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Information and thermodynamics: fast and precise approach to Landauer’s bound in
an underdamped micro-mechanical oscillator

Salamb6 Dago, Jorge Pereda, Nicolas Barros, Sergio Ciliberto, and Ludovic Bellon™
Univ Lyon, ENS de Lyon, Univ Claude Bernard Lyon 1,
CNRS, Laboratoire de Physique, F-69342 Lyon, France

The Landauer principle states that at least kT In 2 of energy is required to erase a 1-bit memory,
with kT the thermal energy of the system. We study the effects of inertia on this bound using
as one-bit memory an underdamped micro-mechanical oscillator confined in a double-well potential
created by a feedback loop. The potential barrier is precisely tunable in the few kpT range. We
measure, within the stochastic thermodynamic framework, the work and the heat of the erasure
protocol. We demonstrate experimentally and theoretically that, in this underdamped system, the
Landauer bound is reached with a 1% uncertainty, with protocols as short as 100 ms.

The thermodynamic energy cost of information pro-
cessing is a widely studied subject both for its funda-
mental aspects and for its potential applications [1-9].
This energy cost has a lower bound, fixed by Landauer’s
principle [10]: at least kT In2 of work is required to
erase one bit of information from a memory at tem-
perature T, with kg the Boltzmann constant. This is
a tiny amount of energy, only ~ 3 x 1072!J at room
temperature (300K), but it is a general lower bound,
independent of the specific type of memory used, and
it is related to the generalized Jarzynski equality [11].
The Landauer bound (LB) has been measured in several
classical experiments, using optical tweezers [12, 13|, an
electrical circuit [14], a feedback trap [15-17] and nano-
magnets [18, 19] as well as in quantum experiments with
a trapped ultracold ion [20] and a molecular nanomag-
net [21]. The LB can be reached asymptotically in quasi-
static erasure protocols whose duration is much longer
than the relaxation time of the above mentioned sys-
tems used as one-bit memories. In practice, when the
erasure is performed in a short time, the energy needed
for such a process can be minimized using optimal pro-
tocols, which have been computed [22-27]| and used for
overdamped systems [17]. Another strategy to approach
the asymptotic LB faster is of course to reduce the re-
laxation time. However, for very fast protocols, one may
wonder whether inertial (inductive) terms in mechanical
(electronic) systems play a role in their reliability and
energy cost.

The goal of this letter is to analyze this problem and
to provide a new experimental and theoretical explo-
ration of Landauer’s principle on an underdamped micro-
mechanical oscillator confined in a very specific double-
well potential. Erasure procedures in underdamped sys-
tems have never been studied before, and this new ap-
plication field opens significant possibilities, since oscil-
lators are fundamental building blocks to many systems.
Moreover, it is interesting to verify the LB for a weak
coupling to the thermostat. Both the relaxation time
and the coupling to the bath of our system are orders
of magnitude smaller than those of the overdamped sys-

a) Feedback loop * . »ib)
% zg v 710
1 ' mN
1 ' —
1 ~ -4
: . Q 10
' N o
’
* L A 108} ——— Meas.
---------- @0
& — —SHOfit
108 -
Differenyiy 102 108 10
lme”efometer Frequency (Hz)
10 C) ——— Meas.
— —Fit toeq.1
) & ¢
<
505
————
Vo 0

L 8 4 0 4 8
- z=z/o

FIG. 1. (a) Schematic diagram of the experiment. The con-
ductive cantilever is sketched in yellow. Its deflection z is
measured with a differential interferometer 28], through two
laser beams focused respectively on the cantilever and on its
base. The cantilever at voltage V' = £V is facing an electrode
at Vo. The voltage difference V' — Vi between them creates
an attractive electrostatic force F' oc (V — Vp)?. The dashed
box encloses the feedback controller made of a comparator
and a multiplier, which create the double-well potential. (b)
Measured Power Spectrum Density (PSD) of the cantilever
deflection thermal noise with no feedback (Vi = 0, blue), and
best fit by the theoretical thermal noise spectrum of a Simple
Harmonic Oscillator (SHO, dashed red). Up to 10kHz, the
cantilever behaves like a resonator at fo = 1270Hz, with a
quality factor Q = 10. We infer from this measurement the
variance o? = (z?) = kpT/k, used to normalize all measured
quantities. (c¢) Measured double-well potential energy (blue)
obtained with the feedback on, with xo = 0 and V; adjusted
to have a 5 kgT barrier height. The potential is inferred from
the measured Probability Density Function (PDF) of z dur-
ing a 10s acquisition and the Boltzmann distribution. The fit
using Eq. (1) is excellent (dashed red).

