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Learning from the dynamics of the Covid-19 epidemic

What can we learn from the dynamics of the Covid-19 epidemic ?

M. Peyrard®

Ecole Normale Supérieure de Lyon, Laboratoire de Physique CNRS UMR 5672, 46 allée d’ltalie,

F-69364 Lyon Cedex 7, France

(Dated: 16 September 2023)

We investigate the mechanisms behind the quasi-periodic outbursts on the Covid-19 epidemics. Data for
France and Germany show that the patterns of outbursts exhibit a qualitative change in early 2022, which
appears in a change in their average period, and which is confirmed by time-frequency analysis. This provides
a signal which can be used to discriminate among several mechanisms. Two main ideas have been proposed
to explain periodicity in epidemics. One involves memory effects and another considers exchanges between
epidemic clusters and a reservoir of population. We test these two approaches in the particular case of the
Covid-19 epidemics and show that the “cluster model” is the only one which appears to be able to explain
the observed pattern with realistic parameters. A last section discusses our results in the context of early
studies of epidemics, and we stress the importance to work with models with a limited number of parameters,
which moreover can be sufficiently well estimated, to draw conclusions on the general mechanisms behind the

observations.

The spreading of the Covid-19 epidemic over the
world has introduced chaos in the life of many
people and in the international economy. But be-
sides this familiar concept of “chaos”, theoretical
studies have shown that the epidemic can be for-
mally characterized as a chaotic dynamical sys-
tem in the mathematical sense'. However chaos
and order do not exclude each other. In the pref-
ace of the proceedings of the International Con-
ference on “Order in Chaos”, held in the Cen-
ter for Nonlinear Studies of Los Alamos in 1982,
David Campbell and Harvey Rose point out that,
counter to intuition, deterministic systems can
exhibit a chaotic behavior?. In the case of the
Covid-19 epidemic, the question which arises is
the opposite one: although it appears as truly
complex and chaotic, can a system exhibit or-
derly patterns which can be related to a simple
underlying mechanism ? And if it is so, can we
learn something on this mechanism by analyzing
these patterns ? Figure 1 displaying the time
evolution of the number of daily Covid-19 new
cases during the development of the epidemic in
France and Germany from early 2020 to May 2023
shows a quasi-periodic recurrence of outbreaks
which suggests some underlying regularity. As
the epidemic expanded, it was often mentioned
that the disease would be characterized by sea-
sonal outbreaks that could easily be understood
because in cold seasons people tend to gather in-
doors, which increases the risk of contamination.
However the period of the oscillations observed
in Fig. 1 is of the order of three months, show-
ing that this naive explanation of the periodicity
is wrong. There are outbreaks in all seasons, in
spring as well as in winter, both in France and
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Germany. Another suggestion could be the dy-
namics of social life, with vacations alternating
with work periods. Again, although it might play
some role, the data show that this explanation
is incomplete. This precludes naive explanations
but this may actually be extremely useful to open
a path to understand some fundamental proper-
ties of the Covid-19 epidemic by an analysis of the
data. This is what this paper intends to show.

I. INTRODUCTION

A bibliographical search for the investigations of the
spreading of the Covid-19 epidemic finds thousands of
papers. Some of them rely on a statistical analysis fo-
cusing on medical aspects such as the mechanisms of the
person-to-person transmission or the effectiveness of vac-
cines. Many studies are devoted to the modeling of the
epidemic and they build on a long history of research, in-
cluding pioneering studies, many of them devoted to the
measles epidemics in England®?®. These papers intro-
duced the SIR (Susceptible, Infected, Recovered) model
which is the basis on which many modern studies are
build.

The objectives of all this research are diverse. Part of
it is used as a guide to make decisions for the contain-
ment of the epidemic. In this case the results have to be
as quantitatively accurate as possible, and therefore take
into account various phenomena concerning the disease,
its incubation period and means of transmission, the de-
tails of the contacts between individuals depending on
local transportation networks, and so on. This implies
that such models include many parameters that have to
be carefully fitted in each specific situation. These stud-
ies may have a great practical utility but they are not
suitable to understand the general mechanisms behind
the epidemics.
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Another goal is to look for these basic mechanisms
without attempting a detailed fit of the data but instead
trying to determine what is required in a model to get the
main features which are observed in various countries or
locations. The origin of periodic outbursts is one of such
general questions, which attracted a lot of attention since
the very early studies®®. This question is not trivial. It
is tempting to attribute the periodicity to some external
effect, which amounts to introducing in the model some
time-dependent parameters which oscillate in time. This
is how we explain the recurrence of the epidemics of flu
which affect many countries in winter. This explanation
may be correct for the epidemics of flu that we observe in
the present times but a study of the influenza epidemics
in Iceland® has shown that the timing of the epidemics
has changed over time. Prior to the early 1930 the in-
fluenza epidemics in Iceland lacked a consistent seasonal
pattern and sometimes included several peaks in the sum-
mer months. This shows how the origin of the periodicity
of epidemics may be subtle. In 1957 Bartlett had already
pointed out a clear influence of the size of the cities on
the periodicity of measles epidemics.

