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Abstract

Let X" be a family of N x N independent GUE random matrices, ZV a family of deterministic
matrices, P a self-adjoint non-commutative polynomial, that is for any N, P(XN) is self-adjoint, f a
smooth function. We prove that for any k, if f is smooth enough, there exist deterministic constants
af (f, ZV) such that

k

E{%Tr (f(P(XN,ZN)))] - Zaf(]{[f]v) + Oy,

Besides the constants af (f,Z N ) are built explicitly with the help of free probability. In particular,
if  is a free semicircular system, then when the support of f and the spectrum of P(z,Z") are
disjoint, for any i, af (f, Z¥) = 0. As a corollary, we prove that given a < 1/2, for N large enough,
every eigenvalue of P(X”™,Z") is N™%-close from the spectrum of P(z, Z").

1 Introduction

Asymptotic expansions in Random Matrix Theory created bridges between different worlds, including
topology, statistical mechanics, and quantum field theory. In mathematics, a breakthrough was made
in 1986 by Harer and Zagier who used the large dimension expansion of the moments of Gaussian
matrices to compute the Euler characteristic of the moduli space of curves. A good introduction to this
topic is given in the survey [32] by Zvonkin. In physics, the seminal works of t'Hooft [28] and Brézin,
Parisi, Itzykson and Zuber [20] related matrix models with the enumeration of maps of any genus, hence
providing a purely analytical tool to solve these hard combinatorial problems. Considering matrices in
interaction via a potential, the so-called matrix models, indeed allows to consider the enumeration of
maps with several vertices, including a possible coloring of the edges when the matrix model contains
several matrices. This relation allowed to associate matrix models to statistical models on random
graphs [38, 1T}, 23], 24 26], as well as in [I9] and [25] for the unitary case. This was also extended to
the so-called S-ensembles in [27, [I7) 12] 13} 15, 16]. Among other objects, these works study correlation
functions and the so-called free energy and show that they expand as power series in the inverse of the
dimension, and the coefficients of these expansions enumerate maps sorted by their genus. To compute
asymptotic expansions, often referred to in the literature as topological expansions, one of the most
successful methods is the loop equations method, see [35] and [36]. Depending on the model of random
matrix, those are Tutte’s equations, Schwinger-Dyson equations, Ward identities, Virasoro constraints,
We-algebra or simply integration by part. This method was refined and used repeatedly in physics, see
for example the work of Eynard and his collaborators, [21] 22, 18| [14]. At first those equations were only
solved for the first few orders, however in 2004, in [22] and later [33] and [34], this method was refined
to push the expansion to any orders recursively [37].

In this paper we want to generalize Harer-Zagier expansion for the moments of Gaussian matrices to
more general smooth functions. Instead of a single GUE matrix, we will consider several independent
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matrices and deterministic matrices. We repeatedly use Schwinger-Dyson equations associated to GUE
matrices to carry out our estimates. While we do not use the link between the coefficients of our expansion
and map enumeration, as a corollary we get a new expression of these combinatorial objects. We show
that the number of colored maps of genus g with a single specific vertex can be expressed as an integral,
see remark [3.8] for a precise statement.

All papers quoted above have in common that they deal with polynomials or exponentials of poly-
nomial evaluated in random matrices. With the exception of the work of Haagerup and Thorbjgrnsen
[10], smooth functions have not been considered. However being able to work with such functions is
important for the applications. In particular we need to be able to work with functions with compact
support to prove strong convergence results, that is proving the convergence of the spectrum for the
Hausdorff distance. In this paper we establish a finite expansion of any orders around the dimension
of the random matrix for the trace of smooth functions evaluated in polynomials in independent GUE
random matrices. We refer to Definition 216l for a definition of those objects. The link between maps and
topological expansion is a good motivation to prove such kind of theorem. Another motivation is to study
the spectrum of polynomials in these random matrices: because we consider general smooth functions,
our expansion will for instance allow to study the spectrum outside of the limiting bulk. In the case of a
single GUE matrix, we have an explicit formula for the distribution of the eigenvalues of those random
matrices, see Theorem 2.5.2 of [I]. However, if we consider polynomials in independent GUE matrices,
we have no such result. The first result in this direction dates back to 1991 when Voiculescu proved
in [7] that the renormalized trace of such polynomials converges towards a deterministic limit a(P). In

particular given X{V,... X C]lv independent GUE matrices, the following holds true almost surely:
.1 N N
ngnooNTrN (P(XY,.... X)) =a(P) . (1)

Voiculescu computed the limit «(P) with the help of free probability. Besides if Ay is a self-adjoint
matrix of size N, then one can define the empirical measure of its (real) eigenvalues by

1 N
HANy = Nzlé)\z )
i=

where 0 is the Dirac mass in A and A1,..., Ay are the eigenvalue of Ay. In particular, if P is a self-
adjoint polynomial, that is such that for any self adjoint matrices Ay,..., Aq, P(41,...,A4) is a self-
adjoint matrix, then one can define the random measure i p XN, XN In this case, Voiculescu’s result
(@ implies that there exists a measure up with compact support such that almost surely pp XN XN)

converges weakly towards pp : it is given by up(z¥) = a(P*) for all integer numbers k. Consequently,
assuming we can apply Portmanteau theorem, the proportion of eigenvalues of Ay = P(X{V,..., X CJIV )
in the interval [a, b], that is pa, ([a,b]), converges towards pp([a, b]).

Therefore in order to study the eigenvalues of a random matrix one has to study the renormalized
trace of its moments. However if instead of studying the renormalized trace of polynomials in Ay, we
study the non-renormalized trace of smooth function in Ay, then we can get precise information on the
location of the eigenvalues. It all comes from the following remark, let f be a non-negative function such
that f is equal to 1 on the interval [a, b], then if o(Ay) is the spectrum of Ay,

P(o(An) Na,b] #0) < P(Ten (f(Ax)) > 1) <E[Try (F(AN) |

Thus if one can show that the right-hand side of this inequality converges towards zero when N goes
to infinity, then asymptotically there is no eigenvalue in the segment [a,b]. In the case of the random
matrices that we study in this paper, that is polynomials in independent GUE matrices, a breakthrough
was made in 2005 by Haagerup and Thorbjgrnsen in [2]. They proved the almost sure convergence of the
norm of those matrices. More precisely, they proved that for P a self-adjoint polynomial, almost surely,
for any € > 0 and N large enough,

o (P(X{Y,...,XY)) C Supppup + (—¢.¢) , (2)

where Supp pup is the support of the measure pup. In order to do so, they showed that given a smooth
function f, there is a constant o’ (f), which can be computed explicitly with the help of free probability,



such that )
E[5 T (f(An)) | = af (5) + O(N72).

A similar equality was proved in [8] with a better estimation of the dependency in the parameters such
as f and ZV in the O(N~2). Given the important consequences that studying the first two orders had,
one can wonder what happens at the next order. More precisely, could we write this expectation as a
finite order Taylor expansion, and what consequences would it have on the eigenvalues? That is, can we
prove that for any k, if f is smooth enough, there exist deterministic constants !’ (f) such that

E iTr(f(P(XN XN)))] _ iaf)(ﬁ + O(N72k72)‘?
N 1y, Xg 2 N2i /

Haagerup and Thorbjgrnsen gave a positive answer in 2010 (see [I0]) for the specific case of a single
GUE matrices, that is d = 1. However the method of the proof relied heavily on the explicit formula
of the law of the eigenvalues of a GUE matrix and since there is no equivalent for polynomials in GUE
matrices we cannot adapt this proof. Instead, we developed a proof whose main tool is free probability.
The main idea of the proof is to interpolate independent GUE matrices and free semicirculars with free
Ornstein-Uhlenbeck processes. It is similar to the method used in [§]. The main result is the following
Theorem.

Theorem 1.1. We define,
o XV = (XN,...,XY) independent GUE matrices of size N,

o ZN = (ZN ... ZN ZN" ... ZN") deterministic matrices whose norm is uniformly bounded over
N

J

e P a self-adjoint polynomial which can be written as a linear combination of m monomials of degree
at most n and coefficients at most cpax,

e f:R — R a function of class C**+V+2. We define || f|
first i-th derivatives of f.

ci the sum of the supremum on R of the

Then there exist deterministic coefficients (af (f, Z™))1<i<k and constants C, K and c independent of P,
such that with Ky = maX{HZ{V e HZéV , K}, Cnax(P) = max{1, cmax}, for any N, if k < cNn~%,

)

B |3 T (fP0,2) | - 3

0<i<k

af (f,Z2") (3)

1

2 1n A(k+1)+1 12k
S 7]\72(]9“”1) ||f||c4(k+1)+2 X C Xn KNCmaxm X k .

