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ARTIN PERVERSE SHEAVES

RAPHAEL RUIMY

ABSTRACT. We show that the perverse t-structure induces a t-structure on the
category T4 (S,Z) of Artin f-adic complexes when S is an excellent scheme
of dimension less than 2 and provide a counter-example in dimension 3. The
heart Perv® (S,Zyg) of this t-structure can be described explicitly in terms of
representations in the case of 1-dimensional schemes.

When S is of finite type over a finite field, we also construct a perverse
homotopy t-structure over T4 (S,Q,) and show that it is the best possible
approximation of the perverse t-structure. We describe the simple objects of
its heart PervA(S, Q¢)# and show that the weightless truncation functor w® is
t-exact. We also show that the weightless intersection complex ECg = w%ICg
is a simple Artin homotopy perverse sheaf. If S is a surface, it is also a perverse
sheaf but it need not be simple in the category of perverse sheaves.
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INTRODUCTION

In this paper, we aim to define abelian categories of Artin perverse sheaves.
Those categories should be categories of perverse sheaves which come from fi-
nite schemes over the base scheme. Letting S be a noetherian finite dimensional
scheme, we study to this end the stable co-category of Artin (-adic complexes
DA(S,7Z;) which is defined as the thick stable co-subcategory of the stable oo-
category DY(S,Zy) of f-adic complexes generated by the complexes of the form
fileo x for f: X — S finite, where Z; x denotes the constant sheaf with value Z,
over X. To define categories of perverse sheaves, we will define perverse t-structures
on those categories.

The motivation for this problem comes from the conjectural motivic t-structure.
We have at our disposal several stable co-categories of constructible étale motives
DMes,.(—) endowed with Grothendieck’s six functors formalism and with f-adic
realization functors [Voe92, VSF11, Ayo07, Ayol4, CD19, CD16]. Let S be a noe-
therian finite-dimensional scheme. One of the major open problems regarding the
stable oo-category DM (S) is the existence of a motivic t-structure, whose heart
would be the abelian category of mixed motivic sheaves that satisfies Beilinson’s
conjectures [Jan94].

More precisely, working by analogy with the stable co-category D%(S,Zy), there
are two possible versions of the motivic t-structure: the perverse motivic t-structure
and the ordinary motivic t-structure. As Beilinson proved in [Bei87b] that the cat-
egory D4(S,Q,) is the bounded derived category of the abelian category of perverse
sheaves over S, the category DM (S) is by analogy conjectured to be the derived
category of the conjectural abelian category of perverse motives which would be the
heart of the conjectural motivic t-structure. In [Bonl5], Bondarko has shown that
the perverse motivic t-structure on the stable co-category D Mg (S) can be recov-
ered from the ordinary motivic t-structures on the stable co-categories DMy (K)
(assuming they exist) when K runs through the set of residue fields of S.
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Proving that the motivic t-structure exists seems completely out of reach at
the moment. However, if n = 0,1, the ordinary motivic t-structure has been
constructed in [Org04, Ayoll, ABV09, BVK16, Leh19b, Leh19a, Vail9] on the
subcategory DM, (S, Q) of constructible n-motives, which is the thick stable co-
subcategory generated by the cohomological motives of proper S-schemes of dimen-
sion less than n. We state their main result:

Theorem. (Voevodsky, Orgogozo, Ayoub, Barbieri-Viale, Kahn, Pepin Lehalleur,
Vaish) Let S be a noetherian excellent finite dimensional scheme admitting resolu-
tion of singularities by alterations. Let £ be a prime number invertible on S. Let
n=20,1.

Then, there exists a non-degenerate t-structure on the stable co-category DMY, (S, Q)

ét,c
such that the £-adic realization functor:

DM, (S, Q) — DL(S, Q)

ét,c

is t-evact when the stable oo-category DY(S,Qy) is endowed with its ordinary t-
structure.

In the case of the dimensional subcategories DM (S, Q), Bondarko’s approach,
which defines the perverse t-structure motivic from the ordinary motivic t-structure,
does not apply. It indeed requires to use Grothendieck’s six functors formalism
and some of the six functors do not behave well with respect to the dimensional
subcategories. Therefore, the existence of the perverse motivic t-structure on the
stable oo-category DM, (S, Q) does not follow formally from the existence of the
ordinary motivic t-structure on the stable co-categories DM (K, Q) when K runs
through the set of residue fields of S.

Another natural problem is to determine whether those results can be extended
to the case of étale motives with integral coefficients: Voevodsky has shown in
[VSF11, 4.3.8] that it is not possible to construct a reasonable motivic t-structure
on the stable co-category of Nisnevich motives DMpuis (S, Z); however, nothing is
known about the t-structure on the stable co-category of étale motives.

Hence, the above theorem leaves two open questions:

(1) Is there a t-structure on the stable oo-category DM (S, Z) such that the
{-adic realization functor:

DM, (S,Z) — D°(S,Zy)

ét,c

is t-exact when DY(S,Z;) is endowed with its ordinary t-structure ?
(2) Let R =Zor Q. Is there a t-structure on the stable co-category DM, (S, R)
such that the ¢-adic realization functor:

DM?t,c(‘sv R) — DIC)(S7 RZ)

is t-exact when DY(S, Ry) is endowed with its perverse t-structure ?

One of the goals of this paper is to determine what answer to this question could
reasonably be expected in the case when n = 0, looking at the analogous situation
in the setting of f-adic complexes. Namely, the stable co-category DA(S,Z;) is
the f-adic analog of the stable co-category of 0-motives (sometimes called Artin
motives). The analog of the above problem is then to determine whether the ordi-
nary and the perverse t-structures on the stable co-category of constructible ¢-adic
complexes induce a t-structure on the stable co-category of Artin f-adic complex.
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The advantage of this setting is that the ordinary and the perverse t-structure exist
while they are still conjectural in the motivic world.

To investigate this problem and to state some of our results, we need to introduce
the stable oo-subcategory D*™A(S,Z) of DA(S,Z¢) of smooth Artin (-adic com-
plezes which is the stable co-subcategories of D2(S,Z,) generated by the f.Z x,
for f : X — S finite and étale. This category plays in our paper the role that
the category of lisse f-adic complexes plays in the theory of perverse sheaves. It is
closely linked to a subclass of representations of the proétale fundamental group of
S.

To explain this link, we use two ingredients. On the first hand, we need Bhatt
and Scholze’s construction of the category of constructible ¢-adic complex: they
defined it in [BS15] as the category of constructible objects of the derived category
D(Sh(Sprost; Z¢)) of sheaves of Z; g-modules on the proétale site of S. In the spirit
of [BS15, 7], if £ is a geometric point of S and if S is connected, the abelian cat-
egory of continuous representations of the proétale fundamental group ﬂfrOét(S, §)
is equivalent to the abelian category of lisse £-adic sheaves.

On the second hand, letting 7 be a topological group, we introduce the abelian
category of representations of Artin origin of 7 as the category of iterated extensions
of Artin representations of 7 in the category of continuous representations. We then
say that a lisse f-adic sheaf is smooth Artin if it corresponds to a representation
of Artin origin of 7P™¢"(S,£). We can extend this definition to non-connected
schemes by asking the sheaf to be smooth Artin when restricted to every connected
component. We can now state the link between smooth Artin /-adic sheaves and
representations more precisely:

Proposition. (Proposition 2.2.1) Let S be a noetherian finite dimensional scheme
and let £ be a prime number which is invertible on S. Then, the category D*™4(S, Zy)
is the category of those £-adic complexes whose ordinary cohomology sheaves are
smooth Artin. In particular, the ordinary t-structure induces a t-structure on
DsmA(S, Zy) whose heart is the category of smooth Artin (-adic sheaves.

To answer our question regarding the ordinary t-structure, we introduce the
notion of Artin f-adic sheaves by mimicking the definition of constructible sheaves:
an f-adic sheaf is Artin if there is a stratification of S such that its pullback to any
stratum is smooth Artin.

Proposition. (Corollary 2.4.3) Let S be a noetherian finite dimensional scheme
and let £ be a prime number which is invertible on S. Then, the category D (S, Zy)
is the category of those £-adic complexes whose ordinary cohomology sheaves are
Artin. In particular, the ordinary t-structure induces a t-structure on D™ (S, Zy)
whose heart is the category of Artin £-adic sheaves.

Our main result concerns the perverse t-structure:

Theorem. (Theorem 8.3.4 and Proposition 3.4.1) Let S be a noetherian finite
dimensional excellent scheme and let £ be a prime number which is invertible on S.
Assume that S is of dimension at most 2, or that S is of dimension 3 and that the
residue fields of the closed points of S are separably closed or real closed. Then, the
perverse t-structure induces a t-structure on DA(S, Zy).

We let Perv® (S, Zy¢) be the heart of the induced perverse t-structure on D4(S, Zy)
when it is defined.
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The above result seems rather optimal: if k is a finite field and ¢ is a prime
number invertible on &, we prove (see Example 3.5.2) that the perverse t-structure
of Db(A3,7Z) does not induce a t-structure on DA(A3, Zy).

