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Abstract

We show the convergence of solutions to non-Markovian hyperbolic equations to the solution
of the nonlinear kinetic Landau equation, keeping the full singularity of the Landau kernel. The
hyperbolic equations arise from the truncation of the BBGKY hierarchy for interacting particle
systems under the kinetic weak-coupling limit assuming propagation of chaos. The result shows
the transition from the microscopic reversible dynamics to the irreversible macroscopic equation
at the level of partial differential equations. This resolves the issue arising from [15], where the
singular region has been removed artificially. Since the singularity appears in the Landau equation
due to the geometry of particle interactions, it is an intrinsic physical property of the weak-coupling
limit which is crucial to the understanding of the transition from particle systems to the Landau
equation.
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1 Introduction

The derivation of the Landau equation in the so-called weak-coupling limit of interacting particles is
an open problem in kinetic theory. In the following we prove that the derivation is valid for short times,
if we truncate the BBGKY hierarchy under the assumption of propagation of chaos. This requires the
stability of the leading order nonlinear evolution up to macroscopic times of order one. A similar result
has been proved for microscopic times in [3], showing consistency with the desired limit. Furthermore,
in [15] the result is proved for short macroscopic times, putting a cutoff on the interaction of particles
with small relative velocity. The objective of this paper is to prove the result without this cutoff.

To introduce the equations under consideration, we first recall the weak-coupling limit. Consider a
countable collection (X ;, V;) ¢, of particles in the three dimensional phase space R3 x R3, randomly
distributed according to a Poisson point process with intensity measure A(dxdv) = p,uy(v) dxdv. Here
uo(v) is a probability density and € > 0 is the scaling parameter. In particular, the random distribution
of particles is homogeneous in space and there are on average y, many particles in a spatial unit volume.
We fix a rotationally symmetric potential ¢p(x), and define the rescaled potential ¢, (x) = ¢(x/e). Now
consider the following Newtonian dynamics:

X,(0=V(0. Vi) =—€> 3 Vo (X,(0) - X,(0).
keJ

If we rescale the density of particles as u, = ue >, the trajectories of particles are governed by a large
number of small deflections. It is expected that a central limit theorem for the collisions holds, so that
in the limit we observe diffusion in the velocity variable. More precisely, let u,(t, x, v) be the rescaled
density of particles defined through the expected number n(t, A) of particles in a set A C R? x R3 at
time ¢ > 0:

/ u (1, x,0) dx dv = p 'E[n(t, A)]. (1.1)
A

Due to the homogeneity of the intensity measure A in space, we have u, (¢, x, v) = u(t, v). Itis believed
that in the scaling limit e — 0 as introduced above, we have u, — u, where u is a solution to the spatially
homogeneous Landau equation:

3

du(t,v) = Z 0, < / a; ; (=)0, —0,)(u(t, v)u(t,v")) dv’>
R3 ! !

ij=1

(1.2)
u(0, v) = uy(v).

For physical and mathematical justifications of this equation we refer to [3, 10, 11, 14]. The matrix a;;
can be explicitly expressed by the interaction potential ¢:

72 A

a;;(w) = = /R} kik ;8(k - w)|(k)|* dk = Tl <5,.’j
Contrary to the case of the Boltzmann equation, a rigorous proof of the convergence u, — u to the
Landau equation has not been obtained so far. The heuristic justification of the weak-coupling limit
to the Landau equation is based on the propagation of chaos principle. The principle, which is also
crucial in the theory of the Boltzmann equation, asserts that with a high probability particles are un-
correlated prior to collision, and thereby experience a sequence of independent random deflections.
More precisely, one can generalize the function u, defined in (1.1) to functions u, 5 describing the

- for some A > 0. (1.3)
|wl|?
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(rescaled) distribution of N-tuples of particles. The functions u, y are related through the so-called
BBGKY hierarchy of equations:

N [N
duu n + 2 0; Ve N — €2 Z / Vo (X = xn1 1)V lte N1 dXnyy Aoy
i=1 i=1

(1.4)
= e% 2 Vo (x; — xj)VUiu&N.
i#j
Then the propagation of chaos principle can be stated as:
N
e N (%1, 01,00 X, 0,) & [ ] et x;0 0. (1.5)

i=1

Of course, (1.5) only holds for e — 0, since particles will develop correlations through interaction.
A more detailed analysis of correlations can be done by iteratively introducing truncated correlation
functions g, y:

_ ,®2
ug»(zp12p) = U (Z12) + &e2(Z(12))

— ,,®3
ue3(zp3) = ug, (Zp3) + Z 8e2(Zane e 1(20) + 8. 3(2p13) (1.6)
1<¢<3
Here we use the notation z; = (x;, v;) for phase space variables and z; x| = (Zy, ... zy). Formally the

truncated correlation functions g, y vanish in the limit e — 0 and we have a separation of orders of
magnitudes u, | > g., > g, 3 > .... The infinite hierarchy (1.4) can be truncated by approximating
U, 41 by the right-hand side of (1.6) with g, 5, = 0. If we truncate the system on the level of
correlations of N + 1-tuples of particles, we obtain an approximation of the one-particle density in the
weak-coupling limit that is expected to be accurate to the N-th order in € — 0, for details see [15]. In
the following we would like to describe the first order correction of u, ; in € — 0, so we truncate the
hierarchy by dropping terms which are formally of higher order, i.e. we approximate g, 5 by zero.

Controlling the propagation of chaos is a crucial step to obtain a full derivation of the Landau
equation, but we will not attempt to prove this rigorously here. We remark that the linear Landau
equation can be derived rigorously starting from the motion of a test particle in a random environment
(cf. [2, 4, 8, 12]). There has been recent progress in establishing propagation of chaos in a weak sense
for scaling limits in the linearized setting (see [7]).

Following the reasoning above, we obtain the first order correction in € — 0 to the weak-coupling
limit, which is given by the following dynamics:

t
ou, = 1v, - </ Kl (9)1(Z=2, 0) Vu (5, 0) = Plu (91 (==, 0)u (s, v) ds>
£ 0 £ £
ug(()’ U) = uO(U)’

1.7
K[ul(t,v) := / / Vo(x) ® V(x — t(v — v')u(’) dv’ dx 4D
Plul(t,v) 1=V, - K(t,v) = / / V(x) ® Vd(x — t(v — 0")Vu(') dv’ dx.

The equation (1.7) has been considered in [3] in the spatially inhomogeneous case. The paper proves
convergence of solutions to (1.7) to a solution of the Landau equation for microscopic times, that is



fort < € as € — 0. The result is valid for a general class of potentials and away from equilibrium.
Our goal here is to show that the solutions of (1.7) converge to a solution of the Landau equation (1.2)
for short macroscopic times. In [15] the convergence is shown removing the "Coulomb" singularity
of the kernel, that is modifying K by putting cutoff function # which removes the region v — v/ = 0.

A crucial feature of the weak-coupling limit is the singularity |w|~! of the interaction kernel a j,
see (1.3). We stress the fact that the singularity appears in the limit, independent of the choice of
interaction potential ¢p. This can be explained considering the momentum transfer of two interacting
particles with velocities v, v’. The duration of this transfer is proportional to the inverse relative veloc-
ity [v — ¢/|7!, hence diverges for particles with very small relative velocity. This singularity is a key
technical problem in the theory of the Landau equation and of the weak-coupling limit, see [3, 9, 13].
Furthermore, similar singularities appear in grazing collision limits from the Boltzmann equation to
the Landau equation, and a number of equations with varying exponents of the singularity have been
studied in the literature (see: [1, 5, 6, 16, 17]).

In this paper, we prove the limit from (1.7) to the Landau equation (1.2), keeping this important
physical property of the system. The technique presented here shows that singular operators of the
form appearing in the non-Markovian system (1.7) can be controlled using only the average-in-time
dissipation of the equation that was proved and used in [15].

As in [15], we assume the system is initially close to the Maxwellian m(v) and take the explicit
potential ¢ with Fourier transform:

1

blk) = ——.
(1+[k[?)?

(1.8)

The main result of this paper reads as follows. For the precise definition of the function spaces, see
Subsection 2.1.