tems of previous demonstrations. We approach the LB in
100 ms, compared to the 30s [13] previously needed, and
thus accumulate much more statistics. Notice that the
asymptotic time in our experiment is among the fastest
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FIG. 2. Description of the erasure protocol. (a) Evolution of the potential U(z, zo, z1). (b) Experimental static PDF P(z, zo, 1)
(blue), best fit to the Boltzmann distribution (red), and position of the threshold zo (dashed green).

erasure times of the systems mentioned above. Further-
more, our choice of confining potential allows both a pre-
cise experimental control and an analytical computation
of the work and heat on a trajectory. These predictions
can be compared quantitatively with the experimental
results because they include only quantities that can be
measured with high precision in our experimental set-up,
schematically described in Fig. 1(a).

The underdamped oscillator is a conductive can-
tilever [29] which is weakly damped by the surrounding
air. Its deflection x is measured with very high accu-
racy and signal-to-noise ratio by a differential interfer-
ometer [28]. The Power Spectrum Density (PSD) of the
thermal fluctuations of = is plotted in Fig. 1(b). The
fit of this PSD with the thermal noise spectrum of a
Simple Harmonic Oscillator (SHO) gives its resonance
frequency fo = wp/27 = 1270Hz and quality factor
Q = mwo/y = 10, where m, k = mw? and ~ are re-
spectively: the mass, stiffness and damping coefficient
of the SHO. From the PSD we compute the variance
02 = (2?) = kgT/k ~ 1nm?, which is used to normalize
all measured quantities: deflections are from here on ex-
pressed as z = x /0, and energies are in units of kgT. The
SHO potential energy is for example %k‘xQ/kBT = %zQ,
and its kinetic energy Ey, = mi?/kgT = $2%/w3.

In order to use the cantilever as a one-bit memory, we
need to confine its motion in an energy potential con-
sisting of two wells separated by a barrier, whose shape
can be tuned at will. This potential U is created by a
feedback loop, which compares the cantilever deflection
z to an adjustable threshold zy. After having multiplied
the output of the comparator by an adjustable voltage
V1, the result is a feedback signal V' which is +V; if
z > 29 and —Vq if z < zy. The voltage V is applied
to the cantilever which is at a distance d from an elec-
trode kept at a voltage V. The cantilever-electrode volt-
age difference V) - V; creates an electrostatic attractive

force F = 19,C(d)(Vo £ V1)? [30], where C(d) is the
cantilever-electrode capacitance. Since d > o, 9;C(d)
can be assumed constant. We apply Vp ~ 100V and
Vi <« Vj so that in a good approximation, F' o« +V;
up to a static term. This feedback loop results in the
application of an external force whose sign depends on
whether the cantilever is above or below the threshold
zo. The reaction time of the feedback loop is very fast
(around 1073 f; 1), thus the switching transient is trans-
parent thanks to the inertia of the cantilever. As a con-
sequence, the oscillator evolves in a virtual static double-
well potential, whose features are controlled by the two
parameters zg and V. Specifically, the barrier position is
set by zg and its height is controlled by V; which sets the
wells centers +z; = +£V70,C(d)Vy/(ko). The potential
energy constructed by this feedback is:

1
U(z, z0,21) = i(z—S(z—zO)zl)Q, (1)
where S(z) is the sign function: S(z) = —11if 2 < 0

and S(z) = 1if z > 0. We carefully checked that the
feedback loop creates a proper virtual potential without
perturbing the response of the system, including hav-
ing no effect on the equilibrium velocity distribution [31].
The potential in Eq. (1) can be experimentally measured
from the Probability Distribution Function (PDF) P(z)
and the Boltzmann distribution P(z) o< e~Y(%). Figure
1(c) presents an example of an experimental symmet-
ric double-well potential generated by the feedback loop,
tuned to have a barrier of 122 =5 (29 = 0, 21 = V/10).
The dashed red line is the best fit with Eq. (1), demon-
strating that the feedback-generated potential behaves as
an equilibrium one.

