =+ m . Z ln(&)} + Ll(g, f) (DOS)

mB(w; + wy) = wpT wp(w + wy)

where we have used that

+00

2
- Sy
beo(x) dx = 27r,8(w1 + wy) Z:‘ wpT cup(a)l + w2)> (D.0.6)
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a formula that can be established with the help of (5.1.71) and (5.1.91). One also obtains that

0= glby +ay) +1) + La(g.1) . (D.0.7)

2
Ne m(
In virtue of the unique solvability of perturbations of linear solvable systems, the existence and uniqueness of the potential
Vi.n follows. ]

Proposition D.0.19 The partition function Zy[Vs] at 8 = 1 associated with the Gaussian potential V(1) = gA* + tA can be
explicitly computed as

N! x \'? NZ2  22(w) + wy)?
T exp +
8

N
_ N2 _ _ —zﬁ,ﬂnzwlwz N-j
ZnlVolp-1 = Zxo " g VW 1)} H(l oA TeN-i - (pog)

Proof — We can get rid of the linear term in the potential by a translation of the integration variables. Then

2+(zt2

ZnlVelp=1 = exp{ }-ZN[VG]W:1 where Vi) = gA*. (D.0.9)

Further, the products over hyperbolic sinh’s can be recast as two Van-der-Monde determinants

= N (@ +w)N* (N=-1D)A, 2
]_[{sinh [7w01N* (A = Ap)] sinh [rarN* (A = 4p)]} = 1‘[ {GT} , ]—[detN [ 46D] - (D.0.10)
a<b a=1 [7:1

Inserting this formula into the multiple integral representation for Zy[Vs]js=1 and using the symmetry of the integrand,
one can replace one of the determinants by N! times the product of its diagonal elements. Then, the integrals separate and
one gets:

% N! - N*(N—-1)A 22N [w; (k-1 i—DIA | —gN'** A2
ZVelpe1 = Sy - dety [fe Hw1 +oIN(N-DAG2N w1 (k=D +an(=DI | o=eN" 2 45| D.0.11)
R
The integral defining the (k, j)™ entry of the determinant is Gaussian and can thus be computed. This yields, upon factorising
the trivial terms arising in the determinant,

N

— s ¥ N! 72 N1 (2 4 02)(2 i— 1 —N)
ZVolp-r = (yr) g - | 5 Dy (D.0.12)
j=1
where
71'2
Dy = dety [exp{z—N”_lwlwz(Zk—N— DE2j-1 —N)}] . (D.0.13)
g

The last determinant can be reduced to a Van-der-Monde. Indeed, we have:

N
DN = exp{;—;wlwz(N—l)zNo‘} . I—[{e—Zéw]mzN"’l(N—l)(j—l)} . detN
j=1

2
exp {ZK—N"_I(mwz(k -D@G - 1)}]
; 8

2 N 2 Ara— 72 nra— :
- exp{—;—gwlwg(N—l)zN"} : n(e2?N ookl L 25N ‘wlw2<f-1>). (D.0.14)
k>j

In order to present the last product into a convergent form, we factor out the largest exponential of each term. The product of

these contributions is computable as

N 2 nja- = 2 nja- 2
]_[ (CZ?N lmm)z(k—l)) - 1—1 CZ?N lwiwk? — CXp{ﬂ—(A)[U)ZNU(N _ 1)(2N _ 1)} , (DO]S)
k>1 k=1 3g
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where we took advantage of

i”z _ N+ DheN+ D)

. (D.0.16)

p=1

Putting all of the terms together leads to the claim. ]
The large-N asymptotic behaviour of the partition function at § = 1 and associated to a Gaussian potential can be
extracted from (D.0.8).

Proposition D.0.20 Assume 0 < @ < 1. We have the asymptotic expansion:

2 7r2(a)1 +a)2)2 8
IZ V . :NZ‘HZ'_ _ —N2'12—N2_w’
nZy[Vellg=1 [4g + 12¢ ] n 12w w,
2
2

T A { CURR RS VR VA VR P (L

2w wy) V@1@2

2 2 1 12878
o Ml tw)” o ae+s 1 (1280w, Z(-1) + o(1). (D.0.17)

Proof — The sole problematic terms demanding some further analysis is the last product in (D.0.8). The latter can be recast
as:

wiwy (D.0.18)