Theorem 1.1 Let my, c > 0 and m(c?, my) be the Maxwellian distribution with mass m, and standard
deviation o:
1
2 e 2o
m(c”, my)(v) = my—— (1.9)

(021

Let n > 12 and vy € H satisfy:
1
0 < vy(v) < Ce 2",

There exist 61, €, € (0, %] such that for all €, 6, € (0, 9] > 0 the equation

t
0,Ue “lv. (/ Klu,(s)] (t—_s, U) Vu,(s,v) ds)
& 0 £

t
_lv . </ Plu,(s)] <t—_s,v> u.(s, ) ds> (1.10)
£ 0 12

u (0,-) = uy(-) = m(v) + 6,0(v)

has a strong solution u, € C'([0,6,]; H/’{_Z) up to time 6,. Furthermore, along a sequence €; — 0

the U, converge weakly to U, —* y in D', and the function u € C'([0,5,]; H /’{_4) solves the Landau



equation up to times 0 <t < §;:

ou=V-(KulVu) -V - (Plulu)
u(0, v) = m(v) + 6,v4(v)

Klul(v) = ”{ / (k ® k)| (k)|*6(k - (v — v"))u(v") dk dv’ (1L.1D)
Plul(v) = %2 / (k ® k)|p(k)|*5(k - (v — V') Vu(v') dk dv'.

An analogous result can be found in [15], however the interactions of particles with small relative
velocity is cut. More precisely, the result is shown for modified kernels K, P, C, P with a cutoff
function #(v — v’) in the integrals in v/, where 7 is a smooth function that cuts off at the origin.

We now discuss the difficulty associated to removing this cutoff. Heuristically, our technique for
proving an a priori estimate for solutions of (1.10), independent of € > 0, works as follows. We
multiply the equation

ou, = 2. </ K[u,(s)] (’_—s u) Vu, (s, v) — Plu,(s)] (’_—S u) u, (s, 0) ds>
£ 0 £ £

with u, (¢, v) and integrate in time and space. This yields an estimate for u, € L>(R* x R?), provided
we can estimate two terms of the form:

o t
0= " [ vuwo ( [ Ktwon (20) v v>> do dr (1.12)
€Jo Jrs 0 €

e} t
Q2=_l/ / Vu, (1, 0) </ V-K[ue(s)]<t_—s,v) (s, u)> dv dr. (1.13)
€Jo JR3 0 €

The key point in [15] is to prove an estimate of the form Q; > D; > 0, where D, is the square of
some (relatively weak) weighted L?>(R x R?) norm for the Laplace-transform of Vu,. We stress the
fact that such an estimate does not hold for general kernels K, but is a feature very specific to the
kernel emerging from the weak-coupling limit. Since we prove Q, to have the good sign, this part of
the argument is not affected by removing the cutoff.

It turns out that we can extract an a priori estimate for u,, if we can show that for ¢ € (0, 1) there
exists C > O such that |Q,| < ¢ D+ Cllul| 2r+xgr3)- Such an estimate is difficult to obtain without the
cutoff in the space of relative velocities. The problem can be illustrated using limit kernel X in (1.11)

as an example, which yields terms of the form

V - Klu,(s, .)](r/g,u)~/B(r/g’v_v)ué(s’u) ', (1.14)

lv—v'|?

Here B(s, v—1v') is some smooth vector-valued function. Since we only expect u,(t, v) € L*(R* xR3)
the integral in (1.14) cannot be expected to be in L*. Instead we use that O, (cf. (1.13)) involves an
integral in time. To obtain a bound for O, we therefore carefully study the properties of time integrals
of products of: 1) Vu, which has Laplace transform bounded in the weighted L? norm given by D, 2)
V-K[u,(s)], whichis a vector-valued function of the form (1.14), and 3) the functionu, € L2(R*xR3).
This is the key step of this paper and the subject of Section 3.



2 Structure of the proof

In this section we present the steps of the proof of Theorem 1.1. The proofs of the individual steps
are carried out in the main body of this paper. The crucial novelty in our result is the a priori estimate
for the system with the full singularity, which we prove in Section 3. Results that are only minor
adaptations of the result in [15] can be found in the Appendix. Only Lemmas whose proofs are not
affected by the singularity of the kernel will be taken from [15] without repeating the proof.

We start by introducing the framework of function sets and spaces that we will use throughout the

paper.

2.1 Functional setting and notation

Notation 2.1 Let ¢, y > 0 be a standard mollifier sequence on R3. We set "V f(v) := Vg, * f)
fory € (0,11, and °V f = V f. With K as in (1.7) we set:

P, ="V.K. @.1)

For the Laplace and the Fourier transform we use the conventions:

L(u)(z) = /00 u(t)e * dt, (2.2)
0
A _ 1 —ik-v
i) = s /R (e do. 2.3)

We recall Plancherel’s identity for Laplace transforms:

Lemma 2.2 Let A > 1 and pu,(dt) = e~ At dt. Then foru,v € LZ(MA) we have:

% ® —At— _ N é : é :
@) /0 e AEO (), (dr) = /R E(u)<2 +ta)) £(v)<2 +1a)> do. 2.4)

Furthermore, we will write (-, -) for the complex scalar product given by:

n m
(X, Y)=Y DX, Y, forXYec™ (2.5)
i=1 j=1

For the one-particle function u, we will use the following spaces.

Definition 2.3 Ler A(v), A(v) be defined by A(v) := el!l J(v) := 1iTL|' Forne Nandv = A, 1, we

define H! as the closure of C* (R3) with respect to the norm:

lllZy, = Y v OVEOI,. 2.6)

aeN3 |a|<n

For time-dependent functions f(t,v), define the space V| as the closure of Cc°°([0, o0) X R3) with
respect to:

00 d
171y = [ e B Ay e where A 1. @7
Ay 0 j=1 v

6



Definition 2.4 (Domain of the fixed point mapping) Fix n € N with n > 12. We define the norms:

1
Ifllg, = sup IDAL(f)(z,v)(1 + |z|P)ez"), (2.8)
vER3,zeC: R(2)=A/2,|f|<n—6

(L4120 +elzD)) L

Ifllg, = sup |DIL(f)(z,v) (2.9)
' veR3,zeC:Si(z):§,|ﬂ|Sn—6 elz|
1
Il , = sup 1DPL(f)(z )1+ |21 + | z])]ex""), (2.10)
' vER3,zEC: R(2)=5.|I<n—6
I xn = W My + 19, f 2. (2.11)
A AL
n n ;
Let FA,(SI C VA,Z be the set given by
FZ,&, ={fe V:Z : /3 f(t,v) dv = 0,supp f C [0,26,] x R%}. (2.12)
. R
AS n . . )
Let QR,él,R,e C VA,Z be the set of functions given by:
A _ _ n
QR,ﬁl,R,e = {fl +f2 - f € FA,(SI’ ”f”X:" <1
(2.13)

sup 110,74 Mg+ < R \fllg,, SR NAlp, SR Ifillg, <8).
te[0, ’ ’

Lemma 2.5 (Properties of the domain) Foralln € N, n > 12 and all A > 1, 6, R,5,, R,& > 0, the
domain Q4° C V:Z is closed, convex and nonempty.

R,61,Re
Proof: The set Qg"; R is an intersection of convex sets, hence convex. Furthermore, it contains the
501, 1R,

zero function, hence it is nonempty. To see that the set is also closed, we first remark that I, . is
»01

closed. Now take a sequence f, € Q%’z Re which is convergent in V:Z’ thatis: f, — f in V:Z for

1.4
some [ € V:Z‘ We now observe that

I llxn < R, sup |0, 1 ()|l s < R, flg <R
t€[0,1] 4 ’

by weak-* sequential compactness of the spaces generated by these norms. Furthermore, every element
of the sequence can be decomposed into f, = f, | + f,, with

1fuille, <6, Wfuallr, <R.

Now weak-* sequential compactness implies that such a decomposition also exists for the limit f, so
A :
we have [ € QR,51,R,£ as claimed. O
We proceed by introducing weight functions, that will allow us later to keep track of the fine
regularity and decay properties emerging from the evolution (1.7). The definitions can also be found
in [15], we include them here to keep the analysis self-contained.



Notation 2.6 For z € C and v € R> define:

_ 18 _ IR

,U) ! ) ,0) 1= . 2.14
a(z,v) T+ (o] B(z,v) T+ (o] (2.14)
Further we define positive functions C; and C, by:
1
Ci(z,v) = 2.15
&0 = T + az o) 21
2
Cy(z,v) = P& Tz (2.16)
(1 + oD + a(z, v))*
Let0 # v € R3, V,W e C>. We define the anisotropic norm
wl, = |piw+ 2 2.17)
v v 1+ |y
and weight functions B(z,v)(V, W), B,(z,v)(V, W) by
B,(V,W)=C,z,0V|,IW],+Cy(z,0)|P,VI||P,W], (2.18)
B, (V. W) =C(z,0)|V|, W], + C5(z, )| P,V || PL,W]. (2.19)

Finally, in order to localize to short times, we introduce a family of cutoff functions.