The case of Covid-19 is particularly interesting because
it is a new disease and we have data from its origin. For
influenza the epidemics are clearly affected by the immu-
nity acquired by some individuals during previous epi-
demics. This is why the analysis of the age distribution of
the individuals affected by an influenza epidemic exhibits
minima for specific age groups who acquired immunity
earlier”. This is not the case for the Covid-19 epidemic.
Moreover the various mutants of the Covid-19 virus have
very different properties which bring specific clues for the
analysis of the data, allowing us to discriminate between
different possible explanations of the quasi-periodic out-
bursts of the epidemic.

In this study we use the data of two countries, France
and Germany, which have many similarities in their so-
cial and medical systems although they differ in some of
their approaches for the containment of the Covid-19 epi-
demic. Section I shows that these data sets (Fig. 1) have
similar dynamics in the timing of the Covid-19 outbursts.
We then consider two recent proposals to explain the re-
currence of outbursts. Section III considers the effect
of the memory effects introduced by the finite duration
of the acquired immunity; Section IV examines the role
played by the saturation of clusters within the popula-
tion. We show how the data and the available knowledge
on the Covid-19 disease allow us to determine the most
relevant approach, and, in the final Sec. V we discuss our
conclusions and their relation with earlier investigations
of other epidemics, and we emphasize some points worth
keeping in mind.

Il. DYNAMICS OF COVID-19 OUTBURSTS IN
FRANCE AND GERMANY

Figure 1 shows the number of Covid-19 infections re-
ported each day in France and Germany from April 2020
to May 2023. These data deal with large numbers, col-
lected in the whole country, but they nevertheless exhibit
large fluctuations which are due to the reporting process.
Therefore we also plot curves that smooth out these fluc-
tuations to display the general features of the epidemic
evolution more clearly. During the reported period, the
epidemic never faded out but peaks corresponding to epi-
demic outbursts emerge from a background correspond-
ing to periods during which the contamination was much
weaker.
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FIG. 1. Number of new Covid-19 infections reported each
day in France (top) and Germany (bottom) as a function of
the date. The dots show the daily numbers (weekdays). As
the data are very noisy the curves show the data smoothed
by locally weighted smoothing followed by a cubic spline in-
terpolation to get a set of data on a regular grid for further
analysis.

The general patterns are the same in both countries,
in spite of some differences in the rules imposed to con-
tain the propagation of the epidemic such as travel re-
strictions, regulations restricting shopping or mandating
face-masks for instance. Until the beginning of 2022 the
peaks are smaller and broader than in 2022 and 2023,
and the interval between them is of the order of 130-
150 days. From the beginning of 2022, the peaks become
much more intense and their intervals decay to values
of the order of 90-95 days, and may even drop around
70 days. The peaks cannot be associated to surges due
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to cold seasons since there are maxima in April 2021,
August 2021, April 2022, July 2022 in France and April
2021, early September 2021, April 2022, July 2022 in Ger-
many. Therefore Covid-19 outbursts are different from
the seasonal outbursts observed nowadays for influenza.

To get a more quantitative and systematic view of
the dynamic of the epidemics in the two countries, we
made a time-frequency analysis of the data by means
of the Wigner-Ville (WV) transform® 10 applied to the
smoothed and interpolated data plotted as continuous
curves in Fig. 1. This transform can be viewed as an
improved version of the short-term Fourier transform to
detect frequencies present in a signal in a finite time do-
main. It is appropriate for non-stationary signals and
reduces the effect of the crippling compromise between
the resolution in time and frequency®®. Owing to its
broad use in signal processing software packages imple-
menting a discrete-time version of the WV transform!?
have been developed.