To circumvent this negative result, we introduce another notion of Artin per-
verse sheaves inspired by the approach of [Lehl9b, Vail9], [Ayo07, 2.2.4] and
[BD17]. More precisely, we define a perverse homotopy t-structure on the cate-
gory Dil (S, Zy) of Ind-Artin (-adic complezes formally by specifying the set of
t-negative objects. It has the following properties (see Proposition 4.5.1).

e When the perverse homotopy t-structure induces a t-structure on the sub-
category DA (S, Zy), the induced t-structure is final among those such that
the inclusion functor

DA(S, Zy) — D(S, Zy)

is t-exact when the right hand side is endowed with its perverse t-structure.

e When the perverse t-structure induces a t-structure on D*(S,Z,), then
so does the perverse homotopy t-structure and both induced t-structures
coincide.

The properties of this t-structure are closely related to the properties of the right
adjoint w® of the inclusion functor

L: Dfid(*i Zf) — DICHOE(Sa ZZ)

of Ind-Artin ¢-adic complexes into Ind-cohomological £-adic complexes. The motivic
analog of this functor was first introduced in [AZ12] to study the reductive Borel-
Serre compactification of a symmetric variety.

When S is of finite type over F,, and working with coefficients Qy, the functor w®
is more tractable. We have at our disposal the stable oo-category of mixed f¢-adic
sheaves D%, (S,Qy) of [BBDG18, 5] and Deligne’s theory of weights (see [Del80]).
Using the truncation functors defined by Morel in [Mor05], Nair and Vaish defined
in [NV15] a weightless truncation functor

w%: Db (S, Qr) — DE(S,Qy)

(denoted by wgiq in [NV15]) which they claim to be the f-adic analog of Ayoub
and Zucker’s functor.
We show the following results:

Proposition. (Propositions 4.6.1 and 4.7.1 and Remarks 4.6.2 and 4.7.3) Let S
be a scheme of finite type over IFy,. Let £ # p be a prime number.

(1) The two functors denoted above by w° induce equivalent functors
DR(S,Qq) — DA(S, Qo).

In particular, both functors send cohomological (-adic complexes to Artin
l-adic complexes.

(2) The perverse homotopy t-structure induces a t-structure on DA(S, Q). We
denote its heart by PervA(S, Q¢)* and call it the abelian category of Artin
homotopy perverse sheaves.

(3) The abelian categories Perv® (S,Qq) and Perv? (S, Q)# coincide when they
are both well defined.

To study the abelian category Perv? (S, Qy)#, we would like to show that the
functor w® is t-exact. However, this t-exactness statement does not make sense as
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is: it is unknown whether the perverse truncation functors preserve cohomological
complexes. To get around this issue, we define the stable co-category D<S(S, Qy)
of weightless ¢-adic complexes as the essential image of the weightless truncation
functor. The main insight leading to this definition is that Artin f-adic com-
plexes are the cohomological complexes which are also weightless. This stable
oo-category DSY(S,Qy) is then endowed with a t-structure such that the inclu-
sion of D4(S, Q) equipped with its perverse homotopy t-structure is t-exact (see
Proposition 4.8.8(3)). We can now provide a meaningful t-exactness statement:

Theorem. (Theorem 4.8.10) Let S be a scheme of finite type over F), and let £ # p
be a prime number. Let

1 DSOS, Q) — DL, (S, Q)

be the inclusion. When the left hand side is endowed with the weightless perverse
t-structure and the right hand side is endowed with the perverse t-structure, the
adjunction (1,w?) is a t-adjunction and the functor W° is t-exact.

A consequence of this result is that the abelian category Perv?® (S, Q,)# is similar
to the abelian category of perverse sheaves and contains the weightless intersection
complex of [NV15]:

Proposition. (Propositions 4.9.4 and 4.9.7 and Example 4.9.8) Let S be a scheme
of finite type over F,, and let £ # p be a prime number.

(1) All the objects of PervA(S,@e)# are of finite length. Its simple objects can
be described as the wCji.(L[dim(V)]) where j: V < S runs through the
set of inclusions of smooth subschemes of S and L runs through the set of
stmple smooth Artin £-adic sheaves over V.

(2) Let ICs be the intersection complex of S. The weightless intersection com-
pler ECs = w%ICs of [NV15] is a simple object of the abelian category
Perv® (S, Qp)#.

(8) If S is a surface, then, the complex ECg is also a perverse sheaf, but it
need not be simple in the category of perverse sheaves.

Finally, we describe the category PervA(C, Zy¢) when C' is an excellent scheme
of dimension 1. Let I'" be the set of generic points of C. Let v: C — C be the
normalization of C. In this setting, we introduce a residue map 0, for any closed
point y of C in Lemma 5.1.5. The category PeI‘VA(C,Zg) is equivalent to the
category PA(C,Zy) (see Definition 5.2.1) which is defined as follows:
e An object of PA(C, Zy) is a quadruple (U, (M,)yer, (Mz)zec\vs (fo)zec\v)
where
(1) U is a nil-regular open subset of C' such that the immersion U — C is
affine,
(2) foralln € I', M, is an f-adic representation of Artin origin of 7¢*(U,), 7),
(3) for allw € C'\ U, M, is a complex of (-adic representations of Gy
placed in degrees [—1,0],
(4) for all z € C\ U, f, is an element of

Gy, x *
HomD(ReP(Gk(z)7Z£)) M, @ IndGiE;; (ay [¢y(M77(y))])

v(y)=z

such that H~1(f,) is injective.
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e An element of Hompac z,) (U, (My), (Mg), (f2)), (V,(Ny), (Nz), (9z))) is
a couple ((®,)ner, (Pz)zec\v)n(c\v)) Where ®,: M, — N, is a map of
representations of G _, ®,: M, — N, is a map of representations of Gk(x)
and the diagram:

n?

Gr(y)

v(y)=x
%I sy Indg:g; CACHCE)))

v(y)=o

M, s @ Mm% (3, [65(Myo)])
Gz

N, %, g™ (9 [ (Nyi)])

v(y)=z

is commutative.

In [Rui22], which can be regarded as a sequel to this paper, we study the motivic
case and prove that we have similar results. One of the main interests of this paper
is that the motivic constructions will realize into our constructions.
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1. PRELIMINARIES

All schemes are assumed to be noetherian and of finite dimension; further-
more all smooth (and étale) morphisms and all quasi-finite morphisms are also
implicitly assumed to be separated and of finite type.

In this text we will freely use the language of (oo, 1)-categories of [Lur09, Lurl7].
The term category will by default mean (oo, 1)-category, and the term 2-category
will mean (oo, 2)-category. When we refer to derived categories, we refer to the
oo-categorical version.

There are several definitions of the derived category of constructible f-adic
sheaves. The first definition was given in [BBDG18] over schemes over a field.
This definition was then extended to all noetherian finite dimensional schemes in
[Eke07] [CD16, 7.2], [BS15] and [LYF14, XIII.4]. In this paper, we will use the
model of [BS15]. We will use the theorems of [BBDG18, 4] over excellent schemes;
in particular, to use the affine Lefschetz theorem [BBDG18, 4.1.1] and its conse-
quences, one has to replace [AGV73, XIV.3.1] in the proof of [BBDG18, 4.1.1] with
[LYF14, XV.1.1.2].

We adopt the cohomological convention for t-structures (i.e the convention of
[BBDG18, 1.3.1] and the opposite of [Lurl7, 1.2.1.1]): a t-structure on a stable cat-
egory D is a pair (DS?, D>?) of strictly full subcategories of D having the following
properties:
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e For any object M of DSY and any object N of DZ°, 1y Map(M, N[—1]) = 0.

e We have inclusions DS? C DSY[—1] and DZ°[-1] C D>°.

e For any object M of D, there exists an exact triangle M/ — M — M"
where M’ is an object of DS and M" is an object of D=%[—1].

A stable category endowed with a t-structure is called a t-category. If D is a
t-category, we denote by D¥ = D>° N DS the heart of the t-structure which is
an abelian category and by D? the full subcategory of bounded objects which is a
stable t-category.

Let i : Z — X be a closed immersion and j : U — X be the complementary
open immersion. We call localization triangles the exact triangles of functors on
{-adic sheaves over X:

(1.0.1) Ji* = Id = it

(1.0.2) iit = Id — j.j*.

Let S be a scheme. A stratification of S is a partition S of S into non-empty
equidimensional locally closed subschemes called strata such that the topological
closure of any stratum is a union strata.

If S is a scheme and ¢ is a geometric point of S, we denote by 7¢t(S, &) the étale
fundamental group of S with base point £ defined in [GR71] and 72™°%(S,€) the
pro-étale fundamental group of S with base point & defined in [BS15, 7].

If k is a field, we denote by G}, its absolute Galois group.

If p is a prime number, we denote by I, the field with p elements, by Z, the
ring of p-adic integers, by Q, the field of p-adic numbers and by @p its algebraic
closure.

If $ : H— G is a map of group, we denote by ¢* the forgetful functor which
maps representations of G to representations of H.

If H is a finite index subgroup of a group G, we denote by Indfl the induced
representation functor which maps representations of H to representations of G.

1.1. Notions of abelian and stable subcategories generated by a set of
objects. Recall the following definitions (see [Sta23, 02MN]).

Definition 1.1.1. Let A be an abelian category.