Besides if we define I?N like K but with 2 instead of K, then we have that for any 1,
P N 27 RAREUIRTY
0P (£, Z9)] < Ifllesiss x (€ % n2RE Conasm) 12, (4)

Finally if f and g are functions of class C**+1) equal on a neighborhood of the spectrum of P(x,Z"),
where x is a free semicircular system free from My (C), then for anyi <k, of (f,ZV) = af (g,2ZN). In
particular if the support of f and the spectrum of P(x, ZN) are disjoint, then for any i, of (f,ZN) = 0.

This theorem is a consequence of the slightly sharper, but less explicit, Theorem [3.4l It is essentially
the same statement, but instead of having the norm C* of f, we make the moment of the Fourier
transform of f appears. We also give an explicit expression for the coefficients af’. The above Theorem
calls for a few remarks.

e We assumed that the matrices Z%V are deterministic, but thanks to Fubini’s theorem we can assume
that they are random matrices as long as they are independent from X V. In this situation though,
K7 in the right side of the inequality is a random variable (and thus we need some additional
assumptions if we want its expectation to be finite for instance).



e We assumed that the matrices Z~ were uniformly bounded over N. This is a technical assumption
which is necessary to make sure that the coefficients af are well-defined. However as we can see
in Theorem B4l one can relax this assumption. That being said, in order for equation ([B]) to be
meaningful one has to be careful that the term K}\‘,‘l is not compensating the term N2,

e The exponent 12 in the term k'2* is very suboptimal and could easily be optimized a bit more in
the proof of Theorem [l For a better bound we refer to Theorem [3.4, where the term k'?* is
replaced by k3*. However in order to work with the norm C* instead of the moments of the Fourier
transform, we were forced to increase this term.

e Although we cannot take k = oo, hence only getting a finite Taylor expansion, we can still take k
which depends on N. However to keep the last term under control we need to estimate the k-th
derivative of f.

e Since the probability that there is an eigenvalue of P(X™,Z¥) outside of a neighborhood of
P(x, ZN) is exponentially small as N goes to infinity. The hypothesis of smoothness on f only
need to be verified on a neighborhood of P(X, ZV) for an asymptotic expansion to exist.

As we said earlier in the introduction, by studying the trace of a smooth function evaluated in
P(X{,...,X}), Haagerup and Thorbjornsen were able to show in [2] that the spectrum of P(X{",..., X})
converges for the Hausdorff distance towards an explicit subset of R. We summarized this result in equa-
tion (2). With the full finite order Taylor expansion, by taking f : @ — g(N®x) where ¢ is a well-chosen
smooth function, one can show the following proposition.

Corollary 1.2. Let XV be independent GUE matrices of size N, AN a family of deterministic matrices
whose norm is uniformly bounded over N, x be a free semicircular system and P a self-adjoint polynomial.
Given « < 1/2, almost surely for N large enough,

o (P(XN,AN)) C o (P(z, AY)) + N™°,
where 0(X) is the spectrum of X, and x is free from My (C).

In the case of a single GUE matrix, much more precise results were obtained by Tracy and Widom in [6].
They proved the existence of a continuous decreasing function Fy from R to [0, 1] such that if A\;(X%)
denotes the largest eigenvalue of X,
lim P(N?3(\(XN) —2) > s) = Fu(s) .
N—o00

This was generalized to S-matrix model in [29] and to polynomials in independent GUE matrices which
are close to the identity in [30]. But there is no such result for general polynomials in independent GUE
matrices. However with Theorem [[.T] we managed to get an estimate on the tail of the distribution of

VN |P(XN, AN)]|.

Corollary 1.3. Let X be a vector of independent GUE matrices of size N, AN a family of deterministic
matrices whose norm is uniformly bounded over N, x be a free semicircular system and P a polynomial.
Then there exists a constant C' such that for N large enough,

P(W

— (|PxN, AN)|| = ||P(z, AM)|)) = C (5 + 1)) <e N pe N,
In" N

This corollary is similar to Theorem 1.5 obtained in [8], but with a substantial improvement on the
exponent since in this theorem, instead of 1/2, we only had 1/4. Theorem 1.5 of [§] also gave a similar
bound on the probability that HP(X N )H be smaller than its deterministic limit, but Theorem B.4] does
not yield any improvement on this inequality. The proof of this corollary can be summarized in two
steps: first use measure concentration to get an estimate on the probability that ||P(X N AN )|| is far
from its expectation, and secondly use Theorem [[.T] to estimate the difference between the expectation
and the deterministic limit. Finally it is worth noting that the exponent 1/2 comes from the fact that
for every N? that we gain in equation (3], we also have to differentiate our function f four more times.
Thus if we take f : # — g(N“x) where g is smooth, then in order for N =2 to compensate the differential,
we have to take a = 1/2. If we only had to differentiate our function three more times, then we could
take o = 2/3 which is the same exponent as in Tracy-Widom.



2 Framework and standard properties

2.1 Usual definitions in free probability

In order to be self-contained, we begin by recalling the following definitions from free probability.

Definition 2.1. o A C*-probability space (A, *,,]|.||) is a unital C*-algebra (A, *, ||.||) endowed with
a state T, i.e. a linear map 7 : A — C satisfying 7(14) =1 and 7(a*a) > 0 for all a € A. In this
paper we always assume that T is a trace, i.e. that it satisfies T(ab) = 7(ba) for any a,b € A. An
element of A is called a (non commutative) random variable. We will always work with o faithful
trace, namely, for a € A, T7(a*a) =0 if and only if a = 0.

e Let Ay,..., A, be x-subalgebras of A, having the same unit as A. They are said to be free if for
all k, for all a; € Aj, such that j1 # j2, jo # J3, -+, Je—1 7 Jk:

T((al —7(a1))(ag — 7(az)) ... (ar — T(ak))) =0.

Families of non-commutative random variables are said to be free if the x-subalgebras they generate
are free.

o Let A= (ay,...,ar) be a k-tuple of random variables. The joint distribution of the family A is the
linear form py : P — T[P(A, A* )} on the set of polynomials in 2k non-commutative variables.

o A family of non commutative random variables x = (1, ...,xq) is called a free semicircular system
when the non commutative random variables are free, self-adjoint (x; = x}), and for all k in N and
i, one has

T(zh) = /tkda(t),
with do(t) = 53=v4 — 2 1y<o dt the semicircle distribution.

It is important to note that thanks to [5, Theorem 7.9], that we recall below, one can consider free
copies of any non-commutative random variable.

Theorem 2.2. Let (A;, ¢;)icr be a family of C*-probability spaces such that the functionals ¢; : A; — C,
1 € I, are faithful traces. Then there exist a C*-probability space (A, @) with ¢ a faithful trace, and a
family of norm-preserving unital x-homomorphism W; : A; — A, i € I, such that:

e poW; =¢;, Viel.
e The unital C*-subalgebras form a free family in (A, ¢).

Let us finally fix a few notations concerning the spaces and traces that we use in this paper.

Definition 2.3. o (An,7n) is the free sum of Mn(C) with a system of d free semicircular variable,
this is the C*-probability space built in Theorem [ZZ Note that when restricted to My (C), 7 is
just the reqular renormalized trace on matrices. The restriction of Ty to the C*-algebra generated
by the free semicircular system x is denoted as 7. Note that one can view this space as the limit of
a matriz space, we refer to Proposition 3.5 from [8].

e Try is the non-renormalized trace on My (C).
o We denote E, s the matriz with coefficients equal to 0 except in (r,s) where it is equal to one.

o We regularly identify My (C) @ My (C) with My (C) through the isomorphism E; ; @ E, s
Eitrn jtsn, similarly we identify Try © Try with Tryy.

o If AN = (AY,...,AY) and B* = (B¥,...,B%) are two vectors of random matrices, then we
denote AN @ BF = (AY @ BY, ..., AY @ BY). We typically use the notation X~ ® Iy, for the vector
(va ®Ik,...,XfV®Ik).



2.2 Non-commutative polynomials and derivatives

Let Agor = C(X1,..., X4, Y1,...,Y2,) be the set of non-commutative polynomial in p + 2r variables.
We set ¢ = 2r to simplify notations. We endow this vector space with the norm

IPlla= > lear(P)|A%EM (5)

Mmonomial

where ¢ps(P) is the coefficient of P for the monomial M and deg M the total degree of M (that is the sum
of its degree in each letter Xi,..., X4, Y1,...,Ys,). Let us define several maps which we use frequently
in the sequel. First, for A, B,C € Ag g, let

A® B#C = ACB, A® B#C = BCA, m(A® B) = BA. (6)
We define an involution * on Aqq by X = X, V" = Y4, if ¢ < d+7r, Y" =Y, else, and then we

extend it to Ag 4 by linearity and the formula (aPQ)* = aQ*P*. P € Ay, is said to be self-adjoint
if P* = P. Self-adjoint polynomials have the property that if x1,...,24,21,...,2, are elements of a
C*-algebra such as 1, ..., x4 are self-adjoint, then so is P(&1,...,Zdy 21, .-y Zry 215+, 25).