Definition 2.7 Let k € CX(R; [0, 1]) be a cutoff function with k(s) = 1 for s € [-1, 1] and k(s) = 0
for |s| = 2. We set K5, 1o be the rescaled functions given by

K5, () 1=K <511> . (2.20)

2.2  Proof of the main result

Proof of Theorem 1.1. We start by restating the existence of a solution to equation (1.10) as a fixed
point problem. To this end, we introduce f = u, — u,, so (1.10) can be rewritten as:

£

Ly, (/ Pluy + f(s)] (’__S u) u,(s,v) ds> .21)
0 €

£
u (0,-) = uy(-).

Finding a solution u, of (1.10) is equivalent to finding a fixed point of the mapping f +~ u, —u,, where
u, is the solution of (2.21) for f given. Since we cannot show the existence of (2.21) directly, we first
consider a mollified version of the equation. With 7V, P, as introduced in Notation 2.1, consider the
mollified equation:

o, =~V - (/IK[uO +£(5)] (t_—s u) Vu, (s, ) ds>
0 13

Oyu, :lyv : (/ Klug + f(s)] (t—_s’ U) "Vu,(s,v) ds>
0 €

E

_Liy. (/ P,lug + f(5)] (’—_SU> u, (s, v) ds) (2.22)
0 &

€
u (0, ) = uy(-).



The existence of solutions to (2.22) can be proved in a straightforward fashion making use of the
smoothness provided by the mollified gradient V. For the details of the argument we refer to [15].
The result is stated in the following lemma, in the functional setting introduced in Subsection 2.1.
Notice that this only establishes the existence of solutions for €,y > 0, but does not include an a priori
estimate that is independent of these parameters.

Lemma 2.8 (Existence of a solution to the mollified equation) Lern € N, y,& > 0 and u, € H}.

1
Further assume f € LIOC, supp f C [0, 1], and let C > 0 such that | f(t,v)| < Ce 2"l Then there
exists a (unique) global solution u, € C([0, ); H/’l’) to (2.22).

Recall the definitions introduced in Subsection 2.1. We set up the mapping s defined as:

. OAb n
Yot Ome T Vi (2.23)
[, - uo)kgl, u, solution to (2.22).

The intuition to the various parameters appearing in (2.23) is the following: the paramater A > 1 deter-
mines the exponential weight for large times and will be chosen large later. The parameters R, R, 5 > 0
(cf. Definition 2.7) determine an a priori smallness assumption on the Laplace transform of f. Finally,
01 > 01is used to cut off to short times and can be used as an additional small parameter.

The crucial point of the proof and the main content of this paper is the priori estimate for y; ,
uniform in both the scaling parameter ¢ — 0 and the mollifying parameter y — 0. In [15], we
proved the estimate after artificially removing the singular part of the appearing integral. We prove
the following a priori estimate in this paper.

Theorem 2.9 (A priori estimate) Let n > 12 and assume u, € H; satisfies:

1
e j<a(0) < up(v) < Ce27,

Then there exist A, 0,06y > 0 s.t. for all R, R>0, 01 € (0,68) there is an £y > 0 such that for all
y € (0, %] and € € (0, gy) the mapping Ws, introduced in (2.23) is well-defined and continuous with
respect to the topologies of V/:’ 7 Vi ;- Moreover, the mapping ‘P51 satisfies:

195, (Dllyy, <1, 10,%5, (Nllyre < 1. (2.24)

The theorem above ensures that (2.22) has a solution for a given function f and provides an a priori
estimate that is uniform in €,y > 0. In the next step, we prove the existence of a solution to

t
0yl =1yv : </ Klu.(s)] (t_—sv> "Vu,(s,v) ds)
& 0 &

t
_lrv . (/ P,lu (s)] (t—_s U) u.(s,v) ds> (2.25)
0 €

&
ng(o, ) = MO('),

by applying Schauder’s fixed point theorem to the mapping ys . To this end we need to show that, for

an appropriate choice of the parameters, the mapping y; defined in (2.23) leaves the set Qg"; Re in-
501, 1K,

variant. With the a priori estimate in Theorem 2.9 at hand, the proof works similar to the corresponding
proof in [15], and can therefore be found in the appendix.



Lemma 2.10 (Invariance of the domain) Let vy € H”, n > 12 be a function bounded above and

1
below as 0 < vy(v) < Ce 2 and ug = m(v) + 6,0y(v) for some 6, > 0.
Then there exist constants A, 6, 6,,€y, R, R > 0 such that for all 6,,e € (0,&4], v € (0,1] the

mapping ‘1‘51 defined in (2.23) leaves the set Q%Z,,R,g invariant.

The final ingredient to apply Schauder’s fixed point theorem is the following compactness lemma. We
do not perform the proof here, but refer to Lemma 2.5 in [15].

Lemma 2.11 (Compactness) Let n € N and let (u;);en C V:;l be a bounded sequence, such that the

sequence (0,u;) C V:jl is bounded as well. Then the sequence (u;),cy is precompact in V: e

With Lemma 2.11 and Lemma 2.10 at hand, the proof of the main result Theorem 1.1 quickly
follows. By Lemma 2.5, the set 92’2 Re is nonempty and convex. Further, by Lemma 2.10 it is left
invariant by the mapping s . Furthé;;n;)re, for y > 0, the mapping is compact by Lemma 2.11, so by
Schauder’s theorem there is a fixed point of Vs, - This yields the existence of solutions of (2.25), which
by Theorem 2.9 are uniformly bounded in the parameters €, y. Theorems 1.1 now simply follows from
the compactness shown in Lemma 2.11, see also Section 5 in [15].

Our proof of Theorem 1.1 is subject to the validity of Theorem 2.9 and Lemma 2.10. The proof of
Theorem 2.9 is the content of the next section, the proof of Lemma 2.10 can be found in the appendix.

O

2.3 Proof of the a priori estimate

Proof of Theorem 2.9. In order to obtain uniform estimates for solutions of (2.22), we differenti-
ate the equation by D*. We then multiply with e=4’D%_, A > 1 and the weight function A(v) (cf.
Definition 2.3), and integrate in time to obtain:

T 1
A / / AW)|D%u (1, 0)[Pe™ 4 dt dv < =20% [ug + f1u Ly + 142 D13, (2.26)
0

Here Q7 , is an operator that decomposes into:

NUOEDY <Z> A 2.27)
p<a

£

0" [VI(w) = / " / (DU / D P K[v(s)I(E=2y v D u(s) ds do dr (2.28)
B 0 0 E

_/«00/* e;AtyV(Dau(l)i)/ Da_ﬂyv . K[V(s)](t_TS)DﬂM(S) ds do dr. (229)
0 0

We observe that the operators QZ’ A[v](u) are linear in the first argument and quadratic in the second
argument. Using the linearity in the first argument, we rewrite QF |, [uy + f1(u) as:

0 ,lug + f1w) = O [l ) + QX5 [f1w) + )’ <;> 0 [uglw) + )’ (;) QX[ f1w). (230)

p<a p<a

Then we show that the first term has the correct sign, i.e. it yields a dissipative term after integrating
in time, and the other terms can be handled as a perturbation. More precisely, the a priori estimate in
Theorem 2.9 is a corollary of the following results.
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Lemma 2.12 Let n > 12 and uy € H; be a function that is bounded above and below by
1
el 1<a(V) S up(v) < Ce 21", ||u0||H: < C, forsome constants c,C > 0. (2.31)

Let A>1, e € (0, %], y € (0,1] and a € N? be a multi-index of absolute value at most n € N. Set

A : iy
a=7 and let DZ,A be given by (z = a + iw):

D} ,(u) := / / B,(ez,0)["VD*L(u)(z, v),” VD L(u)(z, v)]A(v) dv dw. (2.32)
’ R JR3
Then for some constants c,C > 0 independent of A, €,y we have:
O ugl(u) 2 DY ,(u) — Cllull?. . (2.33)
A

The proof of Lemma 2.12 can be executed exactly as the proof of Lemma 3.7 in [15]. We therefore
omit the proof here, and only shortly discuss the idea below.