. where 7y =
My(1;ev) Mi(e™Nv; e~™v) N gN

[ - e = [MO(e-NTN;e-TN) Yo me™) 2N°
=1

and M,(a, q) corresponds to the infinite products M,(a; q) = [152,(1 — ag")™"".
We will exploit the fact that asymptotics of M,(a;e™") when T — 0% up to o(1) can be read-off from the singularities of
the Mellin transform of its logarithm

00 +00
M, (a; s) = f InM,(a;e™)r*"'dt  where InM.(a;q) = — Z In(1 —aq’) . (D.0.19)
0 =1

The above Mellin transform is well-defined for Re(s) > r + 1 and can be easily computed. For any |a| < 1, we have:

M, (a;5) = Z Z ca f " gt gy = [(s) (s — r) Liys(a) . (D.0.20)
0

Above, ¢ refers to the Riemann zeta function whereas Li,(z) is the polylogarithm which is defined by its series expansion in
a variable z inside the unit disk:

k
L@ =y /i— (D.0.21)
k>1

Note that, when Re s > 1, the series also converges uniformly up to the boundary of the unit disk. We remind that the first
two polylogarithms can be expressed in terms of elementary functions:

Lio(z) = %Z and  Lij(z) = —~In(1-2). (D.0.22)
In both cases |a| < 1 or a = 1, M,(a; s) admits a meromorphic extension from Re s > 1 to C. When |a| < 1 this is readily
seen at the level of the series expansion of the polylogarithm whereas when a = 1, this follows from Lig (1) = {(s + 1).
Furthermore, this meromorphic continuation is such that I,(a; x + iy) = O(e~M), ¢ > 0, when y — =#oo. This estimate is
uniform for a in compact subsets of the open unit disk and for x belonging to compact subsets of R. The same type of bounds
also holds for a = 1, namely M, (1; x + iy) = O(e™M, ¢ > 0, when y — oo for x belonging to a compact subset of R. This
is a consequence of three facts:
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o I'(x + iy) decays exponentially fast when |y| — +o0 and x is bounded, as follows from the Stirling formula ;
o [{(x +1iy)| < C|x + iy|° for some ¢ > 0 valid provided that x is bounded [142] ;

e Lii,(a) is uniformly bounded for x in compact subsets of R and @ in compact subsets of the open unit disk, as is
readily inferred from the series representation (D.0.21).

Thanks to the inversion formula for the Mellin transform
c+ico
_ _ ds .
InM.(a,e™") = 7T M (a; 5) T with ¢>r+1, (D.0.23)
in

c—ico

we can compute the 7 — 0 asymptotic expansion of In M,.(a,e™") — this principle is the basis of the transfer theorems of [77].
To do so, we deform the contour of integration to the region Re s < 0. The residues at the poles of 9i,(a; s) are picked up in
the process. There are two cases to distinguish since the polylogarithm factor in (D.0.20) is entire if |a| < 1, while fora = 1
one has Lig. (1) = {(s + 1) what generates an additional pole at s = 0. We remind that:

1 1
['(s) o3 e O(s), {(s) = STy TYET O(s) (D.0.24)

where yg is the Euler constant. For a < 1, 9t,(a; s) has simple polesat s = 1 + r and s = 0:

gjtr(a, S) = M + O(l) s wtr(a, S) — _g(_r) t‘n(l - a)

s—(1+r) +0(1) . (D.0.25)

Notice that here r € {0, 1} and the Riemann zeta function has the special values £(0) = —1/2 and {(—1) = —1/12. Therefore,

r! Ly, (a)

InM(a;e™™) = o
Tl+r

= {(=nIn(l —a) + o(1), 70" (D.0.26)

and the remainder is uniform for a uniformly away from the boundary of the unit disk. For a = 1, 9t,(a; s) has the same
simple pole at s = 1 + r with residue r! (2 + r), but now a double pole at s = 0:

iz = 00 C Loy, maey = 8D L oqy (D.0.27)
s s s—=(1+r)
and we remind the special value ¢’(0) = — In(27)/2. In this case, we thus have:
M.(1;¢77) = re+n l(=r)Int + ' (-r) + o(1), T—0". (D.0.28)

2 B

Collecting all the terms from (D.0.26)-(D.0.28), we obtain the asymptotics of the product (D.0.18) that are uniform in a
belonging to compact subsets of the unit disk:

2
™

N-1 L
vee| (@) -Lige) N2
ln[fl_ll(l —e ™) g] e E(Lll(e Ny — g)

_ o~ Nty
+(N l)ln(l e )+N11’1(27T)

2 12 2

2 12 + (=) + o(1). (D.0.29)

Y

Here, we have used the special value £(2) = #*/6. It remains to insert in (D.0.29) the value of the parameter of interest
Ty = N ' 2n°w w, /g, and return to the original formula. The announced result for the Gaussian partition function (D.0.17)
follows, upon using the Stirling approximation N! ~ V2xNV*1/2¢=N for the factorial prefactor.
We remark that for @ > 1, 7y > 0 is not anymore going to 0 when N — oo, therefore the asymptotic regime will be
different.
|



Appendix E

Summary of symbols

Empirical and equilibrium measures

8(ply) [/J]
E¢,n)

(ply)
:ueq

Enlul
Ewlul
Dlp,v]

N
sy
(N)

peq

[aw, by]

(B.0.13)
(B.0.13)

§ B.0.4

2.4.7)

2.4.1)

Def. 3.1.1
(2.4.9)-(2.4.10)
Thm. 2.4.2
Thm. 2.4.2
Def. 3.1.3
(3.1.16)

(2.5.2)

Def. 3.1.5

Def. 3.1.5

Def. 3.1.8

Def. 3.1.7

Partition functions

Zy[V]
VG N

(1.5.28)
Lemme D.0.18

Pairwise interactions

sn(&)
S
Sreg(é:)
S
SN;V
yN;Y

energy functional for the baby integral of § 2.1

its kernel function

minimiser of Eply)

N-dependent energy functional

same one at N = oo

pseudo-distance between probability measures induced by Ey
N-dependent equilibrium measure (maximiser of Ey)

density of ,u(eg, )

support of yg\{)

classical positions for ,ugg)

effective potential

empirical measure

deformation of A enforcing a minimal spacing

convolution of LE\I;M) with uniform law of small support
.. . (N)

centred empirical measure with respect to fieq

probability measure including exponential regularization of n variables

partition function of the sinh model with potential V
Gaussian potential leading to support [ay, by]

3.1.1) pairwise interaction kernel

(2.4.16)  derivative of B1n [sinh(rw £)sinh(rw,&)| viz. 10 sy(N~*€)
(5.2.6) S minus its pole at 0

(2.4.16) integral operator with kernel S(N*(&; — &)

(4.0.1)  same one with extended support

“4.1.2) same one in rescaled and centered variables
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Operators
K Def. 3.1.7  multiplication by a decreasing exponential
=P Def. 3.2.2  operator inserting a copy of & at position p
Uy (3.2.1) master operator
Dy (3.2.4) hyperbolic analog of the non-commutative derivative
VYV Prop 5.2.1  building block of ‘L{;,l
Wy (2.4.18) inverse of Sy
Xy Def. 3.3.5 linear form related to .#};
)?N Def. 3.3.5  projection to the hyperplane X,([ay ; by]) = Ker Xy
‘Zl;,l , @N (3.3.33) operators composed to the right with Xy
Wy (4.3.58) operator W)y in rescaled and centered variables
%;zo (4.3.15) a pseudo-inverse of Ay, .
11, 12 Prop. 4.3.4  functionals appearing in the inversion of .y,
H1a(D) (4.3.34) related functionals
w]f;/z), w,ila) (4.3.36) functionals appearing in the large A expansion of the latter
H" Def. 5.1.2  reflection of the function H (exchanging left and right boundary)
Gn (6.3.2) 2-variable operator related to Wy
T even> T odd (6.3.23) some even/odd averaging operator

Decomposition of operators for asymptotic analysis

W sW (5.0.1) leading and subleading terms in ‘Wy when N — oo
Wr, W, (5.1.3) contribution of the right/left boundary to Wy

Wrik Prop. 5.1.6 terms contributing to the latter up to O(N %) . ..
Ay Wh Prop. 5.1.6 ...and the remainder

’WI(;?, A[k]‘Wg‘;) Lemma 5.1.11  putting aside exponentially small terms in “Wg
Wik (5.1.3) contribution of the bulk to Wy

Wokk Prop. 5.1.6 the terms contributing to the latter up to O(N %) ...
Ay Wk Prop. 5.1.6 ...and the remainder