The WV spectra of the smoothed curves showing the
variation versus time of the daily numbers of Covid-19
infections in France and Germany (Fig.1) are plotted in
Fig. 2. The similarity of the WV time-frequency spectra
in France and Germany is striking, in spite of the differ-
ences in the shapes of the time-dependent curves of Fig.1.
A simple glance at those WV spectra already tells a lot
on the Covid-19 infection, especially if we confront the
spectra with the spread of the virus variants in Europe,
well represented (up to a few days) by the knowledge for
France. The first significant change, following the origi-
nal o and (8 forms, was the appearance of the § variant,
which had already caused a large epidemic in India. In
France the ¢ variant was at the origin of 34% of the cases
in June 2021 and 99% in August 2021. The Omicron
variant contributed to 40% of the new infections mid De-
cember 2021 and more than 95% in January 2022. The
large extension of the WV-spectra towards high frequen-
cies, which appears clearly at the very beginning of 2022
in France and Germany could have been guessed from
the curves of Fig.1 because it is due to the strong, sharp,
peaks which are observed at that time and were explained
by the presence of the Omicron variant. But the detec-
tion of the arrival of § variant would not be noticed on
Fig.1, while it appears on the WV spectra by a signif-
icant rise in high-frequency contributions around June
2021 (particularly in France, but in Germany as well).

This shows that the WV-time-frequency analysis of the
epidemic data may be a useful tool to follow the develop-
ment of an epidemic. This result is particularly interest-
ing to test epidemic models because it tells us that a suc-
cessful model should be able to show the kind of change
in the period of the recurrence of outbursts which is ob-
served in the French and German epidemics provided its
parameters are modified in a manner quantitatively con-
sistent with the known properties of the virus variants.
We show below that not all models are able to withstand
this test.
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FIG. 2. Time-frequency analysis of the smoothed and inter-
polated data plotted as continuous curves in Fig. 1, using
the Wigner-Ville transform. The figure shows contour-plots
of the modulus of the Wigner-Ville transform of the signal
in France (top picture) and Germany (bottom) in the date-
frequency plane. The scale extends over the full range of the
modulus of the Wigner-Ville spectrum with 80 contour lev-
els. The largest values, observed around the beginning of year
2022, are highlighted by the orange/yellow filling of the con-
tours.

I1l. MEMORY EFFECTS

The basic epidemic model is the SIR (Susceptible, In-
fected, Recovered) model introduced and studied in de-
tails by Kermack and McKendrick who proposed an ap-
proximate solution for the profile of the epidemic®. In
this model, once an individual has recovered he acquires
a permanent immunity, so that the number of susceptible

individuals is progressively exhausted and the infection
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peak dies-out completely. The infection never restarts.

One possible source of periodic outbursts is that actu-
ally immunity does not last forever. In the case of the
Covid-19 disease, it disappears after a finite-time inter-
val. This introduces a memory effect in the dynamics of
the epidemic, which can lead to recurrences. An exten-
sion of the SIR model to take into account this finite-time
immunity was recently introduced by Bestehorn et al.'l.
We implemented this model to test its suitability to de-
scribe the dynamics of the Covid-19 epidemics in France
and Germany. This section presents our results after a
brief introduction to the model.

A. The extended SIR model with memory

Let us denote by S, I, R the fraction of susceptible,
infected, recovered individuals in the total population so
that S+ I+ R = 1. The simple SIR model assumes that
an infection occurs with rate S when an infectious person
and a susceptible individual come into contact, and that
an infected individual recovers (or more precisely stops
being infectious) after an average time . The dynamics
of the model versus time ¢ is therefore described by the
set of equations

ds dl dR

- = IS’ T I S —_ I7 —_— = I . ].

i il v = (1)
Tt is convenient to introduce a dimensionless time ¢t = ¢/
and the basic reproduction number p = /7, so that, in
these units, the model depends on the single parameter

p

ds dI dR

= _p]S —=pIS—-T1 —=1. 2

= PLS, =0 , (2)
We henceforth drop the prime for the time. It is under-
stood that the unit of time is the average time needed
for an individual to recover.

The model with memory assumes that an individual
who recovered at time ¢ loses its immunity after a delay
7 with probability K (7) and becomes susceptible again.
The equations are therefore completed by extra terms to
describe the decay in the population of recovered indi-
viduals and the corresponding growth in the population
of susceptible individuals.

%(f) = —pI(t)S(t) + /OOO It =m)K(r)dr  (3a)
%Ef) = pI(t)S(t) — I(t) (3b)
d%it) =1I(t) — /OOO I(t — 1)K (1)dr (3c)

As suggested by Bestehorn et al.'', a convenient func-

tional form for K (t) is the Erlang distribution
B gata—l et

Koe(t) = I‘(a)e , a>0, £>0, t>0 (4

plotted in Fig 3. T'() is the Euler I' function, « is a pos-
itive real number and ¢ is a scaling factor for time, larger
& values making the distribution sharper. The maximum
of the distribution, which is the typical lifetime of the
immunity is reached for

t=71=(-1)/¢ . (5)
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FIG. 3. The Erlang distribution for selected values of o and
£

B. The Covid-19 infection described by the memory
model

The model described by Egs. 3 does not have an analyt-
ical solution, but it can easily be investigated by numer-
ical simulations. We assume that the fraction of infected
individuals is I(t) = 0 for t < 0 and I(t = 0) = Iy =
21072, S(t = 0) =1 —1Iy and R(t = 0) = 0. As I(¢)
vanishes for ¢ < 0, the integrals of Eqgs. 3 have to be cal-
culated in the domain 0 < 7 < t. We use a fourth-order
Runge-Kutta algorithm to solve Egs. 3, with a time step
dt = 0.01 in units of the recovery time 7.