Lemma 2.13 Let A > 1, n > 12, a a multi-index with |a| < n and ¢ > 0 arbitrary be given. There
exists 6q(c, A, n) > 0 such that for all 6 € (0, 6q] and R, R>0, 0, € (0, 1) we can estimate:

@m QLS 1w < DE @) + [l | (2.34)

forall f € Q4 , when 0 < e < g4(0, R, R, 61, A, c,n) is small.

R6R

The proof of Lemma 2.13 requires only minor modifications from the one in [15] and can therefore be
found in the appendix.

Lemma 2.14 Let n > 12 and ¢ > 0 an arbitrarily small constant. There exists C > 0 such that for all
A>1, ae N3, |a| < n there exists 6q(c, A, n) > 0 such that for all 6,6, € (0, 6y] and all R,R>0,
we can estimate:

D (Z) |02 [ugl@)| < eD® , () + Cllully, (2.35)
f<a ’
> (;) 1020 1F1@)] < eD* () + Cluly, (2.36)
p<a ’

forall f € Q4°

R, Re , when 0 < e < ,(6,6;, R, R, A, ¢y, n) is small.

When keeping the full singularity of the kernel K, the critical terms are the Qa # with p = a, since
then the derivatives act on the singular kernel K. Therefore, the proof of Lemrna 2.14 requires new
ideas and is a key point of this paper. The proof is carried out in Section 3.

Since the dissipativity proved in Lemma 2.12 is crucial to the understanding of the a priori estimate,
we briefly sketch the idea of the proof here. We rewrite Qa’a as

8 A u()](u)

u(s) ds dov dt

VVD"u(t)/l / Klugl:
+ / / e—D“u(t)”V(/l) / K[uo](;s)yVD“u(s) ds dv dr
0 € 0 €

e

t
—7 V(D u(t)) / yV-K[uo](t_Ts)D“u(s) ds do dr.
0

11



The crucial point to handle QZ’Z is the first term on the right-hand side above. Using Lemma 2.2, the
time integration transforms into (V' = V' (z,v) = L(*VD%u)(z, v)):

(2”)% /«00/* e—At
0 JR? €

= / VA, LK) ugl(e2)V) dv doo
R JR3

t—
£

5Y'V D%(s) ds do dt

t
"VD%u(t)A / KTugl(
0

where z = a + iow = A/2 + iw. Since the function £(K) is pointwise a symmetric matrix, we can
symmetrize the expression above and obtain:

[« — t
(2n)% / / ¢ SAI}'VD"u(t)/I/ K[uo](t_Ts)yVDau(s) = / /(V}p, RLK)[upl(ez)V') dv dw.
0 0 R

The particular kernel £(K) given by the identity (2.39) has the property that the real part R(L(K)) is
complex coercive if u, is a positive function. A careful analysis of this coercivity property yields a
lower bound for QZ:Z [1g](u) in terms of the anisotropic weight functional B introduced in (2.18) and
yields Lemma 2.12.

Due to the explicit choice of the potential ¢ (cf. (1.8)), some integrals appearing in this analysis

become explicit. More precisely, we make use of the subsequent lemma, for the computation we refer
to [15].

Lemma 2.15 Define matrix-valued functions M,(z, v), M,(z, v) by

Z
71 7l 3
MI(Z,U) _ml_i_l_zlpv’ Mz(Z,U) .—WWPU, for?{(z)ZO,UER . (237)
1% 1%

Further letu € H /'1’ (cf- (2.6)), then the following identity holds:

B)P——2 dk =
/(k ® Lletl" o) dk = M,(z,v) + My(z,0) (2.38)
L(K[ul)(z,v) = / (M, + My)(z,v— () dv'. (2.39)

The following Proposition is the analog of Lemma 3.3 in [15], here however with the singularity in v
kept.

Proposition 2.16 Let f € N3 be a multi-index and M, » i = 1,2 as introduced in (2.37). Then there
exists a constant C\p > 0, such that for V., W € C3 arbitrary complex vectors, z € C with R(z) > 0
and v € R3 we have:

CiplVIIW|

B(M.
[V, DP(M(z,0))W)| < [o]1A1+1(1 + a(z, v))

(2.40)

. Pt . . . . S
Proof: Using that IPTUI’ ﬁ are functions with homogeneity —1, the estimate follows by explicit differ-

entiation of the remaining function. O
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Lemma 2.17 Let z € C with 0 < R(z) < 1 and B be a multi-index. Let V,W € C> be complex

1
vectors. Furtherletn > 1 and f € H/’{ satisfy | f| < Ce 2"l Recall B,, B, as defined in (2.18)-
(2.19) and C, defined in (2.15). Then for |B| < 1, there holds

‘/ (V,(M; + My)(z,v =0 YW)|f() dV'| £ C(1 + a(z,v))By(z, 0)(V, W) (2.41)

R3

/ (V,DP (M, + My)(z,v—0)) W)f())dv'| < chl(z, V|VIIW]. (2.42)
R3 (1 + [vplAl

With the Lemmas above at hand, we can conclude the proof of Theorem 2.9: There existsa C > 0
such that for all A > 1 and there exist 6, 5, > O s.t. for all R, R >0, 6; € (0,6) there is an g > 0
such that

10 4 (g + @] < Cllully, .
Then the identity (2.26) implies (possibly changing C)
Allullyn < Cllulyn + gl (2.43)
A,A A4 A

On the other hand, we can use the equation (2.22) to find an estimate for the time derivative. For any
multi-index a with |a| < n we have:

L£(0,D%,) = 2 (“)Vv . ( / (M, + M,)(ez, v — V") DPuy(0' ) VLD Pu k5 )(2, v) du’>

jou \P
- <“)YV . ( / TV(M, + My)(ez, v = 0") D ug() L(D*Pu iy5 )(z, v) dv’)
p (2.44)
+<;)Vv : < / (M + My)(ez,v— V'Y VLD’ £ (-, 0)D*Pu iy (-, 0)(2) du’>
- (;)yv : ( / 'V(M, + My)(ez, v — 0)C(D? f(-,0")D*Pu, (-, 0))(2) dv’> :

Since || f|| xn < 1, we can estimate f uniformly in time as:
1f @t gn < C. form <n—2.

A

Bringing this to the equation (2.44) and using | M,(z, v)| + |M,(z,v)| < C/|v| gives
||0tu£||V/§J < C||u£||V:’A, forl <n-—4.
For0 < 6; <1/Aand ! < n— 4 this yields:
llueks, (4 M gt < Cliuelly,
We assume n > 12, so we know || < n —4or |a — f| < n— 4. This allows to use (2.44) and infer
l10,(ue = u)llyz-2 < Clluelly; .
Furthermore, Poincaré inequality yields
10, = g5 Mlyrs < CIOy Gt = Iy, (2.45)

with a constant independent of 6, > 0. With (2.43) we conclude that we can pick A > 1 large enough
such that (2.24) holds.
[
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3 A priori estimate for the non-Markovian system with the full kernel

3.1 Toolbox

We start by providing some lemmas that will enable us to use equation (2.22) in Laplace variables to
bootstrap estimates on the solution u,. To this end, we introduce the following notation.

Notation 3.1 The convolution *,, is to be understood as (z = a + i®):
. 1 . )
(f #, 8)(2) = (f *, &)a+iw) = E/ f(i0)g(a+i(w—0)) do. (3.1
R

Lemma 3.2 Ler A > 1,6, € (0,1/A), f €T 5, (cf. (2.12)) with || f|ly» < 1, and assume u solves
5 A4
equation (2.22). Then for m < n — 4 we have:

IECD™ G, = ugs )2 )l 2l gy, < Clalyy (3:2)
Proof: By Plancherel’s identity (cf. (2.4)) and the assumption 0 < §; < 1/A we have:
I tereas )Mzl 2y + ML Gaereag )M s iy < Clltllyy (33)
Since supp f C [0,26,] X R? and || f||,» < 1, we also have:
A4

||||£(f)||H;||L2(iR) + ||||£(f)||H;3||L°°(iR) <C. (3.4

We transform equation (2.22) to Laplace variables (recall the notation *, introduced in (3.1)):
zL(u, — ug) =V - < / (M + My)(ez, V') (Lug + /) v=1") %, VL(ugkps ), v)) (2) du’>

-V. </(M1 + M,)(ez, V') (VE(uO + ) v=0) *, E(uflczél)(-, U)) (2) dv’) .