The erasure protocol corresponds to the potential evo-
lution described in Fig. 2, with the associated experi-
mental static position distribution P(z). Initially, the
system is at equilibrium either in the state 0 (left-hand
well centered in —Z) or in the state 1 (right-hand well



centered in Z;) with a probability p; = % The process
must result in the final state 0 with probability py =1, to
perform a full erasure process. To do so, during the first
stage we drive the wells closer until they merge into one
single harmonic well centered in 0. After a short equili-
bration time, the barrier position (dashed green line) is
pushed away to prevent the cantilever from visiting the
right hand well (black line). It thus remains in the left
hand well (red line), which is driven back to its initial
position in —Z;. The so-called stage 2 ends when the
threshold is brought back in 0, to reach the final state 0
in the bi-stable potential, regardless of the initial state.

FIG. 3. Time recording of the cantilever deflection z on a
single trajectory (blue, starting in state 1 in this example),
superposed with the two wells’ centers +2z1 (black) and —z;
(red), and the threshold zo (dashed green). Stage 1 (red back-
ground) et 2 (green background) both last 7 = 200ms. 7 is
very long compared to the natural relaxation time 7, of the
cantilever: for ~ 250 > for, = Q/7 ~ 3. The equilibrium
periods around stages 1 and 2 are chosen freely as long as they
allow the cantilever to relax, in this example 79 = 50 ms > 7.

To implement the erasure procedure, the position of
the center of the wells +2; (black and red lines), and
the barrier position zy (green dashed line) are driven ac-
cordingly to the profiles in Fig. 3. Initial equilibrium
is ensured by a steady potential for a duration of 7,
chosen longer than the natural relaxation time of the
system 7, = 2Q/wy = 2.5ms. For clarity purposes,
To = 50ms in Fig. 3. During stage 1 (red background) the
center of the wells moves linearly from the initial state
21(0) = Z; =4.55 to z1(7) = 0 in a time 7 = 200 ms. Z;
sets the height of the barrier in the initial state %Zf 2 10,
chosen high enough to secure the initial and final states.
When the two wells are close enough, the cantilever starts
switching from one well to the other: the information is
progressively lost. The cantilever is then allowed to relax
at equilibrium in this single well for 37p. During stage
2 (green background), the threshold zp is set at a large
value (of order Z; or higher): the cantilever can no longer
switch to the right hand side well. The cantilever is then
brought back to the state 0, as z; follows a linear ramp
from 0 to Zy, in the same time 7. The protocol ends at

Ty = 27 + 5719 2 27 + 157, [32], after letting the system
relax during 79 and bringing back zy to 0.

The data plotted in Fig. 3 contains all we need to com-
pute the stochastic work and heat along a single trajec-
tory. Indeed, if we apply to the underdamped regime the
generic computations of these stochastic quantities [33—
37], we obtain the following expressions [31]:

W:/ —z'idt:/ S(z—29)z — 2z1)%1dt (2
0 i:Z(J,l 9z 0 (Sz=20) adt (2)

Q: B Tf 87U'dt— [Ek};'f

o 0z
Tf I
- /0 (S(z = 20)21 — 2) 2dt — Qig [22} '

0

From the above definitions, we deduce the energy balance
of the system:

AU+ AE, =W — Q. (4)

Since at 77 the system has relaxed to equilibrium, and the
initial and the final states of the protocol are the same,
(AU) = (AEy) = 0, thus in average (W) = (Q) [38].

In order to reach the LB, we should proceed in a quasi-
static fashion. From Egs. (2) and (3), using the Boltz-
mann equilibrium distribution and the potential energy
of Eq. (1), we demonstrate that in the quasi-static regime
stage 1 requires (W) = (Q) = In2, and that stage 2
doesn’t contribute [31]. Actually, in a quasi-static evo-
lution, any intermediate state can be theoretically de-
scribed with our specific choice of U(z, 20, 21), and the
mean power computed all along the cycle. Long proto-
cols satisfying 7 > 7, can be considered as quasi-static
erasures, hence we present in Fig. 4 the results obtained
from 2000 trajectories, equivalent to the one of Fig. 3. It
should be emphasized that the protocol is perfectly effi-
cient from an information processing point of view: all
2000 trajectories ended in the prescribed well, regardless
of the initial condition.

As expected for a slow translation of a single well, stage
2 requires nearly no power: (W) = 0+ 0.008. Dur-
ing stage 1 however, the power increases when the can-
tilever starts switching between the wells. Of course, the
equilibrium stage never contributes to the erasure cost.
Summing the dissipated power along the process gives:
(W) = 0.702 + 0.006 and (Ws) = 0 & 0.008. Further-
more, we also compute the mean dissipated heat during
the whole procedure: (Q) = 0.68 £ 0.03. These results
are in perfect agreement with the Landauer principle: in
a quasi-static process, the mean work or heat required to
erase 1 bit of information is In2 = 0.693.

