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Concentration estimates for random subspaces of a tensor
product, and application to Quantum Information Theory

Benoit Collins, Félix Parraud

Abstract

Given a random subspace H,, chosen uniformly in a tensor product of Hilbert spaces V,, @ W, we
consider the collection K, of all singular values of all norm one elements of H,, with respect to the
tensor structure. A law of large numbers has been obtained for this random set in the context of W
fixed and the dimension of Hy,V,, tending to infinity at the same speed in [3].

In this paper, we provide measure concentration estimates in this context. The probabilistic
study of K, was motivated by important questions in Quantum Information Theory, and allowed to
provide the smallest known dimension (184) for the dimension an an ancilla space allowing Minimum
Output Entropy (MOE) violation. With our estimates, we are able, as an application, to provide
actual bounds for the dimension of spaces where violation of MOE occurs.

1 Introduction

One of the most important questions in Quantum Information Theory (QIT) was to figure out whether
one can find two quantum channels ®; and ®5 such that

Hmin(q)l & (I)Q) < Hmzn(q)l) + Hmzn((I)Q)a

where H,,;p, is the Minimum Output Entropy (MOE), defined in section 4. This problem was solved by
[14], with important preliminary work by [13] (see also references therein). This was especially important
in QIT, since there was hope it would be true and in this case, it would give a systematic way to compute
the classical capacity of a quantum channel. For more explanation we refer to [7].

All proofs available so far are not constructive in the sense that constructions rely on the probabilistic
method. After the initial construction of [14], the probabilistic tools involved in the proof have been found
to have deep relation with random matrix theory in many respects, including large deviation principle
[2], Free probability [4], convex geometry [1] and Operator Algebra [9]. The last two probably give the
most conceptual proofs, and in particular convex geometry gives explicit numbers. Free probability gives
the best numbers for the output dimension [4] but was unable to give estimates for the input dimension
so far. More generally, the optimal violation obtained in [4] relates to a LLN obtained in [3] whose speed
of convergence was not explicit, and in turn, did not give any estimate on the smallest dimension of
the input space. In order to obtain explicit parameters, measure concentration estimates, ideally large
deviation estimates, are required. And from a theoretical point of view, this is the goal of this paper.
The main result is as follows:

Theorem 1.1 (For the precise statement, see Theorem 2.2). Given the output space K, . of our
quantum model and its limit Ky, (see Equation (2) for a definition), for n > 3% x 229 x In?(kn) x k34,

€

P(Knt & Ky +e) < M (nER?eT )~ x s

They are based on the far reaching approach of [15] — see as well [6]. As a corollary, we obtain the
following important application in Quantum Information Theory:

Theorem 1.2 (For the precise statement, see Theorem 4.3). There exists a quantum channel from
Migax1051 (C) to Myga(C) that yields violation of MOE.



The paper is organized as follows. After this introduction, section 2 is devoted to introducing nec-
essary notations and state the main theorem. Section 3 contains the proof of the main theorem, and
section 4 contains application to Quantum Information Theory.
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2 Notation and main theorem

We denote by H a Hilbert space, which we assume to be finite dimensional. B(H) is the set of
bounded linear operators on H, and D(H) C B(H) is the collection of trace 1, positive operators —
known as density matrices. In the case of matrices, we denote it by Dy C My (C).

Let d,k,n € N, let U be distributed according to the Haar measure on the unitary group of My, (C),
let P, be the canonical projection from C? to C*”, that is the matrix with kn lines and d columns with
1 on the diagonal and 0 elsewhere. With Tr,, the trace on M,,(C), we define the following random linear
map,

D, : X € My(C) — idg @ Tr,,(UP, X P;U™) € My(C). (1)
This map is trace preserving, linear and completely positive and as such, it is known as a quantum
channel. Let ¢ € [0,1]. We fix d be an integer sequence (depending on n) such that d ~ tkn, and define
Kkt = ®n(Da). (2)
There is a much more geometric definition of K, ;; thanks to the following proposition.
Proposition 2.1. We have,
Kppt={X €Dy | VA€ Dy, Tryp(XA) <||Py,UA® L,UP,|}. (3)
Besides for any A € Dy, {X € Ky 1t | Tre(XA) = |PXU*AQ I, UPR,|} is non-empty.
Proof. Let Y € Dy, A € Dy, then

Try, (9, (Y)A) = Trgn (UP,YPIU* - A® 1)

=TryVYPU*-A® 1, - UP,VY)
< Tea(Y) |PU* - A® T, - UP,|
= |PU*-A® 1, -UP,|.