The model has two stationary solutions 0 < S < 1,
I =0, R=1— S which corresponds to a healthy pop-
ulation and S = 1/p, 0 < I < 1— S which corresponds
to a stable endemic situation. For a given value of p,
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above a bifurcation point which can be reached by in-
creasing 79, the stable endemic point becomes unstable
and this leads to a series of periodic outbursts as shown
in Fig. 4 When 7 decreases, the period between the out-
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FIG. 4. Fraction of susceptible individuals (dashed line, left
scale) and infected individuals (full line, right scale) versus
time for the memory model with a = 111, £ = 5.0, p = 2.8.

bursts gets shorter, and, below the bifurcation point the
outbursts decay with time and the model evolves towards
the endemic stable point as shown in Fig. 5. Although
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FIG. 5. Variation with time of the fraction of infected indi-
viduals for two parameter sets of the model: full line same
as in Fig. 4 corresponding to 70 = 22 (recovery time) and
dashed line a« = 41, £ = 5.0, p = 2.8 corresponding to 7o = 6
(recovery time)

we did not try to fit observed data because the model
is too crude to pretend to be realistic, the parameters
used to generate Fig. 4 have been chosen to give plausi-
ble numbers for the first stage of the epidemic in France
and Germany (with o and f virus variants). The recov-
ery time 7y, which is the time during which an infected
individual can contaminate susceptible individuals can
be estimated to be 5 days, so that the mean immunity
lifetime 79 = 22, measured in terms of the recovery time

is of the order of 3.7 months with a standard deviation of
about 20 days, as shown by Fig. 3 plotting the probability
distribution function for the lifetime of the immunity fol-
lowing the disease. The period between the outbursts on
Fig. 4 is 33.37 x the recovery time, i.e. 166.8 days, which
is the order of magnitude of the time separating out-
bursts at the very beginning of the epidemic. Choosing
parameters leading to a larger value for g, i.e. a longer
immunity lifetime which is not implausible, would bring
the period between the outbursts well above the observed
values, which already casts a doubt on the validity of this
model for the Covid-19 epidemics.

Evaluation of the model parameters which depend on
the virus variant is not straightforward because many of
the studies on infectivity or duration of the immunity
are derived from biological parameters such as the viral
load or the persistence of antibodies in the serum, rather
than the influence of the variants on the epidemic itself.
There are nevertheless some studies which provide some
useful insight. A paper by Liu and Rocklév'? compares
the reproductive number for the § variant, evaluated on
average to be in the range 3.2 < p < 8 with a mean of
5.08, to the value for the original strain p = 2.79. This is
why we selected p = 2.8 for the calculation presented in
Fig. 4 meant to describe the first stage of the epidemic.
The lifetime of the immunity has been often evaluated for
the vaccine-acquired immunity, which could be different
from the immunity acquired from the disease, but may be
expected to be similar. The main point for our study is
that for Omicron the immunity is much shorter than for
the variants present in the first stage of the epidemic!'?.
It decreases very significantly after 10 weeks, but many
cases of multiple fast re-infections by Omicron have been
observed. On average, taking into account the cases of
individuals who hardly appeared to have any immunity
we can estimate that the immunity provided by an Omi-
cron infection does not exceed a month.

