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ON VANISHING DIFFUSIVITY SELECTION FOR THE ADVECTION EQUATION

GIULIA MESCOLINI, JULES PITCHO, AND MASSIMO SORELLA

ABSTRACT. We study the advection equation along vector fields singular at the initial time. More precisely,
we prove that for divergence-free vector fields in L} ((0,T]; BV (T4;R9)) N L2((0,T) x T4;R%)), there
exists a unique vanishing diffusivity solution. This class includes the vector field constructed by Depauw
in [11], for which there are infinitely many distinct bounded solutions to the advection equation.

1. INTRODUCTION

We here study the initial value problem for the advection equation

{ Op+b-Vp=0,

p(O,x) = pin(x)7 (PDE)

posed on [0, 7] x T? where b = b(t, z) is a given vector field, p = p(t,z) is an unknown real-valued function,
Pin = pin(x) is the bounded initial datum and Td >~ Rd /Zd is the periodic torus. In this work, we consider
vector fields, which are divergence-free in the sense of distributions, and we study weak solution of (PDE).

Definition 1.1. Consider an integrable vector field b : [0,T] x T® — R%, and an initial datum p;, €
L>=(T4). We shall say that p € L=((0,T) x T%) is a bounded weak solution of (PDE) along b, if for every
¢ € CX([0,T) x T, we have

/OT /Td [p(t,x)3t¢(t, x) + p(t, z)b(t, x) - V(;S(t,:r)} dxdt = — /Td pin(2)9(0, 2)dx. (1.1)

A regularisation and compactness argument shows the existence of bounded weak solutions if we assume
fOT [[div b(s, )]~ || oo (rayds < +o00. By the Cauchy-Lipschitz theory, uniqueness also holds when the time
integral of the spatial Lipschitz constant of the vector field is finite. However uniqueness of bounded
weak solutions can fail when the vector field is rough. One example is given by Depauw in [11], where he
constructs a bounded, divergence-free vector field, for which there are infinitely many distinct bounded
weak solutions to (PDE). We introduce the diffusivity parameter v € (0,1) and we study weak solutions to
the advection-diffusion equation

(v -PDE)

Op” + div(bp?) — vApY =0,
p(0,-) = pin-

for which uniqueness of bounded weak solutions is restored assuming only that b € L2((0,7) x T¢;R9)
see [5, Theorem 2.7 and Theorem 3.3] and Section 2. In this context, we introduce vanishing diffusivity
solutions as a subclass of weak solutions.

Definition 1.2. Consider a vector field b € L2((0,T) x T%), an initial datum p;, € L>=(T?), and consider
the family A == {p"}o<n<1 C L>=((0,T) x T9), where p” is the unique bounded solution of (v -PDE) along
b with initial datum p;,. We shall say that p is a vanishing diffusivity solution along b with initial datum
peA\A,
where the closure is with respect to the weak-star topology in L>=((0,T) x T%).
1
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We here study uniqueness of vanishing diffusivity solutions.

Question 1.3. What are the minimal assumptions on a divergence-free vector field b € L?((0,T) x T, R?)
so that there exists a unique vanishing diffusivity solution for every bounded initial datum?

This question is natural. For scalar conservation laws, Kruzkov [16] proves that the unique entropy
solution is selected by vanishing viscosity, even though uniqueness of weak solutions fails. Subsequently,
Bianchini and Bressan [3] prove that for strictly hyperbolic systems the unique entropy solution is selected
by vanishing viscosity. The problem of selection via vanishing diffusivity has also been studied for the
transport equation. In [1] Ambrosio, building upon the work of DiPerna and Lions [12], proves that for
divergence-free vector fields b € L((0,7T); BV (T%;R?)) there exists a unique bounded weak solution to
the transport equation. This implies directly uniqueness of the vanishing diffusivity solution. Vanishing
diffusivity is also shown to be a selection criterion for more general initial data by Bonicatto, Ciampa and
Crippa in [1]. In [8] Colombo, Crippa and the third author construct a C*((0,2) x T?) divergence-free
vector field, with a € (0, 1) fixed but arbitrary, for which there are at least two distinct vanishing diffusivity
solutions. In this example the vector field has a single time of singularity at ¢ = 1. In [14] Huysmans and
Titi construct a bounded, divergence—free vector field for which there exists a unique inadmissible vanishing
diffusivity solution, in the sense that the L? norm of this solution is not monotonous. A related question is
anomalous dissipation. We say that a vector field b € L2((0,7) x T%; R%) has anomalous dissipation for an
initial datum p;;, if the family of unique weak solutions {p"}, (1) of (v -PDE) satisfies

T
limsupy/ / IVp“|* > 0.
v—0 0 Td

In [20], it is shown that anomalous dissipation implies non—uniqueness of the backward advection equation.
But for vector fields which have anomalous dissipation, there may be a unique vanishing diffusivity solution
as the construction of [13] shows. See also [2,06, 15] for works on anomalous dissipation.

An alternative to studying the vanishing diffusivity limit is to regularise the vector field, and to study

the limit of vanishing regularisation. A series of works [7-9, 17] study the absence of selection by such
schemes. The second author of this paper further remarks in [19] that for bounded, divergence-free vector
fields in L, ((0,T]; BV (T4 R%)) regularisation by mollification selects a unique solution of (PDE) for
any integrable initial datum. He also presents a Lagrangian counterpart to this selection result in [18],
where interestingly he shows that for Depauw’s example [11], a probability measure concentrated on

several distinct integral curves is selected for Lebesgue almost every initial datum. In this paper, we
apply the ideas developed by the second author in [19] to show that the vanishing diffusivity is a selection
criterion for the advection equation along a divergence-free Borel vector field b : [0,7] x T¢ — R? in
Lioe((0, T}; BV(T%RY)) N L2((0,T) x T4 RY).