Let us write E for the right member of the equation (3), we just showed that K, = ®,(Dg) C E.
Besides if P, is the orthogonal projection on the vector x, we have that

|PxU* AR I, -UP,| = gé%)iTrd(P;U* -A® I, -UP,P,) = ﬁ%’iTr’“(A D, (Py))-

Thus, for every ¢ > 0 and A € Dy, we can find an element of K, ; in {X € Dy | Trg(XA) >
|PU*A® L,UP,| — €}. By compacity of K, we can even find an element of K, in {X €
Dy'| Tr(XA) = |PU° A LUP, |},

If we see E as a convex set of My (C)s,, let X € E be an exposed point of E, that is there exists
A € M (C),, and C such that the intersection of F and {Y € My (C)s, | Trr(AY) = C} is reduced to
{X} and that E is included in {Y € M (C)s, | Trr(AY) < C}. We have the following equality for A
large enough since if Y € Dy, Trp(Y) =1,

A+ N, C+ A
Y € Dy | Trp(AY) = =Y eDy | T e A B R
{Y € Di | Try( )=C} { €Dy | Try (T‘rk(A+)\Ik) > Trk(A—f—)\Ik)}

Thus, we can find B € Dy, and ¢ such that such that the intersection of E and {Y € Dy, | Trx(BY) = ¢}
is reduced to {X} and that F is included in {Y € Dy, | Tri(BY) < ¢}. To summarize:



e The intersection of K, and {Y € Dy | Try(BY) = |PiU* - B® I, - UP,||} is non-empty.

e K, 11 C E, so the intersection of E and {Y € Dy, | Tryx(BY) = |PiU*-B® I, - UP,||} is non-
empty.

e The intersection of E and {Y € Dy, | Trx(BY) = ¢} is a exactly {X}.
e Fisincluded in both {Y € Dy, | Tri(BY) < c}and {Y € Dy, | Trp(BY) < |PiU*-B® I, - UR,||}.

Hence it implies that ¢ = ||PfU*B ® I, UP, || and that X € K,, ;. Thus we showed that the exposed
point of E belongs to K, ;.. By a result of Straszewicz ([8],theorem 18.6) the set of exposed points is
dense in the set of extremal points, so the set of extremal points of E is included in K, 1 +. Since K, 1+
is convex, E is included in Ky, . ¢. O

Thanks to Theorem 1.4 of [10], we know that ||PiU* - A® I, - UP,|| converges almost surely to-
wards a limit [|Al[,), which we now describe in terms of free probability (for the interested reader
we refer to [17], but a non expert reader can take lim, |[PfU*-A® I, -UP,| as the definition of
[ All ;) without loss of generality). We view B(L?([0,1])) as the C*-algebra endowed with the state
T(u) = (u(10,17), Lj0,1]) L2([0,1)- The endomorphism p; : f + 194 f is a self-adjoint projection of rank ¢,
that is 7(p;) = t. We consider A the C*-algebra generated by p;, restricted to A, 7 is a faithful tracial
state. Hence thanks to Teorem 7.9 from [18], we can consider the free product of A and My (C). For
A € M (C), we introduce the following quantity, called the (¢)-norm:

[All¢ty = llpeApell, (4)

where on the right side we took the operator norm in the free product of A and My (C). We naturally
define the asymptotic limit of K, . by

Kkyt:{XEDk | VAGD[C,TI“]C(X/U < HAH(t)} (5)
The main result of this paper is a measure concentration estimate and can be stated as follows:

Theorem 2.2. If we endow M (C) with the norm M w— /Tri(M*M), and that we assume d < tkn,
then for n > 3% x 229 x In®(kn) x k34,

2

P (K @ Kio +e) < F mGFTD)— x4

The convergence of K, ;. towards Ky, for the Hausdorff distance has already been proved in [3],
Theorem 5.2. More precisely the authors proved that given a random subspace of size d, F, 1+ the
collection of singular values of unit vectors in this subspace converges for the Hausdorff distance towards
a deterministic set Fj ;. It turns out that K, ;. (respectively K} ;) is the convex hull of the self-adjoint
matrices whose eigenvalues are in F), ,; (respectively Fy ;). However our paper is self-contained and we
do not use this theorem.