Definition 2.4. If 1 < i < d, one defines the non-commutative derivative 0; : Agq — Aa,q ® Adq by
its value on a monomial M € Aq 4 given by

oM= > A®B,
M=AX;B

and then extend it by linearity to all polynomials. We can also define 0; by induction with the formulas,

VP,Q € Aug, 0:(PQ)=0:Px12Q+Pa1xQ,

(7)
Vi, j, 0;X; = ai,jl ® 1.

Simalarly, with m as in (@), one defines the cyclic derivative D; : Agq — Aa,q for P € Agq by
Definition 2.5. We define Fq 4 to be the x-algebra generated by Aq 4 and the family {eiQ | Q€ Agq self—adjoint}.

Then, as we will see in the next proposition, a natural way to extend the definition of 9; (and D;) to
Fd,q is by setting

1
D69 = i/ 991 9,Q 11790, (8)
0

However we cannot define the integral properly on F4 4 ® Fg 4. After evaluating our polynomials in C*-
algebras, the integral will be well-defined as we will see. Firstly, we need to define properly the operator
norm of tensor of C*-algebras. We work with the minimal tensor product also named the spatial tensor
product. For more information we refer to chapter 6 of [4].

Definition 2.6. Let A and B be C*-algebra with faithful representations (Ha,¢4) and (Hp, ¢g), then
if @2 s the tensor product of Hilbert spaces, A ®min B is the completion of the image of ¢4 @ ¢B in
B(H 4 ®2 Hp) for the operator norm in this space. This definition is independent of the representations
that we fixed.

While we will not always be in this situation during this paper, it is important to note that if
A = My (C), then up to isomorphism A ®ui, A is simply Myz(C) with the usual operator norm. If
P € Agq, 2 = (21,...,%4+q) belongs to a C*-algebra A, then (9;P¥)(z) belongs to A @min A, and
|(0:P%)(2)| < Cpk | P(2)||"" for some constant Cp independent of k. Thus we can define

@e")(z) = - 1 (@PH)(). )

keN

We have now defined the non-commutative differential of the exponential of a polynomial twice, in (g])
and ([@). However those two definitions are compatible thanks to the following proposition (see [9],
Proposition 2.2 for the proof).



Proposition 2.7. Let P € Auq, 2 = (21,...,%4+q) €lements of a C*-algebra A, then with (0;e)(z)
defined as in (@),

1
(9:e”) (2) = / "D @1 0,P(z) 1@ e da.
0

We explained why (8) was well-defined when we evaluate our polynomials in a C*-algebra. However in
order to be perfectly rigorous we need to give the following definition for the non-commutative differential
that we use in the rest of this paper.

Definition 2.8. For o € [0,1], let Oni : Fa,q — Faq @ Fa,q which satisfies () and such that for any
P e Aq,q self-adjoint,
&LieiP =i’ @1 ;P 1 ®-F,

And then, given z = (21,. .., 2d+q) elements of a C*-algebra, we define for any Q € Fqq,

0;Q(2) :/0 00,iQ(2) da.

In particular, it means that we can define rigorously the composition of those applications. Since the
map Oa,; goes from Fy 4 to Fuq® Fa,q it is very easy to do so. In particular we will use the very specific
operator (see Definition 2I0 for the notation 8}, 87 and X).

Definition 2.9. Let Q € Fyq, given z = (21,...,%4+q) elements of a C*-algebra, let i,j € [1,d], we
define

DjailDiQﬁDjafDiQ(Z):/ (10003,7) 004, 10 (M0 00y 1) Q(2) B (M0 D0 1) 00y, ;0 (m00ay 1)Q(2) dor.

OtQ,i
[0,1]
For the sake of clarity, we introduce the following notation which is close to Sweedler’s convention.
Its interest will be clear in section [3

Definition 2.10. Let Q € Fy 4, C be a C*-algebra. Then let o : Fqq — C and B : Fg,4 — C be morphisms.
We also setn: AQ B C®Cwr AB € C. Then we use the following notation,

(0} P)X B(62P) = no (a® B(5;P)).

This notation is especially useful when our applications o and (8 are simply evaluation of P as it is
the case in section Bl Indeed we typically denote, 6} P(X)X 62 P(Y), rather than define hx : P — P(X)
and use the more cumbersome and abstract notation, n o (hx ® hy (§;P)).

The map 0; is related to the so-called Schwinger-Dyson equations on semicircular variable thanks to
the following proposition. One can find a proof for polynomials in [I], Lemma 5.4.7, and then extend it
to Fq,q thanks to Definition ().

Proposition 2.11. Letx = (x1,...,2q) be a free semicircular system, y = (y1, ..., yr) be non-commutative
random variables free from x, if the family (z,y) belongs to the C*-probability space (A, *,T,|.||), then
for any Q € Fqq,

T(Qz,y,y") ;) = 7@ 7(0:Q(2,y,y")) -

Now that we have defined the usual non-commutative polynomial spaces, we build a very specific one
which we need to define properly the coefficients of the topological expansion.

Definition 2.12. Let (¢,,)n be the sequence such that co = 0, ¢hy1 = 2¢, + 2. We define by induction,
Jo = {0} and for n >0,

Inv1 ={{,2ch, +1} [T € J,JU{ {s1+cn, - 8n+Cn,2¢n +2} [T ={s1,...,8,} € Jn}.

Then we define Agﬁq =C(X; 1, 1 <i<plleJ,Y,. . . Y. Y. Y. Wealso define Fiq as the

T

*-algebra generated by Ay . and the family {eiQ | Qe A, self—adjoint}.



Definition 2.13. Similarly to Definition [Z8, we define 0; and 0;;1 on Fi 4 which satisfies @ and @)
and
Vi,jE [1,])], I,.K e J,, ai,]Xj,K:(Si7j(5[7K1®1, 6in,K:6i7j1®1.

We then define D; = mo 0; and D;; =mo ;1 on ]:le,q'
In particular, ]-'g ¢ = Fd,q and the two definitions of 0; coincide.

Remark 2.14. Note that given s € [1,¢,], then there exists a unique | < n such that for any I =
{81,.-.,8n} € Jp, either s; = s or s ¢ I. Besides for any I = {s1,...,8,}, K = {k1,...,kn} € Jp, if
there exists | such that s; = ki, then for any ¢ > 1, sq = k.

This prompts us to define the following,

Definition 2.15. Let | € [0,n], we define J. = { {si31,.--,5n} | {51,---,8n} € Jn }, then we set

VAeJ,, Oja= > di.1.

IeJ, such that ACI
And finally we define D; 4 =mo0; 4 on ]-';fq.

In particular JO = J,,, J? = {0} and 8, g9 = 0;. It is worth noting that thanks to remark 214, A C I
is equivalent to having the last [ coefficients of I equal to those of A.

2.3 GUE random matrices

We conclude this section by reminding the definition of Gaussian random matrices and stating a few
useful properties about them.

Definition 2.16. A GUE random matriz X" of size N is a self-adjoint matriz whose coefficients are
random variables with the following laws:

e Forl <i< N, the random variables v/ NXZ-’AQ are independent centered Gaussian random variables
of variance 1.

e Forl <1< j <N, the random variables V2N %Xl]\g and V2N XN

i are independent centered
,

Gaussian random variables of variance 1, independent of (X; 1)1

When doing computations with Gaussian variables, the main tool that we use is Gaussian integration
by part. It can be summarized into the following formula, if Z is a centered Gaussian variable with
variance 1 and f a C! function, then

E[Zf(2)] = El02f(Z)] - (10)

A direct consequence of this, is that if x and y are centered Gaussian variable with variance 1, and

Z = z\jiy then

E[Zf(x,y)] =El0zf(z,y)] and E[Zf(z,y)] =Edzf(z,y)] , (11)

where 07 = %(Gz +i0,) and 05 = %(Gz — i9y). When working with GUE matrices, an important
consequence of this are the so-called Schwinger-Dyson equations, which we summarize in the following
proposition. For more information about these equations and their applications, we refer to [I], Lemma
5.4.7.

Proposition 2.17. Let X~ be GUE matrices of size N, Q € Fa, then for any i,

E %TrN(XZ.N Q(XN))} =FE

(57) N @@(ﬂ))] .