Figure 6, which shows how the period of the outbursts
varies with the lifetime of the immunity in the case of
the memory model can be used to analyze the validity of
this model for the Covid-19 epidemic in France and Ger-
many. First, one should notice that the sharpness of the
distribution of immunity lifetimes is not a crucial feature.
For p = 2, the periodicities of the outbursts for £ = 1
(open stars, broad distribution) and £ = 5 (open circles,
sharper, more realistic distribution) are almost the same
and only differ slightly for the shortest immunity life-
times. For p = 5, the results (closed squares and open tri-
angles) differ a bit more but nevertheless not very much.
To describe the two stages of the epidemic observed in
France and Germany, the relevant points are points A
(€ =5, p=28, 7p = 22 x the recovery time, i.e. = 3.7
months corresponding to the « or 5 virus variants) which
gives a period of P; = 33.37 x the recovery time, i.e.
P, ~ 167 days, and B (£ = 5, p = 5, 79 = 6 X the re-
covery time, i.e. &~ 30 days, corresponding to Omicron)
which gives a period P> = 9.07 x the recovery time, i.e.
P, ~ 45 days. The ratio P, /P> ~ 3.7 is much higher than
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FIG. 6. Results for the memory model for a variety of pa-
rameters. The values of £ = 1 and £ = 5, illustrate the effect
of the sharpness of the distribution of the lifetime of the im-
munity. The value £ = 5, which leads to a standard deviation
of about 3 weeks for the lifetime of the immunity is the most
relevant for the Covid-19 epidemic. The reproduction number
p determines the average number of new infections generated
by an infectious person. It was estimated to be p ~ 2.8 for
the ancestral strain of the virus and to rise to p =~ 5 for the
§ variant'?, and is probably of the same order for Omicron.
The lines connect data with the same & and p values, but a
varying immunity lifetime 7y obtained by varying a according
to Eq. (5). The points marked A and B show the parame-
ters chosen as appropriate to simulate the first and the second
stage of the Covid-19 epidemic.

the ratio of less than 2 that is observed when Omicron
replaces earlier variants in France and Germany. More-
over, as observations have shown that the Omicron infec-
tion offers a very weak protection against a resurgence of
the disease for an individual, our estimate of 30 days
for the lifetime of the Omicron immunity is probably an
overestimate, while the immunity lifetime for the original
virus strain and « and S variants that we selected to be
3.7 months may be underestimated. Therefore the ratio
P,/ P, provided by the memory model could probably be
even higher. In fact Fig. 6 shows that, for a given p the
period of the outbursts predicted by the model is almost
proportional to the immunity lifetime, which is the the
basic idea behind the memory model. As the observation
of the epidemics has shown that the immunity provided
by the Omicron infection is very much weaker than the
immunity provided by the initial strains of the virus, it
could have been predicted that the memory model should
lead to a very large change in the dynamics of the epi-
demics when the Omicron variant started to dominate.
The observations do not show such a large a qualitative
transition in the periods of the outbursts, suggesting that
the memory effect due to the lifetime of the immunity is
not at the origin of the periodic outbursts for the Covid-19
epidemics although one can find some model parameters
that appear to fit a few successive outburst of a Covid
epidemic!!. Testing the evolution due to the virus vari-
ants provides a harder test that the model does not seem
to be able to pass with parameters that stay in a realistic

range.

IV. CLUSTER SATURATION

Another approach was recently put forward by Gosti-
aux et al.™ to explain periodic epidemic outbursts with
an extension of the SIR model. The idea is that the
propagation of the disease does not affect the population
globally but instead that it is controlled by the events
in local clusters which interact weakly with the global
population which plays the role of a reservoir. In this
approach a SIR-like model is written at the level of a
cluster. Some of the individuals who recover within the
cluster can be transferred to a group of recovered indi-
viduals in the general population while some members of
the general population, who had not yet been affected by
the disease can join the group of susceptible individuals
of the cluster, which therefore tends to grow. This last
hypothesis is actually the crucial point, which is at the
origin of periodic outbursts.

In fact the idea that the growth of the group of the
susceptible individuals was behind periodic outbursts of
an epidemic was already introduced in 1929 by Soper
who studied “The interpretation of periodicity in dis-
ease prevalence”*. He was investigating the measles epi-
demics, and wrote: “that the accumulation of suscepti-
bles — since more than 90% of all children born in Western
Europe and surviving infancy pass through an attack of
measles — is an important factor of the oscillations or
periods of the epidemics has been adopted by the great
majority of epidemiologists”. Then he presented an anal-
ysis showing that the growth of the number of suscepti-
ble individuals is enough to give rise to periodic oscilla-
tions. In his paper he considered several models because,
for measles, the infectious period is short and follows a
larger period of incubation. But, in the simplest case
where the infectious period can be assumed to extend
during the whole illness, Soper came to a model which is
analogous to the SIR model completed by a single term
which generates a continuous growth of the population
of susceptible individuals. With our notations, Soper’s
model is described by the equations

B 1) 50) +c (62)
dfT(tﬂ _ pI(6) S(t) — (1) (6b)

when the time is measured in units of the recovery time.
For measles the extra term e added to the first equation
of the SIR model was simply explained by the birth rate
of children in a given area (typically an English city) af-
fected by periodic outbursts of measles. In the context of
the Covid-19 epidemic, we henceforth call this model the
“cluster model” because it can be viewed as a simplified
version of the model of Gostiaux et al.'4. It should be
understood as the model of a sub-population (the “clus-
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ter”) which is in contact with a broader reservoir of pop-
ulation. In their approach Gostiaux et al. describe the
interaction as a diffusion process in two dimensions, with
a cluster population viewed as proportional to the area
of the domain covered by the sub-population and a rate
of change which is determined by the displacement of the
perimeter of the domain. In two-dimensional diffusion a
segment of the perimeter moves as v/t so that the area
of the domain grows proportionally to ¢. This growth
corresponds to dS/dt = €, where € is simply the pro-
portionality constant, hence the term added to the SIR
model in Eq. (6a).