(1) A Serre subcategory of A is a nonempty full subcategory B of A such that
given an ezxact sequence

M — M — M"

such that M’ and M" are objects of B, then M is an object of B.
(2) A weak Serre subcategory of A is a nonempty full subcategory B of A such
that given an exact sequence

M1—>M2—)M3—>M4—>M5

such that for alli € {1,2,4,5}, M; is an object of B, then Ms is an object
of B.

(3) Let &€ be a set of objects of A, the Serre (resp. weak Serre) subcategory of
A generated by & is the smallest Serre (resp. weak Serre) subcategory of A
whose set of objects contains &.
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Note that a Serre subcategory of an abelian category A is also a weak Serre
subcategory of A and that if B is a weak Serre subcategory of A, then B is abelian
and the inclusion functor B — A is exact and fully faithful.

Recall that a strictly full subcategory is a full subcategory whose set of objects
is closed under isomorphisms.

Proposition 1.1.2. Let A be a strictly full abelian subcategory of an abelian cate-
gory B. Assume that A is closed under subobject and quotient in B.
Let A* be the full subcategory of B spanned by the objects obtained as successive
extensions of the objects A. Then
(1) The category A* is the smallest weak Serre subcategory of B containing A.
(2) The category A* is a Serre subcategory of B.

Proof. Any weak Serre subcategory containing A is closed under extensions and
therefore contains A*. Hence it suffices to show that A* is a Serre subcategory of
B.

The subcategory A* is strictly full, contains the zero object and any extension
of objects of A* is an object of A*. Therefore using [Sta23, 02MP], it suffices to
show that A* is closed under subobject and quotient.

We first define subcategories of B by induction. Let Ag = A and if n > 0 is an
integer, let A, 11 be the full subcategory of B whose objects are the objects M of
B such that there exists an exact sequence

0—-M —-M—M'—0

where M’ and M" are objects of A,,.

By definition, A* is the full subcategory of B whose objects are objects of A,, for
some non-negative integer n. Therefore it suffices to show that for all n > 0, the
subcategory A,, is closed under subobject and quotient.

The case where n = 0 is the hypothesis on A. Assume that any subobject and
any quotient of any object of A, lies in A,, and let M be an object of A, 1. Let
N be a subobject of M, we show that N and M/N are objects of A, ;1.

We have an exact sequence

0—-M M5 M —0
where M’ and M" are objects of A,,. This yields exact sequences:
0 = ker(n|y) = N % n(N) = 0,
0 — M'/ker(n|n) = M/N — M" /n(N) — 0.
Since 7(N) is a subobject of M”, it is an object of A,, and since ker(rw|y) is a

subobject of M’, it is also an object of A,,. Thus N is an object of A, ;. Similarly,
M/N is an object of A,41. O

Definition 1.1.3. Let C be a stable category

(1) A thick subcategory of C is a full subcategory D of C which is closed under
finite limits, finite colimits and retracts.

(2) A localizing subcategory of C is a full subcategory D of C which is closed
under finite limits and arbitrary colimits.

(8) Let € be a set of objects. We call thick (resp. localizing) subcategory
generated by &£ the smallest thick (resp. localizing) subcategory of C whose
set of objects contains &.
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1.2. Induced t-structure. Recall the following definition of [BBDG18, 1.3.19]:

Definition 1.2.1. Let D be a t-category and D’ be a full stable subcategory of D. If
(DS°ND', DZ°ND’) defines a t-structure on D', we say that D' is a sub-t-category
of D, that the t-structure of D induces a t-structure on D’ and call the latter the
induced t-structure.

First notice the following properties on sub-t-categories:

Proposition 1.2.2. Let D be a t-category and Dy be a strictly full sub-t-category
of D°. Then,

(1) The subcategory Dy is thick.

(2) The category Dg) is a weak Serre subcategory of DY .

Proof. We first prove (1). Since Dy is a strictly full stable subcategory of D, it is
closed under finite limits and colimits.

Let M be an object of Dy. Assume that M = M’ @ M"” in D. We prove that
M’ is an object of Dy.

Since M is bounded, so is M’'. Hence, by dévissage, it suffices to show that
H¥(M') lies in Dy for any integer k. Therefore, we can assume that M lies in DY,

Let p : M — M be the projector corresponding to M’. Let C' be the cone of p.
Then, M’ = ker(p) = H~(C) lies in Dy which proves (1).

We now prove (2). Since the inclusion functor D — DY is fully faithful and
exact, by [Sta23, 0754], it suffices to show that D(? is closed under extensions. But
if

0—-M —-M—M'—0
is an exact sequence in DV with M’ and M” objects of DS?, the triangle

M — M — M"

is exact in D. Since Dy is a stable subcategory of D, this proves that M is an object
of Dy and thus of Dy . This finishes the proof. O

The following lemma will allow us to restrict t-structures to thick subcategories.

Lemma 1.2.3. Let D be a t-category. Let D' be a thick subcategory of D°. Assume
that D' N DY contains a set of generators of D' as a thick subcategory of D. Then,
the following conditions are equivalent.

(1) The t-structure of D induces a t-structure on D'.

(2) If f: M — N is a map in D' N'DY, ker(f) is an object of D’.

(8) If f: M — N is a map in D' N DY, coker(f) is an object of D'.

Proof. Condition (1) implies conditions (2) and (3). If f : M — N is a map in
D' NDY and C is the cone of f, we have an exact triangle:

ker(f) — C — coker(f)[—1].

Thus, conditions (2) and (3) are equivalent.

Assume now that conditions (2) and (3) hold. First notice that D’NDY is closed
under extensions since D’ is. Therefore, the subcategory D' N DY of DY is weak
Serre using [Sta23, 0754].

We consider the full subcategory C of D' made of those objects M such that
for all integer n, the object H™(M) lies in D’. The subcategory C is closed under
suspensions and direct factors. We now show that it is closed under extensions.
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Let
M — M — M

be an exact triangle in D’ such that M’ and M" are objects of C. Then, if n is an
integer, we get an exact sequence in DV:

H" Y (M") = H"(M') - H"(M) — H"(M") — H""'(M").

Since D' N DY is a weak Serre subcategory of DY and since M’ and M" are
objects of C, the object H"(M) lies in D'.

Therefore, the subcategory C is thick and contains a set of generators of D',
whence, we have C = D’. This shows that the subcategory D’ of D? is stable under
the truncation functor 7>, thus by [BBDG18, 1.3.19], the t-structure of D induces
a t-structure on D’. O

In fact, Lemma 1.2.3 implies that weak Serre subcategories of the heart of a
t-category one the one hand and strictly full bounded sub-t-category of the same
t-category on the other hand are in one-to-one correspondence. More precisely, we
define the following particular sub-t-categories:

Definition 1.2.4. Let D be a t-category. Let A be a weak Serre subcategory of DV .
We will denote by DY the full subcategory of D spanned by those bounded objects C
of D such that for all integer n, the object H™(C) is in A.

Remark 1.2.5. Be careful that in general, the category DZ need not coincide
with the category D°(A). However, by [Lurl7, 1.3.3.2], there is a canonical t-exact
functor:

DP(A) — DL
We then have the following proposition:

Proposition 1.2.6. Let D be a t-category. Then,

(1) Let A be a weak Serre subcategory of DV . Then, the category DY is a strictly
full sub-t-category of D°. Moreover, we have (Dg)v = A as subcategories
of DY.

(2) Let Dy be a strictly full sub-t-category of D°. Then, the category DS? is a
weak Serre subcategory of DY and DbDQj = Dy as subcategories of D.

0

Proof. The first assertion follows from Lemma 1.2.3 and from the fact that A gen-
erates DY as a thick subcategory of DP.

The first part of the second assertion follows from Proposition 1.2.2.

Finally, the cohomology objects of any object of Dy lie in Dg . Thus, any object
of Dy lies in D? P Moreover, if M is an object of DD@, to show that it lies in Dy,

it suffices by dev1ssage to show that for all n, the object H™(M) is an object of Dy.
This is true by definition. O

1.3. Finite permutation resolutions. In this paragraph, we recall a result of
Balmer and Gallauer (see [BG23]). If G is a finite group, R is a ring and H is a
subgroup of G, the R-module R[G/H] is endowed with a left R[G]-module structure
letting G act on G/H by left multiplication.
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Proposition 1.3.1. Let G be a finite group. Let R be a regular ring and let M
be a representation of G with coefficients in R. Then, the complex M & M[1] of
R[G]-modules is quasi-isomorphic as a complez of R[G]-modules to a complex

o= 0—-P, =P,y = —>FP—=0—--

where each P; is placed in degree —i and is isomorphic to R[G/H,]®---® R|G/H,,]
for some subgroups Hi,...,H, of G.

Proof. We say that a bounded complex P of R[G]-modules is a permutation complex
if the P; are isomorphic to R[G/H1]®- - -®R[G/Hp,) for some subgroups H, ..., Hy,
of G.

Let P(R,G) be the subcategory of D’(R[G]) made of those complexes N which
admit a quasi-isomorphism P — N, where P is permutation complex. Then,
[BG23, 4.6] states that the idempotent completion of P(R,G) is the category
DY(R[G]) itself.