3 Proof of main theorem

We will combine this geometrical description with the following lemma to get an estimate.

Proposition 3.1. If we endow My(C)s, with the norm |.||, which comes from the scalar product
(U, V) = Tri(UV), then the following implication is true,

€
VA € Dy, |PUAQ LUPR,|| < |\A||(t)+E =  Kuypt C Kit+e.
Before proving it, we need a small lemma on the structure of Ky ;.
Lemma 3.2. Let A € Dy, then {X € Kiy | Tre(XA) = || All4)} is non-empty.

Proof. Thanks to Proposition 2.1 we know that for any n, {X € Ky ;| Trp(XA) = ||PU*A® LUP,|}
is non-empty. Hence there exists X,, such that:



o Tri(X,A) = ||PU*A® LUP,|},
o VB € Dy, Try(X,B) < |P*U*B® L,UP,|}.

By compacity of Dy, we can assume that X,, converges towards a limit X. But then as we said in the
previous section, thanks to Theorem 1.4 from [10], |[P;U*B @ I,UP,|| converges towards ||B|| . Thus
X is such that:

o Trp(XA) = [All)}
o VB € Dy, Tri(XB) < |\B||(t)}.

That is, X belongs to {X € K, | Tri(XA) = [[All)} O
We can now prove Proposition 3.1.

Proof of Proposition 3.1. We assume that K, .+ ¢ K ¢+ ¢, then thanks to the compacity of K, 1+ and
Ky, wecanfind X € K, andY € K, 4 such that | X — Y, > ¢, and K;:NB(Y, || X —Y||,) is empty.
We set U = ﬁ, A= 1 (U+1), then A € D,. We are going to show that |P;U*A® I,UP,|| >
[[All(;) + %- To do so we define

Pe = {B S Kk,t

Trp(AB) = %} _ (B €Ky | Tre (UB) = C}.

Let us assume that for C > Tri(UX), Pc is not empty, then let S € Po. We can write C' = Try (U (X +
tU)) for some t > 0, thus Try(US) = Trx(U(X + tU)), that is Trp((Y — X)(X - 5)) = —t||Y — X]|,.
Hence the following estimate:

IV = (aX + (1 —a)8)|? = Tr ((Y X+ (1-a)(X - S))Q)
=Y = X[ = 2t(1 = o) [|Y = X[, + O((1 — 2)?).

Consequently since Ky ¢ is convex, for any a, aX + (1 — «)S € K} 4, thus for 1 — a small enough we
could find an element of K, in B(Y,|| X —Y||,). Hence the contradiction. Thus for C' > Tr(UX), Pc

Tr (UX
DeOFL > 4],

is empty. By Lemma 3.2, we get that " Next we define

Qc = {B € Ky it

C+1
T‘I‘k(AB) = T} = {B S Kn,k,t | Try, (UB) = C}
Then clearly for C' = Tr(UY), Q¢ is non-empty since Y € Qv (vy). Hence thanks to the geometric
definition (3) of K, ¢, we have that W <||PrU*-A® I, - UP,||. Thus we have,

Tr,(U(Y — X))
k

Y — Xl €
+ 1Al = ==+ llally = 7 + 14l -

|PiU*A® L,UP,| > -

O

Actually with a very similar proof, we could even show that almost surely there exist A € Dy such
that
A (K gty Kip) = kX |[|P3U" - A@ Ly - Uy — [|All |

where dp is the Hausdorff distance associated to the norm |.||, which comes from the scalar product
(U, V) +— Tri,(UV). However this result will not be useful in this paper since the absolute value would
be detrimental for the computation of our estimate. The following lemma is a rather direct consequence
of the previous proposition.