Recall that a standard mollifier is a function w € C2°((0, 1)d) such that w > 0, and f(o 1)d w(z)dx =1,
and that it induces a mollification family {w®}s¢(0,1) on T? where we denote w’(z) = w(z/§)/5¢, and we
identify w® with its periodisation to a function on T?. Recall also that the mollification of b with w° is
defined for every x € T¢ and almost every ¢ € [0,7T] as

(bxw’)(t,z) = / b(t,y)w’ (z — y)dy.
Td
Moreover by Young’s convolution inequality, we have
IV (b % )l 0,7y (7)) < BNl Lr oyt vy | Ve’ || Los (o).

Therefore by the Cauchy-Lipschitz theory, for any initial datum p;, € L>(T?), there exists a unique
bounded weak solution of (PDE) along b * w’. We now state our result.
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Theorem 1.4. Consider a divergence-free vector field b € L}, ((0,T]; BV(T4R%)) N L2((0,T) x T4 RY)),
and an initial datum p;, € L>®(T?). Then there exists a unique vanishing diffusivity solution of (PDE)

along b with initial datum p;,. Futhermore,

(i) for every standard mollifier w, the unique bounded weak solutions p° of (PDE) along b * w’
converge weakly-star in L>=((0,T) x T%) to the vanishing diffusivity solution as § | 0;

(ii) there is no anomalous dissipation, meaning that the unique bounded weak solutions p* of (v -PDE)
along b with initial datum p;, satisfy

T
lim sup V/ / V" (t,z)|*dxdt = 0.
vl0 0 JTd

Remark 1.5. In contrast with the selection result in [19], we do not have the optimal exponents between
the vector field and the initial datum which insure that weak solutions are well-defined. This is because, for
divergence-free vector fields in L2((0,T) x T4 R%), we can only prove uniqueness for bounded weak solutions
of (v -PDE).

1.1. Our argument and organisation of the paper. For the selection part of our result, we relate
forwards-in-time vanishing diffusivity selection to a backwards-in-time uniqueness of vanishing diffusivity
solution by duality. The backwards-in-time uniqueness for vanishing diffusivity solutions follows because of
uniqueness of bounded solution for strictly positive times as well as as uniqueness of the trace up to time
t =0 in an L™ weak-star sense. This strategy draws from the work [19] of the second author. The proof of
the absence of anomalous dissipation property draws from [10].

In Section 2, we gather some useful existence and uniqueness results for weak solutions of (PDE) and
(v -PDE). In Section 3, we thoroughly analyse the backwards problems and prove a uniqueness result for
vanishing diffusivity solutions, as well as a duality formula. In Section 4, we conclude the proof of our main
theorem.

Acknowledgements. GM is supported by the Swiss State Secretariat for Education, Research and
Innovation (SERI) under contract number MB22.00034. MS was supported by the Swiss State Secretariat
for Education, Research and Innovation (SERI) under contract number MB22.00034 during the first part
of this work.

2. PRELIMINARIES
The aim of this section is to state some known results we will need for the proof of our main theorem.

2.1. The non-diffusive problem. We recall the following well-posedness result on (PDE) from [1] in the
context of divergence-free vector fields.

Theorem 2.1. Consider a divergence-free vector field b € L*((0,T); BV (T4 R%)), and an initial datum
pin € L®(T?). Then there exists a unique bounded weak solution of (PDE) along b with initial datum p;,.
Furthermore, up to redefining p on a zero measure set we have p € C([0,T]; L*(T%)), and

lo(t, ) L2cray = l|pinllL2(ray  for every t € [0,T].
2.2. The diffusive problem. The following remark summarizes the solution theory for (v -PDE) along a

smooth vector field and with a smooth initial datum.

Remark 2.2. Let (Q, (Fi)i>0,P) be a filtered probability space. For t € [0,T], consider the following
backward stochastic differential equation
dX{ = b(s, Xy )ds + V2vdW with XY (z) ==z, (2.1)

where W is a T%-valued Brownian motion adapted to the backward filtration such that we have W, = 0 almost
surely. Assume now that the vector field b is divergence-free and smooth. Then for almost every w € €,
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we have X ¢(w) is incompressible, namely X s(w, )L = L. We also recall that the Feynman-Kac
formula, which gives the following expression for solutions of (v -PDE) with smooth initial datum

p"(t, x) = Elpin (XY o (2))].
It can be checked that p* € C([0,T]; L?(T)), and a computation shows that

sup |[p" (&, )l oo (ray < llpinll Lo (ray-
te[0,T]

Let us now define bounded weak solutions of the diffuse problem.

Definition 2.3. Consider a vector field b € L*((0,T) x T%R%) and an initial datum p;, € L>=(T). We
shall say that p € L>((0,T) x T9) is a bounded weak solution of (v -PDE) along b with initial datum p;,,
if for every ¢ € C°([0,T) x T¢), we have

T
|| [ptomiote.a) + bt oot Vott.) = vptt, o) ad(t, ) dodt =~ | pun(@)(0. )z (2:2)
0o JTd Td

The following well-posedness theorem will be useful. We also provide a proof.

Theorem 2.4. Consider a divergence-free vector field b € L((0,T) x T RY), an initial datum p;n, €
L>(T9), and a real number v > 0. Then there erists a unique weak solution p* € L>((0,T) x T4) N
L2((0,T); HY(TY)) of (v -PDE) along b with initial datum p;, such that
16" ILo= (0,7 x T2y < [pinl oo (Ta).-
Moreover p¥ belongs to C([0,T]; L*(T%)) up to modification on a zero measure set, and for every t € [0,T]
10" (& T2 ray + 20V 0 1220, ¢y < NPin |72 (7a)- (2.3)

Proof. Step 1 (Existence) Let {w®}s-0 be a standard family of mollifiers; for example, consider w®(z) =
d~%w(x/8) with w smooth and compactly supported. Define b’ = b*w and pfn = pin * w®. We consider
the problem with mollified data