Moreover, using [BG23, 2.13], the idempotent completion of P(R, G) is the sub-
category made of those complexes N such that N @ NJ[1] lies in P(R,G). Thus,
the complex M @& M]J1] admits a quasi-isomorphism P — M & M[1], where P is
permutation complex.

Finally, noting that M @ M|[1] lies in nonpositive degree, we can modify P so
that the P; vanish for 7 > 0 by [BG23, 2.4] which yields the result. O

1.4. Artin representations, representations of Artin origin. Let ¢ be a prime

number. The topology on Z; induces a topology on every Z,-module of finite type.
In this paragraph and in the following paragraphs, we only consider the case

of Zg-coefficients for simplicity, however, all the definitions can be formulated with

coefficients Q; (or even a finite extension of Q, its ring of integers, Q, or the subring

of elements of Q, which are integral over Z;) and all the propositions still hold.
Recall the following definitions:

Definition 1.4.1. Let 7 be a topological group and let ¢ be a prime number.

(1) A continuous representation of m with coefficients in Z; is a Zg-module
of finite type endowed with a continuous action of w. We will denote by
Rep(m,Zg) the abelian category of continuous representation of m with co-
efficients in Zy.

(2) An Artin representation of w is a continuous representation of m which
factors through a finite quotient of w. We will denote by RepA(mZg) the
abelian category of Artin representation of m with coefficients in Zy.

The category RepA(ﬂ', Zy) is a strictly full abelian subcategory of Rep(w, Z,); in
general, it is not a weak Serre subcategory. Indeed, consider an additive character
X : ™ — Zy that does not factor through a finite quotient (for example if 7 = 7,
write Z = I Z, and take the projection to Z;). Then, we have a morphism

p prime
L x
0 1

m — GLy(Zyg) given by
which defines a continuous representation M of 7w on Z?. The exact sequence:

0—%Z¢y M —Zy—0
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is an exact sequence of representations if 7w acts trivially on both copies of Z,.
Hence, this gives an extension of Artin representations which is not Artin.
This leads us to the following definition:

Definition 1.4.2. Let 7 be a topological group and let ¢ be a prime number. A
continuous representation is of Artin origin if it is obtained as a successive extension
of Artin representations in Rep(m, Z¢). We denote by Rep™ (, Z¢)* the category of
representation of Artin origin.

Proposition 1.1.2 implies the following proposition.

Proposition 1.4.3. Let m be a topological group and let £ be a prime number.
Then,

(1) The category Rep” (m, Z¢)* is the smallest weak Serre subcategory of Rep(m, Zg)
containing Rep” (m, Zy).
(2) The category Rep™ (m, Z¢)* is a Serre subcategory of Rep(, Zy).

The following proposition shows that the Artin origin condition can be checked
with coefficients Q.

Proposition 1.4.4. Let w be a topological group. Let M be a continuous repre-
sentation with coefficients Zy. Assume that M ®z, Qp is a representation of Artin
origin with coefficients Qp. Then, M itself is of Artin origin.

Proof. Let Ag = Rep” (m,Q¢) and if n is a non-negative integer, let A1 be the
full subcategory of Rep(m, Q) whose objects are the extensions of the objects of A,
in Rep(m,Qg). There is a non-negative integer n such that M ®z, Q, is an object
of A,,.

Let n be a non-negative integer. We prove by induction on n that if M is a
continuous representation with coefficients Z, such that M ®z, Q, lies in A,,, then
M is of Artin origin.

Notice first that we can assume M to be torsion free. Indeed, let M5 be the sub-
Zy-module of torsion elements of M. Then, the representation on M induces a sub-
representation on Mi,s. Moreover, we have an exact sequence of representations:

0 = Miors > M — M /Miors — 0.

Now, the abelian group M, is a finite. Therefore, the representation on Mg,
is an Artin representation. Moreover, we have

M/Mtors ®Zz QE =M ®Z¢ QE-

Thus, we can assume that M is torsion free.
Now, if, n = 0, the representation M ®z, Q¢ is an Artin representation. Since
M is torsion free, the group homomorphism

Autz, (M) — GLg, (M ®z, Q)

is injective. Therefore, the morphism 7 — Autz, (M) which gives rise to the Z,[x]-
module structure of M factors through a finite quotient and thus M is an Artin
representation.
Assume now that n > 0. We get an exact sequence:
(2

0= N 5 Moz, QBN =0
such that N’ and N” are objects of A,,_1.
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Let M’ (resp. M") be the inverse image (resp. the image) of M along the map
i (resp. through the map p).
There is a Qp-basis of N’ whose image lies in M. Therefore,

N =M Rz, Qq.
Furthermore, there is a Qg-basis of N” who lies in the image of M. Thus,
N = M ®z, Q.

Hence, by induction, M’ and M" are of Artin origin.

The map ¢ and p induce maps ig : M’ — M and pg : M — M" such that
po 039 = 0. Letting K be the kernel of py, the map iy factors through K.

Moreover, the rank of K as a Z;-module is dimg, (M) — dimg, (M"") which is also
the rank of M’. This yields two exact sequences:

0—+K—=M-—M"—0
0—-M —K—-F =0

where F' is of rank 0.
Since F' is finite as an abelian group, it is an Artin representation. Thus, K is
of Artin origin and finally M is of Artin origin. O

Artin representations are contained in a more explicit Serre subcategory of
Rep(w, Z¢) which we will call strongly of weight 0. To prove that a representa-
tion is not of Artin origin, it is often convenient to prove that it is not strongly of
weight 0.

Definition 1.4.5. Let 7 be a topological group and £ be a prime number. Let M be
a continuous representation of m with coefficients in Zy. We say that M is strongly
of weight 0 if for all g € 7, the eigenvalues of the matrix defined by the action of
g on M ®z, Q; are roots of unity. We will denote by Repwzo(ﬂ',Zg) the abelian
category of representations that are strongly of weight 0.

Remark 1.4.6. In the theory of weights developed by Deligne in [Del80], letting
k be a finite field and letting m = G, = 7 be its absolute Galois group, an {-adic
representation of Gy, is of weight 0 if the action of the topological generator F of
Gy are algebraic numbers such that all their conjugates are of module 1 as complex
numbers. Hence, representations that are strongly of weight 0 of Gy are contained
in representations of weight 0 of Gy.

Finally, note that by a theorem of Kronecker, an algebraic integer such that all
its conjugates are of module 1 is a root of unity.

Proposition 1.4.7. Let m be a topological group and £ be a prime number. The
abelian category Rep“="(m,Zy) is a Serre subcategory of Rep(w,Z¢) and contains
the category representation of Artin origin.

Proof. First, any sub-representation and any quotient of a representation that is
strongly of weight 0 is strongly of weight 0. Now, if

0—-M —-M-—->M'—=0

is an exact sequence of continuous representations where M’ and M' are strongly
of weight 0, the sequence

0— M ®z,Q — Mz, Q — M" ®z,Q— 0
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is still exact and if g is an element of 7, its action on M is the action of a matrix

I
of the form A = [/é ;,/

M’ (resp. M"). The set of eigenvalues of A is the union of the set of eigenvalues
of A’ and A” and those are roots of unity. Hence, the category Rep“="(m, Z;) is a
Serre subcategory of Rep(m, Zy).

Now, it suffices to show that Artin representations are strongly of weight 0. Let
M be an Artin representation of . Then, the representation M ®z, Q, is an Artin

} where A’ (resp. A”) is the matrix of the action of g on

representation of 7 with coefficients in Q,. Since it factors through a finite quotient
G of m, if g € 7, the element glC! of 7 acts trivially on M ®z, Q,. O

1.5. Categories of (-adic sheaves and complexes. In this paragraph, we recall
the definitions of [BS15, HRS20] of various ¢-adic categories. If S is a scheme, denote
by Sprost the proétale site of S introduced in [BS15, 4].

Any totally disconnected topological space M induces a sheaf on Sproe:

U~ CO(U,M) = C%nmo(U), M).

we denote this sheaf by Mg and call it the constant sheaf of value M. If M = A is
a topological ring, then, the sheaf Ag is a sheaf of rings on Sprost.

Definition 1.5.1. Let S be a scheme (noetherian by conventions) and £ be a prime
number invertible on S. We define:

(1) The abelian category of £-adic sheaves Sh(S,Zy) as the abelian category of
sheaves of Z¢ s-modules on Sproét -

(2) The abelian category of lisse f-adic sheaves Locs(Z¢) as the category of
sheaves of Zg,s-modules L such that there exists a proétale cover {S; — S}
such that for all i, there exists a Zo-module of finite type M such that Llg,
is isomorphic to Mg,.

(8) The abelian category of constructible f-adic sheaves Sh.(S,Z;) as the cat-
egory of sheaves of Zg g-modules L such that there exists a stratification of
S such that for any stratum T, the sheaf L|r is lisse.

(4) The derived category of ¢-adic sheaves D(S,Z;) as the derived category of
Sh(S,Zy).

(5) The derived category of lisse ¢-adic sheaves Diisse (S, Zs) as category of du-
alizable objects of D(S,Zy).