(WS(S;L A[k](ng;L Lemma 5.1.11  putting aside exponentially small terms in the bulk operator
"Wexp (5.1.3) exponentially small contribution

A War (6.3.8) local right boundary remainder

Similar notations are used throughout Section 6.3 for the decompositions of G and the various J.
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Riemann-Hilbert problems

R() (4.1.18) reflection coeflicient

KN “4.1.17) coefficient of 1/1 term

Ry (D) (4.1.24)-(4.1.25) Wiener-Hopf factors of R(1)

v(d) (4.1.23) related, piecewise holomorphic function

O] Lemma4.1.1 two-dimensional vector in correspondence with solutions of ., [f] = g.
x() Prop. 4.2.1 2 x 2 matrix solution of the homogeneous Riemann-Hilbert problem with jump G,
)((Z}Sf(/l) 6.1.7) leading part of y(1) when N — oo

X%’lp)(/l) (6.1.8) exponentially small part of y(1)

Xk (4.2.30) matrix coefficients in the large A expansion of y (1)

G, 4.1.7) jump matrix of the Riemann—Hilbert problem of ® and y

Y1) (4.2.20) and Fig. 4.1 2 X 2 matrix related to y(1)

TI(D) (4.2.14) and Fig. 4.2  related 2 X 2 matrix

ATI(A) (6.1.8) difference between I1(1) minus identity

Gy 4.2.4)-(4.2.5) jump matrix of the auxiliary Riemann—Hilbert problem

He “4.2.7) rate of exponential decay of Gy — I,

Ry (D) (4.1.30) some factors of the jump matrix

R(Tjof (4.1.31) their non-oscillatory parts

My () (4.1.32) some factors of the jump matrix

Pgr(A), Prp/1 (1) (4.1.33) some factors in the auxiliary Riemann—Hilbert problem

Or (4.2.20) a constant involved in the auxiliary Riemann—Hilbert problem

T(Q) (4.3.5)-(4.3.13) polynomial remainder in the inhomogeneous Riemann—Hilbert problem
H1) “4.1.7) two-dimensional vector on the right-hand side of the inhomogeneous Riemann—Hilbert probl
H @) 4.3.14) related quantity

Auxiliary functions, contours, and constants

Ji() 4.3.41) model integral appearing in the asymptotics of J1,(1)

XR, X Def. 5.1.1 reduced variables centered at the right and left boundary
Iy, Figure 5.1 contours in the upper/lower half-plane

‘fr(e? Def. 5.1.3 and Figure 5.1  contours between I'y;; and R

J(x) Def. 5.1.3 related to the Fourier transform of 1/R(A)

o0o0(x) (5.1.33)-(5.1.34) proportional to a primitive of J(x)

oe(x) Def. 5.1.5 related to higher primitives

(%) Def. 5.1.5 integrals of x‘J(x) from x to co

ug Def. 5.1.5 coefficients in the Taylor expansion of 1/R(12) at A =0
ug(x) Def. 5.1.9, (5.2.48) related to the ¢! order truncation of the Taylor series of 1/R
as(x),be(x) Def.5.1.9 combinations of the above, involved in asymptotics of Wy
Tp Def. 6.1.1 negative moments of 1/R)

Ts Def. 6.1.5 s™ order moment of b,

hy Def. 6.3.4 £ order moments related to J and §

Pr, Q (6.3.73) some universal multivariable polynomial

OR:05 Obk:( (6.3.77)-(6.3.80) a specialisation of the latter involving the functions above
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Answer for the partition function

3s[H, G Def. 6.1.4 bilinear pairing induced by Wy

Si;l)[H, G] (34.1) related expression appearing only for 8 # 1
S;;,[H, G] (342 related expression appearing only for 8 # 1
SalH, G (6.3.1) related expression

SaplH,G]  (3.4.4) related expression appearing only for 8 # 1
UV, Vol 2.3.7) a functional appearing in the interpolation

o(x) Def. 6.3.9 afunction involving the a’s and b’s appearing in expansion of 3y

No Def. 6.3.9 aconstant involving integrals of J, S and R;,|, appears in expansion of 34
Norms

Nl(v[)[qﬁ] Def. 3.3.1 weighted norms involving W;° norms fork € [0; £]]

[ V] Def. 3.3.2  some estimates for the magnitude of potential
Miscellaneous

g(z) (5.2.8)  squareroot
qr(z) (5.2.23) squareroot at the right boundary
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