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NON-CRITICAL EQUIVARIANT L-VALUES
OF MODULAR ABELIAN VARIETIES

FRANCOIS BRUNAULT

ABSTRACT. We prove an equivariant version of Beilinson’s conjecture on non-critical L-values of
strongly modular abelian varieties over number fields. The proof builds on Beilinson’s theorem
on modular curves as well as a modularity result for endomorphism algebras. As an application,
we prove a weak version of Zagier’s conjecture on L(FE,2) and Deninger’s conjecture on L(E, 3)
for non-CM strongly modular Q-curves.

The purpose of this article is to use the full strength of Beilinson’s theorem on modular curves
to prove the following result.

Theorem 1. Let A be an abelian variety defined over a number field K such that the Hasse-
Weil L-function L(AJK,s) is a product of L-functions of newforms of weight 2 without complex
multiplication on congruence subgroups of SLa(Z). Then for every integer n > 2, the weak form
of Beilinson’s conjecture on L(A/K,n) holds.

We in fact prove a slightly stronger result, namely an equivariant version of Beilinson’s con-
jecture for the Chow motive H'(A/K) with coefficients in the endomorphism algebra of A, at
every non-critical integer (see Corollary .

In the case A is an elliptic curve defined over Q, Theorem [I] is a direct consequence of
Beilinson’s theorem on the modular curve X;(N), together with the existence of a modular
parametrization X;(N) - A. In the case K = Q, the simple abelian varieties satisfying the
assumption of Theorem [I| are precisely the classical modular abelian varieties A; attached to
newforms f of weight 2 on I'i (V). Note that in general Ay may split over an abelian extension
of Q, and Theorem [I| applies to every factor of Ay.

In the particular case of elliptic curves, Theorem [I] has the following consequence on Zagier’s
conjecture (see [32] for the statement of Zagier’s conjecture). Recall that a Q-curve is an elliptic
curve F over a number field K which is isogenous to all its Galois conjugates.

Corollary 2. Let E be a Q-curve without complex multiplication over a number field K such
that L(E/K,s) is a product of L-functions of newforms of weight 2. Then the weak form of
Zagier’s conjecture on L(E[/K,2) holds.

Note that Corollary [2]is a generalization of [4, Thm 1, Cor|, where we considered the case of
the base change of an elliptic curve E/Q to an abelian number field. Note also that the case of
CM elliptic curves was already worked out by Deninger [8], 9].

Thanks to the work of Ribet and the proof of Serre’s conjecture due to Khare and Winten-
berger, Q-curves are known to be modular in the sense that they admit a modular parametriza-
tion by X7(N )6 for some integer N. If this parametrization happens to be defined over an
abelian number field, then Corollary [2] applies. For instance, Corollary [2| applies to every non-
CM Q-curve E defined over a quadratic field K whose isogeny E - E“ is also defined over K.
To our knowledge, this is the first proof of Zagier’s conjecture on L(FE,2) for a non-CM elliptic
curve which is genuinely defined over a number field.

Using Goncharov’s results [I3], we also get the following consequence on Deninger’s conjecture
on L(E,3) (see [10, 13] for an account of Deninger’s conjecture).
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2 F. BRUNAULT

Corollary 3. Let E be a Q-curve without complex multiplication over a number field K such
that L(E/K,s) is a product of L-functions of newforms of weight 2. Then the weak form of
Deninger’s conjecture on L(E[K,3) holds.

The proof of Theorem [I] builds on the profound results of Beilinson [I] on values of L-functions
associated to modular forms. The main technical ingredients are a Hecke-equivariant version
of Beilinson’s theorem, together with a modularity result for endomorphism algebras. More
precisely, we show that every endomorphism of a modular abelian variety Ay which is defined
over an abelian extension of Q is of automorphic origin, making slightly more precise a theorem
of Ribet (see §3.3)).

In order to deal with Beilinson’s conjecture for the factors of .J; () over Q, we are naturally led
to use the equivariant formalism developed by Burns and Flach [5]. The need for this formalism
can be explained as follows. Imagine that an abelian variety A/Q decomposes as a product
Aj x Asg, so that the L-function of A decomposes as L(A,s) = L(A1,s)L(As,s). If Beilinson’s
conjecture (at some integer) holds for Ay and As, then it holds for A, but the converse is not
clear. If we use the equivariant L-function instead, then Beilinson’s conjecture for A implies
readily the conjecture for A7 and As.

Throughout the article, we will work with Chow motives of abelian varieties. Although this
could be avoided, we chose this point of view because we need to transport Beilinson’s theorem
from a modular curve to its Jacobian variety, and this is most naturally done by comparing the
Chow motive of this curve with the Chow motive of its Jacobian.

This work originates in an invitation at Kyoto University in October 2010. I gave a lecture on
the results of [4] and Prof. Hida suggested that the same method could work for Q-curves. I would
like to thank Prof. Hida for his valuable suggestion. I am also grateful to the referee for several
helpful comments. I would like to thank Xavier Guitart for providing me a reference allowing me
to drop the assumption that K is Galois in Theorem (I} Finally, I would like to thank Frédéric
Déglise, Gabriel Dospinescu, Vincent Pilloni for stimulating discussions on related topics.

1. THE EQUIVARIANT BEILINSON CONJECTURE

In this section we review the formulation of the equivariant Beilinson conjecture for Chow
motives endowed with an action of a semisimple algebra. We consider Chow motives with
coefficients in a number field E. The results in this section remain valid if £ is an arbitrary
subfield of Q (although in this case £ ®q R need not be semisimple), but we won’t need this
level of generality.

Notations. For any Q-vector space V' and any field F' of characteristic 0, we put Vp =V ®q F'.
For any ring R, we denote by Z(R) the center of R.

1.1. Chow motives with coefficients. Let us review some background material on Chow
motives.

Let K and E be two number fields. The category CHM (E) of Chow motives defined over
K with coefficients in E consists of triples (Xg4, p,n) where X; denotes a d-dimensional smooth
projective K-variety, p € CHY(X xx X) ® E is an idempotent and n € Z ([21, Chapter 2|, [I7,
§4|). Morphisms between two objects M = (Xg,p,m) and N = (Y,¢,n) in CHMg (FE) are given
by

Hom (M, N) = go (CH"" ™(X xx Y)® E)) o p.
Note that End(M) is an E-algebra, and every idempotent e € End(M) has kernel and image in
CHMg (E). Note that we use contravariant notations for our motives: there is a contravariant
functor sending a smooth projective K-variety X to the motive h(X) = (X,Ax,0), where Ax
denotes the class of the diagonal in X x X. Any morphism ¢ : X — Y gives rise to a morphism
¢* : h(Y) > h(X), defined by the class of the graph of ¢.

Let M = (X4,p,n) € CHMk (FE) be a Chow motive, and let 0 <4 < 2d be an integer. We will
denote by the formal notation H*(M) the following system of realizations:

e for any embedding ¢ : K — C, the Betti realization
Hp o (M) = p" Hy(Xo(C), E(n));
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e the de Rham realization
Hir(M) = p*(Hgr(X) ®q E);
e for any prime /¢, the /-adic étale realization

Hi (M) = p*[ He (X, Ze(n)) ®2, (E ©q Qu)]-

These realizations are linked by the following comparison theorems. For any embedding ¢ : K —
C, we have an isomorphism of £ ® C-modules (Grothendieck’s theorem)

(1) I, H (M) ®q C = Hig(M) @k C.
and for any embedding & : K — C extending o, we have an isomorphism of E ® Q-modules
Ips: Hp (M) ®q Qr = Hiy(M).