Proof. Let us first assume that Q € Ag,. One can write X}V = \/Lﬁ(xi,s)lgr,SSN and thus

1 1 )
B | T (XY Q)| = 1z SR (s QUC)

— # ZIE |:TI'N(ET,S 313,5Q(XN))}

- % S B [Trn(Ers :Q(XN)#E,,)]

=E [(% ﬂN)®2 (aiQ(XN))] .

If Q € Fg,4, then the proof is pretty much the same but we need to use Duhamel’s formula which states
that for any matrices A and B,

eB et = /1 e*B(B — A)e1=4 (a. (12)
0
Thus this let us prove that
8IiseiP(XN) = i/1 eleP(X™) OiP(XNMY#E,., 1= PXT) g,
’ 0
And the conclusion follows.

O

Now to finish this section we state a property that we use several times in this paper. For the proof
we refer to Proposition 2.11 in [§].

Proposition 2.18. There exist constants C, D and o such that for any N € N, if X~ is a GUE random
matriz of size N, then for any u > 0,

P(IXY) 2 0t D) < e,
Consequently, for any k < aN/2,

B[] < o~

3 Proof of Theorem 1.1

3.1 A Poincaré type equality

One of the main tool when dealing with GUE random matrices is the Poincaré inequality (see Defini-
tion 4.4.2 from [I]), which gives us a sharp upper bound of the variance of a function in these matrices.
Typically this inequality shows that the variance of a trace of a polynomial in GUE random matrices,
which a priori is of order O(1), is of order O(N ~2). In this paper we use the same kind of argument which
are used to prove the Poincaré inequality to get an exact formula for the variances we are interested in.

Proposition 3.1. Let P,Q € Fy 4, RY, SN, TV be independent vectors of d independent GUE matrices
of size N. Let AN be a vector of deterministic matrices and their adjoints. With convention Cov(X,Y) =
E[XY] - E[X]E[Y], for any t > 0, we have:

Cov (TrN (P ((1 _ e t)/2RN, AN)) Try (Q ((1 — e H/2RN, AN)) )
— % Z /OtE[TrN (DiP (e = e )/2RY + (1 = e=)1/25V, AN

x DiQ ((e7* = e )2RN 4 (1 = )27V, AN ) ) |ds.



Proof. We define the following function,
h(s) = E[TrN (P ((e—s e H)Y2RN £ (1- e—s)l/QSN’AN))
Try (Q ((e_s — e HY2RN 4 (1 —e®)V/2TN, AN)) }

To simplify notations, we set

SN = ((e—s _ e—t)l/QRN +(1- 6—5)1/25N’AN) TN = ((e—s _ e—t)l/QRN +(1- e—s)l/2TN’AN) _

Then we have,

Cov (TrN (P ((1 - e‘t)1/2RN,AN)) ,Try (Q ((1 - e_t)l/QRN,AN)) ) S /t a6y ds.
0
Thanks to Duhamel’s formula (see (IZ)) we find

(SN AN
ds

RN SN
N (3 _ [
A # ((e—s _ e—t)1/2 (1 _ 6_5)1/2) '

Since Try (0; P#B) = Try(D; P x B), we compute,

ik o (06 (g~ e ) ) P (@)

+Try (P (SN)) Try (DZQ (55) ((e_s fiN-t)m e —?8)1/2)) ] '

e
But by using integration by part formula (III), we get that

Try <DiP (M) R—N)l/z> Try (Q (T2Y))

(e — et
1
== g E

1<a,b<N

E

Tryn (Eap 0;:D:P (SY) #Ey4) x Try (Q (TX))

+ Trn (DiP (SY) Eap) x Try (DiQ (T Eva) |-

And similarly

SN
E lTrN (DiP (sM) m) Try (Q (7))
1 N N
== > ElTrN (Eap 0;D; P (SN) #Ey4) x Try (Q (T))
1<a,b<N

Therefore with similar computations we conclude,

dh 1
ds( )77Ne ZE

Ten (DiP (SY) DiP (SY) )] .

Hence the conclusion.
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3.2 A first rough formulation of the coefficients

In this subsection we prove the following lemma which will be the backbone of the proof of the
topological expansion. The heuristic behind this lemma is that if Q € Fypq1),4, X N independent GUE
matrices, (y;)i>1 systems of free semicirculars free between each other. Then we can find R € Foq(pt1)41,q
such that

E {TN (Q (XY, (yi)r<i<p) aZN)}—TN (Q (z, (yi)1§i§p)aZN) = %E {TN (R (XY, (yi)r<icopra, ZV) )} :

Then we will only need to apply this lemma recursively to build the topological expansion. Note that
thanks to the definition of Ay in Definition 23] it makes sense to consider matrices and free semicirculars
in the same space. One can also assume that those matrices are random thanks to Proposition 2.7 of [§].

Lemma 3.2. Let the following objects be given,

o XN = (XN,...,XY) independent GUE matrices of size N,

o r = (T1,...,%4), Ys = (Ys,1s---,Ys.d), Systems of free semicircular variables, free between each
other,
o ZN =(ZN,. .., Zév) deterministic matrices and their adjoints,

o YN = (XN, (1—e ™)V2y,... (1 —eta)l/2y, ZN),

oY = (ac, (1—e ™)V 2y ..., (1 - e_td)1/2yp, ZN),

o YN = (e—t/QXN F(1—e )20 (1 —e )2y, .. (1— e—td)l/Qyp’ZN)7

° }ZN a copy of YN where we replaced every semicircular variable by a free copy,

* Q € ‘Fd(p-‘,-l),q'
Then, for any N, with O, ; the non-commutative differential as defined in but with respect to (1 —
et )12y,
Blrv(@(™))] - m(ew)
1 *© ~
- > /O te* B[ rv ((D; (0/0:Q) (v)) & (D; (92D:Q) (V1)) )]
1<i,j<d

+et Zts E[TN ((Ds,j (0; D:Q) (YtN)) X (DSJ (07 D:Q) ({/tN)))}dt'

First we need to prove the following technical lemma.

Lemma 3.3. If R*V YN .. ,kaN are p + 1 independent vectors of d independent GUE matrices of
size kN, then let
Sk = (R"™, Y{N, . YN XN eI, 2N ® Ii)

With Py o = In ® E1 2, By the expectation with respect to (RFN YN . YN given Q € Fygpy2),q, we
have that
lim k*/*Ey, [ren (Q(Sk)Pr2)] =0

k—o0

Proof. Given Ay,..., A, B1,...,B; € Agpt2),q, We define the following quantity,
fa(y) = Ex [men ((ArePr . AP (Sy) Pr2)],

dn(y) = sup |fa(y)]-

>, deg A;<n, A; monomials

11



Thanks to Proposition I8, we know that there exists constants v and D (depending on N ,||X N || and
|ZV]|) such that for any n < vk, |dn(y)| < D™. Consequently we define

g(a’y): Z dn(y)an

n<vk/2

Let m = sup; deg B; and A be such that ), deg A; < n, there exists a constant C'p which only depends
on the coefficients of the B; such that

d
‘fz—;y)‘ S CB dner(y)'

Naturally we get that for any y € [0, 1]

£a)] < 1£40)] + Cs / ().

And by taking the supremum over A, we get that

y
40(0) £ 4al0) + Ci [ duin(v)
0
Hence by summing over n, we have for a small enough,
. Y
gla.) < 9(a.0)+ Coa™™ | 3 @Dy 21 4 [ glap)dy
1<i<m 0
Thanks to Gronwall’s inequality we get that there exist a constant s such that for any y € [0, 1],
g(a,y) < | g(a,0) + Cga™™ Z (aD)Vk/Q'H_1 PUSELIN
1<i<m
Thus for a < 1/D, we have

limsup k*/2g(a,y) < e¥“2¢ " limsup k*/2¢(a, 0).

k—o0 k—o0

However, we have

9(a,0) = Z a” sup |Ex [7en (A(Sk)P12)]|-

n<~k/2 A monomial, deg A<n

We refer to the proof of Lemma 3.7 of [§] to prove that limsup,_, . k*/%g(a,0) = 0 (with the notations
of [g], it is the same thing as to show that k:3/2f,yk/2(a) converges towards 0). Hence for any A, B,

limsup k3/2 ‘Ek [TkN ((Alein1 o Aleinl)(Sk)Plyg)} ’ < g~ ZidegAi limsup k3/2g(a, 1) =0.

k—o0 k—ro0

Hence the conclusion.

Proof of Lemmal32. We have,

E[rv(Q(Y))] - (@) = /OOOE {%TN(Q (YtN))] dt.