After providing experimental evidence that our system
matches the LB in the quasi-static limit, we study how
fast the procedure can be performed before paying an ex-
tra energetic cost for the erasure. We therefore repeat the
experiment for increasing speeds z; = Z; /7 [31, 38|, and
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FIG. 4. Time evolution of the mean power over 2000 trajec-
tories following the slow protocol of Fig. 3. The work takes
off when the cantilever starts switching between the wells,
during stage 1 (red background). Since the process is quasi-
static, stage 2 (green background) doesn’t contribute on av-
erage. The red dashed line is the analytical prediction in the
quasi-static regime [31]. (Inset) Work distributions for the
2000 trajectories during stage 1 (Wi, red) and 2 (Wa, green)
fitted by gaussians (plain lines). As theoretically predicted for
a slow erasure, stage 1 reaches the LB of 0.693 (dashed red)
while stage 2 requires negligible work (dashed green). PDF
of Q are available in the Suppl. Mat. [31]

report the results in Fig. 5. The initial distance between
the wells may vary slightly from one set of experiments to
the other (Z; = 4.5 to 6, but Z; is constant for the 2000
experiments of any given 7), so we use the speed Z; /7 to
represent how far from a quasi-static protocol we stand.
As expected, the slow procedures meet the LB (Figs. 3
and 4 present the slowest one), and quick ones require an
extra cost. For finite 7, it has been reported in earlier
demonstrations of the LB [12, 15] that (W) ~ In2+ B/,
with B a constant depending on the system and applied
protocol. More generally, this 1/7 asymptotical behavior
is expected for the mean stochastic work or heat for fi-
nite time transformations both in overdamped [22, 27, 34]
and underdamped [39] systems. This suggests a fit of
our results with Lo, + B'21 = Lo, + B'Z1 /7. Tt leads to
B’ = (437 £ 27)ps and Lo, = 0.695 £ 0.012 which vali-
dates, again, with great accuracy, the Landauer principle.
It is noteworthy that using protocols of only 7¢ ~ 100 ms
(with 7 = 30ms and 79 = 37,. = 7.5ms), the energy cost
of erasure is only 10% larger than the LB. We didn’t ex-
plore cycles faster than 7 = 6f; ! per ramp, which are
already only twice the relaxation time 7. = %Q fo L

One may wonder if the extra cost at high speed is due
either to the erasure protocol itself, or to the damping
losses during the ramps. In the inset of Fig. 5, we plot
the contribution W, or Qs of the ramp of stage 2. In a
first approximation (neglecting transients), the cantilever
will follow the well center z; at speed z;, while experienc-
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FIG. 5. Energy cost from erasure protocols at different speeds
21 = Z1/7, with Z1 ~ 5. Experimental data (blue) are fitted
by Lo + B'Z1 /7 (dashed red), with B’ = (437 4 27) ps and
Lo = 0.695 £+ 0.012. (Inset) Experimental mean work and
heat during stage 2 (green) at different speeds. The theoreti-
cal prediction B5Z; /7 (dashed red) with B = Z1/Quwo works
perfectly (no adjustable parameters).

ing a viscous drag force yoz;. We thus expect the ramp
cost to be (Wh) = (Qa) ~ B4LZy /7, with B} = Z1/Quwy.
This approximation with no adjustable parameters is re-
ported in the inset of Fig. 5, and matches perfectly the
experimental data. We compute Bj ~ 63 ps for Z; ~ b:
the ramp contribution is not enough to explain the extra
cost of fast erasures, since 2By (one contribution for each
stage) would explain only 30 % of the overhead to In2.

As a conclusion, let us summarize the highlights of
this work. We demonstrate in this letter the benefits
of exploring stochastic thermodynamics with an under-
damped micro-oscillator: owing to its fast dynamics and
small relaxation time, we can accumulate large statistics
and lower uncertainties for the measured quantities. The
use of a high-precision interferometer coupled with a sim-
ple feedback loop allows for a well-defined and tunable
double-well potential energy. Combining these two fea-
tures, we demonstrate experimentally that the Landauer
bound can be reached with a very high accuracy in a
short time. Furthermore, we can check every step with
analytical predictions. Inertia has no effect on the limit,
which is reached for just a few natural relaxation times
of the oscillator. Notice that, by using oscillators with
a higher resonance frequency, the relaxation time could
be considerably reduced. Thus, the present approach is
promising to further explore stochastic thermodynamics,
with unprecedented statistics and more complex behav-
iors brought on by the inertia.
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