‘ (2.4)
P ’6(07 ) = p?n‘

By the classical theory detailed in Remark 2.2, (2.4) admits a smooth solution that we can bound in
L?((0,T); H*(T%)): indeed, multiplying by p*° and integrating by parts both in space and time, we get

t t
/ Os / p"0(s,2)p" (s, x)dxds — 21// Ap"0(s,x)p"° (s, x)dxds = 0,
0 Td 0 JTd

which implies for a.e. t € [0, 7]

{@p”"s + div(b’p»0) — vAp*® =0,

1972 (&, M Z2(ray + 201V 0" N2 0,0y xray < 1P3allFzray < llpinl|Fz(ray- (2.5)
Together with Remark 2.2, this gives the uniform bounds in §:

||P"’6HL°O((0,T)de) < lpinllzoe T4y,
v,0 (26)
107 Iz (0,111 (rayy < Crwllpinll L2 (Tay,

where the constant Cr,, depends on T’ and v only. Hence, the family {p*°}s-¢ is uniformly bounded and
we can extract a subsequence which converges weakly-star in L>°((0,T) x T¢), and in L2((0,7); H'(T%))
to a function p¥, which is a weak solution of (v -PDE) since the equation is linear and by weak lower
semicontinuity, p* satisfies the bounds

10”1 oo (0,7 x T4y < [l pinll oo (Tays

v (2.7)
0”1l L2 0,7);1 (Tay) < Ol pin |l 2 (Tay-
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Step 2 (Uniqueness) Let v be a solution of (v -PDE) in L>((0,T) x T¥) N C([0,T]; L*(T¢)) with p;, = 0
(which corresponds to the problem solved by the difference of two solutions), and note that the mollification
of the solution v? := v * w’® satisfies:

Ot —vAT i) = (2.8)
v (07 ) =0,
with 70 := div(bv® — (bv) ¥ w®). We can prove that r° is bounded in L?((0, T); H—l(Td)) and
HT5||L2((07T);H—1(TL1)) —0asd 0.

Indeed, for any ¢ € L2((0,T); H*(T%)), we have:

/OT /T P (s,2) (s, ¢)dxds

T
/ / (b(s, )0’ (s, z) — (bv) x w’(s,z)) - V(s, z)dxds
o J1d

/OT /Td (/Td(b(s,x) —b(s,z —y))v(s,z — y)wg(y)dy) (s, x)deds

T
< / |w(z)] / |b(s,z) — b(s,z — 02)||v(s,x — §2)||VP(s, x)|dxdsdz,
K 0o Jra

using the change of variables z = y/§ and recalling that supp(w) C K with K C T% compact. By dominated
convergence theorem, observing that the integrand converges in measure to 0, we can prove that:

T
lim / |b(s, ) — b(s,x — §z)||v(s,x — 02)||Vé(s, z)|dxds = 0. (2.9)
=0 Jo Td

Now, let ¢ € [0, 7], and multiply (2.8) by v® and integrating by parts in time and space over (0,¢) x T%, we
get:
||IU§ (t7 '

)7 t t
LA U 1// / Vo (s, )| dxds :/ / (s, 2)v° (s, z)dzds, (2.10)
2 0 Jrd 0 Jrd

The advection term vanishes, because
t ¢
/ div(b(s, z)v° (s, 2))v° (s, z)dxds = —/ / (b(s, ) - Vv (s, 2))0° (s, z)dxds
0 JTd 0 JTd
t
= —/ / div(b(s, z)v° (s, 2))v° (s, z)dzds,
0 Ja

because divb = 0. By (2.10) and Young’s inequality, we get

Hv‘s(t, ')||2L2(Td)

4 0 )
5 + v H;((O,t);gl(w)) < PN Lo o,y v 10° 1l L2 o,y 20 ey (2.11)
1
5112 5112
S VIO o i roy) + I e qouyer— oy (2.12)
The desired uniqueness result comes by observing that
||U6(t7')||iz(-rd) 1 512
— 2 = plrleeemeae — 0 as a0,
and that ¢ was arbitrary in [0, 7.
Step 3 (Time continuity) We consider p*° = p¥ * w®. Then we have
Oip”° — vAp? + div(bp”®) = 19, (2.13)
pu76(0’ ) =0, .
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with 70 := div(bp”® — (bp¥) x w?). Since for a.e. t € (0,T) we have p¥(t,-) € L?(T%), then
||pu75(ta ) - py(ta ')HLZ(Td) —0
as 0 | 0 for a.e. t € (0,7). We can multiply the equation (2.13) by p**? and integrate in space and in time

in the interval (s,t) to get
¢ ¢
v [ 19+ [ s
s JT

<2 [ 190t Macra

+ 2||7”6||L2((o T);H—1(Td)) HPV’ HL2((0 T);H'(T4))

=2

1072 (s, M2 ray = 1" (8 ) 2y

We observe that 2l/||pu’6||iQ((0’T);H1(
(2.3) and that [|75]| p2((0,7),7-1(T2)) — 0 as d | 0 as noticed in the previous step. Then, passing to the limit
4} 0 in the previous inequality, we get for a.e. ¢,s € (0,T)

Ta)) < ||P?nHL2(Td) = ”pm”m(-rd) is uniformly bounded in § > 0 by

t
||PV(Sa‘)||%2(Td) - ||Py(ta')Hiz(Td) < 2’// HVPV(T»')H%Z(Td)dT-

Since p¥ € L2((0,T); H'(T%)), this inequality implies that, up to redefining p” on a zero measure set,
p” € C((0,T]; L*(T)).
U

We record the following proposition, which will be used to prove the main theorem.

Proposition 2.5. Consider a divergence-free vector field b € L*((0,T) x T4 R%), and an initial datum
pin € L>=(T%). Then there erists a vanishing diffusivity solution p with initial datum ps,. Furthermore,
any weakly-star converging subsequence of {p*},o is also converging in the C([0, T];w — L*(T%)) topology.