Lemma 3.3. Let u > 0, let S, = {uM | M € Mi(C)sa, Vi > j, R(m;;) € {N+ 1} N[0, [u"1]], Vi>

Jr S(ma;) € {(N+ 11N[0,[u=1] }, let Pp, be the convex projection on Dy. Then with u = %,

* * €
P(Knit @ Kio+) < Y P(IPIU (Pp,M & LYUP| > |Pp, M| ) + o) -
MeS,



Proof. We immediately get from proposition 3.1 that
€
P (Kot ¢ Kio+€) SP(IAE Dy, [PV - AR L - UP| > Ally + )

Now, let A € Dy, by construction of S, there exists M € S, such that the real part and the imaginary

part of the coefficients of M are u/2-close from those of A. Thus we have ||[A — M]||, < k—\/% Hence if we

fix u = \3/;28, then we can always find M € S, such that [|[A — M||, < 5. Besides we have,

1Al ) = I Ppy M| <|[|A = Pp, M|,

|IP;U*A® LUP,| ~ | PyU* (Pp,M @ L)UPy|| | < |4 = Po, M| < || A~ Pp, M|l
Hence since Pp, A = A and that Pp, is 1-lipschitz, we have ||A — Pp, M|, < ||A — M|, < 5. Conse-
quently,

kT € * Tk €

{IP;U" - A@ L - UP.| > |4l + £ } € {IPiU (P, M © LYUP| > | P Ml + o } -
Hence,
9 9
{3aeD, |1PU - A0 L, UP| > |4l + 2} ¢ U {IBU (PoM @ L)UP| > |1Po, Ml ) + 7 | -
MeS,

The conclusion follows.
O

The next lemma shows that there exist a smooth function which verifies some assumptions on the
infinite norm of its derivatives.

Lemma 3.4. There exists g a CS function which takes value 0 on (—oc,0] and value 1 on [1,00), and

in [0, 1] otherwise. Besides for any j < 6, ||g(j)HOO — 93
Proof. Firstly we define,
_ 2t ift<1/2
fite [O’HH{ 21 —t) ift>1/2
H o C(0,1]) — ((0,1)
F21) ift<1/2
oo tH{f(Qtl) ift>1/2

Inspired by Taylor’s Theorem, we define
h:xze [071]’_)/01@57'15)5 HP f(t) dt.
It is easy to see that h € C%(]0,1]) with
Vi <5, AU zGOlH/ H5f()dt, n® = Hof.

Thus one can easily extend h by 0 on R~ and /A remains C6 in 0, as for what happens in 1 it is way less
obvious. In order to build g we want to show that

Vi<j<6, RUA)=0,  h(1)>0.
To do so let w € CY([0, 1]), then for any k > 0,

1 1/2 1
—t)*Hw = —t)kw - — t)Fw (2t —
/O (1 — )" Huw(t)dt /O (1 - t)Fw(2t)dt /1 /2(1 t)Fw(2t — 1)dt

_ 2k_1+1 /01 (@=0" - -0 wita
:2k+1/ > <>1t w(t)dt.

0<i<k



Thus recursively one can show that V1 < j < 6, h)(1) = 0. We also get that

) = [ O sy an = Bt [ g =2,

J@+1)

Hence we fix g = 22! h, further studies show that Hg(j) HOO =2""7=2. O

In the next lemma, we prove a first rough estimate on the deviation of the norm with respect to its
limit. It is the only one where we use that d < tkn.

Lemma 3.5. For any A € Dy, € > 0,

In®(k
P (HP;;U*A © LUP|| > || All + 5) <3x2% x nkfn”)g—‘*. (6)

Proof. For a better understanding of the notations and tools used in this proof, such as free stochastic
calculus, we refer to [15]. In particular 7y, is the trace on the free product of My, (C) with a C*-algebra
which contains two free unitary Brownian motions, see Definition 2.8 of [15]. As for §, D and X, see
Definition 2.8 and 2.10, as well as Proposition 2.2 of the same paper. If you are not familiar with
free probability, it is possible to simply admit equation (8) to avoid having to understand the previous
notations.