(6) The derived category of constructible f-adic sheaves DY(S,Z;) as the cat-
egory of complexes of sheaves of Zy s-modules C' such that there exists a
stratification of S such that for any stratum T, the sheaf C|r is lisse.

Remark 1.5.2. Beware that in [BS15], they denote by Locg(Z¢) the category of
locally free sheaves of Zp s-modules of finite rank. In this paper, we want the cat-
egory of lisse sheaves to be abelian, hence we chose to include all sheaves that are
locally of finite type. This is also the convention of [Del77].

These categories are related each other by the following proposition.

Proposition 1.5.3. ([HRS20, 3.28]) Let S be a scheme and ¢ be a prime number
invertible on S. The canonical t-structure of D(S,Zy) induces a t-structure on

DY(S,Zy¢) (resp. Diisse(S,Zy)) whose heart is She(S, Zg) (resp. Locs(Zy)).
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The above proposition shows in particular that Sh.(S, Z,) and Locg(Z,) are weak
Serre subcategories of Sh(.S,Z,). Furthermore, we have the following characteriza-
tion of lisse sheaves:

Proposition 1.5.4. Let S be a connected scheme and £ be a prime number invert-
ible on S. Let & be a geometric point of S. The fiber functor associated to & induces
an equivalence of abelian monoidal categories

£ : Locs(Zg) — Rep(mP™¢*(S, €), Zy)

where (S, €) is the proétale fundamental group of S with base point € of [BS15,
7.4.2]

Remark 1.5.5. The proposition above with coefficients Zy still holds with the étale
fundamental group by [Del77, Chapitre 2, 2.4]; we need the proétale fundamental
group only in the case when the ring of coefficients is an algebraic extension of Qy.

In this setting, the proposition does not follow from the proof below. However, it is
a consequence of [BS15, 7.4.7,7.4.10].

Proof. Let Locg be the infinite Galois category (see [BS15, 7.2.1]) of locally constant
sheaves of sets on Sprost. By definition of the proétale fundamental group, the fiber
functor

£ : Locg — 7P™°%(S, €) — Set

is an equivalence.
The constant sheaf (Z/¢"7Z)s is sent to the set Z/¢"Z endowed with the trivial

action of 7P (S, ¢). Thus, £* induces an equivalence

Locs(Z/0"Z) — Rep(7P™%(S, €), Z/ (" 7).
The proposition follows by passing to the limit in the 2-category of categories. [

Recall that Bhatt and Scholze defined using the theory of infinite Galois cate-
gories of [BS15, 7.3] a map

(S, €) — mEH(S, €)

that exhibits 7¢(S,€) as the profinite completion of 72™°%(S,¢) by [BS15, 7.4.3],
and which is a group isomorphism when S is geometrically unibranch. We now
claim that the formation of 7"°°(S, ¢) can be upgraded into a functor with respect

to (S,&) which is compatible with the map above.

Lemma 1.5.6. Let f : T — S be a map of schemes. Let & : Spec(Q2) — T be a
geometric point of T and let £ = fo&'. Then,

(1) The map f induces a continuous map of groups

’/Ti)mét (f) . 7_r{nroét (717 5/) N ,/T[l)roét (S, £)
such that 7% is a functor and the map 7% — 7% is o natural trans-
formation. )
(2) Assume that f is finite and étale, then, the map 7> (f) is injective and
its image is a finite index subgroup.
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(3) Let € be a prime number which is invertible on S. Then, the square

Locs (Zg) ———— Locr(Zy)

l&* l(f’)*

proet

Rep(r)™°" (S, €), Z¢) — Rep(ﬂpmet(T £'), L)
is commutative.

Proof. If X is a scheme, let Locx (resp. Loc$ ¢) be the infinite Galois category (see
[BS15, 7.2.1]) of locally constant sheaves of sets on Xpr0s; (resp. Xgt)-

Now, if f : T" — S is a map of schemes, let Locy (resp.Locfct) be the map
f* : Locs — Locp. This defines contravariant functors Loc and Loc®® from the
category of schemes to the category of infinite Galois category. Moreover, the map
of Bhatt and Scholze between the proétale and the étale fundamental group is
induced by the natural map Loc® — Loc. Thus, the first assertion follows from
the structure theorem of infinite Galois categories [BS15, 7.2.5].

Now, by definition of the map 72" (f), the square:
Locg N Locr
le Jer

i Proét
AP (G ¢) — Set LK) prot (1 ¢r) _ G
is commutative which implies the third assertion.

We now prove the second assertion. We have a functor f, : Locy — Locg which
is both left and right adjoint to f* and sends a locally constant sheaf L to the
sheaf X — L(X xgT). Moreover, if L is a locally constant sheaf on S, the map
L — f.f*L is injective. Therefore, using [Lar21, 2.37], the map ﬂprOEt<f) is a
topological embedding.

Now, the profinite completion of a quotient of topological groups is the quotient
of the profinite completions of those groups Thus, the profinite completion of
TPTO(S, €) /mPTON (T, €Y is wét(S, €)/wE (T, ¢') which is finite by [GR71, V.6.3]. O

Corollary 1.5.7. Let f : T — S be a finite étale map and let ¢ be a prime number
which is invertible on S. Let & be a geometric point of T and let £ = fo&'. Then,
the functor f. : Sh(T,Z;) — Sh(S,Z¢) induces a map Locr(Z¢) — Locg(Ze) and
the square:

fx

Locr(Ze) Locs(Ze)
Jer le
proét / Ind:, proét
Rep(ﬂ-l (T7 £ )7 Z@) E— Rep(ﬂ—l (57 §)> Z@)
where 7' = 7P (T,€') and 7 = 7P*°%(S, €) is commutative.

Proof. The functor f, is left adjoint to the functor f*. On the other hand, the
functor Ind?, is left adjoint to the functor 7°7°%*(f)* which yields the result. [

Finally, recall that the fibered category D?(—, Z;) over the category of noetherian
excellent schemes is endowed with the 6 functors formalism (see [BS15, 6.7]).
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Remark 1.5.8. If k is a field, the topos %proét s equivalent to the topos (BGk)proét
where (BG)prost 1S the site of profinite continuous Gy-sets with covers given by con-
tinous surjections (see [BS15, 4.1.10]). Therefore, the abelian category Sh(kprost, Ze¢)
identifies with the abelian category Sh((BG)prost, Z¢) of modules over the profinite
Gy-set Zy endowed with trivial action (in the case of coefficients Qg, the topologi-
cal ring Qg with its trivial action still defines a sheaf of rings on (BGk)prost using
[BS15, 4.3.2]).

Finally, the stable category Db(k,Z,) identifies with the stable subcategory of Z-
perfect complexes D%K_perf(Sh((BGk)proét, Zy)) of D*(Sh((BGk)proet, Ze)) which is
the full subcategory made of those complexes whose restriction to D(Zy) is perfect

(i.e. whose cohomology sheaves are finite when seen as Zg-modules).
The heart of Db(k,Zy) then identifies with Rep(Gy, Z¢).

1.6. Reminders on cdh-descent and Mayer-Vietoris for closed immer-
sions.

Definition 1.6.1. We say following [Voel0, 2] and [CD19, 2.1.11] that a cartesian
square of schemes:

|

E r
!
Yy — X

ts cdh-distinguished if f is proper and i is a closed immersion such that, letting U be
its open complement in X, the map f~*(U) — U induced by f is an isomorphism.

The definition of [CD16, 7.2] of f-adic complexes (which is equivalent to the
definition of [BS15] by [CD16, 7.2.21]) yields the following:

Proposition 1.6.2. (cdh-descent) Let ¢ be a prime number. A cdh-distinguished
squareof Z[1/)-schemes:

<N
&S]

J(&h l’ﬁ
<

»

induces an exact triangle:

ZZ,X — f*ZZ,Y @ i*ZZ,F — i*p*ZZ,E-

The following formulas are consequences of [DD@¥21, 5.1.7]. They are closely
linked to the Rapoport-Zink complex [RZ82, 2.5] and are generalizations of the
Mayer-Vietoris exact triangle for closed immersions [Ayo07, 2.2.31].

Proposition 1.6.3. Let i : E — Y be a closed immersion and let £ be a prime
number invertible on Y. Assume that E = |J E; with I a finite set and (E;);er
el
a family of closed subschemes of E. If J C I, write Ey = |J E; and write iy :
ieJ
Ej; —'Y the canonical closed immersion. Then, the canonical maps (ij)*i{]Z[7Y —
.ol 7 ey o . .
144 Loy exhibit i, Z¢y as the colimit
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. . l
colimpe(aimiyor @ (1g)x85Zey
JCI
|J|=p+1

where A s the category of finite ordered sets with morphisms the injective maps.

Proposition 1.6.4. Let i : E — Y be a closed immersion and let £ be a prime
number invertible on Y. Assume that E = |J E; with I a finite set and (E;);er
iel
a family of closed subschemes of E. If J C I, write Ey = |J E; and write iy :
i€
Ej; = Y the canonical closed immersion. Then, the canonical maps ii*Zey —
(19)«1%5Zey exhibit i,i*Zyy as the colimit

B (r)isZey

JCI
[J|=p+1

lim
pE(Aini)or

where A s the category of finite ordered sets with morphisms the injective maps.