Here we have taken advantage of the fact that f is compactly supported to localize u,. We use that the
matrices M|, M, (cf. (2.37)) satisfy |(M, + M,)(z, v)| < 1/|v|. Hence we can estimate u, as follows:

|2, = u D@l gis < € (I )t + IO iy 12 )Oz(2)) . (B.5)
Inserting the estimates (3.3) and (3.4) above yields:

ML, = u)@l 2l 3 < Cllulyy (3.6)

R(2)=0

We observe that the cutoff functions k,; satisfy:

17 (k25 )OO 1y < C. 3.7)
Hence we can infer from (3.6) that u, also satisfies:
L, = o5 XDl grall 3 < Cllulys (338)
R(z)=0

Plugging (3.8) back into (3.5), and using (3.7) we find
HL(D™(u, — uO)KZ(Sl)(Z’ U)”Li ”Lzlx(z)=o < C”u”V/,;,A’ form < n—4,

which concludes the proof of the Lemma. ]
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We have shown the proof of Theorem 1.1 in Section 2.2, provided the validity of Lemma 2.14.
Proving this result is the crucial part of the paper and the content of this section.

Henceforth we will use that %I is, up to a constant, the fundamental solution to the Laplace equation
on the whole space. This implies that the convolution operator appearing in the Landau equation (1.2),
as well as the operators appearing in the non-Markovian equation (1.7) can be studied in terms of the
inverse of the Laplacian. In the following, we collect the corresponding estimates in the weighted
space H|' introduced in Definition 2.3.

From the theory of the Laplace equation, we have the following straightforward result.

Lemma 3.3 Foru € C:°([R3), let T'[u] be given by the convolution operator

Tlul(v) = / LCON (3.9)
R

3 o=

Then T can be extended to a continuous operator T : L*>(R?) — H?*(R?), i.e. for some C > 0 we
have:

ITTulll g2 < Cllull 2.

Remark 3.4 We write H*(R3) = H* for the homogeneous Sobolev space of k-th order, i.e. the
closure of CC"°([R%3) with respect to the norm:

Null e == 1IV¥ull 2@y
Lemma 3.5 We have a Sobolev embedding for H':
llullzs < Cllull g1 (3.10)

Furthermore, there is a constant C > 0 such that for allu € H j we have

1
luC-ez" 6 < Cllul - (3.11)

Proof: The estimate (3.10) is the classical Gagliardo-Nierenberg inequality. For the proof of (3.11)
1
5|U|

1 1
we write u € H; asu = ii(v)e 2", Since the weight function satisfies [Ve z!"!| ~ ¢72"!, we have

lll < Cllull .
Now the claim follows from (3.10). 0

The main tool to handle the full singularity of the Landau kernel is contained in the following Lemma.
Here we combine the classical results in the Lemmas above with the weighted spaces given by the
weight functions defined in Notation 2.6, to obtain LIGOC estimates that are compatible with the structure
of the dissipation functional DZ’ @) in (2.32).

Lemma 3.6 Recall the weight function a introduced in Notation 2.6. For z € C, lete(z,-) € W 1(R3)
be a function satisfying the estimate:

C C

ez Ol < T ey VeEIls 10120 + a(z, 0)) (3-12)

15



For f € L% define the function:

E(f)(z,0) :=/ f@Whe(z,v =" dv'. (3.13)
R3
Then the following holds

I+ 10D + a(z, IV Bl op ooy S Gl f NIz, for 1 <p<6,0"€R. (B14)

Proof: We decompose the velocity space R? \ {0} into annuli

A i={veR Y <o <M, jez (3.15)
ForveR3a given vector, let j(v) be such that v € A, and:
I(v)={j)-1,j{),jv)+1} C Z (3.16)

1

A function f € L% we write as f(v) = f(v)e_zlvl. Notice that f satisfies:

f)

= IIfIILi_- (3.17)
(1+[v])?

12

Then we can estimate the derivative of E using (3.12):

|VE(f)(z,v)|gZ/A — £ @) i

ey 21+ a(z,v—0")

1 1
£y —5|U'| £y —5|U’|
< / IJ;(U)Ie o 4 / Ij;(v)le '
ki@ A [0 = VA1 +a(z, 0= 1) kel ) Ay [0 =V 1P +a(z,v =)
=:Z1 +Zz

We estimate the terms Z; and Z, separately. Due to the dyadic scaling we have:

1 , 1
1 -
lo— V' ]2(1 + a(z,0 — V) =cireh [0]2(1 + a(z, v))

1 <C 1
lv—=v2(1 + a(z,v = V")) [v|2(1 + a(z, V)

on A, with k > j(v) + 1,

on A, with k < j(v) — 1.

Hence we can estimate:
1+ v
1 <C | |

for v’ € A 1(v). 1
lo—v ]P0 +a(z,o—0v)) ~ |02 + a(z,v)’ orv € Ay, k & I(v) (3.18)

We use (3.18) to obtain an upper bound for Z:
- s
1Zyzvl<C Y / If(vz)l exp( )
JEZ\I(v) Y A (I'+ o)A+ a(z,v—="0"))
exp(-2/7?)
) (L+[oDA(1 + a(z, v)

/Aa L DI do.

JjeZ\I(v
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For j € Z \ I(v) we estimate with Young’s inequality:

[ aswniiennar < | jas i,
4; (1'|‘|U|)E 12
<+ || L .
=22 T

We use the identity (3.17) for £ to find

exp(—2/7?) 3 f
1Z,zol<C ) (1 +2720)2 |——
jeZ\Igl)IJ(flllJrlvl)z{lﬂ(z’v)) A+1ehx i 319
L?

< .
T 1+ [v)HA + a(z,v))

It remains to estimate the term Z,. To this end, for v’ € A;, j € I(v) we have %lvl < V] < 4|v].
This yields that the weight function « satisfies, for v, v’ as above:

1 1

<C . 3.20
l+a(z,o=0)" 1+a(z,v) (320
Furthermore, for v’ € A;, j € I(v) there holds:
TR 1+ ||
<5l << . 3.21
¢ro=et T .21
Combining the estimates (3.20) and (3.21), we obtain a bound for Z,:
1 1 ~ 1
ce 5”1 2 NI/ + V)2
Zy(zvy) < S0+ LoD / WA+ 1Dy, 322
14+ a(z,v) & A, lv—v|
The convolution can be estimated using Lemma 3.3 and (3.17):
- 1 ~
DI/ + V)2
/ EACHI 14 , 2'” D vl <L) —cprnye.
et a1l i (1 +1oh? || 2 '
Then the Sobolev embedding (3.10) yields:
~ 1
|f @)/ +]0'])2
[ / AL D gy < il (3.23)
y | - =0'| i
Bringing this estimate to (3.22), we obtain:

I+ 10D + (2, ) 2oz O)ll ap, oy S Cllfllpz, for 1<p<6,0"€RY. (3.24)
Combining (3.19) and (3.24) gives the claim of the Lemma. O
Definition 3.7 Let A is given by M, M, (cf. (2.37)) as:

Al fl(z,7,0) = / / (M, + M) (z,v—0)e ™ f(s,0)) ds dv'. (3.25)
rR3 Jo
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Using the Plancherel identity (2.4) the functionals Q can be expressed as:

@7 Q™ 1) = / / / (VLD u)(2), ALf Nez, @ — 0)LV DPu)(p)) dv 46 do

RIR (3.26)

—/ / /(V(ﬁ(D“u)/l)(z), V- Alflez, 0 — 0)L(DPu)(p)) dv db dw.
R JR

We now prove that (3.14) yields an estimate for quadratic functionals of a certain form. This will
allow us to obtain a bound for the functionals Qaﬁ in terms of the dissipation D“ (cf. (2.32)) and the
average-in-time norm V7 ..