We can compute
d et i
at’ N (Q( tN)) T2 Zl ™ (DiQ( ") ((1 — e t)1/2 — e lN))

12



Thus thanks to Gaussian integration by part (see ([IJ)) and Schwinger-Dyson equations (see Proposition
2.11)), we get that

F S e |
| (13
Let
Ave=mn o (00:Q () ) = 5 S v (Buw 0:D.Q () #E. ).

)

Thanks to Theorem 5.4.5 of [1], we have that if
Zp = (e—tXN ® Ip + (1 — e H)Y2REN (1 _ e=t) /2y kN (1 _ ~ta)l/2y kN ZN g Ik)

with RV and YskN being independent vectors of d independent GUE matrices. Then with E; the
expectation with respect to R*" and YSkN ,

AN,t = lim Ek[TkN] ® Ek[TkN] ((%DzQ (Zk)) (14)
k—o0
A ) (E ® I, 9:D:Q (Zy) #E ®1)
k N A U<NTkN v k Uil/q k v,u k .

For more information, we refer to Proposition 3.5 of [§]. See also the definition of Ay in Definition 23]
Let A, B be matrices of My (C) ® My (C), since I = -, Ey; and 7pen (M) = 32, 95 @ fy Mga @ fo,

1
< Y v (Buw® I AByu® 1 B)

1<u,v<N

1
= — Z Z TkN (Buw @ E1y A E, . ® Epp B)

N
1<u,w<N 1<L,l/'<k

o Y GeffAg@fr Y. gi®fi Bgu® fi
1< <k 1<v<N 1<u<N

Y W@ ff Aln@ fu) in(In @ ff B Iy ® f1)
1<LU<k

TN (A In ® Ey ) v (B In @ Eyy).
1<V <k

‘ -

=

e

Il
e

Hence with convention P, = Iy ® Ej;/, we have

% Z ThN (Eu,v®fk 0;D;Q (Zy,) #Ev,u®fk) =k Z TN @ TN (@DZQ (Zr) ><Pl',l®Pl,l’) (15)
1<u,v<N 1<Ll'<k
Let U € M (C) be a unitary matrix, then since for any 4,
INQU XN @I, In@U* =X @ I,
InoUZNo L, InoU* =ZN o I,

and that the law of R*V and ijN is invariant by conjugation by a unitary matrix. We get that

Eyx [TkN (Q—lDiQ (Zy) Plf,lﬂ =E; [(TkN ® I]M)(ailDiQ (Zy) INn @ U Ep ;U ® I]M)} .
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Thus if | = I’, we can pick U such that U*Ep ;U = E;;, and if | # I'; we can pick U such that
U*Ep U = Eq 2. Hence,

k Z E[men] @ Ex[men] (aiDiQ(Zk)Pl’,l ® Pl,l’)

1<L1 <k
= k*Ex[ren] © Ex[Tin] (8iDiQ(Zk)P1,1 ® Pl,l) (16)
+ K2k = Exlrn] @ Bxlrin] (0:D:Q(Z0) Pra @ Pra ).
Similarly we also have,
Ex[rin] @ Eg[Tin] (8iDiQ(Zk>)

= Z Ey[mkn] @ Ex[1en] (aiDiQ(Zk) P ® Pz',z') (17)

1<,/ <k

= k? Ey[min] @ Ex[1en] (aiDiQ(Zk) Pi1® P1,1)-

By combining equations (I4]),([IH),(I6) and (IT), we get that

Ayi=lim —<k Z Ex {TkN ® TN (aiDiQ(Zk)]Dl’,l ®Pl,l/):|
koo 1<LU<k

— Ex[men] @ Eg[min] (aiDiQ(Zk>Pl/,l ® Pl,l/)
+ k*(k — 1)Eg[rn] © Eg[rn] (aiDiQ(Zk)P1,2 ® P1,2) }

Thanks to Lemma [3.3] the last term converges towards 0. Consequently,

Ay = kliﬂgo —k { Z Ex [TkN ® TN (aiDiQ(Zk>Pl/,l ® Pl,l’):| (18)
1<LU<k

— Ex[men] ® Eglren] (aiDiQ(Zk>Pl/,l ® Pz,w) }

Let TkN kN TJkN S J’?N be independent vectors of d independent GUE random matrices. We set the
following notations,

1- e—t1)1/2yvlkN’ L (1— e—td)l/QdeN, AR Ik),

)

Zin = (XY @ I+ (1— e )R, (1 — )2y
(7" — efts)1/2YskN T (- efr)l/QS;cN, (1 eftd)1/2deN, 7N & Ik),

And similarly we define Z7 = (respectively Z,ff_) but with T*N (respectively TfN ) instead of S*V (re-
spectively S J’?N ). Thanks to Proposition Bl we get that

k Z Ex [TkN ® TN (aiDiQ(Zk)Pl/,l ® Pl,l/” — Ex[men] ® Eg[min] (aiDiQ(Zk)Pl/,l ® Pz,w)
1< <k

1 t
= ZN3 > X / E{Trkzv (Dj (0:DiQ) (Zy,) Pry ® D; (97 DiQ) (27, Pl’ll)}dr
1<V <k1<j<d 0

ts ) .
+3 /O B[ Teew (Do (91D:Q) (Z30) Pra 8 Do (92DiQ) (23]) Pu)|dr,

14



where 8, ; is the non-commutative differential as defined in ZAlbut with respect to (1—e~*)/2Y}N. Be-
sides if A, B are matrices of MN(C>®Mk(C), then Zl<l <k Trin ®IM(AB/JBBJI> = TI“N(TI“k ®IN(A)
Try ®In(B)). Hence -

k Z Ex [TkN ® TN (aiDiQ(Zk)Pl/,l ® Pl,l/” — Ex[men] ® Eglren] (aiDiQ(Zk)Pl/,l ® Pz,w)
1<l <k

- > / Ex [ (me © In) (D5 (9] D:Q) (2},)) B (72 © 1) (D; (92DiQ) (2},)) ) | ar

1<5<d

+ Z /ots B [ (71 @ In) (Do (1DiQ) (23:0)) B (e ® ) (D (97 D1Q) (7)) )

If Q. T € Fyp1),q are evaluated in Z ., Z7 Zp% or Zp%, then thanks to Proposition B]

Ex [me © In(Q)7 © In(T)]

1

=12 Z Ep [Tren (QIk ® Ej ;) X E; j Trpn (T ® Egy) X Ey ]

1<i,j,r,s<N

1
=12 Z Ey [Tren (QIk ® Ej ;) Tren(TIy @ Es )] X (E;i jErs)

1<4,5,7,s<N
—0 )t O (BT QI ® By B [Triow (T B )] ) © (FiyB)
1<4,5,7,s<N

= O(k™?) + Eg [me ® In(Q)) Ex [ ® In(T)].

Hence we get that

k Z Ex {TkN ® TN (3iDiQ(Zk)B/,z ® Pl,l/ﬂ — Ex[men] @ Eg[min] (aiDiQ(Zk)Pl/,l ® Pz,w)
1< <k

Z / TN Ek Tk @ IN)(Dj (0; D;Q) (Zzi,r))} X Ey, [(Tk ® IN)(Dj (07D;Q) (Zg,r))Ddr

1<J<d
+ Z/ ™ Ek (1) ® IN)(DSJ- (0} D;Q) (Z,if_))} X Eg {(Tk ® IN)(DS,]' (07D;Q) (Z;if«))})dr
+ O(k™?).