1.7. Perverse sheaves. In this paragraph, we recall the definition of the perverse
t-structure over base scheme endowed with a dimension function following [Gab08].
First recall the definition of dimension functions (see for instance [BD17, 1.1.1]):

Definition 1.7.1. Let S be a scheme. A dimension function on S is a function § :
S — Z such that for any immediate specialization y of a point x (i.e a specialization

such that codimm(y) = 1), we have 6(x) = §(y) + 1.

Two dimension functions on a scheme differ by a Zariski-locally constant func-
tion. Moreover, if S is universally catenary and integral, 6(x) = dim(X)—codimx (z)
is a dimension function on S. Finally, any S-scheme of finite type f : X — S in-
herits a canonical dimension function by setting

6(x) = 0(f(x)) + tr.deg k(xz)/k(f(x)).

The auto-dual perversity pi/; : Z +— —0(Z) induces two t-structures [p; /5] and
1"/2] on D.(S, Zg). In this paper, we only consider the t-structure [p;/»]. We now
recall its definition over a general base scheme.

Definition 1.7.2. (Compare with [Gab08, 2]) Let S be a scheme endowed with

a dimension function and £ be a prime number invertible on S. For every point
x €8, letiy: {x} — S be the inclusion. We define

o the full subcategory PDSY(S,Zy) as the subcategory of those complezes K
such that for any point x € S, we have i, K < py2({r}) = —d(x) with
respect to the ordinary t-structure of D(k(x),Zy).

o the full subcategory PD>°(S,Zy) as the subcategory of those complexes K
such that for any point v € S, we have i\ K > pio({z}) = —6(z) with
respect to the ordinary t-structure of D(k(x),Zy).

In the case when the ring of coefficients is Z/¢Z, [Gab08, 6] implies that this
defines a t-structure on D(S,Z/¢7Z) and [Gab08, 8.2] implies that D4(S,Z/(Z) is a
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sub-t-category of D(S,Z/¢Z). The proofs of [Gab08] actually apply with coefficients
Zy which defines a t-structure on D4(S, Zy).

Alternatively, when the scheme S is assumed to be excellent, this is a t-structure
for the same reasons as in [BBDG18, 2.2.9-2.2.17] (see [Morl8, 2.2] for a more
precise explanation; the proof uses the absolute purity property [LYF14, XVI.3.1]).
This alternative definition yields the following:

Proposition 1.7.3. Let S be a regular connected scheme and £ be a prime num-
ber invertible on S. The perverse t-structure of D(S,Z¢) induces a t-structure
on Diisse (S, Ze) which coincides with the ordinary t-structure shifted by 6(S). In
particular, the heart of this t-structure is Locg(Ze)[6(S)].

If n is an integer, we will denote by PH"™ the n-th cohomology functor with
respect to the perverse t-structure.

Definition 1.7.4. Let S be a scheme endowed with a dimension function and £
be a prime number that is invertible on S. The category Perv(S,Z;) of perverse
sheaves is the heart of the perverse t-structure on DY(S, Zy).

Finally, note that Propositions 1.2.2 and 1.7.3 imply that Locg(Z¢)[6(5)] is a
weak Serre subcategory of Perv(S, Z,;) when the scheme S is regular and connected.

2. ARTIN /-ADIC COMPLEXES

In this section, we define abelian categories of Artin f-adic sheaves and stable
categories of Artin f-adic complexes. We show that the ordinary t-structure on the
derived category of f-adic sheaves induces a t-structure on the category of Artin
{-adic complexes such that the heart of this t-structure is the category of Artin
{-adic sheaves.

2.1. Artin /-adic sheaves and complexes.

Definition 2.1.1. Let S be a scheme and £ a prime number that is invertible on

S.

(1) We define the abelian category Sh*™*(S, Zy) of smooth Artin (-adic sheaves
over S as the Serre subcategory of Locs(Ze) made of those objects M such
that for any geometric point € of S, the representation £*M of W{)mét(S, §)
s of Artin origin.

(2) We define the abelian category ShA(S, Zy) of Artin f-adic sheaves over S
as the category of constructible (-adic sheaves such that there exists a strat-
ification of S such that for any stratum T, the {-adic sheaf L|p is smooth
Artin.

Remark 2.1.2. Let S be a connected scheme and £ a prime number invertible on
S. Let & be a geometric point of S. Then, the functor £ induces an equivalence
from Sh*™A(S. Zy) to Rep™ (nP°°(S, €), Z¢)* by Proposition 1.5.4.

Definition 2.1.3. Let S be a scheme and £ a prime number which is invertible on
S.

(1) The stable category DA(S,Zy) of Artin f-adic complexes is the thick stable
subcategory of DA(S, Zy) generated by the complezes f.Z¢ x with f: X — S
finite.
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(2) The stable category DA (S, Zy) of smooth Artin f-adic complexes over S
with coefficients Zy is the thick stable subcategory of D8(S,Zs) generated by
the complexes f.Z¢ x with f: X — S étale and finite.

(3) The stable category Di\y(S,Z¢) (resp. DimA(S,Ze)) is the localizing sub-
category of D(S,Ze) with the generators as in (1) (resp. (2)).

2.2. Description of smooth Artin /-adic complexes.

Proposition 2.2.1. Let S be a scheme and £ a prime number which is invertible on
S. The ordinary t-structure of D(S, Zs) induces a t-structure on D™A(S,Zy). The
heart of this t-structure is equivalent to ShsmA(S7 Zy). In particular, the subcategory
DMA(S, Zy) is the subcategory made of those complexes C of (-adic sheaves such
that for all integer n, the sheaf H™(C') is smooth Artin.

Proof. We can assume that S is connected. By Lemma 1.2.3 and Proposition 1.2.6,
it suffices to show that

DA(S, Zg) N Sh(S, Zy) = Sh*™A(S, Zy).

Let f : X — S be étale and finite. Recall that f. is t-exact with respect to
the ordinary t-structure of D(S,Z;). Therefore, using Corollary 1.5.7, the object
[Ty x lies in Sh*™ (S, Z,).

Thus, by Propositions 1.2.2, 1.2.6 and 1.4.3, the category D*™4(S, Z;) is included
in D°(S, Ze)gher 4(s,2,) (see Definition 1.2.4). Thus, we have

D™A(S, Zy) N Sh(S, Zy) C Sh*™A(S, Zy).

Take now M a smooth Artin ¢-adic sheaf. It corresponds to a representation of
Artin origin of 727°%(S, €) that we still denote by M.

Assume first that M is an Artin representation. Let G be a finite quotient
of 7P7°%(S, ¢) through which M factors. Then, by Proposition 1.3.1 the complex
M & M][1] of Z;[G]-modules is quasi-isomorphic as a complex of Z;[G]-modules to
a complex

P=.-=20—=P,—-FP_1— - —=FP—=>0—=. -

where each P; is placed in degree —i and is isomorphic to Z¢[G/H1]|®- - -®Z¢[G/Hp,]
for some subgroups Hy, ..., H,, of G.
The exact functor

Rep(G, Z;) — Rep(7™° (S, €), Zy) — Sh(S, Zy)
induces an exact functor
D"(Rep(G, Z¢)) — D(S, Z).
If H is a subgroup of G, the finite set G/H is endowed with an action of

ﬂfrOét(S, £€) and therefore corresponds to a finite locally constant sheaf on S, and
therefore to a finite étale S-scheme f : X — S. The image of Z;[G/H] through the
functor above is then f.Zg x.
Thus, the object M & M|[1], and therefore the object M itself, is in the thick cate-
gory generated by the f.Zy x with f : X — S finite and étale, which is D™4(S, Zy).
Now, since D*"™4(S, Z;) is closed under extensions, any representation of Artin

origin of 7P™¢*(S, £) lies in D*™4(S, Zs) which finishes the proof. O
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Corollary 2.2.2. If k is a field and ¢ is a prime number that is distinct from the
characteristic of k, then, the category D?(k,Zy) is equivalent to the category of
the complezes C in D*(Sh((BGk)prost, Ze)) (see Remark 1.5.8) such that the sheaf
H™(C) identifies with a representation of Artin origin for all n.

2.3. Six functors formalism. Artin /-adic complexes are stable under some of
the six functors of constructible f-adic complexes. The results of this paragraph
could also have been formulated with the categories Di},(—,Zs), replacing thick
subcategories with localizing subcategories when needed. We will first show the
following lemma which was proved by Ayoub and Zucker in the motivic setting
and in the case of schemes of finite type over a field of characteristic 0 and was
generalized to arbitrary schemes by Pepin Lehalleur.

Proposition 2.3.1. Let S be a scheme and £ a prime number which is invertible
on S. The category DA(S,Z,) is the thick subcategory of DY(S,Z;) generated by
any of the following families of objects:

(1) fiZex for f: X — S finite.

(2) fiZex for f: X — S étale.

(3) fiZex for f: X — S quasi-finite.

Proof. We follow the proof of [Leh19b, 1.28].
Let j : U — S be an open immersion. Let ¢ : F' — S be the reduced complemen-
tary closed immersion. By localization (1.0.1), we have an exact triangle

Wy — Zy,s — 142y F-

Thus, jiZe,y is an Artin ¢-adic complex.