Since |PU*-A® L, -UPR,|| = ||P.PU*- AR L, - UP,P}||, we will rather work with P = P, P}
since it is a square matrix. To simplify notation, instead of A ® I,, we simply write A. Thus thanks to
Lemma 4.1 and 4.4 from [15], given a function f such that

VeeR, f(z)= / S dpy), (7)

R

for some measure y. Then with u; = Ua; and vy = Ub; where a; and b; are free unitary Brownian
motions started in 1 and free between each other, we have the following expression,

E [% Trin (f(P U AU P))} - T(f(P wh A ur P))

1 r oy P I
= m// t Tin (DoéloD(e‘yPU AUP)(ut,uI,A,P) X Do520D(e‘yPU AUP)(U,g,UZ‘,A,P))
n 0
dt du(y).

Then if we set R} = PujAu,P and RS = Pv} Av P , after a tedious computation,
Tkn (D odto D(einU*AUP) (ug,uf, A,P) ® Dod%o D(einU*AUP) (ve, vy, A, P)) (8)
1

_ 2iy3/ S Thm ( (eiyRﬁsPu:Aut - u:AutPeiyRﬁs) % <eiyR;(1s)Pvz<A2vt _ va2vtP€iyR§(1fs)

0

1 . t s t
+iy(1 — s)/ e‘yR2(1_3)(1_T)PU;‘A2vtPe‘yR2(1_5)TU;‘AU,5
0
— vy Avteing(l_s)(l_T)Pv;‘ AQUtPeing(l_s)T dr) ) ds

1 . t . t . t s t

- 2y2/ Thn (iys(R’iellesu:Aut — uj Aug eV RY) — uf Auy PetvFas 1 e‘lesPquut)
0
X (iy(l - s)(RéeiyR;(lfs)vavt — vz‘AvteiyR;(lfs)Rg)

_ U:AvtpeiyRé(lfs) + eiyRé(ls)PvrAUt)>ds



One have that given f a continuous function, X and Y such that XP = X and PY =Y, then
Thn ((f(Ri)Pu;‘Aut — quutPf(R’i))X) = Tin (Xf(Ri)Pu;‘Aut(l — P)) ,

Thn ((f(R’i)Pu:Aut — u:AutPf(R’i))Y) = Tkn ((P — l)quutPf(R’i)Y) .
Since the norm of A, P,1 — P and u; are smaller than 1, we finally get that for any ¢,
‘Tkn (D odlo D(einU*AUP) (ug,uf, A,P) ¥ Dod?o D(einU*AUP) (ve, 05, A, P)) ’
1
< 4y2/ slyl(L+ [yl(L =) + (1 + [yls)(Jyl(1 — s) + 1)ds
0
2 3, 44
= 4y“ + 6]y +§y .
Thanks to Proposition 3.3 from [15], we get that

. * . *
‘T(elyPuTAuTP) o 7_(elyPu AuP) ‘

1
— ‘y/ T (elsyPuTAuTPP (U}AUT _ a}AaT)P el(l—s)yP uTAuTP) ds
0

< 8e2me T2y,

Consequently, if the support of f and the spectrum of Pu* AuP are disjoint, then T(f(P u* AQIL, u P)) =
0, and

‘IE {k—ln Trin (f(P U* Ao I, U P))” 9)

< 82T/ / ol dl) + (2 / g2 S+ Syt dlul(y)
= kn 2 3 '

Let g be a C% function which takes value 0 on (—o0, 0] and value 1 on [1,00), and in [0, 1] otherwise. We
set foitrr g(2eHt —a) —1)g(2e71(1 —¢) + 1) with a = || All (- Then the support of f is included in
[IlA[[(4) , 00), Whereas the spectrum of Pu*AuP is bounded by [|[Pu*AuP|| = || A ;,)-1 < [I4]]4) since
d < tkn. Hence f. satisfies (9). Setting h : t — g(t — 2o —1)g(2e =1 +1 —t), we have with convention
f(:c) =©2m~ [ f(y)e *¥dy, for 0 < k < 4 and any 3 > 0,

J1ul15.0 dy =5 [l | [ 9= = ) = iglze 0= 0+ e | dy
3 [ 1| [ nneter Ll ay

1
%2k€7k57k/|y|k

1 1
<522 [ T du [(n9 a0+ RO (3t e

ot (5 o+

/ h(Bt)e vt dt' dy

In the last line we used the fact that we can always assume that a+e < 1 (otherwise P(||PiU* - A® I, - UR,||
2 [|All4) + €) = 0 and there is no need to do any computation) and thus that the support of ¢ — g(t —