However, Z} ., Z% ., Z,% and Z,’¢ all have the same law as Zj, thus

k Z Ex [TkN ® TkN (aiDiQ(Zk)Pl’,l ® Pl,l’)} — Eg[min] @ Eg[Tkn] (aiDiQ(Zk)Pl’,l ® Pl,l’)

1<L,lV<k

_ % S o (B[ @ In) (D5 (010:Q) (20)) | R B [(7e  In) (D5 (92DiQ) (7)) ])

1<5<d
+3 oy (Ek {(Tk ® Iy) (Ds,j (01 D,Q) (Zk))} X Ey, [(Tk ® Iy) (Ds,j (02D,Q) (Zk))} )
+ O(k™2). s

We can view GUE matrices of size k[N as a matrix of size N with matrix coefficients. The diagonal
coefficients are independent GUE matrices of size k multiplied by N—!/2. The upper non-diagonal
coefficients are independent random matrices of size k which have the same law as (2N)~/2(X +iY") where
X and Y are independent GUE matrices of size k, and the lower non-diagonal coefficients are the adjoints
of the upper coefficients. We then define x¥ and y;" as vectors of matrices whose diagonal coefficients
are free semicirculars multiplied by N~1/2, the upper non-diagonal coefficients are free between each
other, free from the diagonal one, and they are of the form (2N)~/2(a + ib) where a and b are free
semicirculars. Finally the lower non-diagonal coefficients are the adjoints of the upper coefficients. We
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also assume that semicirculars from different matrices are free and that all of those semicirculars live
in a C*-algebra endowed with a trace 7. Thus if we define Z just like Zp but with xV, yjN instead of
REN YEN thanks to Theorem 5.4.2 from [1], we get that

Ang = — % > tov((r@1n)(D; (010:Q) (2)) W (7 @ In) (D; (93D.Q) (2)) )

1<5<d

+2tem((r @ 1) (e (910:0) (2)) 8 (- @ 1) (D2, (92D:0) (2)) )

Let Z be a free copy of Z, that is such that we replaced every semicircular variable with a free copy.
Then,

Mvi= =5z X tron((D; (010:@) ())& (D, (02D:Q) (2)))

1<j<d

+ >t r@ v ((Dag (01 0Q) (2)) B Dy (92D:Q) (2))).
But then if 2; is an independent copy of Zj, once again thanks to Theorem 5.4.2 from [I], we get that

Ay = 7% Z lim ¢ By [TkN((Dj (8:D,Q) (Zk))g(pj (92D,Q) (Z)))]

k—o0
d

+ Zts Ej [TkN((Ds,j (0! D:Q) (Zk)) X (Ds,j (07D;Q) (Z)))} .

Hence if we define fﬁN a copy of Y,V where we replaced every semicircular variables by a free copy, then
by Theorem 5.4.5 from [1],

Ane= — % Z t TN((Dj (0! D;Q) (YtN)) X (Dj (0?D:Q) (i}tN))

+ s TN((Ds,j (0;D:Q) (YtN)) X (Ds,j (07 D:Q) (f@N)))-

S
Thus by using this result in equation (I3]), we have in conclusion
—t

- _% Z tE[TN((Dj (8i DiQ) (YtN)) X (Dj (07 D:Q) (f@N))}

)%

E

(@)

+ Zts E{TN((DS,J‘ (0! D;Q) (YtN)) X (Ds,j (07D;Q) (f/tN)))}
O

3.3 Proof of Theorem [1.1]

In this section we focus on proving Theorem [[.Ilfrom which we deduce all of the important corollaries.
It will mainly be a corollary of the following theorem, which is slightly stronger but less explicit. We
refer to Definition for the definition of L”* and Lemma for the one of z7¢.

Theorem 3.4. Let the following objects be given,
o XV =(X{,...,X}) independent GUE matrices of size N,
o ZN =(ZN, ..., Zév) deterministic matrices and their adjoints,

o P e Ayq a polynomial that we assume to be self-adjoint,
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o f: R+ R such that there exists a measure on the real line p with [(1+ y***+Y) dlu|(y) < +oo
and for any x € R,

= [ " du(y) .
f@) = [ e duty) (19)
Then if we set,
Py ZM) LTl L) (ein)(xTi,ZN)) dty ... dt; du(y),
S

and that we write P = El<i<Nb(P) ¢iM; where the M; are monomials and ¢; € C, if we set Ciax(P) =
max{1, max; |¢;|}, then there exist constants C, K and c independent of P such that with Ky = max{||Z{"||
L2 K}, for any N and k < ¢N(deg P)~!

E [r (F(POXN,2))] = 30 ol (7, 2%) (20)
0<i<k
(k+1)
< sz [+ v dlel() x (€ x K Conn(PINYP) e )

Besides if we define K like Kn but with 2 instead of K, then we have that for any j € N*¥,
~ 45 .
ol (f,2)| < / Iyl +y*)dlul(y) x (C x By Crrax(PINB(P)(deg P)?) " x 5. (21)

Finally if f and g satisfies [I9) and are bounded functions equal on a neighborhood of the spectrum
of P(x,ZN), where z is a free semicircular system free from My (C), then for any i, of (f,ZV) =

al (g, ZN). In particular if f is a bounded function such that its support and the spectrum of P(z, ZN)
are disjoint, then for any i, of (f,ZN) =0.

The following lemma allows us to define the coefficients of the topological expansion by induction. It
is basically a reformulation of Lemma [3.2] with the notations of Definitions and T3] Although the
notations in this formula are a bit heavy, such a formulation is necessary in order to get a better upper
bound on the remainder term. It is the first step of the proof of Theorem 3.4l

Lemma 3.5. Let z,y',...,y° be free semicircular system of d variables. Then with Ty, = (t1,...,t,)
and I ={s1,...,8n},

n—1
XZ,NIT — e X ti/QXiN + Z e S ti/2(1 o e—tl+1)1/2yi51+1,
=0

n—1
= e~ >r ti/21'i + 267 25:1 t-;/?(l _e tz+1)1/2y:l+1

s ;ﬂ

Given Q € Fj ., with XN Tnt1 — (Xg’g;‘*jrl}) and XN Tt - (Xﬁfzﬂw +2}) , then with the
4 126 Ied, ny4Cn I,
convention of Definition [2.15],

L )
g X [T S e St S el (D (0l0i@) (6 2)

1<7, j<d 0<i<n AelJl,

x( 4 (02D,Q) (X2 ZN)))}dth.
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Proof. Let YN and }ZN be as in Lemma B2 S € Fy(pq1),4 such that QXNTn ZNYy = S(Y,N), then
9iD;S(YN) = e~ izt 9,D;Q(XNT, ZN). Thus with the convention of Definition 215, we also have

eXizit D;OD,S(YN) R D0, DiS(YN) = e it D, ol D S(X ATz
®D; 90> D;S(Xy Tt ZN).

Thanks to remark[ZT4] we know that given s € [1, ¢,,], there exists a unique I € [0,n—1] and kj4o,. .., ky,
such that for any I = {s1,...,8n} € Jp, either for ¢ > 1+ 1, s; = k; and s;41 = s or s ¢ I. Hence for
any s, there exists A = {s,kjy2,...,k,} € J. such that

X1 DO DiS(YN) R Dy 0 DiS(VY) = e Zimit Dy 40! DyS(X[ 1, 27
KD; 402D S(X, Tt ZV),
Thus thanks to Lemma [3.2]

E [TN (Q (XN T, ZN) )} . (Q (&N Tr, ZN) )

= 2_]1\72 Z /Ooo to~t2 2iieat E[TN((D]‘@ (811DZQ) (XfV’{Tn7t}7ZN))
1<i,j<p

2 (D0 (020:Q) (X217 2M)) )]
L emtTiat Z e~ Tiziti Z E[TN((D]',A (6:D,Q) (Xf\ﬂ{Tn,t}, ZN>)

0<l<n—1 AeJl
X (DJ,A (02D;Q) (X VATt ZN)))}dt.

Hence by renaming ¢ in ¢,,+1, we get the conclusion.

This prompts us to define the following operator:

Definition 3.6. We set X1 = (X{LQCTLH})IEJ and Xo = (X{I+cmgcn+2}) Then we define L™+

n n+1 .
dq ]:d,q by:

IeJy,”

1 -~
L(Q) = 3 S e EE GRS NT D4 (01DiQ) (X1, Z)K Dy (02D:Q) (X2, Z). (22)

1<4,j<p AeJ),
0<i<n

. . iy =T,
In order to be perfectly rigorous, as in Definition [2.8, we have to define La:éﬁsy&s dq — f;;l as

in @2) but with D, ja (8,1&,1-1)65,1'@) (X1,Z) X Dg, ;.4 (83511-D551iQ) (X2, Z) (where we used notations
of Definition[Z8) instead of (8}DZQ) (X1,Z)® Dj 4 (812D1Q) (X2,Z). Then given x = (x1)1eg, and z
elements of a C*-algebra, we define LT™»+1(Q)(x, z) as the integral of ZZjﬁ:,'ys,Ss (Q)(z,z) over ag, fs,7s
and 0.

Thus we get directly the following proposition.