In this section we show that this highly simple model,
with very few parameters, is sufficient to explain impor-
tant observations on the Covid-19 epidemics. Figure 7
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FIG. 7. Fraction of susceptible individuals (dashed line, left
scale) and infected individuals (full line, right scale) versus
time for the cluster model with p = 2.8 and € = 0.012. The
horizontal long-dashed thin lines show the values correspond-
ing to the fixed point S = 1/p and I = e.

shows the variation versus time of the fraction of suscepti-
ble (dashed lines) and infected (full line) individuals com-
puted by the cluster model with p = 2.8 and ¢ = 0.012.
As for the memory model the simulation was carried out
by a numerical integration of Eqs (6) with a fourth-order
Runge-Kutta algorithm with a time step dt = 0.01 in
units of the recovery time. The initial condition assumes
a fraction of infected individuals I(t = 0) = Ip = 21072,
S(t=0)=1-1Iy and R(t = 0) = 0. The model gives
a sequence of successive outbursts which decay as time
grows. The pattern is qualitatively similar to the series of
outbursts observed in France and Germany in 2022 and
2023 (Figs. 1). In the long term the calculation reaches
an endemic state with a small fraction of infected in-
dividuals. Each outburst is preceded by a quasi-linear
growth of the fraction of susceptible individuals, which
drops sharply when an outburst occurs, before growing
again.

In spite of the apparent simplicity of the model, we
could not derive an analytical solution of the set of non-

linear equations (6). However some of the main fea-
tures of the numerical solution can be deduced from these
equations.

First, the model has a fixed point I given by

ds —— dI —— -
%—0——,05[—!-6, E—O—pSI—I (7)

corresponding to I = € and S = 1/p which are shown by
long-dashed horizontal lines on Fig. 7.

Due to the analogy between the SIR model and the
cluster model, the dynamics of an outburst can be ap-
proximately described by the solution obtained by Ker-
mack and McKendrick® for the SIR model in the limit
pR < 1. Using the third equation in Egs. (1), the first of
these equations becomes dS/dt = —pS dR/dt. Using the
initial condition R(t = 0) =0, S(t = 0) = Sy Iy = 1— Sy,
one obtains

S = Spe Pl (8)

and then, in the case ¢ = 0 Kermack and McKendrick
could use the condition I +.5 + R = 1 so that the third
equation of Eq. 1 finally gives

dR

— =1-Spe " —R. 9
dt 0€ 9)
This nonlinear differential equation for R(t) cannot be
solved exactly, but, in the limit pR < 1, expanding the
exponential up to second order gives

dR 1

—— =1-8y+ (pSo — )R — =p*SoR?*.  (10)
dt 2

A second order expansion was required because pR has
to be compared to 1 — Sy = Iy which is itself small.
Equation (10) has the solution®

1

t
R(t) = 75, pSo — 1+ vtanh <V2 - qﬁﬂ . (11)

with 2 = (pSo — 1)2 + 2SpIpp? and ¢ = tanh ™' [(pSy —
1)/v]. This gives the shape of an outburst as

d v? v
% =1I(t) = 2775, sech? (; - ¢) . (12)

Figure 8 shows that the theoretical shape of the out-
bursts derived for the SIR model in the limit pR < 1
provides a fairly good description of the numerical re-
sult obtained for the cluster model for a small value of
e = 2.5107%. This shows that the analytical results of
Kermack and McKendrick® for the SIR model can be
used to get some insight on the properties of the cluster
model. The important point of their analytical investiga-
tion, besides the shape of the outbursts, it that it shows
that the epidemic outburst is triggered by a threshold
in the fraction of susceptible individuals, which, for the
SIR model is equal to S = 1/p. The simulation results
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FIG. 8. Fraction of susceptible individuals (short-dashed line,
left scale) and infected individuals (full line, right scale) versus
time for the cluster model with p = 1.1 and e = 2.510™%. The
horizontal long-dashed line shows the value of the fixed point
for the fraction of susceptible individuals S = 1/p. The thick
grey full line shows the theoretical solution for the SIR model
in the limit pR < 1.

(Fig. 8) indicate that there is still a threshold for e # 0.