Corollary 3.8 There exists C > 0 such that for all v* € R3, z € C with R(z) > 0 and |u| = 1:
[I(1 + a(z, v))(1 + |U|2)D”£(K)[g]||L6(Bl(y*)) < C||g||L2 (3.27)

Proof: By the identity (2.39) we have:
L(K[g])(z,v) = /(Ml + M,)(z,v—V)g() dv/, (3.28)

where M, M, are given by (2.37). We now use (2.40) to infer that e(z,v) := (M, + M,)(z,v — V')
satisfies the assumptions of Lemma 3.6, which proves (3.27). O

Corollary 3.9 Forall A>1and v* € R3, z,pe C, R(z) >0, R(p) > 0, |u| = 1:

11+ a(z o)1 + [0 D* ALg1(z. p. Ol ogs ) < CIILE P2 (329)

Lemma 3.10 Ler f € Qg’i Re with A>1, R,R > 0, €,6,8, € (0,1). Further let |v| < n— 6. Then
;01,1\,

we can estimate:

_§|”| Re|z| R
e STV f(s,v) ds| < C(A)————— min{6 + ) }, forteR. (3.30)
'/ (I+17]?) (I +elz)) (1 +elz])
Proof: By definition of 92‘; Re , the estimate above holds for ¢ € C with §(z) = —a = —A/2.
1>
Further f € Q‘;"; Re yields supp f C [0, 2] X R3,s0 f(t,v) = f(t, U)K, (1), hence the estimate follows
501, 1%,
by the convolution identity for Laplace transforms. O

Lemma 3.11 (Estimate for v small) Let ¢ be a function satisfying o(v) < Cel’l. For any ¢ > 0 there

exists C > 0 such that for A > 1 and 6, € (0,1/A) we have: If f € Q‘;Z Re and u, satisfies (2.22),

then we have:

/WDaﬁus(z)O’ D*ALf1(ez, @ — O)L(D* (4, — u))(p)) dv d6 dw| < ¢D? ,(u,) + Cllu, |1
R ’ A
(3.31)

Sfor multi-indices a, v,y with |v| <n—=35, |a| <n, 1 < |u| <n Herez=a+iw, p=a-+i6.
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Proof: We start by estimating the integral in 8. We introduce the function H_(z, v) given by:
y g g € g y
H.(z,v) = /D”A[f](ez, P)L(D" (u, — up))(i(w — 0)) do

= /D”A[f](ez, P)L(D"(u, — ug)kyps )i — 0)) d.
Furthermore, Corollary 3.9 gives an estimate for A[f]:
10+ @z, )1+ 10 PYD*ALF ez pr o) o) < CULC®P. - (3.32)

Now we pick a Vitali covering of the space R3. More precisely, we cover the space with the col-

lection of balls given by <B 1 (v)) . By Vitali’s covering Lemma there is a sequence of balls ,
3 ve

R3
(B;(v;))ken C R? such that

R3 = U By, Bi(w)nBiw) =0, forj#k
keN N

Using that Bi(v,) are disjoint, the balls B, := B,(v,) satisfy
3

1/p
(Z ||f||’;,,(3k)> < M s (3.33)
keN

Now we apply Sobolev embedding on the balls By :

1 1
I1£(D" (4, = ug)s )z v)e2 | g,y < CILD (u = ug)icas )z, v)e2 [l - (3.34)

Now we start estimating H,(z, v). With the estimate (3.33) we obtain (here p = a + i, a = A/2):

1

HICE + aCz, o) + [0 H (2. 0)e>" N 2l

R(z)=a
1

< /R (1 + a)(1 + |0 DHALF ez, PYLD" (= uglicas Nz = e o) dOll 2

<C| /R (Zk‘,||<1+a><1+|u|2>D”A[f]<ez,p>£<DV<ug—uomglxz—p)e%'”'nizwk)) do|l 2

R(z)=a ’

On each ball B, we apply Young’s inequality and obtain:

2
1
H(l + o1+ [o)DFAL ez DLD 1, ~ g )z — et
L=(By)
1
<A+ @)1+ [0 DAL ez, I 1£(D" (ng = o) )z = pez M1, .
Using |v| < n —5 and the estimates (3.32) and (3.34) on each ball B, we get:
1
ICE + az, o) + [0 H (2, 002" 2l 2,
ol )2 %
v _ . _ =|v
< /R £ D Zk‘, 1£CD" (e = up)ers i = ey ) Ol (335

1

<c| /R ||£(f)(p)||H;<;||£<(u5—uo>x25,><i<w—9)>e§|ul||§{ n—4(3k>) ol ;

R(z)=a ’
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. AS )
By assumption, f € Qf{,él,R,s’ therefore:
HEHD Mgl <1 (3.36)
i T Rp)=a
We insert the estimates (3.36) and (3.33) into (3.35):
1
11+ oz N1+ 10 H(z 0 el < CHIEQ = o)DMy, -
Applying (3.2), we conclude
1
ICE + atz. o) + [0 H (2. 02" N 2l gz < Cllullyy - (337)

We recall the definition of the dissipation function Dz’ " (cf. (2.32)) and observe that:

VDLW lyo <CDZ,. (3.38)
(1 + a(ez, v))(1 + |v|?) a4 &

Finally, combining the estimates (3.37) and (3.38) yields:

/ / /(VD“E(uS)(z)o, D*Alfl(ez,0 — 0)L(D"(u, — uy))(p)) dv d dew
R JR

V DL (u)
<| —llyo llullys <eD®, +Cllullys ,
(1+a(ez,v))(1 + |v|?) "ar "aa ; ¥

as claimed. |:|

1
Lemma 3.12 (Estimate for v large) Letr o(v) be a function satisfying |o(v)| < Ce 2. Fore >0
given, there exists C > 0 such that for all A > 1 there is a 5,(A) > 0 small, such that Vo € (0, &),
R > 0 we can choose € > 0 small enough such that

| / (o()VD*L(u), D*A[f )€z, — 0) D" L(u)(p, v)) dv de dB| < D () + Cllul?, . (3.39)

forallal,|v| <n 1< |yl <n-6,8 €(0,1), R>0and f EQ;{? Re'
,01, R,

Proof: Let A > 1. Since |u| > 1, the estimate (2.40) and Lemma 3.10 allow to choose 6,(A) such that
for 6 € (0, 6y), and R > 0 we have

1
(1 + o)A + a(ez, v))(1 + |0 — 0]2)°

| D*ALf1(ez, 0 — 0)] <
provided € > 0 is small enough. This implies that we can bound

‘/(Q(U)VD"E(u), D*A[f1(ez,w — 8)DYL(u)(z,v)) dv dw db

5/ o()|[VD*L(u)| | DY L(u)(p, v)| dv dow df < e DY , + Cllullyn ,
(1+ [02)(1 + atez. 0)(1 + [0 — 6]) )

as was claimed. ]
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3.2 Proof of Lemma 2.14
Proof of Lemma 2.13. We split the left-hand side of (2.36) as:

Z<;>|Qﬁjﬁ[f](u)l= D (;>|Q;’;ﬁ[f]<u>|+ D <;>|Q;’;ﬁ[f]<u>|

p<a f<a,|f|<n—4 f<a,|f|>n—4
= Il + 12.

We start by estimating I;. To this end, rewrite the quadratic functionals Qg’ﬁ [ f1(u) using Plancherel’s

theorem:
O L/ 1) =Q2x) T (I 4 TP,
where J*” is given by
Jl = /R /R / (V(D*LW)A)(z), D PA[f1(ez, 0 — 0)LVDP (u — uy))(p)) dv df do
+ /[R /R / (V(D*LW)A)(2), V - D PA[f1(ez, 0 — 0)L(VDP (u — up))(p)) dv df dew,
and J, by
I3 = /R / (V(D*L(u)A)(z), D*F / (M, + My)(ez,v — V)L(f)(z,0') dv' DPuy) dv dw
+ /R / (V(D*L(u)A)(2),V - D*7P / (M, + M,)(ez,v — V) L(f)(z, V") dv' DPuy) dv dw.

We apply Lemma 3.11 to infer

I <D )+ Cllul?, , for|f] <n—6.
& A

The bound for J; P follows similarly. By assumption u, € H”, and Corollary 3.9 gives:
¥l <eD? \(u), for |p| <n—4.
Therefore, we have

I} < eD¥ )+ Cllull3,, -
’ A4
It remains to prove the same estimate for I,. We write Qg’ﬁ[ f1(u) as:
0“1 /1) = / / / (V(D*L@)A)(2), D*PALf ez, @ — O)L(V D u)(p)) dv d6 dw
’ R JR

+ / / / (V(D*L(u)A)(2), V - D*PA[f(ez, 0 — 0)L(DPu)(p)) dv dO de.
R JR

(3.40)

3.41)

(3.42)

(3.43)

Since |f| > n — 5, we have |a — | < 5. By assumption n > 12, hence we can apply Lemma 3.12 to

get:
I, <cD* () + Cllull}, .
’ AL

Combining (3.43) and (3.44) proves (2.36).
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4 Appendix

4.1 Proof of Lemma 2.13

Proof of Lemma 2.13. To prove a bound for the functional QO’Z[ f1in terms of the dissipation D“
(cf. (2.32)), we make use of its symmetry properties. The proof and the lemmas contained therem 1s
similar to the proof of Lemma 4.9 in [15].