Proposition 3.7. Let x be a free semicircular system, (y*);>1 be free semicircular systems free from x,
and XN be independent GUE matrices. We define X' and ™ as in[33, then for any Q € Fa,q;

E[TN(Q(XN,ZN))} — Z % / TN((LTi--.LTl) (Q)(,CCTI,ZN)) dt1dtz
Osisk [0,4-00)
71 T T N,T, N
+N2(k+1) / E{TN((L k1L 1)(@)(}( Tet1 g ))} dty .. dipsr.
[07+00)k+1

Before giving the proof of Theorem [3.4] as mentioned in the introduction, the former proposition
gives some insight in map enumeration.
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Remark 3.8. We say that a graph on a surface is a map if it is connected and its faces are homeomorphic
to discs. It is of genus g if it can be embedded in a surface of genus g but not g — 1. For an edge-colored
graph on an orientated surface we say that a vertex is of type ¢ = X;, ... X;, if it has degree p and when
we look at the half-edges going out of it, starting from a distinguished one and going in the clockwise
order the first half-edge is of color iy, the second iz, and so on. If My(X;, ... X;,) is the number of such
maps of genus g with a single vertex, then given X}V independent GUE matrices

1 1
E {N Try (XZ?IV . XN)} =Y MK X).
geN

For a proof we refer to [31] for the one matriz case and [3]], chapter 22, for the multimatriz case. Thanks
to Proposition [37, we immediately get that

My(Xi, .. X)) = / T(LTQ LT (X X)) (sz)) dty ... dt,
[0,400)s
We can now prove Theorem [3.4]
Proof of Theorem[37} Thanks to Proposition B7] we immediately get that

E[TN(ﬂP(XN,zN)))] -y Nlm.af(f,ZN)

0<i<k

NQ(HI) / / LTKH...LTI)(ein)(XN*T’Hl,ZN))} dty ... dter1 duly).
[0,400)k+1

All we need to do from now on is to get an estimate on the last line. To do so we use the following
remark. Let Q € Fj , then we can write

Q= Z ciM;
1<i<Nb(Q)

where ¢; € C and M; € Fj, are monomials (not necessarily distinct). We also define Cino(Q) =
< 2+ [|XY]|, given B the union of {2+ [ X]N[|},_,_)

and Dy the maximum of this family, we get that

max{1,sup, |¢;|}. Since for any I € J™, HXzNIT"
and {[|Z]¥||}

1<5<q’
1QXNTr, ZM)|| < NbB(Q) X Crnaa(Q) x DiE?). (23)

It is worth noting that this upper bound is not optimal at all and heavily dependent on the decomposition

chosen. Now let us consider La”ﬂls b defined as in Definition B.6] We also consider fg q the x-algebra

generated by Aj - and the family
{e“WXf) | I€Ja)elo, 1]} .
Then L;*g .6, send ijq to fj:;l. Let Q € ]T'jﬁq, then we get that
deg (L2775, ,5,(Q)) < deg @ + 4 deg P,
FTs41 Zi:l by _ ety 4 4
Conax (LT3, 00, (@)) € FEEe™ 20 (14 [y))! Cina(P)! Cinan(Q),

Nb( aj@’%’ S(Q)) < deg(Q)(deg Q+deg P)(deg Q42 deg P)(deg Q+3 deg P)x (Nb(P) deg P)*x Nb(Q).

Thus if we define by induction Qg = e'¥", and Q.1 = ZSS*BIS +..5.Q@s, by a straightforward induction we
get that
deg Qs < 4sdeg P (24)
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57 7‘7 t 6_2};:1tk s s
Crnax(Qs) < -y Z’“—gs’“ (1+ |y[)* Crnax(P)* (25)

Nb(Q.) < (NB(P)(deg P)?) " (45) (26)

Actually since we have Dy, ;%" = iy 85, ;P#e" one can replace (1 + |y|)* in equation (23) by
ly|(1 + |y))**~L. Thus thanks to (23], we get that

] L

Tt ETl Q(XN7Tk+1,ZN)H

ket 1,Bk+1:Ve+1:0k+1 * 7 a1, B1,71,01

k+1

toe™ 2e= 4(k+1)

HZ“ — xlf'u ((1+ 19D Conax (P)NB(P)(deg P)?) * (4(k + 1))t x DAFTD 487
Y

Consequently after integrating over ay, 85, 7vs, 05, we get that

/ E [TN( (LTeer . LTY) (WP ) (XN Then, ZN))} dty .. dtyry dp(y)
[0,+00)k+1
L day tse” Zemt e 4k+3
< 11 dty .. dtpen x| Jyl(1+ |y[) 2 d|pl(y)
R
[0,4+00)k+1 "=
4(k+1)
x (Cmax(P)Nb(P)(deg P)?) (4(k+1))! x E [D;*V““*” degP} :
Besides
k+1 k+1
ts P
H Zs 16s€ d t1... dthrl = 2_k_1 H tre_tT dti ... dthrl
[0,400)k+1 "1 0<t1 < <tyeyy "0
k1
< 97kt / [Ie " dti.. dtrn
0<ty <o Stpepy "0
k+1
= / H e~ lr dty...dtgs1
0<ti < <tpeyy "L
- 1
(k1)
and
/Rlyl(l + |y d|ul(y) < 202 /R(Iyl +y D) d | (y).
Thanks to Proposition[ZI8we can find constants K and ¢ such that with Ky = max{K, HZ1N H et HZ;VH},

then for any k < c(deg P)~!'N,

E [D4(k+1)degP:| < K4(k+1)degP
N

Thus thanks to Stirling formula, there exists a constant C' such that

/ / ]E[TN((LTHI...LTl)(eiyp)(XN’T’““,ZN))} dty...dtg1 du(y)

R
[0,400)k+1

. 4(k+1)
< [ Qol+ 9" S )dlul(w) (O x K3 Conn PINBP) e P) 5 1%
R
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Hence we get equation (20). We get equation (2I]) very similarly. Finally to prove the last affirmation,
we only need to consider a function which takes value 0 on a neighborhood of the spectrum of P(z, ZV).
Let X'V be independent GUE matrices of size [N, then we get that for any k such that f is smooth
enough, thanks to equation (20),

E[m (£(PXN, 2V 0 1)) = 3 ﬁaf(ﬁ 7N @ 1) + O(1~2++D),
0<i<k

But in the sense of Definition B} for any i, (71, Z¥ @ I}) and (27¢, Z") have the same distribution,
hence 1
E[ ( P(XN ZN g )} _ P, 2N+ o2y,
N f( ( ® l)) 0<12-<k (lN)2Z Q; (f ) + ( )

Consequently, if there exists i such that ol (f, Z%) # 0, then we can find constants ¢ and k (dependent
on N) such that

E {TN (f(P(X“V, ZN @ Il)))} oo € X 1728, (27)

We are going to show that the left hand side decays exponentially fast in [, hence proving a contradiction.
Now if we set E the support of f, then

B[ (r(PX™, 2V @ 1)) || < IF1 P (o (POXN, 2¥ @ 1) N E £0).
However thanks to Proposition 218 there exist constants A and B such that for any I,
P(|P(X™N,Z2¥ @ 1)|| > A) <e P
Thus,

B [ (£(POXY, 25 @ 1)]| < Il (P (o (POX™,2Y @ 1) N B[4, 4] £0) + 7).

Let g be a C>™-function, with compact support disjoint from the spectrum of P(x, Z") such that
giEn[-a,4] = 1. Then,

B [rw (PN, 2% 0 1)) ]| < 171 P (lg (POXY, 2V @ 1) || 2 1) + ¢,

Since g is C*° and has compact support, thanks to the Fourier transform it satisfies (I9) for any k, thus
for any self-adjoint matrices U and V,

l9(¥) — gV = H [o] et v>eiw<1a>dadu<y>H
<10 V1| [ loldlul(o).

Hence there is a constant Cp such that for any self-adjoint matrices X;,Y; € M;x(C) whose operator
norm is bounded by B,

lo(P(x. 2Y)) ~ g(P(Y, 2))]| < Ca Y1 - Vil

Consequently, with a proof very similar to the one of Proposition 4.6 of [8], we get that there exist
constant D and S such that for any § > 0,
P(|[lg (P(X'N, 2N @ 1))|| - E[|lg (P(XN, 2N @ 1))|]]| > § + De™™) < pe=2N 4 =50,

But then thanks to Theorem 1.6 of [3] and Weierstrass theorem, we know that almost surely Hg(P(XlN, ZN ® Il)) H
converges towards 0. Hence thanks to Proposition [2.18 and dominated convergence theorem, we get that
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E [|lg (P(X™, 2% @ 1)) ] also converges towards 0. Hence for { large enough, there exist a constant §
such that
P(|lg(P(X™N,Z¥ @ 1))|| > 1) <e ™

Consequently we get that there exist constants A and B such that
B o0, 2 1) <40

which is in contradiction with equation ([27)). Hence the conclusion.
O

We can now prove Theorem [Tl the only difficulty of the proof is to use the hypothesis of smoothness
to replace our function f by a function which satisfies (I9]) without losing too much on the constants.

Proof of Theorem [ 1. To begin with, let

hx s e == if g e (0,1),
' 0 else.