However its value is moved up to S’ = 1/p + AS. This
is the existence of this threshold which explains the pe-
riodicity of the outbursts for € # 0. The term ¢ in dS/dt
causes a growth of S(¢) until it reaches the threshold and
triggers an epidemic outburst. The outburst induces a
quick drop in S(t), which brings it below the threshold,
down to a value approximately equal to 1/p — AS. After
the outburst the growth of S(¢) restarts until the thresh-
old is again reached, causing the next outburst, and so
on. For larger values of ¢, the analytical result of 3 is
no longer quantitatively valid. Figure 7 shows that the
threshold S’ tends to decrease from one outburst to the
next, presumably because it depends on the value of I(t)
at the end of the previous outburst.

Figure 9 shows how the period of the outbursts, mea-
sured in units of the recovery time, depends on e for the
two values p = 2.8 and p = 5 corresponding to the first
and second stage of the Covid-19 epidemic (see Sec. III
and'?). For a fixed S’ threshold, the period should de-
crease linearly with the increase of e. A weak deviation
from linearity, observed on Fig. 9, occurs because S’ de-
pends on €.

The parameter €, which determines the growth of the
number of susceptible individuals in a cluster, is a mea-
sure of the interactions between people in the society. We
can assume that, on average, it did not vary significantly
during the full epidemic, and moreover, as social behav-
iors are similar in France and Germany, we can select the
same value of € for the two countries. Selecting e = 0.021
corresponds to the points A (first stage of the epidemic,
p = 2.8) and B (second stage, p = 5) marked on Fig. 9.
With this value of ¢, the periods of the outbursts deter-
mined by the cluster model are P; = 26.23 x the recovery
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FIG. 9. Results for the cluster model for a variety of parame-
ters. The two values of p correspond to the estimated values
of the average number of new infections generated by an in-
fectious person in the first stage (p = 2.8) and second stage of
the Covid-19 epidemic (p = 5)'?. The figure shows how the
period of the outbursts depend on e for those two values of
p. Points A and B mark the parameters appropriate for the
first and second stage of the epidemic.

time, i.e. P; =~ 131 days for the first stage of the epidemic
and P, = 19.67 X the recovery time, i.e. P, =~ 98 days for
the second stage. These two numbers are in good agree-
ment with the numbers observed in France and Germany;,
and, contrary to what we had noticed for the memory
model, P;/P, ~ 1.34 is consistent with the observations.
It should be stressed that, owing to the simplicity of the
cluster model which only has the two parameters p and €,
there is little room to fiddle with parameters to reach an
agreement between theory and experiment. The values
of p in both stages of the epidemic result from medical
observations'?. They are certainly not perfectly accu-
rate, but they are in line with the observations in various
countries. The only free parameter of the model is e.
Changing € modifies P; and P, as shown in Fig. 9, but
the ratio P;/P, stays almost constant. Therefore there
is actually no freedom for data fitting. Once € is chosen
to get a correct value of P;, then P, is determined. As
the model, with realistic values for p, gives a ratio Py /Ps
which agrees with the observations, it strongly suggests
that the mechanism behind the periodic outbursts of the
Covid-19 epidemics is the growth of the clusters of af-
fected individuals, due to the social contacts, rather than
the finite duration of the immunity to the virus provided
by the disease (or by vaccines) as assumed for the mem-
ory model.

V. DISCUSSION

Although a large number of investigations have been
devoted to the modeling of epidemics, some basic ques-
tions remain open. Accurate modeling of specific events
requires a very accurate description, involving many
intricate phenomena, and therefore many parameters
which have to be fitted. Such models may help in manag-
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ing epidemic containment and disease treatment. How-
ever the difficult is sometimes to identify the real cause
behind the observations.

This is the case for the periodic outbursts of epidemics.
Seasonal factors have been invoked but they don’t ap-
ply to the dynamics of Covid-19 epidemics observed in
Europe (Sec. II). Moreover historic studies of the in-
fluenza epidemics, which are now seasonal through the
world, have shown that earlier epidemics in Iceland did
not have such a seasonal character® indicating that the
phenomena may be subtle. Two main ideas to explain
the periodic outbursts of the Covid-19 epidemics have
recently been explored. One relies on the finite duration
of the acquired immunity'!, while the second considers
the role of epidemic clusters'®. Determining which one
is the appropriate mechanism is not easy because it is
always possible to find a parameter set which can match
one observed periodicity.

However we have shown that the dynamics of the
Covid-19 epidemics in France and Germany is more com-
plex than a single periodicity. In any case, due to the
many phenomena which enter into play we should not
expect a single, well defined period for the outbursts.
However the data in both countries show a clear pat-
tern of periodicity change, correlated to the appearance
of new virus variants (Sec. II). In a first stage of the
epidemics, with the original virus strain or « or 3 vari-
ants, the periodicity of the outbursts was about 1.3-1.5
times longer than during the second stage with the 6 and
Omicron variants. This observation is valid for the two
independent data sets for France and Germany, and the
transition between the two stages in clearly visible in a
time-frequency analysis of the infection data. This pro-
vides a clear signal which might discriminate between the
possible models.