2e~ta—1) and the derivative of t — g(2e~!+1—t) are disjoint. Thus by fixing 8 = \/Hg(k) HOO | g(*+2) H;ol
we get

[1ult1.0 dy < 257+ flg® g+



Consequently, since f. satisfies (7) with du(y) = ﬁ(y)dy, by using (9) we get

'E [% Tty (fE(P U* Ao I, U P))”

- oL (TN, -
s om0+ () I

T\ oo T\?16 _
+ () 2=V T o+ (5) 3=V TeO T o

Combined with Lemma 3.4 and fixing T' = 41n(kn), we get

'E [% Trion (fE(P U* A9 L, U P))”

15 g1 In(kn)\ > In(kn)\ > 247/2 (n(kn)\ >
<27 ¢? 920/2 () g2 2382 =) eP 4 T — -
=cner (kn)? + kn e kn =t 3 kn c

Since for any n, almost surely |PU* - A® I, - UP,|| < 1, we have

i (||P;;U*A ® LUP|| > [|All ) + s) - IP’(E)\ € o(PU*A® I,UP), f-(\) = 1)
< ]P’(Tr;m (fE(P*U*A ® InUP)) > 1)
<E [Tr (

o (fg PU* A9, UP))}

-1 2 47/2
<o¥elr E 4 In"(kn) (2572 _—2 13 % 233/2.73 4 ls% ,
kn kn 3

One can always assume that In®(kn) > 1 since for small value of k and n, (6) is easily verified since the
right member of the inequality is larger than 1. One can also assume that € < 1 since almost surely

|PXU*A @ I,UP,|| < 1. We get the conclusion by a numerical computation.
O

We can now refine this inequality by relying on corollary 4.4.28 of [16], we state the part that we will
be using in the next proposition.

Proposition 3.6. We set SUy = {X € Uy | det(X) =1}, let f be a continuous, real-valued function
on Uyn. We assume that there exists a constant C' such that for every XY € Uy,

If(X) = f(YV) < ClIIX =Y, (10)

Then if we set vg the law of the Haar measure on G, for all § > 0:
- <‘f(-) -/ f(Y-)dVStUN(Y)‘ > 5) <235 (1)
Lemma 3.7. For any A € Dy, € > 0, if kn > 22 xIn®*(kn) x e=*, we have
P (HP;;U* CA® L, - UP,| > [ Al + 5) < 9¢knx G,

Proof. We set,
f: U= ||PIUA® ILUPR,|,

h:XelU,— /f(YX)dVSU;m (Y)

If U! is a random matrix of law vsy, ,, and « a scalar of law vy, independent of U'. Then the law of U
is vy,,, since its law is invariant by multiplication by a unitary matrix. Consequently for any X € Uy,,



h(X) = E[f (U X)] = E[f (ol X)] = E[f (al")] = / J(¥)dvo, (V).

The third inequality is true since for any scalar @ and X € Uy, f(X) = f(aX). Besides we also have
that for any U,V € Uy,
fU) = fV)[<2|U -V <2(U-V],.

Thus by using Proposition 3.6, we get
P([IPU - Ae L, - UR| - E[IPU" A LUP || 28) < 2¢” s
Besides if for z € R, we denote zy = max(0, z), then

P (IPU"A® LUP, > Al +<)

P (||P;;U*A @ LUP,| —E[|P'U*A® [,UP,||| > ¢ — E {( IP;U*A® LUP,| - || Al )J)

<P <‘|P;U*A © LUP| ~E[IP;U" A0 LUP,| ]| >« ~ B [( |PLU*A® LUP.| - 1Al )J)

2
7kn<stE{(HPTL*U*A@IHUPH||f||A||(t)) ]) /16
< 2e + .

Besides thanks to our first estimate, i.e. Lemma 3.5, we get that for any r > 0,

In?(k !
lrl771)/ 3 x a *da

E[(||P;U*.A®In~UPn|||A||(t))J <7422 x kf

1 2

n (kn)T73
kn

<r+4+2%x
1/4
And after fixing r = (221 X lnzk(—::n)) , we get that

1 (k) 1/4
[ n n
E{(HP,IU -A®In~UPn|||A||(t))J < <225 - >

Hence if kn > 229 x In?(kn) x e =%, we have

P (HP,’{U* A I - UP|| > || All +5) < 9e—knx i

We can finally prove Theorem 2.2 by using the former lemma in combination with Lemma 3.3.