Proof. Step 1 (Existence) The family of unique weak solutions {p"},~o C L*°((0,T) x T%) is relatively
compact with respect to the weakly-star convergence, thanks to the estimate || 0" || Lo ((0,7)xT4) < [|PinllLoo (T2
given in Theorem 2.4. Then, {p”},~¢ admits an accumulation point p, which solves (PDE) along b with
initial datum p;,, and which is thus a vanishing diffusivity solution.

Step 2 (Convergence in C ([0, T]; w— L%(T%))) Let (p"?);en be a sequence, which converges to p weak-star
in L*°((0,T) x T4). Let us prove the convergence in C([0,T];w — L*(T¢)). From Theorem 2.4, we have
p” € C([0,T]; L*(T)). So, for every ¢ € L?>(T%), we define the functions

[0, T) st | p"(t, 2)(x)da.
Td

Let N C C2(T%) be a countable, dense set in L%(T9), and let ¢ € A'. We can prove that the family {fE o0
is bounded; thanks to the bound in Theorem 2.4, we have equiboundedness:

T e P P e

Also, we have the equicontinuity. Indeed, for every 0 < s <t < T, by the weak formulation of (v -PDE),
we have

}ffg(t) — fg(s)| < / /Td |b(T,z)p" (1,2) - Vo(z) + vp” (1, 2) Ad(x)|dxdr

< (Il ((s,0p:z2T0p | Dllr (ray + v(E = $)|Dllo2(ray) [|pin |l oo (Ta
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where we have taken a test function ¢(x)y(7) = ¢(x)1[4(7), and the bound in Theorem 2.4. Therefore,
by the Arzela-Ascoli Theorem, and up to a relabeling of sequences, for every ¢ € A/, the sequence ( fgi)ieN
converges in C([0,77]) to some f,. We now claim that

folt) = [ plta)o@s  vee DT, VoeN (2.14)

where we recall that p is the vanishing diffusivity solution. Let ¢ € N, and observe that

T T
| tatsrs= [ [ plsapis)swinds v e 12(0.1) (215)
0 0o Jra
since p¥ converges weakly-star to p in L=((0,7) x T%) as i — +oo. Therefore
fs(s) :/ p(s,z)p(x)dx for a.e. s € (0,T). (2.16)
Td

Since f, € C([0,T1]), and by Theorem 2.4, [0,T] 3 t — [5, p(t, z)¢(x)dx is continuous, the claim (2.14)
holds V¢ € [0, T]. Now, by density of A" in L?(T¢), we have that p*i converges in C([0,T];w — L?(T%)) to p
as ¢ — +00. g

3. ANALYSIS OF BACKWARD PROBLEMS

Throughout this section, we consider y € C2°((0,T) x T¢), a divergence-free vector field b : [0, 7] x T? —
R4, which belongs to Li _((0,7]); BV (T%R%)) N L2((0,T) x T4RY)), and v € (0,1). We consider the

loc
following backward advection problem

0,0, + div(bly) + x =0, BW)
0,(T, ") = 0.

Weak solutions to (BW) are defined as follows.

Definition 3.1. We shall say that 6, € L>°((0,T) x T%) is a bounded weak solution of (BW), if for every
¢ € C2((0,T] x T4), we have

T
/0 /rd {HX(t,x)atqb(t,x) +b(t,2)0,(t,x) - Vo(t,x) — x(t,z)o(t, )| dedt = 0. (3.1)

We consider also the following advection-diffusion problem.

{ate; + div(b0Y) + vAGY + x = 0, (v—BW)

0%(T,-) = 0.
Similarly, weak solutions to (v—BW) are defined as follows.

Definition 3.2. We shall say that 0% € L>((0,T) x T%) is a bounded weak solution of (v—BW), if for
every ¢ € C((0,T] x TY), we have

T
//[%(tam)@tqﬁ(t,x)+b(t,x)o;(t,x).w,(t,z)
o JTd

— 0% (t, 2) Ad(t, ) — x(t, 7)1, x)} dzdt = 0. (3.2)
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3.1. The non-diffusive problem. The following result is a consequence of Theorem 2.1.

Theorem 3.3. In the context of this section, there exists a unique bounded weak solution of (BW) such
that

T
103l 0.7y < / (5, )l oo (rayds (3.3)

and, up to redefining 0, on a zero-measure set, we have 0, € C([0,T);w — L*(T%)).

Remark 3.4. For the vector field constructed by Depauw in [11], which satisfies the assumptions of the
above theorem, it is false that 0, is continuous in time up to t = 0 in the strong L*(T%) topology, i.e. there
exist X and 0 as in the above theorem such that 6, does not belong to C([0,T]; L?(T4)).

Proof. Step 1 (Existence) Let {w®}s50 be a standard family of mollifiers; define b° := b w?, which is such
that b° — b in L'((0,7") x T%R%), and consider the classical solution 9;5( to (BW) with mollified vector
field:

9,0° + div(b°62 =0
{§X+ AR 3.4)
05(T,-) = 0.
The following bound holds true
T
169 1| o (0,7 x Ty < /0 X (85 ) oo (Tayds- (3.5)

Existence of a solution 6, to (BW) follows by the fact that the family {0i}5>0 is uniformly bounded

in L°°((0,7) x T¢), hence it admits an accumulation point in the weak-star topology. Using that b —b
in L2((0,T) x T4 R?), we conclude existence of a bounded weak solution 6, since we can pass into the
limit 6 | 0 in the weak formulation of (v—BW). Finally, (3.3) holds for 6, thanks to the weak lower
semicontinuity of the norm.

Step 2 (Uniqueness). Recall that the equation is linear, hence the problem for the difference of two
distinct solutions v € L>((0,T) x T%) reads as

v + div(bv) = 0,
o(T,-)=0.
Switching to the time variable ¢ = T — t, we can refer to Theorem 2.1 to conclude v = 0 and hence

uniqueness.