Now, let f : X — S be quasi-finite. Using Zariski’s Main Theorem [Gro67,
18.12.13] and the case of open immersions, we get that fiZ, x is an Artin f-adic
complex.

Let C(S) be the thick subcategory of DY(S,Z,) generated by the fiZ, x with
f: X — S étale. To prove the proposition, it suffices to show that if g: Y — S is
finite, g.Zyy is in C(S).

Notice that the fibered category C(—) is closed under the functor p* for any
morphism p and the functor ¢ for any quasi-finite morphism gq.

Furthermore, when ¢ is a universal homeomorphism, we have ¢.Z,y = Z¢ s by
topological invariance of the small étale site (see [Sta23, 04DY]).

We now prove this claim by noetherian induction on S. We can assume that Y
is reduced using our since using topological invariance of the small étale site once
again, we have

/
95ty = GiZlt,Y,eq

where Y;eq is the reduction of Y and ¢’ : Y;cq — S is the canonical morphism.
Moreover, there is an open immersion j : U — S such that the pullback map
gu : Y xg U — U is the composition of a finite étale map and a purely inseparable
morphism. Thus, j*¢.Z¢y = (gu)+Ze,y xsv lies in C(U).
Furthermore, if ¢ : Z — S is the reduced complementary immersion ¢*g.Zyy is
in C(Z) by noetherian induction and proper base change. Finally, by localization,
it suffices to prove the lemma below. (I

Lemma 2.3.2. Keep the same notations, then, the functor i, sends C(Z) to C(S).
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Proof. We follow the proof of [Leh19b, 1.18(ii), 1.14(iii)]. It suffices to show that
if f:X — Zis étale, i.fiZ¢ x lies in C(S). As in the proof of [Leh19b, 1.14]
we use Mayer-Vietoris exact triangles to reduce to the case where S = Spec(A4),
Z = Spec(A/I) and X = Spec(B) where A is a ring, [ is an ideal of A and B is a
standard étale A/I-algebra, i.e. B is of the form

B=(A/Dz1,...,x4]/(P1,..., P,)

and the determinant of the matrix (%)ngn is invertible in A/1.
J

We can then lift the equations P; to E € Alx1,...,z,]. The open subset V of
S over which the map

f: X" =Spec(Azy,...,2,)/(P1,...,Py)) = Spec(A) = S

is étale contains Z and f extends f. Since the functor (V — S), sends C(V) to
C(S), we can replace S with V and therefore assume that f is étale.
We then have a localization triangle:

3" B e — filexr — ixfillex.
Therefore, i, fiZ¢, x lies in C(S) as wanted. O

Corollary 2.3.3. Let £ be a prime number. The siz functors from D(—,Z;) induce
by restriction the following functors on DA(—, Zy):

(1) f* for any morphism f,
(2) fi for any quasi-finite morphism f,
(8) A monoidal structure ®.

Remark 2.3.4. Notice that on the categories Dﬁd(—,Zg), we have formal right
adjoints to the three functors that we have described.

In the case of smooth Artin ¢-adic complexes, we also have functors ®, f* for
any morphism f and g. = ¢ for any finite étale morphism g. Since f* and g, are
t-exact, they induce functors on the hearts. Furthermore, the monoidal structure
on D*"A(S, Zy) induces a monoidal structure on its heart: map two objects M and
N to H(M ® N). Using Lemma 1.5.6, corollary 1.5.7, and proposition 2.2.1, we
identify those functors with classical constructions on categories of representations:

Proposition 2.3.5. Let f: T — S be a map between connected schemes and let £
be a prime number which is invertible on S. Let & be a geometric point of T and

let € = fo&. Then,
(1) The functor f*: D™A(S, Zs) — D*™A(T, Z) induces the forgetful functor

TPS)”  Rep? (7] (8,€), Ze)* — Rep! (nf"(T.€), Z0)"

by restriction.

(2) Furthermore, if f is finite and étale, the map induced by f. by restriction
is the induced representation functor Tnd”, where T = 72*°(S,€) and n’ =
7_rproét(j—u 5/)

1 1§ )-
(8) The monoidal structure of D™A(S,Z;) induces by restriction a monoidal

structure on Rep™ (77" (S), Z¢)* which is the usual monoidal structure.
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2.4. Artin /-adic complexes as stratified complexes of representations. In
this paragraph, we show that for any Artin /-adic complex, there is a stratification
of the base scheme such that the restriction of the complex to any stratum is
smooth Artin. We then deduce that the ordinary t-structure of D(S,Z;) induces a
t-structure on DA(S, Z;) whose heart is Sh* (S, Z;).

Proposition 2.4.1. Let S be a scheme, { be a prime number that is invertible on
S and M be an (-adic complex. Then, the complex M is an Artin £-adic complex
if and only if there is a stratification of S such that for any stratum T, the complex
M|r is a smooth Artin £-adic complez.

Proof. To prove the only if part of the proposition, proceed by induction on the
number of strata and use Corollary 2.3.3. We now prove the converse starting with
a lemma:

Lemma 2.4.2. Let S be a scheme, £ be a prime number that is invertible on S
and M be an Artin (-adic complex. Then, there is a dense open subscheme U of S
such that M|y is smooth Artin.

Proof. Let C be the full subcategory of D4(S, Z,) made of those objects M such that
there is a dense open subscheme U of S such that M|y is smooth Artin. Then, the
subcategory C is closed under finite (co)limits and retracts and is therefore thick.
Furthermore, if f: W — S is étale, there is a dense open immersion j : U — S
such that the pull-back morphism ¢ : V' — U is finite étale.
Therefore, the complex

(fZew)|lu = J" Zew = 9 Zyv
is smooth Artin. Thus, the complex fiZ,w lies in C. Hence, using the description
of generators of Proposition 2.3.1, the category C is equivalent to D4 (S, Zy). O

To finish the proof, we proceed by noetherian induction on S. Let M be an
Artin ¢-adic sheaf over S.

The lemma gives a dense open subscheme U of S such that M|y is smooth Artin.
Using the induction hypothesis, there is a stratification Sp of F' = S\ U such that
the restriction of M|p to any stratum of Sp is smooth Artin. O

Corollary 2.4.3. Let S be a scheme, ¢ be a prime number that is invertible on
S. The canonical t-structure of D(S,Zy) induces a t-structure on DA(S,Z;). The
heart of this t-structure is equivalent to ShA(S, Zy). In particular, the subcategory
DA(S,Zy) is the subcategory made of those complexes C of {-adic sheaves such that
for all integer n, the sheaf H™(C) is Artin.

Proof. Let M be an Artin f-adic complex. Let 7>¢ be the truncation functor with
respect to the ordinary t-structure on D(S,Z¢). To show that the canonical t-
structure of D(S,Z,) induces a t-structure on D4(S,Z,), it suffices to show that
T>oM is Artin.

Let S be a stratification of S such that for all T € S, the complex M |r is smooth
Artin. Since the pullback to T functor is t-exact, we have (7>oM)|r = T>0(M|7).
The latter is smooth Artin by Proposition 2.2.1. Therefore, the complex 75>0M is
Artin.

Furthermore, using Propositions 2.2.1 and 2.4.1, we get that any Artin f-adic
sheaf is an Artin f-adic complex, in other words, we have

Sh*(S.Zs) € DA(S, Z).
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Finally, if M is an object of DA(S, Z,)", there exists a stratification S of S such
that for all T € S, the complex M|z is smooth Artin and thus, it is a smooth Artin
{-adic sheaf. 0

Corollary 2.4.4. Let S be a scheme, £ be a prime number that is invertible on S.
Let M be a constructible (-adic complex with coefficients in Zy. Then, M is Artin
if and only if M @z, Qg is Artin as an (-adic complex with coefficients in Q.

Proof. Since M is constructible, there is a stratification & of S such that for all
T € S, the complex M| is lisse. Thus, for any integer n, the sheaf H"(M|r) is
lisse.

Refining the stratification if needed, we can assume the strata to be connected.
Let &7 be a geometric point of T'. Then, H" (M |r) corresponds through the equiv-
alence of Proposition 1.5.4 to an object of Rep (72" (T, £1), Zy) that we denote by
E™"(M,T).

Since the functor — ®z, Qg is t-exact, we have

H"(M|r) ®z, Q¢ =H"((M ®z, Qo)|T)

Since M ®z, Qg is Artin, refining the stratification further, we can assume the
H"((M ®z, Q¢)|r) to be smooth Artin ¢-adic sheaves by Corollary 2.4.3.

Therefore, E™(M,T) ®z, Q; is an object of Rep” (7P (T, &1),Q¢)*. Thus, by
Proposition 1.4.4, the representation E™(M, T') is an object of Rep” (7P (T, &1), Zq)*.
Therefore, by Corollary 2.4.3, the complex M is Artin. O

3. PERVERSE T-STRUCTURE

From now on, all schemes are assumed to be excellent and endowed
with a dimension function § (see for instance [BD17, 1.1.1]). One of the main
goals of this paper is to understand when the perverse t-structure can be restricted
to Artin f-adic complexes and to study Artin perverse sheaves when that is the
case.