Proof of Theorem 2.2. If we set u = }’[5, then with S, = {uM | M € My(C)sa, Vi > j, R(ms;) €

{N+1}no,[u™t]], Vi>j, (m” € {N+1}n[0,[u""]] }, Lemma 3.3 tells us that

* * E
P (Ko ¢ Krot2) < S P(IPIU(Po,M @ L)UP > [P, M+ 7 ).
MeS,

But thanks to Lemma 3.7, we know that for any A € Dy, if n > 3* x 229 x In?(kn) x k3%, then
P(IP;UA® LUP = | All + 5 ) < 2¢75 %5,

Thus since the cardinal of S, can be bounded by (1= +1)¥*| we get that for n > 3% x 229 x In?(kn) x
]{/,1;5&_—47

P(Knge & Kig+e) <2ut+ 1)’“26*% X < KB~ Ex



4 Application to Quantum Information Theory

4.1 Preliminaries on entropy

For X € D(H), its von Neumann entropy is defined by functional calculus by H(X) = — Tr(X In X),
where 01n0 is assumed by continuity to be zero. In other words, H(X) = ZAGSP&C(X) —AIn A where the
sum is counted with multiplicity. A quantum channel ® : B(Hy) — B(Hs) is a completely positive trace
preserving linear map. The Minimum Output Entropy (MOE) of ® is

Hpnin(®) = XEHEi(I}mH(@(X))' (12)

During the last decade, a crucial problem in Quantum Information Theory was to determine whether
one can find two quantum channels

P, : B(HJ ) — B(Hkl),’t = {1,2},

i

such that
Hyin(P1 @ ®2) < Hyin (P1) + Hinin (P2).

Let e; = (1,0,...,0) € R* and let

1—lea]fe 1—lea]fe
k—1 7 k-1

k—1 times

zp = | llealls,

(13)

If we view x} as a diagonal matrix, then it can be easily checked that x} € K} ¢, and the following is the
main result of [4]:

Theorem 4.1. For any p > 1, the mazimum of the I’ norm on Ky is reached at the point x}.

By letting p — 1 it implies that the minimum of the entropy on Kj ; is reached at the point =} and
this is what we will be using. For the sake of making actual computation, it will be useful to recall the
value of ||eq]|¢. For this, we use the following notation:

(170*7) = (1,1,...,1,0,0,...,0) € R¥, (14)
S—_— ——
J times k—j times

and 1% = (1¥0°). It was proved in the early days of free probability theory (see [17]) that for j =
1,2,...,k, one has

tu—2tu+2ytu(l — 61 —u) ift+u<l,
1 ift4+u>1,

H(ljok_j)H(t) = (b(uat) = {
where u = j/k.

4.2 Corollary of the main result

The following is a direct consequence of the main theorem in terms of possible entropies of the output
set.

Theorem 4.2. With Sy 1 = minacr,, , , H(A) = Hyin(P,) and Sk = minack, , H(A), if we assume
d < tkn, then for n > 3% x 229 x In*(kn) x k3~ where 0 <& < e !,

2

P(sn,k,t < Sp. — 3ke| ln(5)|) < FPnER ) g X

10



Proof. Let A, B € Dy, such that ||[A — BJ|, < e with | M|, = +/Trx(M*M), with eigenvalues ();); and
(i) Then with T = max{e, =},
‘ Z Ai In(A Z i In(pe;)

<2k sup |xln(z |+‘Z)\ In(A; Zuzln ;)
z€[0,€]

< 2ke|In(e)| + Z |Ai — [ In(e)]

| Trn(AIn(A))| — | Tre(BIn(B))|

< 2ke|ln(e)| + k||A — B|||In(e)]
< 3ke|ln(e)]

Thus if we endow My (C) with the norm M — /Try(M*M), then if K,, .+ C Ky + &, then Sy, ;1 >
minacr, ,+e | Trp(AIn(A))| > Sk, — 3ke|In(e)|. Hence

P(Sns < Sks — kel n(e)]) <P (Kupe & Kit +2).