By definition, the weight of H*(M) is i — 2n. Recall the Hodge decomposition Hé’U(M) ®qC =
Daib=i_on Hg’b(M ). The E-vector space H, éR(M ) carries a decreasing filtration (Filk H éR(M ))kez
such that

(Fil* Hip (M) ®x» C = I, (D Hy(M)).

a>k

We put Hi(M) = @10 Hfé’ o (M), so that the various isomorphisms li combine to give
Io: Hy(M) ®q C > Hin(M) ®qg C.

We put Fil*(HL (M) ®q C) = I (Fil* Hiz (M) ®q C) and Fil' = (id ®¢)(Fil*), where ¢ denotes
the complex conjugation. Note that ﬁk(H%(M) ®qQ C) = ®, Pusi HZ (M.

Let A be an E-algebra. We denote by CHM ¢ (A) the category of Chow motives in CHM g (E)
endowed with an action of A. Its objects are pairs (M, p) with M € CHMg(F) and p: A —
End(M) is a morphism of E-algebras. Morphisms in CHM g (A) are morphisms in CHM g (E)
commuting with the action of A. The category CHMg(A) is additive but not abelian. If
M € CHMg(A) then all realizations of M have natural structures of left A-modules, and the
comparison isomorphisms are A-linear. If e € A is an idempotent then we may define e(M) €
CHMk (eAe).

Assume A is finite-dimensional and semisimple. Conjecturally, we then have an equivariant
L-function L(4H'(M),s) taking values in the center Z(Ac) of Ac == A®q C [5, §4]. This
function should be meromorphic in the sense that for every embedding o of E into C, the
function s » L(4H'(M),s)? € Z(A®g , C) is meromorphic. In the case A = E = Q, we recover
the usual complex-valued L-function L(H'(M),s). For any M ¢ CHMg(A) and any integer
n € Z, we denote by M(n) :== M ® E(n) the n-th Tate twist of M. Recall that

(2) L(AH (M (n)),s) = L(4H'(M),s+n) (seC).

For any motive M = (Xg4,p,n), we denote by M* = (X, tp,Ad—n) the dual motive. If A acts on
M then A°P acts on M*. Conjecturally, the function L(4H"'(M),s) extends to a meromorphic
function on C and there is a functional equation relating L( 4 H* (M), s) and L( 400 H?~*(M*),1-

s).

Remark 1. According to [28] 6.2], given a smooth projective variety X /K of dimension d, there
should be a direct sum decomposition h(X) = @?4 h'(X) in the category CHM(Q). Such
a decomposition is known in the case X /K is an abelian variety [I1], which is the only case
we will consider in this paper. In this case, we even have canonical Chow-Kiinneth projectors
D0, - -+, p2q € End(h(X)) such that (X,p;,0) = h¥(X) for every 0 < i < 2d. These projectors
are compatible with morphisms of abelian varieties [II, Prop 3.3]. Thus for every morphism
¢: X —Y of abelian varieties over K, we get morphisms ¢* : hi(Y) — hi(X).
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1.2. Relative K-theory. Let E be a number field, and let A be a finite-dimensional semisimple
E-algebra. The A-equivariant versions of the Beilinson conjectures are most conveniently formu-
lated using the relative K-group Ky(A,R). Recall that Ky(A,R) is an abelian group generated
by triples (X, f,Y) where X and Y are finitely generated A-modules and f: Xr — YR is an
isomorphism of Ag-modules [31], p. 215]. Note that X and Y are automatically projective since
A is semisimple. This group sits in an exact sequence [31, Thm 15.5]

é
(3) K1(A) > K1(Ar) = Ko(A,R) » Ko(A) » Ko(AR)-
Lemma 4. The map Ko(A) - Ko(AR) is injective.
Proof. Tt suffices to consider the case where A is simple, in other words A = M, (D) for some
division algebra D over E. Since Ky(My(B)) is canonically isomorphic to Ko(B) for every ring
B, it suffices to prove the injectivity of Ko(D) — Ko(Dr). Let o be an embedding of E into
C. Since D ®g, C is semisimple, there exists a ring morphism D ®f , C - M, (C). Now the
composite map
Z = Ko(D) - Ko(Dr) = Ko(D ®p,s C) » Ko(M,(C)) 2 Z
sends 1 to n, thus is injective. (I
Since A is semisimple, we have a reduced norm map nr: Ky (A) - Z(A)* [T, §45A].

Lemma 5. The reduced norm map nr is injective.

Proof. We may assume that A is a central simple algebra over F, in which case the result follows
from [7), (45.3)]. O

The algebras Ar and Ag are semisimple so we also have reduced norm maps on K;(Ar) and
K1 (Ac) making the following diagram commute:

Kl(A) E— Kl(AR) E— Kl(AC)

(4) l/nr l/nrR lﬂrc

Z(A)* —— Z(AR)* —— Z(Ag)”.

By Lemma [5| and diagram , the map Kj(A) - K;(AR) is injective. The exact sequence (3))
thus simplifies to

(5) 0 — K1(A) » K1 (Ar) > Ko(A,R) 0.

Ezample 1. Let us consider the classical case, namely A = F = Q. Then K;(A4) = Q* and
Ki(ARr) = R* so that Ky(A,R) can be identified with R*/Q*. Moreover, using this identifica-
tion, the class of (X, f,Y) in Ky(A,R) is none other than the determinant of f with respect to
bases of X and Y.

Lemma 6. The map nrr is injective and the map nrc is an isomorphism. Moreover, the left-
hand square of diagram is Cartesian: identifying the groups K1(A), K1(Ar) and Z(A)*
with subgroups of Z(AR)™, we have

(6) Z(AR)X ZZ(A)XKl(AR) and Kl(A)ZZ(A)XﬂKl(AR)

Proof. We may assume that A is a central simple algebra over E. The injectivity of nrg and the
bijectivity of nrc are proved in [7, (45.3)]. Let ¥o be the set of archimedean places of E. For
any v € Yoo, let Ay, := A®p E,, so that AR = [Tyex,, Ay and Z(AR)* = (E®QR)™ = [1yex., E -
Let X be the set of places v € Yoo, such that F, = R and A, is isomorphic to a matrix algebra
over the real quaternions. By [7, (45.3)], we have

(7) nr(Kq(A)) ={xz e E*;x, >0 for every v e ¥}

(8) nrg (K1 (AR)) = {(2y)ves..; Ty > 0 for every v e X}.

In particular the image of nrg contains the connected component of identity in Z(Ag)*. Since
E* is dense in (E ®qR)*, the first identity of (6) follows. The second equation is an immediate

consequence of and . O
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Following the terminology of [Bl §4.2], the extended boundary map 6 : Z(Ar)” - Ko(A,R) is
the unique extension of § to Z(Agr)™ which vanishes on Z(A)* (such an extension exists and is
unique by Lemma @

Let X,Y,Z be finitely generated A-modules, together with a short exact sequence of Ag-
modules

0 Xp % Ve D> Zg > 0.
Since Zg is projective over AR, this sequence splits and the map 5 admits a section s: Zr - YR.
Then the element ¥ = (X & Z,a® s,Y) € Ko(A,R) is independent of the choice of s.

1.3. Statement of the conjecture in the region of convergence. In this section we state
an equivariant version of Beilinson’s conjecture on special values of L-functions in the region of
absolute convergence. This conjecture is a particular case of the equivariant Tamagawa number
conjecture of Burns and Flach [5, §4.3]. Since we don’t consider the integrality part of the
conjecture in this article, the formulation becomes in fact much simpler.