We start by introducing some notation. For e > 0, v € R3,z=a+iw, p=a+if € C, define the
matrices L, L,:

Li(e,z,p,v) := %(Ml(sz, v)+ M, (ep,v)), Ly(e,z,p,0) 1= %(Mz(ez, V) + M,(ep,v)), (4.1)

and the symmetrized kernel A, by (again writing z = a + iw, p = a + i6):

As[f](E, z,p, U) = Al [V](E’ z,p, U) + AZ[f](g’ z,p, U)

A Lf)E z, p,v) i = / L(e,z,p,0") ( / e @0 f(s,0 - 0") ds> dv/
R3\ B, (0) 0 4.2)

ALf e, 2 p,0) 1= / Ly(e,z,p. ) ( / 00 (5. p— ) ds) O
R3\ B, (0) 0

We split the kernel L, into two terms:

Ny(g, z,p,v) = Ly(e, z, p,v) — Ny(g, z, p, v), where “4.3)
1 ea+il@—w
Ni(e z,p,0) = —> a+ 10— ) P, 4.4)
P (14 25201+ 2272
Further define Ay(z, v) by
Aolf1(z,7,0) = / / (M, + M,) (z,0)e™™ f(s,v— ) ds dv/. 4.5)
B,(0)

We will make use of the following straightforward estimates (compare Lemma 4.6 in [15]).

Lemmad4.1 Leta > 0andz = a+iw, p=a+i0, and 0 < € < 1 ForV,WECBandLl as

introduced in (4.1), we have

IS}

|PLV||PiW | 1+ |6 — o
V,L(e,z,p,0) W) < C—= - , > 1. (4.6)
i< 162, p,0OW)| < 14 |v| (1 + a(ez, v))(1 + a(ep, v)) for vl 2

Similarly we have an estimate for N,:

IVIIW| 2pllz| + €*|pllz|(1 + €]6 — w|)
L+ v A+ alez, 0)*(1 + a(ep, v))?

[(V, Ny, z,p,u)W)| < C ., forlv|=1.  (4.7)

For the terms involving N, we can extract extra decay from the fact that any f € Q’;i has zero
1>
average.
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1
Lemma 4.2 Let N| be given by (4.4). Assume that h € L% satisfies |h(v)| < Rle_ilvl almost every-
where and has mean zero:

/h(u) dv =0. (4.8)

Fora>0,s€(0,é],z=a+iw,p=a+i9€Cwehave:

CRIVIIW]|(A + €low—0))
< . @49
(1 + |vP)A + a(ez, )2(1 + a(ep, v))?

/3\ (V,N,(&,z,p, V' )W)Hh(v = V') dv/
R3\B,

Similarly, for L| and N, we have the bounds:

CR|PIVI||PIW(1 +€|6 — w])
< , (4.10)
(1 + oD + a(ez, v))(1 + alep, v))

< CRIVIIW] €2pliz] + £2[plIzI(1 +£]0 — ])

1+ (1 + a(ez, v)2(1 + a(ep, v))?
“4.11)

/ (V, Ly, z,p, V) YW)h(v — V) dv/
R3\ B,

/3\ (V, Ny(e, z, p, V'YW )Hh(v = V) dv/
R3\B,

Proof: The estimates (4.10) and (4.11) follow directly from (4.6) and (4.7) respectively.
In order to prove (4.9), we use the mean zero property (4.8) to obtain:

/ N,(g,z,p,V)h(v = V') dv/ =/ (Ny(e,z,p, ") = Ni(e,z,p,0)) h(v = V') dv/.  (4.12)
R3\B, R3\B,

For |v| < 1 the estimate is straightforward. For |v|, |0| > 1, we estimate the difference above using
the mean value theorem:

lv -V |1+l —w|)

N,(g,z,p,U))— N,(¢,z,p,v)| < C max )
INy(e.2.p 1(€:2.p.0)] vrose(va’y (1+ [0, 13)(1 + alez, v2))(1 + alep, vy))

1
—§|U|

We plug this estimate and the assumption |A(v)| < Rje into (4.12) to conclude the proof. O

Lemma 4.3 The following integral bound holds:

Re|1|

1
dr < CRezx. 4.13
a(teleDd+]en? = (413)

Lemma 4.4 Recall A introduced in (4.5). For f € Qg’z , e have:
501,

R,

-3 vl
Aol f1(z,7,0)] < ) <5+ Rel7| > e

1+ |z]? 1+ |er| ) 1+]z|

Proof: Follows from Lemma 3.10 and the explicit form of M, and M, (cf. (2.37)). O
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Now we are in the position to finish the proof of Lemma 2.13. We use the representation of
QZ’Z[ f1(w) in (3.26) and split it into three parts:

(ZE)%QZ’Z[f](u) =/ / /(/lﬁ(VD“u)(z),A[f](ez,a) — 0)L(VDu)(p)) dv do dw
’ R JR

+/ / /(C(D"‘u)(z)V(/l), Alflez,w — 0)L(VD*u)(p)) dv d dw
RJR “4.14)

—/ / /(V([ﬁ(D“u)/l)(z), V- Alfl(ez,w — 0)L(D*u)(p)) dv df dw
R JR
=J1 + I3 + Jz.
The proofis very similar to the proof of Lemma 4.9 in [15]. We estimate the terms J;, I3, J, separately,
starting with J; To this end, we write V' = V.D*L(u) and recall A, (cf. (4.5)) and A, A, introduced
in (4.2). We symmetrize in z, p, making use of the fact that the integrals are real valued:
J, = /(/I(U)V,A[f](sz,co - 0)V) dvdw do
= /(A(U)V, Nl fl(ez, 0 — 0,0)V) dv dw dO + /(A(U)V, A flez, 0 — 0)V) dv dw d6.

The first term can be bounded by the dissipation functional Dg 4 (cf. (2.32)) using Lemma 4.4. Choos-
ing 6(A) > 0 and £(6, R, A, ¢) > 0 small enough, (4.13) yields:

‘/(A(U)V,Ao[f](ez,a) —0,0)V) dv dw dﬁ‘ < %DZ’A. (4.15)
We write the second term in terms of A;, A, introduced in (4.2):
/(/lV, A flez, 0 — 0)V) dv dw dO
=/(/1V, A +M)If ez, — )V )dvdw =1, + I,.
We use (4.10) and Lemma 3.10 to estimate:

e NV @O VPOl (1410 - wDI £()O = @), 1)
= rRJR lo—v| 1+ a(ez,v—0"))1 + a(ep,v— "))

<C(A)/ // MV (z,0)|, [V (p, )], Rel0 — ol
< rJrJ (I+ oD+ alez, 0))(1 +alep,v)) (1 + |0 — w|)(1 + |0 — w|)?

AV (2)],IV (),
+C(A)/// Yr 50 — o).
rJr) (L+[0)(1 +alep, )1+ alez,v)
Choosing 6(A) > 0 and €(8, R, A, ¢) > 0 small enough, (4.13) yields:

c
1| £ EDZ,A‘ (4.16)
The estimate for I, follows similarly: After splitting into

|| <

/ / /(/IV(Z, 0)(z, V)N, (g, z, p, VIV (p, V))L(F)(i(0 — w), V") dv' dv d da)‘
RJR

+ ‘/ / /(/IV(Z, 0)(z, V), Ny (g, z, p, )V (p, V))L(F)(i(0 — w), V") dv’ dv d da)‘ =1+ 1,,,
R JR
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we can estimate I, using Lemma 4.2 and (4.13), and I, , using (4.11) and (4.13). Therefore, we
obtain |I,| < %DZ‘ 4> and in combination with (4.16) this yields:

C
1] < 5D . 4.17)

Next we estimate I5. After an integrating by parts (we use the shorthand W (z, v) = L(D%u)(z, v)) the
term reads:

I=- / / /(W(z, v)V2(A), Alez, @ — 0, )W (p, v)) dv d§ dw
R JR
- / / /(W(z, v)V(A),V - Alez,w — 0, 0)W (p,v)) dv d dew
R JR

- / / /(VW(Z, V) ® V(A), Alez,w — 0, v)W (p,v)) dv df dw.
R JR

The first two lines are bounded by illull2 . by Lemma 3.12. For the estimate of the last line we use
A4