Step 3 (Time continuity) Let A/ be a dense, countable subset of L2(T%), which exists by separability,
and let ¢ € N. Let also ¢ € C°((0,T]). Define

Ou(t) = | 0,(t,2)o(x)de,

Td
and note that from the weak formulation of (BW):

/0 O4(8)0s1(s)ds = /Td O fin(2)Y(T, x)dz— / /rd 7,2)0y (1, 2)-Vo(x dxdT—i—/ /rd T, 2)d(x) Y (T)dzdr.

Since b € L((0,T) x T4 RY), 0, € L>=((0,T); L*(T?)), V¢ € L>°(T?) and ¢ € L>°((0,T)), we can conclude
that 9,0, € L'((0,7)), hence @¢ is continuous up to a set Ty of measure zero. Now let
T=U T
pEN

which also has zero measure. For every ¢ € N, we redefine ©4 on T to be continuous, and we observe
that, since Og(t) < [0yl Lo ((0,1);:12(T)) ||l L2(Tay for all t € [0, T], the bounded linear functional L; : N 3
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¢ — O4(t) € R admits a unique continuous extension L; : L*(T%) 3 ¢ — O4(t) € R. Hence, by Riesz
representation theorem, there exists 0, (t,-) € L?(T¢) such that

/ Oy (t,2)p(x)dr = Oy(t) Vo € L2(TY), Vt € 0,T],
Td
with the properties éx(t, ) = Hx(lf, ) vVt € [O,T} \T and HéXHL”((O,T);L2(Td)) < H9X||Loc((07T);L2(Td)).
We are left to prove that [0, 7] 3 t — ©4(t) = [1. 0x(t, z)$(x)dx is continuous for any ¢ € L*(T%). By

density of N in L*(T?), we know that ¥§ > 0, 3¢5 € N such that ||¢s — ¢||r2(ra) < 8. Hence, for every
t € [0,T], we have

< Ox Nl o= 0,m);22 (e |05 — @l Lzeray < XL (0,100 (T4) 0

| ottaosterin = [ o(t.apoteis

Td

where we have used (3.3) in the last inequality. Hence, [0,7] > ¢t — [, 0, (t,z)¢s(2)dz converges
uniformly to [0,7] > t — [1, 0y (t,2)¢(x)dx as & | 0, which implies that [0,7] 3 t — [, 0y (t, z)¢(z)dz
is continuous as well. This proves that 6, belongs to C([0,T];w — L?*(T¢)). As 6, coincides with 6, except

on a zero-measure set, the thesis follows.
O

3.2. The diffusive problem. Let us summarise the classical theory for (v—BW) along a smooth vector
field.

Remark 3.5. Let (Q, (Fi)i>0,P) be a filtered probability space. For t € [0,T], consider the following
forward stochastic differential equation

dX§, = b(s, XY ,)ds + V2vdW with X (z) ==z, (3.6)

where W is a T%-valued Brownian motion adapted to the filtration such that we have W, = 0 almost surely.
Assume now that the vector field b is divergence-free and smooth. Then for almost every w € €, we have
X 5.1(w) is incompressible, namely X s (w, ) pL? = L4, We also recall that the Feynman-Kac formula,
which gives the following expression for the solution of (v—BW)

0 (1,2) = / Elx(s, X ,(2)]ds.

It can be checked that 0% € C([0,T]; L*(T%)), and a computation using the dual characterisation of the
norm and Fubini shows that

T
sup 056wy < [ s lamrads

t€(0,T)
The following lemma will be useful.

Lemma 3.6. In the context of this section, there exists a unique bounded weak solution 6y € C([0,T7; L2(T4)N

L2((0,T); HY(T?) of (v—BW), which satisfies the following energy estimate for every t € [0,T]

T
1050 Wi+ 20 [ [ 1965 (5,0) s < 4TI e (3.7
t
and the bound

T
107 e 0.1y ey < / (5 poe oy ds. (3.8)
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Proof. Step 1 (Existence) Consider a standard family of mollifiers {w®}sso and define b° = b w®. Define
9;’5 as the solution to the backwards problem with mollified data:

{ate;ﬁ + vABY 4 div(b2620) + x =0, 59)

0°(T,-) = 0.

By the classical theory detailed in Remark 3.5, there exists a unique smooth solution #*:%; now, mutliply
(3.9) by 0;’5 and integrate in space and time over (¢,7) x T¢ to get for every t € [0, 7] that

T
165 2, )17 2oy + 2”/t /T VO (5, 2)Pdwds < AT X172 0,1 x7e): (3.10)

We also have that
T
107 s oaryerey < [ sl aoe e (3.11)

Then, by compactness arguments, there exists a subsequence (0)”676’c )ken such that 9;’5" converges weakly-star

in L>=((0,7) x T?) to 0%, and converges weakly in L?((0,T); H" (T4)). Moreover 05 is a bounded weak

solution of (¥—BW), since the equation is linear. The bounds (3.7) and (3.8) for 07 follow from the weak
lower semicontinuity of the norms.

Step 2 (Uniqueness) We observe that the difference of two solutions v € L2((0,T); HY(T?))NC([0, T]; L*(T4))
solves

0wv + vAv + div(bv) = 0,
v(T,)=0.
We can conclude uniqueness by mollification, analogously to the case of the forward problem (2.8). Indeed,

introducing the mollified vector field b° = b * w?, we have that the mollified solutions v% = v % w® solves

v’ + vAV + div(b®v?) = 79,
o(T,)=0.

where 70 = div(bv? — (bv) * w®). Let t € [0, T]. Now, multiplying by v and integrating in space and time,
we get

1 /T T T
f/ 85/ v‘s(s,x)v‘;(s,x)dmds—u/ / (Vo (s, )| dxds :/ / (s, z)0° (s, z)dxds,
2 Ji Td t Td t Td