Let E be a number field, and let A be a finite-dimensional semisimple F-algebra. Fix a
Chow motive M = (X4,p,0,p) in CHMg(A) and an integer 0 < i < 2d. Whenever defined,
the equivariant L-function L(4H*(M),s) converges absolutely in the region %(s) > % +1, and
because of the Euler product, its values at integers in this region belong to Z(Ar)*.

Fix an integer n > % +1. The conjecture on L(4H*(M),n) involves the Beilinson requlator
map

B Hyjo, (M, E(n)) @q R -~ Hp ' (M, Er(n)).

Let us briefly recall the definitions of the cohomology groups involved. The relevant motivic
cohomology group is given by

Hj{ (M, E(n)) =p"(Hi{ (X, Q(n)) ® E).

where Hii'(X,Q(n)) is defined as Quillen’s K-group KZ(ZZi_l(X). Let H};ll/oK(M,E(n)) be

the subspace of integral elements defined by Scholl [29].
The Deligne cohomology group can be expressed as follows. Let ¢ € Gal(C/R)) denote complex

conjugation. The isomorphisms ¢* : X, (C) 5 X7(C) together with complex conjugation on
Q(n) = (2m1)"Q induce an A-linear involution cp : H;(M(n)) - Hj(M(n)), which makes the
following diagram commute

Hiy(M(n)) g C —= Hip(M(n)) ®q C

cB ®C\L ll@c

i I i
H(M(n)) g C —=5 Hig (M(n)) eq C.

Let H5(M(n))* denote the subspace of Hi(M(n)) where cg acts by 1. The diagram above
induces an isomorphism

Hin(M(n)) 8q R = (H5(M(n))" 8q R) @ (H5(M(n))” g R(-1))
(9) ~ (Hp(M(n))*®qR) e (Hg(M(n-1))" ®qR).
The Deligne period map is the canonical map

ot Hy(M(n))* ®q R — (Hin(M)/Fil") &g R.

Since the motive M (n) has weight i — 2n < 0, we have

ker(a) ¢ (Fil" nFIIYHE (M) C=@ @ HX(M)=0
o a+b=i
a,b>n

so that « is injective. The Deligne cohomology group of M is then given by the cokernel of « :
(10) 0 H5(M(n))* ®qR > (Hig(M)/Fil") ©q R -~ Hi' (M, Er(n)) - 0.

Conjecture 7 (Beilinson). The regulator map rg is an isomorphism.
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Now the idea is that both the domain and codomain of the regulator map carry natural A-
structures, and comparing these two A-structures is enough to determine the equivariant L-value
up to an element of Z(A)*. The Deligne period map and the Beilinson regulator map are Agr-
linear, and is an exact sequence of Ag-modules. Assuming Conjecture E the exact sequence
together with rg yields a canonical element Yoo = Voo (M,i,n) in Ko(A,R). We may now
formulate the conjecture on the L-value as follows.

Conjecture 8 (Burns-Flach). Let n > %+ 1 be an integer. We have the following equality in
KO(AvR)
(11) O(L(AH'(M),n)) = Voo(M,i,n).

Remark 2. By taking norms down to Egr, Conjecture [8] implies Beilinson’s conjecture for the
classical L-value L(H'(M),n) € Ef. Note that in the case A = E = Q, we have Ko(A,R) =
R*/Q* and is just a restatement of the usual conjecture.

Assuming the meromorphic continuation of the equivariant L-function, we may reformulate
Conjecture [§|using L-values at integers to the left of the central point. For this we use a different
A-structure in Deligne cohomology. Using @, we may also express Deligne cohomology as

(12) 0 Fil" Hig(M) QR - Hy(M(n-1))* ®q R » Hy (M, Er(n)) - 0

where the first arrow is induced by the projection on the second factor of @ Assuming Con-
jecture [7] the exact sequence together with rg yields a canonical element 9., =97 (M, i,n)
in Ko(A, R)

Since A is a semisimple algebra, we have a reduced rank morphism rr4 : Ko(A) - H°(Spec Z(A),Z)
with values in the group of Z-valued functions on Spec Z(A) [5, §2.6, p. 510]. For each embed-
ding o of E into C, we have a canonical morphism Spec Z(A,) — Spec Z(A), from which we get
a morphism 114 5 : Ko(A) -~ H(Spec Z(4,), Z).

Conjecture 9 (Burns-Flach). Let n > %+ 1 be an integer. For any embedding o : E - C, we
have

(13) orde=1n L(aor H*7/(M*),8)7 = 1 a0 (Hivio,. (M, E(n))).

Furthermore, let L* e Z(AR)™ denote the leading term of the Taylor expansion of the L-series
L( 400 H?*(M*),s) at s =1 —n, defined componentwise. Then we have

(14) S(L*) =9 (M,i,n).

Remark 3. The reduced rank in depends only on the realization of M in Deligne cohomology
if we assume Conjecture [7}

In general these conjectures are out of reach as we cannot prove that the motivic cohomology
groups are finite-dimensional. Therefore, one often uses the following weakened conjecture.

Conjecture 10. There exists an A-submodule W of Hj\ftl/OK(M,E(n)) such that

(15) r5(W) ®q R 2 H5' (M, Er(n)).

Furthermore, let Yoo (W) (resp. 9o (W)) be the element of Ko(A,R) arising from rg(W) by
means of the exact sequence (@ (resp. (@) Then we have the equalities

(16) S(L(AH'(M),n)) = Voo (W)
(17) (L") = 9o (W),
where L* € Z(Ar)*™ is defined as in Conjecture[9

Remark 4. We may ask for a property which is stronger than , namely that rg induces an
isomorphism W ®q R — H51 (M, Er(n)).
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Finally, let us spell out the conjecture in the particular case of abelian varieties. Let B
be an abelian variety defined over a number field K. Consider the motive with Q-coefficients
M = HY(B) = (B,p1,0), where p; the Chow-Kiinneth projector in degree 1. The usual L-
function of B/K is given by L(B,s) = L(H'(B),s). Let A = Endgx(B) ® Q. The semisimple
algebra A° acts on M, and we denote by L(4B,s) = L( 400 H'(B), s) the associated equivariant
L-function. It converges for fR(s) > % and takes values in Z(Ac). Let BY be the dual abelian
variety of B. The Poincaré bundle on B x BY induces a canonical isomorphism M* = H'(BY)(1)
in CHMg (A). The (conjectural) functional equation thus relates L(4B,s) and L(400BY,2 - s).
Let n > 2 be an integer. We have isomorphisms

Hiz(B)®R
Hp(B(C),R(n))*

Hp(M,R(n)) = Hp(Br,R(n)) = = Hp(B(C),R(n-1))".

Let B ~ [Ii_; B{* be the decomposition of B into K-simple factors up to isogeny, and let D; =
Endg (B;) ® Q. We have A = [1;_; M, (D;) so that Z(A) = I1;-; Z(D;). The reduced rank of
HL(B(C),Q(n-1))" over A is the function i ~ dim(B;).

Conjecture 11. There exists an A°P-submodule W of HJQ\A (B,Q(n)) such that

/0K
(18) r5(W) ®q R = H3(Br, R(n)).
Furthermore, let 9oo (W) be the element of Ko(A°P,R) arising from the exact sequence
(19) 0 Hp(B(C),Q(n))" ®R > Hip(B)®R »r5(W) @ R -0,
and let 95, (W) be the element of Ko(A°P,R) arising from the isomorphism
(20) rs(W)® R > HE(B(C),Q(n-1))" @ R.
Then we have
(21) 0(L(aB,n)) = Yoo (W)
(22) O(L*) =0 (W),

where L* € Z(AR)> denotes the leading term of the Taylor expansion of L(4opBY,s) at s =2-n.