AMv) = P,A(v). Then we recall the definition of A (cf. (3.25)) and apply (2.41) and Lemma 3.10 to
get:
1+ a(z,v)B,y(z,v)(V, P,(VA)) Re|7|

IVAALf1(ez, 7, v)| < C(A) T+ 12D 6+ (1+e|r|))' (4.18)

With Young’s inequality and choosing €, 6 > 0 small enough, we estimate I5 by:

|I;] < %llullz,, + ‘/ / /(VW(z, 0) @ V(A), Alez, 0 — 0, )W (p, v)) dv db dw
Al RJR

. 1 4.19)
< =D, + =|lull?. .
< g Peat5lluly,
To bound J, we apply Lemma 3.12 to obtain:
C 1 2
ol < $DF, + 3w}, - (4.20)

Finally, we return to the decomposition (4.14). From the estimates (4.20), (4.19) and (4.17) we get the
estimate:

1
@m)2 Q7 A1f1w) < eDE + llullyy

as claimed in the statement of the Lemma. ]

4.2 Proof of Lemma 2.10

Proof of Lemma 2.10. 'The proof presented here follows along the same lines as the proof of Theo-
rem 4.10 in [15].
Step 1: Picking A,6 > 0

We start by picking A,8,8, > 0 as in Theorem 2.9. Then for all R,R > 0, §, € (0,§,), for
€ € (0, gg) small enough and y, 6, € (0, %) arbitrary the mapping y; satisfies

195, (Dllyy, <1, 10,95 (Nl < 1.
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By definition of Ks,» the mapping Ws, maps into I 5 We will pick the remaining coefficients in

the order R, 01, R, and finally 6,, € small enough to show that Q‘%"; Re
501, 1%,

invariance is proved using equation (2.22) in Laplace variables (dropping the smoothing parameter
y > 0 for brevity):

is left invariant by y;; . The

L(Ou,)=zL(u, —ug) =V - </(M1 + M,)(ez, v — U )uy(V)VL(u k,)(z, v) dv'>

-V </(M1 + M,)(ez, v — U’)VUO(U,)E(MEKI)(Z, V) dv’)
4.21)
+V-</@thMQ@LU—dM&MﬂWwiUV%@uMﬁ(mdd>

—V-(/kM}+A@xeau—uqﬁ(Vf@us%anq)@)m/>.

Note that we can localize u, x| in time using the Volterra structure of the equation. We will make use
of the equation above to bootstrap the apriori estimate on L£(u,) to pointwise estimates and thus show

invariance of the set Q‘;’Z R under Ws, - For our choice of A, 6 > 0 we have:
501, 1,E

IIM&”V;"Jl + ”a’u‘?“V:f <C.
Using the compact support of f* € Qg’i R and u_k; we conclude, possibly changing C(A4, 6):
501,18,

1/ 1y, +110f 2 < CCAS. Nkl + 19, wekplly> < C(AL ).
In particular we can bound:
LG glly, < CAS. LG, = uk)E gl < C(AS).
Using the Laplace representation (4.21) we conclude:
£, = o)l + NIL e = gz el S C(A6). (422)

Step 2: Picking R > 0
With the notation introduced in (3.1) we have

L(fC0uC0r) (2) = (LOC V) #, Lk, ) (2).
Now plugging (4.22) into (4.21) and applying Young’s inequality yields:

sup [10,(u, — )|l gn-s < C(A, 6).
te[0,1] A

Now since u,(0, -) — uy(-) = 0, we can pick R such that:

sup [10,ws, () Ml s < R, (4.23)
t€[0,1] 4

Step 3: Picking 6, R > 0
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We now define the functions p,, g, given by:

om=v- ([ [

—s/s J_

(u0+f)(t—s v—U)Vu(t —s,v) dv/ ds>

—s/s J_
e </ / V(uo + )t —s,0—0)u(t—s,v)d/ ds> . p.(0) = uy,
(4.24)
zL(q,) =V - </ My(ez, V) L(uy + f)(-, 0 — V)Vu (-, 0))(z) dv’>
-V. </ M,(ez, U’)Vﬁ(uo + ), v— U’)u£(~, 0))(z) dv'> .
Making use of the explicit Laplace transform:
4—11( e/ )P = M (ez,v),
we infer the identity
Ug = Pe t+ G- (4.25)
Further, we observe that plugging the estimate (4.22) into (4.21) yields:
. C(A, 6,)e 3!
V" L((u, — MO)K51)| < m<n—=6 (4.26)

1+ ez|(1+|z|)]

1
. C(A, 5,)e|z]e” 2"
IV"L(g.Kx5)| < , m<n-—6. (4.27)
! [1+ez|(1+|z]?)

In particular we can estimate:
1
10,V"q,| < Ce2"!. (4.28)

To estimate p,, we decompose it further. To this end, let b be the function given by:

—N‘ 1
b, r) := + T
which satisfies the equation
1 - e—rt
0,b(t,r) = , 0,b(t,ry=¢e"", b(0,v)=0. (4.29)
r

Now for any u, € H”, we define a boundary layer function B(t, v;uy) = V - Bg(2, v; ug) by:

b, 1) pL
Bp(t,v;uy) = %Z;U (up(v = V" )Vuy(v) = Vug(v = V') ug(v)) dv'. (4.30)
€

By construction, B = V - B then satisfies:
4l

- L

r2e ¢ Py

0,B(t,v)=V - TTH (up(v = V") Vuy(v) = Vug(v — ug(v)) dv' |,

BO,u)=0 0,B(0,0)=0
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If uy = m(v) is a Maxwellian distribution, the boundary layer B vanishes. To see this, we note that
Vm(v) = —G—im(u), hence

Py (m(v =V )Vm(v) = Vm(v — v")m(v)) = —Pvl,”—;m(u — )m(v) =
o
and

B(t,v;m) = 0. 4.31)

Computing the second time derivative of p,, we find:

04D, =V - // 6 0((u0+f)(t—s U—U)Vu(t s,0)) dv ds

-V / / ¢ a (V(u() + f)(t —S,0—U ))ME(I —5,0) dv’ ds

il

2 e = Pj;
+V. R (up(v = V")Vuy(v) = Vug(v — v )ug(v)) do
:Rl + R2 + a,tB.

Since sup;eo 17 10,/ @, )l g4 < R by assumption, we obtain for m < n — 6:
: i

10,9"(p, = B)(t, )| = V(R (1,0) + Ry(t, 0))| < CRe ™21, for 1 €[0,1],

Combined with the lemma above this shows:

10,,(V"(p, — B)x5)| < CRe” 31 4 5— + 5—)K5 , forte|0,1].
1 1

After integrating by parts twice this allows to bound the Laplace transform by:

1 1
o3l [ 2 Re ™21

|L(V™(p, — B)xs )z, )| < CRe > 22 / ces W+ L4 L iy, dr < CRe > 22 8.
|z| 0 o & ||

This on the other hand implies that on the line R(z) = a we have:

5,CRe"31"
|L(V"(p, — B)ks )(z,0)| < , form<n-—6.
! 1+ |z|?
Now we first pick 6; > O such that:
m 1 6e 2
|L(V"(pe — B)is )z, 0)] < 21—”2, form <n -6, (4.32)

and secondly R > 0 depending on 6, as the largest constant appearing on the right-hand sides of
(4.26)-(4.27).
Step 4: Picking 6, > 0
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Finally, we consider the explicitly given function B. Since we consider initial data of the form
ug = m+ 6,0, we can make use of the fact that the Maxwellian does not contribute to the boundary

layer (cf. (4.31)) to obtain:

1
—5|U|

5
£V Bics )z 0)| < C6)2—,  form<n—6.

1+]z?

Now we choose 6, > 0 small enough such that

1
1 5e 2!

L(V"Bk;s )z,0)| < = , form<n-—6.
£V B 20| S 577

Then we decompose 5 (f) into the functions:
u, = ue,l + u5,2
ue,l = psKél’ u6,2 = quﬁl'
Then for the choice of A4, 8, R, 61, R, 6, > 0 the estimates (4.32)-(4.33) show

g, < 6.

Furthermore, we picked R as the largest constant in (4.26)-(4.27), hence
s, (Hllg, < R.
”ug,Z”FEA <R

A0

Since we chose R > 0 to satisfy (4.23) we conclude w5, (f) € Qﬁ 5 Re'
501, 1%,

4.33)

(4.34)
(4.35)

O
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