We then have

||U6(t’ )H%Q(Td) 5 5 5
- 9 + v ||L2((t,T);H1(Td)) <|r |‘L2((t,T);H*1(Td))||U ||L2((t,T);H1(Td))

which implies, using Young inequality as in (2.12) that

00 t,- 2
9y _ 1

6112
9 EHT HLZ((O,T);H.*l(Td)) —0 as o i/ 07

as done in Theorem 2.4, from which we conclude v = 0 a.e. because t was arbitrary in [0, T].
Step 3 (Time continuity) The time continuity can be proved analogously to Step 3 of Theorem 2.4.
O
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Lemma 3.7. In the conteat of this section, consider p* € C([0,T]; L*(T4))N L2((0,T); H(T%)) the unique

weak solution to (v -PDE), and 0% € C((0,T]; L*>(T*))NL*((0,T); H*(T?)) the unique bounded weak solution
to (v—BW). Then the following duality formula holds

/0 ) /T P (s, 2)x(s, @)deds = /T pin ()80, 2)de. (3.12)

Proof. We mollify the vector field and the initial datum in (v -PDE), and consider p*® solving

) v 1 di bé v.8Y _ A0 — 0,
et W(6 P —vAp (3.13)
P (07') = Pin-
Consider also:
8,59)”( + div(bH;) + VAH)”( +x=0, (3.14)
HZ(T, ) =0.

Since p*% is smooth, we can multiply the equation in (3.14) by p*® and integrate by parts discharging
derivatives on p*?:

T
—/ / (Bp™ 0 (t, ) + B0 (t, ) - V" (t, ) — vAp»O (¢, x))0% (t, x)dtdz
o J1a

—T z) — b (t,2)) - Vo (t,2)0" (t, z)dx ' 2)p" % (¢, x)dxdt = 0 (2)0% (0, z)dz.
| Lo -¥ o) votaeaias [ apitaad = [ h@oo.a

By (3.13) we have that 9;p"% + b - Vp»d — vAp¥® = 0; moreover, we can prove that, as d | 0:

T
J A R e e L P e P A P

thanks to the fact that b° — b strongly in L?((0,T) x T%R?), and by Lemma 3.6, [|0%|| 1o ((0,7)xTa) is
bounded. Note also that

T T
/ / x(t, ) p"° (t, z)dxdt %/ / x(t,x)p” (t,x)dzdt as 10,
0o J1a 0o Jra
since p*® = p¥ in L=((0,T) x T%) as proved in Theorem 2.4, and
/ pfn(x)eéz(o,x)dx —>/ pin(2)0%(0,z)dx  as |0,
Td Td

because pS, — pin in L?(T%). Therefore, we have that

/OT /Td x(t,z)p” (t, ) dxdt = /rd pin(2)6% (0, z)dz.
([l

3.3. Uniqueness of the backward vanishing diffusivity solution. The following lemma is essential
to prove Theorem 1.4.

Lemma 3.8. In the context of this section, consider the family {9;}1,>0 of bounded weak solutions of
(v—BW), and the bounded weak solution 0, of (BW). Then the family {0} },~0 converges in C([0,T];w —
L3(T%)) to 0y asv | 0.

Proof. Since from Lemma 3.6, we have the uniform bound

T
107 e o1y ey < / (5 poe oy ds, (3.15)
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the family {6} },~o is bounded and therefore has at least one accumulation point in the weak-star topology

on L>=((0,T) x T4)). Moreover, any limit point must be a weak solution of (BW), and as by Theorem 3.3,

0y is the unique such solution, we have that 6% converges weakly-star in L>((0,T) x T%) to 6, as v | 0.
In particular, for every ¢ € L?(T9), and every v € L'((0,T)) it holds:

T T
/ 05 (s, z)p(x)(s)dxds — / Oy (s, z)p(x)p(s)dxds as v |O. (3.16)
0o JT1d 0 JTd

Let us prove that the convergence takes place in C([0,T];w — L?(T%)). From Lemma 3.6, we have
0% € C([0,T); L? (T4)). So, for every ¢ € L?(T?), we define the functions

fo 0, T]>t— [ 07(t,x)p(x)dz.
Td

Let N' C C?(T%) be a countable, dense set in L?(T¢), and let ¢ € N. We can prove that the sequence
{f%}v>0 is bounded; thanks to (3.7), we have equiboundedness:

| / Ot 2)p(@)de| <105 e o,y eren 9]l ey < ATIX g 0,19 €] 02 (1o

Also, we have the equicontinuity. Indeed, for every 0 < s <t < T by the weak formulation of (3.2), we have

70 =156 < [ bra)o(ra) - Vo) + v0(ra) Ad(e) + x(r ) (o) dadr

< (Il (s,p;22(T0p Dl or (ray + v(E = $)Dllc2(ray) 10% I Lo (0,7 L2(T2))
Xl L ((s,00:01 (ray 1]l o (ray

< (Bl L2 s,y z2Tap @l crray + v(t = )@l czray) AT || x| 2 0,7y xT4)
+ Il L s,y rap Dl o ey

where we have taken a test function ¢(x)y(7) = ¢()1[,(7), and used (3.15) in the last bound. Therefore,
by the Arzela-Ascoli theorem and a diagonal argument, there exists a sequence (v;);en such that v; | 0, and
for every ¢ € NV, the sequence (f}*)ien converges in C([0,T7) to some fy. Now, let ¢ € M. We claim that

fol®)= | Ox(ta)o(e)de Ve .T], (3.17)

where 6, € C([0,T];w — L*(T%)) is the unique solution to the transport equation by Theorem 3.3. We
observe by (3.23) that

/ fo(s)¥(s)ds :/ 0, (s, 2)(s)p(x)dxds Vi € LY((0,T)). (3.18)
0 0 Td

Therefore
fa(s) :/ Oy (s,z)p(x)dx for ae. s € (0,T). (3.19)
Td

Since f, € C([0,T7]), and by Lemma 3.6, [0,T] 3 t — [1, 05 (s, 2)¢(x)dx is continuous, the claim (3.24)
holds ¥t € [0, T7.