1.4. Base changes of Chow motives. If R is any ring and G is any group acting on R by
ring automorphisms, the twisted group ring R{G?} is the free R-module with basis G, endowed

with the product
(Y ag-0) (D br-7)= > aso(by) 0T
oeG TeG o,7€G

Let L/K be a Galois extension of number fields, with Galois group G. There is a canonical
base change functor CHMg (E) - CHML(FE) sending a Chow motive M = (X,p,n) to M|, =
(Xr,pr,n). In particular, we have a canonical morphism of E-algebras Endx (M) — Endp(Mp).
Note that M, is a Chow motive over L, but we may also consider it as a Chow motive over K.

Lemma 12. For every M € CHMg (E), there is a canonical isomorphism End g (My) = Endr, (M ){G}.

Proof. For any smooth projective L-variety Y, we have

Y xgY = |_|Y><LYU
oeG

where Y?/L denotes the conjugate variety. Thus we have an isomorphism of abelian groups

(23) CH(Y xg Y) 2 @@ CH(Y x, Y?).

oeG
Now if Y = X is the base change of a smooth projective K-variety X, then Y? =Y so that
CH(Y xx Y) is the direct sum of copies of CH(Y xz Y). The ring structure can be described
as follows. For any o € G, let ¢, : X - X denote the K-automorphism induced by o, and let
Ty = ¢} ¢ X1 xx X, denote the transpose of the graph of ¢,. We have I',T'; = ¢10k = (drds)* =
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ok =T4r, so we get a group morphism I' : G - Autg (H (X)) where H(X) is the total motive
of X1. By , we get
Endg(H (X)) = @ Endr(H(XL)) Ty =EndL(H(X1)){G}.
oeG
For an arbitrary M = (X,p,n) e CHMg (FE), the idempotent pr, € Endy (H(X1)) c Endg (H (X))
commutes with the action of G, so that we get a corresponding decomposition

Endg (M) = pr Endx (H(X1))pr = (pr End, (H(X1))pr){G} = End,(ML){G}.

We will also need the following lemma from non-commutative algebra.

Lemma 13. If A is a semisimple Q-algebra and G is a finite group acting on A by Q-automorphisms,
then A{G} is semisimple.

Proof. Let M be an arbitrary A{G}-module. Let us show that every submodule N of M is a
direct factor. Since A is semisimple, there exists an A-linear map p: M — N such that p(z) =z
for all z € N. Define p’ : M — N by

/ 1 1

p = — opo .
|G| oeG

It is easy to check that p’ is A-linear and commutes with the action of G, so that p’ is A{G}-linear.
Moreover p'(z) =z for all z € N, so that N is a direct factor of M. O

Let B be an abelian variety defined over K, and let B, = B xgpec k Spec L be its base change
to L. Let A=Endy(Br)® Q be the algebra of endomorphisms of B defined over L. By Lemma
we have an isomorphism Endgx (H'(Br)) = A°°{G}. Note that A and G commute if and
only if all endomorphisms of By, are defined over K. We may consider the equivariant L-function
L(a¢qyBL,s) and formulate a conjecture on the values L(4¢qyBr,n), n > 2 as in Note
that this conjecture specializes to a conjecture on all Artin-twisted L-values L(B ® p,n) for any
finite-dimensional complex representation p of G and any integer n > 2.

1.5. Functoriality. In this section we recall functoriality results for the equivariant Beilinson
conjecture. Note that all compatibility results below are studied and proved by Burns and Flach
in the more general setting of the equivariant Tamagawa number conjecture [5]. In the following
results, the « equivariant Beilinson conjecture » means any of the Conjectures [7], [g] [9]

As a first step, the equivariant Beilinson conjecture is clearly compatible with taking direct
sums of Chow motives. We next study the behaviour of the conjecture under change of coeffi-
cients.

Proposition 14. Let E, E’ be number fields with E c E'. Let A be a finite-dimensional semisim-
ple E-algebra, and let A’ = A®g E'. Let M = (X,p,0,p) € CHMg(A) be a Chow motive, and
let M' = M @ E' ¢ CHM g (A"). Let i,n be integers such that 0 < i < 2dim X and n > % +1.
Then the equivariant Beilinson conjecture holds for L(AH*(M),n) if and only if it holds for
L(aH'(M"),n).

Proof. The equivariant L-function of H*(M") is the image of the equivariant L-function of H*(M)
under the canonical map Z(Ac) - Z(Ag). Moreover, the regulator map associated to (M’,i,n)
is obtained from the regulator map associated to (M,i,n) by tensoring with E’ over E. Since
the extended boundary map is functorial, we are thus reduced to show that the canonical map
t: Ko(A,R) - Ko(A',R) is injective. We may assume that A is a central simple algebra over
E. We have a commutative diagram

0 — K1(A) — K1(Ar) —2— Ko(A,R) —— 0

g L

0 — K1(A) — K1(AR) -2 Ko(A',R) — 0.
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We may identify all the Kq-groups with subgroups of Z(AR)*. Let z € Ko(A,R) be in the
kernel of ¢, and let z € K1(Ar) such that §(z) = z. Since Z(Ar)* n Z(A")* = Z(A)*, we have
nrg(z) € Z(A)*. Looking at the conditions (7)) and (8) describing the image of the reduced norm
maps, we see that z comes from K;(A) and thus z = 0. O

Proposition 15. Let E be a number field, and let p : A — B be a morphism beween finite-
dimensional semisimple E-algebras. Let M = (X,p,0) e CHMg(B) be a Chow motive, and let
p*M e CHMg (A) be the motive obtained by restricting the action to A. Let i,n be integers such
that 0 <1 <2dim X and n > % +1. Then the equivariant Beilinson conjecture for L(gH*(M),n)
implies the equivariant Beilinson conjecture for L(4H'(p*M),n). Moreover, if p is surjective
then the converse holds.

Proof. The map p induces an exact functor from the category of finitely generated B-modules
to the category of finitely generated A-modules, which in turns induces maps p* on K-groups.
Assume the equivariant Beilinson conjecture for L(gH*(M),n). Let s be the corresponding
element of Ko(B,R), and let 4¥c = p*(5¥e). By Lemma [6] we have isomorphisms K;(Ac) &
Z(Ac)* and K1(Bc) 2 Z(Bc)*. We use these to define a norm map p* : Z(Bc)* —» Z(Ac)*. By
construction of the equivariant L-function, we then have p*(L(gH*(M),s)) = L(4aH'(p* M), s)
(see [5, Thm 4.1]). Taking invariants under Gal(C/R), we also have a map p* : Z(Br)* -
Z(ARr)™, and we are left to show that p* commutes with the extended boundary map, in other
words that p* o Sp=d40 p*. This identity is true on K;(Br) because the boundary map is
functorial, and it is true on Z(B)* because p*(Z(B)*) c Z(A)*.

Assume p is surjective. By the discussion above, it suffices to prove that p* : Ko(B,R) -
Ko(A,R) is injective. Since A is semisimple, we must have an isomorphism A = B x B’ such that
p becomes the canonical projection. Then Ky(A,R) 2 Ko(B,R) ® Ko(B’,R) and the result is
clear. O

Proposition 16. Let E be a number field, and let A be a finite-dimensional semisimple E-
algebra. Let e be a nonzero idempotent of A, and let A’ = eAe. Let M = (X,p,0) e CHM[ (A) be
a Chow motive, and let i,n be integers such that 0 <i<2dim X and n > 5+ 1. If the equivariant

Beilinson conjecture holds for L(AH*(M),n), then it holds for L(4H'(e(M)),n).