We used two models which have a small number of
parameters. Moreover these parameters, such as the du-
ration of the acquired immunity, or the number of in-
dividuals contaminated by somebody who had been in-
fected, can be rather accurately estimated from the med-
ical data. Our results show that the duration of the
acquired immunity is unlikely to explain the observa-
tions because the properties of the Omicron variant which
dominates the second stage of the epidemic are so much
different from those of the original strain or of the «
and S variants that they would lead to a change of the
periodicity which is much larger than the factor 1.3-1.5
which is observed (Sec. III). Instead a model based on
the limited size of epidemic clusters, which may grow by
exchange with the reservoir provided by the general pop-
ulation, appears to give a rather good agreement with
the observations, suggesting that the ideas behind this
model are the source of the Covid-19 periodic outbursts
(Sec. IV). As this model is very simple, with only two
parameters, one being determined by medical data and
the second controlling the periods in the two stages but
not their ratio, there is very little room to fiddle with
parameters to reach an agreement with the observations.

The results leave us with several points to keep in
mind.

e Don’t forget old studies! The SIR model for epi-
demics, which is behind many recent investigations,
has been thoroughly studied in 1927 by Kermack and
McKendrick®. And the “cluster model” had already been
introduced by Soper in 1929 in a different context* when
he studied measles epidemics in England. The study of
Soper, who showed how the periodicity of the outbursts
of measles epidemics could be related to the growth of
the number of susceptible individuals, appears to be of
broader validity. The notion of “cluster” was also consid-
ered more than half a century ago in the case of measles
by Bartlett®. He showed how the periodicity of measles
epidemics was varying according to the community size
by studying the case of many English cities. For his anal-
ysis Bartlett had introduced a cell model, with diffusion
between cells, so that the essential features of the cluster
model of Gostiaux et al.'* were contained in his approach.
His work shows that, while the epidemics tend to fade
away in small communities, the disease tends to stay in
an endemic state when a community gets large enough,
as it does in the simple cluster model that we investi-
gated. Considering the large degree of exchanges which
take place now-days in the world, the lesson of history
is not optimistic concerning eradication of the Covid-19
disease. Fortunately modern vaccination could alter the
course of the events!

e Small is beautiful. It is always tempting to set-up
complex models because they can be realistic. The mod-
els that we explore, and particularly Soper’s model used
as a simplified cluster model, would not be able to repro-
duce the curves that we showed in Sec. II, but if we focus
on a specific feature of the data, which is generic and not
trivial to reproduce while taking realistic constraints into
account, the very small number of model parameters is
an important strength because it does not allow to play
with the parameters to describe the observations. This
is a reminder of the famous sentence attributed to J. von
Neumann by E. Fermi: “With four parameters I can fit
an elephant, and with five I can make him wiggle his
trunk.”'?.

e Attributing the Covid-19 outbursts to the parameter
€ of the cluster models may be tested by other studies.
This parameter actually measures the degree of contacts
within the society. Therefore it must actually vary de-
pending on some specific situations, such as vacancies
causing more travel or celebrations that tend to bring
families together like Christmas. A statistical analysis
of the Covid-19 data to try to correlate them to such
events could help support the “cluster model”. Such a
study must however be made with care. There are exam-
ples showing that people gathering can lead to Covid-19
outbursts, such a a religious gathering in France of the
“Rosenmontag” period in Germany in the early stage of
the Covid-19 epidemic. A correlation of a single out-
burst with a gathering is a trivial effect and only sufficient
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statistics on the fluctuations of the intervals between out-
bursts could be meaningful. Moreover small fluctuations
of € due to external conditions extending to a full country
(such as the date of the beginning of the virus spreading,
or the dates of the school vacations) could contribute to
synchronize the evolutions in different clusters. Other-
wise, if the clusters were small at the scale of a country
and independent from each other, various local outbursts
would average out and no clear periodicity would be seen.

e Finally one can point out that, although the memory
model and the cluster model lead to different conclusions
about the origin of the periodicity in Covid-19 outbursts
they actually share the same fundamental feature: out-
bursts appear when the concentration of susceptible in-
dividuals has sufficiently grown. In the memory model
the growth is due to the loss of immunity of previously
immunized individuals, while in the cluster model it oc-
curs because new individuals come into contact with the
cluster. Nevertheless behind both models one finds the
idea first introduced in a model by Soper?.
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