Theorem 2.2 then allows us to conclude.
O

4.3 Application to violation of the Minimum Output Entropy of Quantum
Channels

In order to obtain violations for the additivity relation of the minimum output entropy, one needs to
obtain upper bounds for the quantity Huin (P ® ¥) for some quantum channels ® and ¥. The idea of
using conjugate channels (¥ = ®) and bounding the minimum output entropy by the value of the entropy
at the Bell state dates back to Werner, Winter and others (we refer to [13] for references). To date, it
has been proven to be the most successful method of tackling the additivity problem. The following
inequality is elementary and lies at the heart of the method

Hppin (@ ® @) < H([® @ D](Ey)), (15)

where E; is the maximally entangled state over the input space (C?)®2. More precisely, Ey is the
projection on the Bell vector

d
1
Bell; = — Zei ® e, (16)
Vd i=1

where {e;}%_, is a fixed basis of C.

For random quantum channels ® = ®,,, the random output matrix [®, ® ®,](E,;) was thoroughly
studied in [5] in the regime d ~ tkn; we recall here one of the main results of that paper. There, it
was proved that almost surely, as n tends to infinity, the random matrix [®,, ® ®,,](Exn) € M2 (C) has
eigenvalues

. 1—t 1—t 1—t
’Yt: t+ k2 ) 1{52 ety 1{52
—_——

k2—1 times

(17)

This result improves on a bound [13] via linear algebra techniques, which states that the largest eigenvalue
of the random matrix [®,, ®®,,|(Ey) is at least d/(kn) ~ t. Although it might be possible to work directly
with the bound provided by (17) with additional probabilistic consideration, for the sake of concreteness
we will work with the bound of [13]. Thus if the largest eigenvalue of [®,, ® ®,,](Eq4) is d/(kn), since
Try @ Tri([®, ® ®,](Eq)) = 1, the entropy is maximized if we take the remaining k? — 1 eigenvalues

1= dz/ (’i") thus it follows that

equal to

_ _ d 1-4% 1-— 4
Hoyn(@2®) < H([®@ ®|(Ey) < H | — kn oo kn
(@© @) < H(®©®(E)) < H | 1 a5

k2—1 times

11



Therefore, it is enough to find n, k, d, t such that

—%log <%) — (1 — %) log [<1 - k%) /(k? — 1)] < 2H(x}). (18)

In [4] it was proved with the assistance of a computer that this can be done for any k > 184, as long
as we take ¢ around 1/10, see figure 1 from [4]. However for k large enough, the difference between the
right and left term of (18) is maximal for ¢ = 1/2. As soon as we take ¢ such that 3ke|ln(e)| is less than
the difference, we are done. For example, we obtain the following theorem

Theorem 4.3. For the following values (k,t,n) = (184,1/10,10%?), (185,1/10,2x10°), (200, 1/10, 10*7),
(500,1/10,4 x 10%),(500,1/2,6 x 10*) wviolation of additivity is achieved with probability at least 1 —
exp(—10%7).

Proof. We make sure to work with n a multiple of 10 so that we can set d = tkn, then since Hpin(Py,) =
Hmin(i)n)a

]P)(Hmin(q)n & (i)n) < Hmin(q)n) + Hmin((i)n))
= P( Hpin(®y © B,) < 2l (@) )
< ]P’( — tlog(t) — (1 —t)log [(1 — )/ (k2 — 1)] < szin(q>n))

t 1—1 1-—t
=1-P Hmin (I)n S__l - 1
() < = 1on() - £ 105 (5= ) )
=1-P(Snkt < Skt — O,

with

t 1—1t 1—-t 1_||61H(t)
5k,t = 3 10g(t) + 5 log (—k2 — 1) — H€1H(t) 1Og(H€1||(t)) - (1 - ||€1H(t))10g (7]{ 1 .

Then we conclude with Theorem 4.2 to compute explicit parameters.
O

To conclude, since our bound is explicit, we solve the problem of supplying actual input dimensions
for any valid output dimension, for which the violation of MOE will occur. From a point of view of
theoretical probability, this is a step towards a large deviation principle. And although our bound is far
from optimal, our results presumably give the right speed of deviation. However conjecturing a complete
large deviation principle and a rate function seems to be beyond the scope of our techniques.
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