Proof. The algebra A’ is semisimple (see [2, §9, Exerc. 10d, p. 162]). We have an exact functor
e* sending a finitely generated A-module V' to the A’-module V' = ¢(V). It induces maps
e’ : K1(Ar) - Ki1(AR) and e* : Ko(A,R) - Ko(A',R). Moreover, we have a morphism of
E-algebras e* : Z(A) —» Z(A’) sending z to exe. By definition of the reduced norm map, the
diagram

K1(AR) —% Z(AR)*

(25) e |-

Ki(AR) —25 Z(AR)"

is commutative. It follows that e* commutes with the extended boundary maps. By definition of
the equivariant L-function [5] §4.1], we have e* (L(4H'(M),s)) = L(a-H'(e(M)),s). Assume the
equivariant Beilinson conjecture for L(4H*(M),n), and let 4., be the corresponding element
of Ko(A,R). Applying e* to all objects appearing in the Beilinson regulator map, we see that
the element of Ky(A’,R) associated to the regulator map for 4 H(e(M)) is simply e*(48s).
Thus the equivariant conjecture for L( 4 H*(e(M)),n) holds. O

2. MODULAR ABELIAN VARIETIES

In this section and §3| we fix a newform f = 3,51 ang" of weight 2 on I'y (V') without complex
multiplication. Let Ky c C be the number field generated by the Fourier coefficients of f.

Let A¢/Q be the modular abelian variety attached to f. It is defined as the quotient
Ji(N)/1;Ji(N), where Ji(N) is the Jacobian of the modular curve X;(N), and I is the anni-
hilator of f in the Hecke algebra. There is a natural isomorphism Ky = Endg(Af) ® Q, which
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shows that Ay is simple over Q. In general, the abelian variety Ay is not absolutely simple. We
first recall a standard result on the simple factors of Ay over a given extension of Q.

Fix a subfield F of Q. Let X = Endp(A £) ® Q be the endomorphism algebra of (Ay)p. The
following theorem was proved by Ribet [25, Thm 5.1] in the case F' = Q. The general case follows
rather easily from this case.

Theorem 17. (a) The center k of X is a subfield of K.
(b) The dimension of X over k is [Ky : k]*.
(c) The abelian variety Ay is isogenous over F to the power of a simple abelian variety
By r[F.
(d) The abelian variety By p is unique up to F-isogeny. Moreover, if F|Q is Galois, then
By p is F-isogenous to all its Gal(F'/Q)-conjugates.

Proof. Since f doesn’t have complex multiplication, the abelian variety (A f)d has no abelian
subvariety of CM-type. This implies that K is its own commutant in Enda(A 7) ® Q (see the
proof of [26, Prop. 5.2|), which proves (a). Now X is a central simple algebra over k, and Ky
is a (semisimple) maximal commutative subalgebra of X, so that [X : k] = [K : k]* by [2, §14,
N°6, Prop. 3|, which proves (b). Moreover k being a field means precisely that A is F-isogenous
to the power of a simple abelian variety over F', which proves (¢). Finally (d) follows from the

unicity of decomposition of (Af)r into simple factors up to isogeny, together with the fact that
Ay is defined over Q. O

Remark 5. In the particular case where F'/Q is Galois and By p is an elliptic curve, Theorem
(d) says precisely that By p is a Q-curve completely defined over F' in the terminology of [24]
p. 286].

It is known that the minimal number field over which all endomorphisms of Ay are defined is
a finite abelian extension of Q [14, Prop. 2.1].

In the following, we fix a finite abelian extension F//Q. We show that the L-function of By p
can be expressed as a product of twists of L-functions of conjugates of f. Note that By p is
defined only up to F-isogeny, but it makes sense to speak of its L-function.

Let V; be the Tate module of A with coefficients in Q. It carries an action of Gq = Gal(Q/Q).
After choosing an isomorphism Q; = C, we have a decomposition

(26) Vi=Vioq, Qrz ] Vi
U:Kf'—>c

where Vo denotes the 2-dimensional Q-representation of Gq associated to f?. This decompo-
sition is compatible with the action of Ky, where K acts on Vy» through o. Let G = Gal(F'/Q),

and let G be the group of complex-valued characters of G. We will identify elements of G with
Dirichlet characters in the usual way.
Lemma 18. Let 0,7: Ky = C. The following conditions are equivalent :

(a) The restrictions of Vs and Vi to Gr = Gal(Q/F) are isomorphic.
(b) There exists a character x € G such that f7 = f7 ® x.
(c) We have ol = Tl

If these conditions are satisfied, then the character x in (b) is unique.

Proof. See the proof of [25, Thm 4.4]. O

Consider the equivalence relation on Hom(K, C) given by Lemma namely o ~ 7 < ol =
7). Fix a system ¥ of representatives of Hom(K ¢, C)/ ~. We have |X| = [k: Q].

Proposition 19. Let D =Endp(Bfr) ® Q, and let t = [D: k]1/2 be the degree of D. We have
(27) L(Bpr/F,s)=T] [T L(f7®x,9)"

0¥ veG
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Proof. Write Ay ~p B} -, so that X = M,,(D). By Theorem (b), we know that [Ky : k] = nt.
By Lemma the Q,-Tate module of B ¢, F is isomorphic as a G p-module to [],ex V;(,. For a
given embedding o : Ky — C, we have

Iﬂd Q(VfJ|GF) = @ Vfd ®X
XeG

Taking L-functions of both sides, and using Artin formalism, we get

L(Vfa|GF, 8) = H L(fg ® X, 8).
xeG

The formula for L(By p/F,s) follows. O

Conversely, we have the following result by Guitart and Quer [16] [15].

Theorem 20. Let A be an abelian variety over a number field F' such that L(A/F,s) is a product
of L-functions of newforms of weight 2 without complex multiplication. Then the extension F|Q
1s abelian, and there exist newforms f1,..., fr of weight 2 without complex multiplication such
that A is F-isogenous to By, p x--x By,

Proof. Let B = Resp/q A be the restriction of scalars of A. Let f1,..., f; be newforms of weight
2 such that L(A/F,s) = L(B/Q,s) = L(fl,s) -L(fr,s). By the proof of [16 Prop 2.3], the
abelian variety B is Q-isogenous to A?l . A?r for some integers nq, .. > 0, and by the
proof of [15, Prop 2.2|, the extension F'/Q is abelian. Let C be a F- sunple factor of A. The
abelian variety D = Resp/q C is a factor of B, thus is also Q-isogenous to A 11 X - A"iT for
some integers 0 < m; < n;. Moreover C' is a F-simple factor of Dr and thus a factor of (A #)F for
some newform f without CM. |

The abelian varieties whose L-functions are products of L-functions of newforms of weight 2
are called strongly modular in [16]. By Theorem every non-CM strongly modular abelian
variety over a number field is a Q-variety, in the sense that it is isogenous to all its Galois
conjugates. In the particular case of elliptic curves, this gives the following result.

Corollary 21. Let E be an elliptic curve without complex multiplication over a number field F
such that L(E[F,s) is a product of L-functions of newforms of weight 2. Then the extension
F/Q is abelian, and there exist a newform f of weight 2 without complex multiplication such that
E is F-isogenous to By p. In particular E is a Q-curve completely defined over F'.