Let H be the primitive of A which takes value 0 on R~ and renormalized such that it takes value 1 for
x > 1. Then given a constant m one can define the function ¢ : ¢ — H(m + 1 — z)H(m + 1 4+ x) which
takes value 1 on [—m,m] and 0 outside of (—m — 1,m + 1). Let B be the union over i of the events
{|[X¥|| = D+a~'} where D and o where defined in Proposition 218 Thus P(B) < pe~". By adjusting
the constant K defined in Theorem 3.4 we can always assume that it is larger than D + o1, thus if for
any i, | XN|| < D+a ! ||[P(XY, ZV)|| € mCrax KRy, We fix m = mCrax Ky, thus if P(XY, ZN) has
an eigenvalue outside of [—m, m], necessarily X € B. Thus

E [ (£(1 = )(P(XN, 2) | < I B(B) < | fllp x e, (28)

Since fg has compact support and is a functlon of class C4 k+1)+2, we can take its Fourier transform and
then invert it so that with the convention h =5 fR e *Ydz, we have

Ve eR, (fg)(z)= /Reizy?;(y) dy

Besides, since if h has compact support bounded by m + 1 then H H < L(m+1)||h[|y, we have

(k+1)42 | 1
/(|y|+y4(’““) ‘fg dy</u

1492

S |(F9)O ()|
1+ y?

fg(y)‘ dy

dy

R

1
- 1 4 1 2 - . o
~ ) gl [ 15

IN

dy

IN

(m+1) ||fg||c4<k+1)+2 )

Hence fg satisfies the hypothesis of Theorem B4 with wp(dy) = E(y)dy Therefore, combining with
equation (28], by adjusting the constant C, we get that

E {TN (f(P(XN,ZN)))} - ol (fg.2™)

0<i<k

)4(k+1)+1 R

1
< N2k+2 1£9llcacesryra X (C X Kz%egpcmaX(P)Nb(P)(degP)Q
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Since the norm of the family Z% is uniformly bounded over N, the second line is of order N ~2*~2. Hence
if (Bi)1<i<k is a family of scalar such that E |:TN (f(P(XN,ZN)))} — Y o<ick N7%B; is also of order
N=2=2 ‘then so is Y g<;<x (@l (fg, ZN) — B;)N=2. Thus for any i, B; = ol (fg, Z"). Thus since it does
not depends on g, one can set ol (f, ZN) = af (fg, ZN).

Finally, one can write the j-th derivative of x — e~ " onRt asz — Q; (Jc_l)e_f4 for some polynomial

Q;. By studying Nb(Q;), Crnax(Q;) and deg(Q;), as in the proof of Theorem [3.4, we get that the infinity
norm of the j-th derivative of this function is smaller than 2075!(5j/4)%/4. Hence by adjusting C' and
using Stirling formula,

E [ry (1(P(XY.2)] - Y <ol (f9.2%)
0<i<k

1

< a7 Iflleswssrse X (€ X K8 T Cnax(PYNB(P) (deg P)?

)4(k+1)+1 y k12k-

The other points of the Theorem are a direct consequence of Theorem [3.4]

4 Consequences of Theorem [3.4

4.1 Proof of corollary

Let g be a non-negative C*°-function which takes value 0 on (—o0,1/2], 1 on [1,00) and in [0, 1]
elsewhere. For any a,b € R, we define hf, , : @ — g(e7H(x — a))g(—e~(x — b)). Then let Z be the
(

collection of connected components of the complementary set of o(P(z, AY)). Then we define
he = hS.
I€T

This function is well-defined since the spectrum of P(z, AY) is compact, hence its complementary set
has a finite number of connected components of measure larger than . And since if b—a < ¢, h‘[ga = 0,
the sum over I € 7 is actually a finite sum. Besides, we have that

P (o(P(XN,AN)) ¢ o(P(z, AV)) +¢) < P(||[p5(P(XN, AV))|| = 1) < E[Try (h5(P(XY,AY)))].

Besides thanks to Theorem [[T] since the spectrum of P(z, AY) and the support of h° are disjoint, and
that the operator norm of the matrices A" is uniformly bounded over N, for any k € N, we get that
there is a constant C such that for any ¢ and for NV large enough,

6741672

E [Try (h5(P(XY, 4N)))] < Cr =t
Thus if we set e = N~ with « < 1/2, then by fixing k large enough we get that
P (o(P(XN,AN)) ¢ o(P(z,AV)) + N™*) = O(N?).

Hence the conclusion by Borel-Cantelli lemma.
4.2 Proof of Corollary [1.3]

Firstly, we need the following lemma.

Lemma 4.1. Let g be a C*™ function which takes value 0 on (—o00,1/2] and value 1 on [1,00), and in
[0, 1] otherwise. We set fe:t— g(e™!(t —)) with oo = |[PP*(x, AN)||, then there exist constants C' and
¢ such that for any k <cN, e >0 and N,

E [TrN (fE(PP*(XN,AN)))} < N xCk (5—]\:)% K12k
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Proof. To estimate the above expectation we once again want to use the Fourier transform with a few
refinements to have an optimal estimate with respect to e. We set f5 : t +— g(e 71 (t—a))g(e "1 (k—t) +1)
with k > «a. Since g has compact support and is sufficiently smooth we can apply Theorem Setting
h:teg(t—cta)g(e 'k +1—t) = fr(ct), we have for k € N*,

; 1
Ak fr ()| d :_/ 4k
[o1Ewl dv=o- [
1 .
= 2—/y4k /h(t)eﬂygt edt| dy
T

_ €_4k/y4k
2w

Ly, [+ s o)
< .

2T

< g~k (Hh(4k)H I Hh(4k+2)

- o]
In the last line we used the fact the support of the derivatives of h are included in [¢~ta,e v + 1] U
[e7 1k, e 1k +1]. Thus thanks to Theorem[3.4land by using the function g defined in the proof of Theorem
[LTl we get that there exist constants C' and ¢ such that for any k& < ¢N, for any k > «,

/g(sfl(t —a))gle (ke — ) + 1)e " dt| dy

/ h(t)e 1 dt| dy

_oN\ 2k
E [TrN (f;(PP*(XN,AN»)] <N xCF <%> K12k
Hence the conclusion by dominated convergence theorem.
Consequently, with zy = max(z,0), for any r > 0,
E {(HPP*(XN,AN | = || PP*(x, AM)]]) <7“+/ P (||PP*(XN, AM)|| = ||PP*(z, AY)|| + €) de
7“—1—/ P TrN fE(PP*(XN AN))) > 1) de
<r +/ E TrN fE(PP*(XN AN)))] 5
2\ 2k
ST‘FTXNXCIC(T) k12k.
Thus by taking » = N7, we get that
E[(|PP* (XY, AN = [|PP* (e, AN} | < N7 (1 N1 s ohgi2E )

Now we want to pick a and k such that N1T2kRa=1) » 0k 12k i5 hounded by 1 uniformly over N (while
keeping in mind that & has to be an integer). It is sufficient to pick a and k such that,

In N
In C’+HT+12lnk<2>< (1—2a)In N.

We fix k = [In N, then we need to pick a such that

InC+1412In[lnN] <2x (1 —2a)InN.

Inln N

InN

Which means that we can pick a = 5 — 4 and for N large enough,

2ln* N
VN

E [(HPP*(XN,ANM! — |[PP (@ AM))), ] < 2N =
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Thanks to Proposition 4.6 from [8] we have that for N > In(p), there exist constants K and D such
that
P(| [P P(XY, AN~ E[| P P(XY, AV)|[] | 2 6+ Ke) < e 4 DTN

Thus with £y = max(z,0), we immediately get that

S+ Ke N+ 21\‘}]\’

1P (a, AM)]|

(1P, AN = [Pz, AM)])) 2

. ((”P<XN’AN>H —[|PG, AN} x (IPCEY, AN + (| PG, AM[) 2 6+ Ke™N + 21”4N)

VN
2In* N
<P (HP I R >
< p(up P(XN, AN)|| = |P*P(z, AV)|| > 6+ Ke N +E [(||p*p(xN,AN)H - ||p*p<x,AN>||)+} )
<P([|P PN, AN)| = [P P, AN)| 2 8+ Ke ¥ + E [|[P*P(XY, AY)|| - ||P* P(z, AM)]] )
< P(HP P(XN, AN)[| = E[|[P*P(XN, AN)[] = 6 + Ke V)
<e +€7D62

Since the family (AY)y is uniformly bounded over N, so is the sequence (||P(z,AY)|)n, hence by
replacing 6 by D~1/25, we get that there is a constant C' such that

4
P (HP(XN,AN)H P, AY)| = © (5 T h;g)) <e N et

Finally by replacing § by h\‘jﬁN 0, we get that

In* N

P( YV (lpeey, %)) - ([P aY)]) = O<6+1>> e N e,
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