Therefore, the family {f}},~o converges uniformly to fs, because every subsequence { fg"'}keN admits a
subsequence { f;k‘ }ien convergent to the same limit fy. Indeed, if we suppose by contradiction that the
full sequence is not convergent, i.e., 3= > 0, {f5* }ren such that [|fi* — follco (o)) > €, we contradict the
hypothesis. Finally, by density of A in L?(T%), we have that 0% converges in C([0,7];w — L3(T4)) to 6, as
vl 0. [l
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3.4. Regularisation by convolution. Consider a standard mollifier w € C2°((0,1)¢) such that w > 0
and f(o,l)d w(z)dz = 1, and for every § > 0, write w’(z) = w(2/8)/6%, and b® = b x w®. Let 9;5( be the
unique solution

0,0% + div(b°03) + x = 0, (0-BW)
03(T,-) = 0.
It is then given by
T
s _ s
05 (t, ) = /t x(s, X (s,t,x))ds, (3.20)
where X solves
0. X" (s,t,x) = b (t, X°(s,t,)), (5-ODE)
X(t,t,x) = .

Let p° be the unique bounded weak solution of (PDE) along b° with initial datum p;,. The following then
holds.

Lemma 3.9. In the context of this section, consider the family {0i}5>0 of bounded weak solutions of
(0-BW), and the bounded weak solution 6, of (BW). Then the family {0;5(}5>0 converges in C([0,T];w —
L3(T%)) to 0, as 6 | 0.

Moreover, we have the duality formula

T
/ / P2 (s,2)x(s, z)drds = / pm(a:)ei(O,x)d$ Vx € C((0,T) x T4, (3.21)
o J1a Td
for every § > 0.

Proof. The argument is analogous to the proof of Lemma 3.8. Thanks to the representation formula (3.20),
we have the uniform in § bound

T
163 1| = (0,7 xT4) S/O 1X(8, ) oo (Tayds, (3.22)

Thus, the family {Gi}bo is bounded and therefore has at least one accumulation point for the weak-star
topology on L*°((0,T) x T%)). Moreover, any limit point must be a weak solution of (BW), and as by
Theorem 3.3, 6, is the unique such solution, we have that 9;5( converges weakly-star in L>((0,T) x T%) to
Oy as § | 0.

In particular, for every ¢ € L?(T9), and every v € L'((0,T)) it holds:

T T
/ Hi(s,x)qﬁ(a:)w(s)dxds — / Oy (s,z)p(x)(s)dxds as | 0. (3.23)
0 JTd 0 JTd

Let us prove that the convergence takes place in C([0,7];w — L*(T¢)). From Lemma 3.6, we have
Qi € ([0, T); L3(T)). So, for every ¢ € L?(T%), we define the functions

200,75t [ 03t 2)p(x)da.
Td

Let N' C C?(T%) be a countable, dense set in L?(T¢), and let ¢ € N. We can prove that the sequence
{ f(‘;}5>o is bounded; thanks to (3.7), we have equiboundedness:

| o, 2)$(@)d| < AT o my50 rony 9l crey < ATl 0,y 6l e oy

Also, we have the equicontinuity. Indeed, for every 0 < s <t < T by the weak formulation of (3.2), we have

75016 < [ [ btr om0 Vo) + x(r)o(w) dadr
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< Hb||L1((s,t);L2(Td))”d)HCl(Td)||0§<HL°°((O,T);L2(T‘1))
Xl L1 ((s,6);21 (Tap 1@l (Tay

< AT|[b L1 (5,002 (o Dl er (ray Ix N 22 0,7y x T4
X 21 (5,001 (o 1Al o (Tay s

where we have taken a test function ¢(x)y)(7) = ¢()1[,,4(7), and used (3.15) in the last bound. Therefore,
by the Arzela-Ascoli theorem and a diagonal argument, there exists a sequence (9;);en such that §; | 0, and
for every ¢ € N, the sequence (f:;i)ieN converges in C([0,T7) to some f4. Now, let ¢ € N. We claim that

fo(t) = - 0y (t, x)p(z)dx vt € [0, 7], (3.24)

where 0, € C([0,T];w — L*(T%)) is the unique solution to the transport equation by Theorem 3.3. We
observe by (3.23) that

| tetowtsras= [ [ osopsso@rds v e 2(0.7)), (3.25)

Therefore
fo(s) = [ 0,(s,x)p(x)dx for a.e. se(0,T). (3.26)
Td
Since fy € C([0,T]), and by Lemma 3.6, [0,T] 3t — [;, 0y (s,z)p(2)dx is continuous, the claim (3.24)
holds V¢t € [0, 7.
Therefore, the family { f£}5>0 converges uniformly to fg4, because every subsequence { fgk}kEN admits a

subsequence { fik’ }ien convergent to the same limit fy. Indeed, if we suppose by contradiction that the
full sequence is not convergent, i.e., 3¢ > 0, {fgk}keN such that ||fj)’€ — fslle(o, ) > €, we contradict the
hypothesis. Finally, by density of V" in L?(T%), we have that Hi converges in C([0,T];w — L3(T%)) to 6, as
610.