Remark 6. As was pointed out to me by Xavier Guitart, Theorem [20] and Corollary [21] do not
hold in the CM case. As an example, let K = Q(v/-23) and let H be the Hilbert class field of
K. Let FE be a Q-curve over H with complex multiplication by K. Then F can be defined over
the cubic number field Q(j(£)). By a result of Nakamura |22, §5, Thm 3|, the restriction of
scalars B = Resq(j(r))/q £ is an abelian variety of GLo-type, thus FE is strongly modular, but
the extension Q(j(£))/Q is not Galois.

It was predicted by Serre that the Q-curves are precisely the elliptic curves which arise as
quotients of Ji(N) over Q. This is now a theorem thanks to the work of Ribet [26] and the
proof of Serre’s modularity conjecture due to Khare-Wintenberger (see [18, Thm 7.2]). It follows
that every Q-curve F/Q is isogenous over Q to B, for some newform f of weight 2. It seems
an interesting question to determine a minimal field of definition for this isogeny in terms of the
arithmetic of . By Corollary every non-CM strongly modular Q-curve E/F is completely
defined over F'. The converse is not true, even if F'/Q is abelian : see the introduction of [16]
for a counterexample with F = Q(v/-2,v/-3). However, if F is a quadratic field, then every
non-CM Q-curve completely defined over F' is strongly modular, so that our results will apply
to these Q-curves. In the general case, necessary and sufficient conditions for strong modularity
in terms of splittings of 2-cocycles are worked out in [I6, Thm 5.3, Thm 5.4].
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3. MODULAR CURVES IN THE ADELIC SETTING

3.1. Notations and standard results. Let us recall the notations of [4, §4]. Let A be
the ring of finite adéles of Q. To any compact open subgroup K of GLa(Ay) is associated

a smooth projective modular curve Mg over Q, whose set of complex points M g (C) is the
compactification of the Riemann surface GL2(Q)\(h* x GL2(A))/K. There are natural pro-
jections Tk i : My — My for any compact open subgroups K’ ¢ K of GLQ(Af). For any
g € GLa(Ay), there is a canonical isomorphism g : My 5 Hg—l Kg»> given at the level of complex
points by (7,h) — (7, hg).

The Hecke algebra T is the space of functions K\ GLy(A 7)/K — Q with finite support,
equipped with the convolution product [6]. We may identify Ty with its image in the Q-
algebra of finite correspondences on M g by sending the characteristic function of K¢K to the
correspondence T'(g) = T(g) x defined by the diagram

M gng-1Kkg

(28) /

where = Mgy and ™ = Tyg 10K 09

The space Q' (M) carries a natural structure of left T g-module, and we denote by Tg the
image of Tf in Endq(Q'(Mg)). We denote by T(g) = T(g9)x the canonical image of T(g) in
Tx. Using notations of (28), we have T(g) =7} o 7*.

The ring T also acts from the left on H' (Mg (C),Q), and this action factors through T
In fact, Poincaré duality induces a perfect bilinear pairing

(29) () H'(Mg(C),R) x (' (Mg)®R) >R
satisfying (T'(g)n,w) = (n, T (g1 )w) for every g € GLa(Ay), n € H (Mk(C),R)” and w €
Ql(MK) ® R. o o

Let us define ) = h_n)1K QY(Mg) ® Q, where the direct limit is taken with respect to the pull-
back maps 71';(,7K. This space carries a natural GLa(A f)-action, and for any K we have OFr =

O (M) ®Q. The space  decomposes as a direct sum of irreducible admissible representations
Q(7) of GLa(Ay). Let II(K) be the set of those representations 7 satisfying Q(m) # {0}. We
have a direct sum decomposition

(30) O'(Mg)eQ= P Um*
mell(K)

where the Q(7)X are pairwise non-isomorphic simple Tx ® Q-modules [19, p. 393].
Lemma 22. The natural map
Tk®Q~- [] Endg(Q(m)")
mell(K)
18 an wsomorphism. In particular T g is a semisimple algebra.
Proof. The above map is injective by definition of Tk. The surjectivity follows from Burnside’s
Theorem [2, §5, N°3, Cor. 1 of Prop. 4, p. 79]. The algebra Tx ® Q, being a product of matrix

algebras over Q, is semisimple. This implies that Ty is semisimple [2, §12, N°7, Cor. 2 a), p.
218]. O

As a consequence of Lemma note that for each 7 € II(K'), the center Z(Tk) acts on Q(m)K
through a character 0, i : Z(Tg) - Q.
Let p be a prime number, and let @, be the element of A} whose component at p is equal

to p, and whose other components are equal to 1. The Hecke operator T(p) = T(p)K e Tk is
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defined as the characteristic function of the double coset K (%p (1)) K, and the Hecke operator

T(p,p) =T(p,p)k € Tk is defined as the characteristic function of K %p
T(p)kx and T'(p,p) = T(p,p) Kk be their respective images in Tx. If p doesn’t divide the level of
K, meaning that K contains GLQ(ZP) (this happens for all but finitely many p), then T(p) and
T(p,p) belong to the center of Tx. In this case T(p) and T(p,p) act by scalar multiplication
on each Q(m)X.

;)p). We let T'(p) =

3.2. Base changes of Hecke correspondences. In this subsection, we assume that det(K) =

7, which means that M g is geometrically connected.

Let F be a finite abelian extension of Q, with Galois group G = Gal(F/Q). Let Ur be
the subgroup of VA corresponding to F' by abelian class field theory. We have an isomorphism
Z*|Up = G. Let us define

Krp={ge K :det(g) e Ur}.
The determinant map induces an isomorphism K/Kp ~ G. The modular curve M Kp 1s canon-
ically isomorphic to the base change M g ®q I. The group G acts on the right on Spec F' and
M g,.. This induces a left action of G on Q' (M f,.). The action of an element o € G on Q' (M)
coincides with T'(g) k., where g is any representative of o in K.

Let 0 : M, — Spec F' be the structural morphism. Let T = (X, «,3) be a finite correspon-
dence on MKF, defined by the diagram

o >N

Mg, —-----=------ > Mk,

There exists a unique element o € G such that o 5 =0"odoa. We say that T is defined over F
if 0 =id¢g, which amounts to say that doa =4do0 .

Lemma 23. Let g € GLa(Ay¢). The correpondence T(g) on M, is defined over F if and only
if det(g) € Q>0 - Ur.
We denote by T}(F the subalgebra of T K generated by those correspondences T(g) K Which
are defined over F. Let T be the canonical image of T, in Tg,. The elements of T/, are
F F o - T Kp
precisely those elements of T'f¢, which are F-linear endomorphisms of Q' (Mg, ) 2 Q' (M) e F,
and we have an isomorphism

(32) Tk, = Tk, {G}.

We now restrict to the case
K=K (N) = {g €GLy(Z):g= (S I) (mod N)}.

The associated modular curves are MKl(N) = X1(N) and MKl(N)F =X1(N)p.

Let us recall the relation between Hecke operators on X1(N) and X;(N)p. Define the base
change morphism v : Endg (2! (X1(N))) - Endp(QY(X1(N))®F) by vp(T) = T®idp. Fix an
integer m > 1 such that F' ¢ Q((,,). For any element o € (Z/mZ)*, let o, denote its canonical
image in G.

The following lemma was proved in [4, Lemma 13].

Lemma 24. For any prime p not dividing Nm, we have
(33) vie(T() k() = T(P) Ky ()~ Op
(34) ve(T(0.p) kv (vy) = T(0:P) Ky (N5 - O
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Now let f be a newform of weight 2 on I'i (). Fix an embedding o : K¢ < C and a character
y € G, and let 7(f? ® x) be the automorphic representation of GLa(Ayf) associated to the
newform f? ® x. We have n(f? ® x) = m(f?) ® (x o det), where x : A}/Q,o » C* denotes the
adelization of x, sending @), to x(p) for every prime p not dividing m. Since 7(f7) e II(K1(NN)),
we have m(f7 ® x) e II(K1(N)r).

The following lemma was proved in [4, Lemma 15].

Lemma 25. Let 0 : Ky = C and x € G. For any prime p not dividing Nm, the operator
T(p) Ky (e (resp- T(p,p) iy (wy ) acts as a(ap)x(p) (resp. x(p)?) on Q(w(f7 ® x)) 1 ()r.

3.3. Modularity of endomorphism algebras. In this section, we show that every endomor-
phism of A; defined over an abelian extension of Q is of automorphic origin. This is the main
technical ingredient in order to apply Beilinson’s theorem on modular curves. That all endo-
morphisms of Ay over Q are modular was proved by Ribet [25] using a construction of Shimura
[30] (see also the work of Momose [20], Brown-Ghate [3], Ghate-Gonzalez-Jiménez-Quer [12],
Gonzéalez-Lario [14]). Our approach is different in that we study endomorphisms defined over a
given abelian extension of Q. Moreover, our statement and proof are completely automorphic
and don’t involve explicit computation of Hecke operators.

In this section, we fix a finite abelian extension F' of Q. Let Qy r = Q1 (X1(N)r) =2 QY (X1(N))p.
In order to ease notations, let Tn r = T, (n), ¢ Endq (2 r) and T§V7F = TlKl(N)F c Endp(Qn r).
By we have an isomorphism Ty r = Ty o{G}.

Lemma 26. There is a commutative diagram

Ty r —— Endp(J1(N))? ® Q —— Endp(Qn.r)

© ] ! !

TNJ:' L) EndF(Jl(N))Op ® Q{G} — EndQ(Q]\LF)
such that for any T € Ty p, we have p'(T)* =T and for any o € G, we have p(0) = 0.

Proof. The cotangent space of J;(N)p at the origin is given by Q'(J;(N))r and can be iden-
tified canonically with Qy r. We define the map Endg(J1(N)) = Endp(Q2n, r) by sending an
endomorphism ¢ of J;(N)f to its cotangent map Cot(y) at the origin. If T is a finite corre-
spondence on X (N)p defined over F', and T is the canonical image of T in Endp(Qn,F), then
by definition of the Jacobian variety, there is a unique endomorphism ¢(7) € Endz(J1(N)) ® Q
such that the Cot(¢(T)) = T. In particular, the restriction of the map T + ¢(T) to T;VF
factors through T . This defines the map p’ of . We define p by extending linearly p’
using Ty p = Ty p{G}. O

We next give a criterion for an endomorphism of J;(/N) to induce an endomorphism of Ay.
Let w: Ji(IN) - Ay denote the canonical projection, and let 7p : Ji1(N)p - (Af)F be its base
change to F. Let Qyp = Ql(Af)F. We may and will identify Q2 p with its image in Qy r by
means of the canonical injection 75 : Q' (Af)p - Q' (J1(N))p. The following result is classical.

Lemma 27. Let T be an element of Ty p. Then p'(T) induces an element of Endp(Af) ® Q if
and only if T' leaves stable 1y p.

Proof. Since Ay = J1(N)/I1;Ji(N), we have an exact sequence
0 - Lie(/7J1(N)) - Lie(J1(N)) - Lie(Ay) - 0.
Base changing to F', we get an exact sequence
0 - Lie(1;J1(N))r — Lie(J1(N))p - Lie(Af)p = 0.
The dual exact sequence is

0-Qp—Qnrp—> QI Ji(N))F ~ 0.
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Let D € Endp(Lie(J1(N))r) be the differential of p'(T) at the origin. The operators T and D
are dual to each other. Then p'(T) induces an endomorphism of (Af)p if and only if D leaves
stable Lie(/7J1(N))r, which means exactly that T leaves stable Q¢ p. O

As a next step, we determine how A; interacts with the Hecke algebra. Fix an embedding of
Q into C. For any o : K; < C, the differential form ws = 27if°(2)dz defines an element of
QN X1(N)) ® Q, and the elements (wyo )o:i - form a Q-basis of 2'(A) ® Q. By the normal
basis theorem, the Q-vector space F ® Q splits into Q-lines (LX)X ¢ such that o € G acts as

X(o) on Ly,.
Proposition 28. We have a direct sum decomposition
(36) QUreqQ= @ wp Ly
O'ZKf<—>C
xeG

and for every o : Ky — C and x € G, we have wgo - Ly c Qm(f7 ®x))-

Proof. The decomposition follows from the equality Qrr ® Q = Q'(4;) ® F ® Q. Let
L =wys - Ly. Let p be a prime not dividing Nm. We know that T'(p) x, vy (wyse) = o(ap)wyso. It
follows that v#(T'(p)x,(n)) acts as a(ap) on L. Moreover o, acts as X(p) on L. By Lemma
we deduce that T'(p) x, (wy, acts as o(ap)x(p) on L. Similarly T'(p,p)x, (n), acts as x(p)? on
L. The result now follows from Lemma [25| together with the multiplicity one theorems [23]. [
Proposition 29. There exists an idempotent ey € T p whose image is precisely Q.

Proof. By Galois descent, it is sufficient to prove the existence of an idempotent ey € T p ®Q
whose image is Q; p ® Q. This follows from Lemma [22| and Proposition O
Remark 7. Let ¢ : IJ1(N) - Ji(NN) be the canonical inclusion and consider the dual map
Vi Ji(N) = Ji(N)Y = (IfJi(N))Y. Since the map (w,¢Y) @ JI(N) = Ap x (I5J1(N))" is an
isogeny, there exists a canonical projector ™ € Endq(J1(IN)) ® Q with image Ay. It seems
reasonable to hope that e‘}a“ belongs to the image of p’ in diagram , but I haven’t tried to
prove this.

Now, let us consider the semisimple algebra Ty r = e Ty rer. It leaves stable {2, so that
by Lemma , we have an induced map py: Ty p - Endp(Af)P © Q{G}.
Theorem 30. Assume f doesn’t have CM. Then the map py: Ty p - Endp(Af)°P @ Q{G} is
bijective. In particular, every endomorphism of Ay defined over F arises from T p.
Proof. Since Ty embeds in Endq(Qyr), the map py is injective. Let us prove that py is
surjective. Let F be the set of newforms f? ® x with o: Ky - C and x € G. For any g € F, let

(37) Qs rlg] = (Qpr ® Q)N Q(n(g))
denote the g-eigenspace of {2y . By Proposition we have direct sum decompositions
(38) QrreQ=@ Qrlyl,
geF
(39) Qprlgl= D wpo- Ly
f"giw

By Lemma (18 and since f doesn’t have CM, we have |F| = || |G| = [k : Q] - [F : Q], and
dimQQﬂF[g] = [Ky : k] for every g € F, using notations from By Lemma the map
(40) T;r® Q- [] EndgQy r(g]
geF

is bijective. It follows that the rank of ps is

> (dimg Qr p[g])? = [k: Q] - [F: Q] [Kj: k]?

geF
which agrees with the dimension of Endp(Af) ® Q{G} given by Theorem O
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Remark 8. It is well-known that Xy = EndQ(Af) ® Q is a crossed product algebra containing
the Hecke field Ky as a maximal commutative subalgebra [25, Thm 5.1]. In fact, if k¢ denotes
the center of Xy, then Xy is a vector space of dimension [Ky : k¢] over K, with an explicit
K ¢-basis of endomorphisms induced by the inner twists of f [25 §5]. It would be interesting to
express these endomorphisms in terms of py.