Let us prove the duality formula (3.21). Let x € C2°((0,T) x T¢) be arbitrary, and note that by the
classical theory

Ps,) = X°(s,0,-) 4 pin 2", (3.27)
where recall that X° solves (0-ODE). Therefore,
/ / (s,z)x(s,x dxds—/ / pin(z (s,(),x))dxds:/ pin(x)ei(o,x)dfc, (3.28)
Td Td Td
where in the last equality, we have used Fubini, and (3.20). This proves the thesis. O

4. PROOF OF THEOREM 1.4

Let x € C>((0,T) x T%) be arbitrary. We have proved the duality formula in (3.12)

/ /Td (s, 2)x(s 33)d$d5—/T pin ()05 (0, z)dx. (4.1)

Let p be a vanishing viscosity solution of (PDE) along b with initial datum p;,, which exists by Proposi-
tion 2.5. We can pass into the limit v | 0 in (3.12) and we get

[ [ st eis = [ puwino.n, w2)

where we have used that 6%(0,-) — 6,(0,-) in L? (T4) as v | 0, thanks to Lemma 3.8. As x was arbitrary,
this uniquely characterises the vanishing diffusivity solution, up to a zero measure set.
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Now let w be a standard mollifier, and let {5°}s~0 be the family of unique bounded weak solutions along
b w’. Then by the classical theory ||° || 1o ((0,7)xTa) < |pin | Lo (Tay for every § > 0, and there is therefore
a sequence (&;);en such that p% converges weakly-star in L°((0,7) x T¢) to some p as i — +oo. Also by
Lemma 3.9, we have the duality formula

T T
| [P e~ [ [ pu@oona veczom T (4.3)
0 Td 0 Td

As 0;;((07 -) converges weakly to 6, (0,-) in L?(T%), a subsubsequence argument shows that the whole family
{p%Ys>0 converges weakly-star to 5 in L>((0,T) x T%) as § | 0 and

T
/ / (s, x)x(s, x)dxds :/ pin ()05 (0, x)dz  Vx € C((0,T) x T. (4.4)
o Jrd Td

This uniquely characterises p independently of the standard mollifier w, and in view of (4.2) shows that up
to a zero measure set, we have p = g, where we recall that p is the vanishing diffusivity solution.

We are missing the proof of no anomalous dissipation. We suppose by contradiction that there exists
€ > 0 and a subsequence v, — 0 such that

T

lim sup I/n/ / V" (s,2)|*deds > ¢ .
vp—0 0 Td

In light of Proposition 2.5, the vanishing viscosity solution p belongs to C([0,T];w — L?(T%)) and p”

converges to p in C([0,T]);w — L?(T%)) as v | 0. Let us now give a useful lemma.

Lemma 4.1. In the context of this section, we have

t£%1+ lp(t, )L2cray = llpinll L2 ey -

Proof. We know that p¥ = p in the weak-star topology of L>((0,T); L?(T%)) as v |. 0. We know p(t,-) — pin
in the weak L? topology as ¢ | 0. From the lower semicontinuity of the norms and the bound of Theorem 2.1
we get

Ip(t, ) z2(ray < lpinll2cray  VE€[0,T7.
Therefore from the lower semicontinuity of the norms and the previous bound we get

/ |pin()|?dz > limsup [ |p(t,z)|*dz > liminf/ Ip(t, z)|?dx 2/ |pin (2)|?dz .
Td Td t—=0t  Jtd Td

t—0t
O
Firstly, thanks to Lemma 4.1 we fix § > 0 such that
€
(2, ')H%?(Td) 2 ”pin”%Q(Td) -7 Vi<i. (4.5)
4

Therefore, we have

T 5 T
l/n/ / V" (s,2)|*drds = 1/”/ / |V " (s, 2)|*dxds + l/n/ / |V (s, z)|*deds (4.6)
o Jra 0o JTe 5 JTa

and the first term can be bounded thanks to Theorem 2.4 with
s
21/n/0 /Td Vo' (s, 2)[*deds = [|pinl|F2(ray = 127 (8,172 (a)

= llpillZ2(ray = 1008 MLz (v
+ o0, ) Z2cray = 107" (6 Moy
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V£
4’
where in the last we used (4.5) to estimate [|p(d,-)[|7. (ray — " (0, ')”%Q(Td) < £/4 we used the lower

semicontinuity of the norms, and have taken n Sufﬁc1ently large.

<

»Jk\m

To estimate the second term in (4.6) we claim that

lim sup Vn/ / |V p" [2dxds
Vn—0
which will conclude the proof. We estimate
/ / |V p¥ (s, x)|?dzds < ZVn/ / V5™ (s, )| dxds+21/n/ IV (p" (s,2) — p"" (s, 2))|*dxds,
Td Td

where p*» € L>=((6,T) x TN L2((5,T); H! (T )) is the unique solution to the advection-diffusion (v -PDE)
on [§,1] x T4 with initial datum p(d,-) € L2(T¢) by Theorem 2.4. Thanks again to Theorem 2.4 applied to
p” we have

Mm

T
/ 7 (T, 2)[2dz + 20, / / V5 (5, 2)|2dads < / 7 (5, 2)|2dz. (@.7)
Td 5 JTa Td

Observe that in view of Proposition 2.5, and by uniqueness of bounded weak solutions of (PDE) over
[6,T] x T%, the sequence (p"")nen converges in C ([0, T);w — L2(T4)) to p as n — +oco. Hence,

T
lim sup 224, / / 1957 (5,2)% < 196, ) |2 ray — liminf 5 (T, )20y = 0,
5 Td l/n—>0

v, —0

where in the last equality we use weak lower semicontinuity of the norm, equation (4.7), and conservation
of the L? norm of p on [§,7] by Theorem 2.1 to get

[ oade = [ 1o ofds < timint [ g (1.0
Td Td n—+oo Td

(4.8)
<timsup [ g (Ta)de < [ [p(6.0)Pda.
n—-4+oo JTd Td
Finally, from (2.3) applied to p*» — p" we have that
T

2V"/5 » [V (p"(s,2) = 5" (s,2))[Pdads < [0 (8,7) = " (8, ) |72 (7a) (4.9)

= 1 8 ey + 10 ) =2 [ o7 (62)p(6,2)da

where we used that p" (4, ) = p(d,-). Using (2.3) and (4.5) we have

lim sup / o7 (¢, 3)Pda < / 1p(0, ) 2dz < / (6, 2) 2w + = . (4.10)

n—-+oo Td Td Td 4

Taking the lim sup,,_,., on both sides of (4.9), using that p*~ (4, -) converges weakly to p(d,) by Proposi-
tion 2.5 and using (4.10) we conclude the claim and therefore the proof.
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