4. PROOFS OF THE MAIN RESULTS

Let us first recall Beilinson’s theorem on modular curves [I]. Let K be a compact open
subgroup of GLa(A ). For every m e II(K), let L(w,s) denote the Jacquet-Langlands L-function
of 7, with values in Q ® C, and shifted by % so that the functional equation corresponds to
s <> 2—s. Note that L(w,s) actually takes values in E(7) ® C, where E(r) c Q is the number
field generated by the values of the character 0, i : Z(Tg) - Q. If f is a newform of weight 2
with Fourier coefficients in Q and 7(f) is the automorphic representation of GL2(A ;) associated
to f, then we have L(w(f),s)? = L(f°,s) for every embedding ¢ : Q < C. The functional
equation implies that the L-function L(w,s) has a simple zero at each integer m < 0, with
L'(m,m) e (E(r) ® R)*. Fix an integer n > 2. We have an isomorphism

(41) H3 (M /R, R(n)) = Hy(Mc(C),R(n-1))".
The Betti cohomology group decomposes with respect to the action of the Hecke algebra:
(42) Hp(Mg(C),Q(n-1)"©Q= @ H(n)

mell(K)

where H(7) is the subspace cut out by the character 6, x acting on Q(7).
Beilinson constructs a subspace W, c H/2vt (Mg, Q(n)) with the following property.

Theorem (Beilinson, [I] Thm 1.3). Let R = rg(W,,) ¢ H5(M (C),R(n-1))*. We have a direct
sum decomposition R® Q = Dreri(i) B(m) with R(m) = L' (7,2 -n) - H(m) inside H(7) ® R.

Remark 9. The localization sequence in K-theory implies that HJQWZ(MK,Q(TL)) =

HJQVI (Mg,Q(n)) for any n > 3. In the case n = 2, Schappacher and Scholl [27, Thm 1.1.2(iii)
later proved that Wy c HJQM/Z(MK, Q(2)).

Let us now reformulate Beilinson’s theorem using the equivariant formalism of §1. The Hecke
algebra T acts on the Chow motive H'(M ) (n), thereby defining an element of CHMq(Tx).
The following result is probably well-known to the experts, but doesn’t seem to appear in the
literature.

Theorem 31 (Equivar_iant version of Beilinson’s theorem). Conjecture|1(] holds for the equivari-
ant L-value L(p, H' (Mf),n).

Proof. By Proposition it suffices to prove that for some number field £, Conjecture [10| holds
for L(aM,n) where M = H'(Mg) ®q E and A = T ®q E. Let E ¢ Q be the number
field generated by the (finitely many) fields E(7) with m € II(K). Note that for every such
representation 7, the space ()% as a natural E-structure Q(7)%, and that the character 6,
takes values in . We have a direct sum decomposition M = @ ep(x) M (7) in CHMq(A), where
the structural morphism A — End(M (7)) factors through A, = Endg(Q(7)E) (see Lemma.
Moreover L(a,M(m),s) = L(m,s) in E®C. By Proposition [15] it suffices to establish Conjecture
for L(4, M(m),n).

By construction, the Beilinson subspace W), is stable under Tg. For any 7 € II(K), let
W, () be the subspace of W,, ®q E cut out by the character 0, . We may identify W, ()
with a subspace of H/ZVI /Z(M (), E(n)). Since the Beilinson regulator map is T g-equivariant,

we have r5(W, (7)) ®r Q = R(). Note that H(7) has a natural E-structure H(7)g and that
L'(mr,2-n) e (E®R)*. By Beilinson’s theorem, we have R(w) = L'(7,2 - n) - H(w) and this
implies rg(Wy, (7)) = L'(7,2-n)- H(7)g. This means precisely that the element ¥, (W, (7)) of
Ko(Ar, R) is given by 6(L' (7,2 -n)). O
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Theorem 32. Let f be a newform of weight 2 without complex multiplication, and let F' be a
finite abelian extension of Q. Let X = Endp(Af) ® Q and G = Gal(F/Q). For every integer
n > 2, Conjecture|1(] holds for L(xa Af/F,n).

Proof. Assume f € So(I'1(N)) is a newform of level N. We use Theorem 31| with the subgroup
K = K1(N)p defined in , so that My = X1(N)p. Let Ji(N)r be the Jacobian of X1(N)p.
We have an isomorphism H'(X;(N)r) 2 H'(J1(N)r) in CHMq(Tx, r) (see for instance [28,
Prop 4.5] applied to X = X{(N)r and X' = Ji(N)r). Let ef € Ty, be the idempotent
from Proposition and let Ty p = ef Ty rpep. By Theorem we have an isomorphism of
Chow motives e;(H' (J1(N)r)) = H'(A;/F) in CHMq(X°P{G}). The result now follows from
Proposition U

Theorem 33. Let f be a newform of weight 2 without complex multiplication, and let F,F’ be
finite abelian extensions of Q such that F c F'. Let X = Endp/(Byfr) ® Q and G = Gal(F'/F).
For every integer n > 2, Conjecture|1(] holds for L(x(cyBy,r/F',n).

Proof. By definition of By r, we have an isogeny Ay ~p B]C’fF for some m > 1, and thus an isomor-
phism of Chow motives H'(A;/F") 2 HY(B; p/F")®™. Let R = M,,(X{G}) 2 M,,(X){G}. Put
X' =Endp(Ar) ®Q and G’ = Gal(F'/Q), so that we have a canonical embedding R - X'{G'}.
By Theorem |32 and Proposition , Conjecture [10| holds for L(ger H' (B p/F')®™,n). We
conclude by projecting onto H'(By /F") using Proposition O

Putting together Theorems [20] and [33] we deduce the following result.

Corollary 34. Let A be an abelian variety over a number field K such that L(A/K, s) is a product
of L-functions of newforms of weight 2 without complex multiplication. Let X = Endg(A) ® Q.
Then for every integer n > 2, Conjecture |1(] holds for L(x A,n).

In the particular case of Q-curves, this gives the following result.

Corollary 35. Let E be a Q-curve without complex multiplication over a number field K such
that L(E/K, s) is a product of L-functions of newforms of weight 2. Then for every integer n > 2,
Congecture 10| holds for L(E/K,n).

This result has the following consequence on Zagier’s conjecture on L(F,2) (see [4] for how
to derive Corollary [36[from Corollary .

Corollary 36. Let E be a Q-curve without complex multiplication over a number field K such
that L(E/K,s) is a product of L-functions of newforms of weight 2. Then the weak form of
Zagier’s conjecture on L(E/K,2) holds.

We also get the following consequence on L(FE,3). Deninger predicted that for an elliptic curve
E/Q, the L-value L(FE,3) can be expressed in terms of certain double Eisenstein-Kronecker series
evaluated at algebraic points of E [I0]. Goncharov proved this conjecture in [I3] by explicitly
computing the regulator map on K4(F) and applying Beilinson’s theorem. Deninger’s conjec-
ture can be generalized to an elliptic curve over an arbitrary number field. Using Goncharov’s
techniques, we get the following result.

Corollary 37. Let E be a Q-curve without complex multiplication over a number field K such
that L(E/K,s) is a product of L-functions of newforms of weight 2. Then the weak form of
Deninger’s conjecture on L(E[/K,3) holds.
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