3.1. The smooth Artin case. Using Propositions 1.7.3 and 2.2.1, we have:

Proposition 3.1.1. Let S be a reqular connected scheme and £ be a prime number
which is invertible on S. Then, the perverse t-structure of D2(S,Z;) induces a t-
structure on D*™A(S,Zy). This t-structure coincides with the ordinary t-structure
of D™A(S,Zy) (see Proposition 2.2.1) shifted by 6(S). In particular, the heart of
this t-structure is Sh®™ (S, Z,)[6(S)] which is equivalent to Rep™ (w2 (S, €), Ze)*
if € is a geometric point of S.

In particular the case of fields translates to:

Corollary 3.1.2. Let k be a field and ¢ a prime number which is distinct from
the characteristic of k. Then, the perverse t-structure of Db(k,Z;) induces a t-
structure on DA (k,Z;). This t-structure coincides with the ordinary t-structure
of Corollary 2.2.2 shifted by 0(k). In particular, the heart of this t-structure is
equivalent to Rep™ (G, Zg)*.

In the case where the base scheme is not connected but is still regular, we have:
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Corollary 3.1.3. Let S be a regular scheme and ¢ be a prime number which is
invertible on S. Then, the perverse t-structure of D2(S,Zs) induces a t-structure
on DMA(S,Zy). If T is a connected component of S, denote by iz : T — S the
clopen immersion. The heart of this t-structure is then the full subcategory made
of those objects of the form

@D (ir)-Lrl5(D)

TG‘I\'Q(S)
where Lt is an object of ShsmA(T7 Zy).

Remark 3.1.4. Keeping the notations of Corollary 3.1.3, the heart of the perverse
t-structure on D¥™A(S, Zy) is equivalent (as an abelian category) to Sh*™*(S, Zy).

Definition 3.1.5. Let S be a regular scheme. We define the category PervsmA(S, Zy)
of smooth Artin perverse sheaves to be the heart of the perverse t-structure on
DsmA(S, Zy).

3.2. General properties. We have the following restriction property:

Proposition 3.2.1. Let S be a scheme and ¢ be a prime number which is invertible
on S. Let T be a locally closed subscheme of S. Then, if the perverse t-structure
on DY(S,Zs) induces a t-structure on DA(S,Zs), then, the perverse t-structure on
DY(T, Zy) induces a t-structure on DA(T, Zy)

Proof. We can assume that T is either an open subset or a closed subset of S.

Assume first that T is open and denote by j : T — S the canonical immersion.
Let M be an Artin ¢-adic complex over T'. It suffices to show that Pr>oM is
an Artin f-adic complex. But since the functor j* is t-exact with respect to the
perverse t-structure, we have

PrsoM = 5" (Prs0itM).

Therefore, using the stability properties of Artin f-adic complexes of Corol-
lary 2.3.3, the f-adic complex Pr>0M is Artin.

Assume now that T is closed and denote by i : T'— S the canonical immersion.
Let M be an Artin f-adic complex over T. Since the functor i, is t-exact with
respect to the perverse t-structure, we have

p’l}QM = i*(p7>0i*M).

Therefore, using the stability properties of Artin /-adic complexes of Corol-
lary 2.3.3, the f-adic complex Pr>oM is Artin. O

Definition 3.2.2. Let S be a scheme and £ be a prime number which is invertible
on S. Assume that the perverse t-structure on DY(S,Z;) induces a t-structure on
DA(S,Zy). Then, we define the category Perv? (S,Z¢) of Artin perverse sheaves to
be the heart of this t-structure.

The following properties are analogous to the classical properties of perverse
sheaves:

Proposition 3.2.3. Let ¢ be a prime number. Assume that all schemes below
are defined over Z[1/f] and that the perverse t-structures on their categories of
constructible {-adic sheaves induce t-structures on their categories of Artin (-adic
sheaves.
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(1) Let f: T — S be a quasi-finite morphism of schemes. Then, the functor
PHOfy : Perv? (T, Zy) — Perv™ (S, Zy)

is right exact.
Furthermore, if f is affine, PHC fi = fi and this functor is exact.
(2) Let g : T — S be a morphism of schemes. Assume that dim(g) < d. Then,
the functor

PHg* : Perv? (S, Zy) — Perv (T, Zy)

is right exact.
Furthermore, if f is étale, PHO f* = f* and this functor is exact.
(8) Consider a cartesian square of schemes

y 25 X

I
T,

such that p is quasi-finite and dim(f) < d. Then we have a canonical
equivalence:
pde*(pHop!) N pHOqI(pHdg*).
(4) Let S be a scheme. Leti: F — C be a closed immersion and j : U — C

be the open complement. Let M be a perverse £-adic sheaf on S. Then, we
have an exact sequence of perverse Artin £-adic sheaves:

0—i,PH Y%*M —-PH jj*M — M — i,°?H*M — 0.

When j is affine, we have an exact sequence of perverse Artin (-adic
sheaves:

0— i ,PH Y%*M — jij*M — M — i,PH%*M — 0.

Proof. (1) and (2) follow from the analogous properties of perverse sheaves [BBDG18,
4.1.2,4.2.4], from the stability properties of Artin ¢-adic complexes of Corollary 2.3.3
and from general properties of t-structures described in [BBDG18, 1.3.17]. Note
that [BBDGI8, 4.1.2] still applies in this general setting (and not only when the
base scheme is of finite type over a field) since it follows follows from the abso-
lute purity property of [AGV73, XIV.3.1] which has been generalized by Gabber in
[LYF14, XV.1.1.2] in the case of quasi-excellent base schemes.

Property (3) follows from base change, from properties (1) and (2) and from
[BBDG18, 1.3.17]. Finally, property (4) follows from [BBDGI18, 1.4.19] which is
the analogous property on perverse sheaves and from (1) and (2). O

3.3. Construction of Artin perverse sheaves over schemes of dimension 2
or less. To prove the main theorem of this paper, we first need a few lemmas.

Lemma 3.3.1. Let k be a field, let £ be a prime number distinct from the charac-
teristic of k and let p : E — Spec(k) be a proper morphism. Let

E — mo(E/k) % Spec(k)

be the Stein factorization of p.
Then, ROP*Z&X = Q*Zf,wg(E/k)~
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Proof. For any scheme X and any ring of coefficients R,
HY (X, B) = B0,
The lemma follows from this result applied to R = Z/{™Z for all n. (]

One of our main tools will be the following lemma, which is closely linked to the
Rapoport-Zink spectral sequence [RZ82, 2.8].

Lemma 3.3.2. Let ¢ be a prime number. Consider a diagram of Z[1/f]-schemes:

E-2.F

}l:-

where p is a proper map and i is a closed immersion of a simple normal crossing
divisor E into a regular scheme Y .

Write E = |J E; where I is a finite set and for all J C I, the closed subscheme

iel
Ej:= () E; of Y is a regular subscheme of codimension |J|.
ieJ

For all J C I, let pyj: By — F be the natural map. Then, there is a spectral

sequence such that:

JGCBI PHIP=2 ((ps)«Zep,) (—p—1) ifp=0
EP? =< s = PHP U (p,i'Zyy).

0 ifp<0

Proof. Denote iy : Ej — Y the inclusion. Proposition 1.6.3 asserts that Z.*Z'!Zg}Y is
the colimit:

COlimpeAmj @ (ij)*ii]Zg,y
JCI
[J|=p+1
where A" is the category of finite ordered sets with morphisms the injective maps.
We can truncate (naively) this diagram in each degree to write Z‘*Z'IZAY as the
colimit of a sequential diagram (M,)p>0 such that the cofiber of the map M,_1 —
M, is

M(p—1,p):= €D (is)i)Zey.
JCI
|J|=p+1
Pulling back to E, pushing forward to F and using the absolute purity [LYF14,
XV.1.1.2], we can write p*i!Zg’y as the colimit of a sequential diagram (N,)p>0
such that the cofiber of the map N, — NN, is

Np-1p) = @B @):Zes,(—p—1)-2p-2].
JCI
[J|=p+1
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But by [Lurl7, 1.2.2.14] such a sequential diagram gives rise to a spectral se-
quence such that

Ezluq — @ pHp+q(N(p —1,p) = pHerq(p*i!Zg,y).
JCI
|J|=p+1

Finally,
PHPTU(N(p — 1,p)) = PHT P72 ((ps)sLe,p,) (—p — 1)
which finishes the proof.

The following consequence of this lemma will be useful:

Corollary 3.3.3. Keep the notations of the lemma. Take the convention that
O(F) = dim(F). Then,

(1) PH*(p,i'Zyy) vanishes for k =0, 1.

(2) Write Iy = {Z el | (5(pz(Ez)) = 0} IfZ € Iy, let

E,—7Z; % F.

be the Stein factorization of p;, so that the map q; is finite. Then,
(a) The image of q; is a finite subset of closed points of codimension 6(F)
of Fifi€ Iy.
(b) We have PH?(p.i'Zsy) = @D (¢i)«Ze.z,(—1).
i€ly
Proof. Let J C I be a finite subset. We denote by W; the image of E; through
the map p and by x; € F' the generic point of Wj.
Notice first that if z € F, we have

§(z) > dim(F) — codimp(z) > dim({z}).

Applying this to the point of z; for i € Iy proves (2)(a). We now prove the
remaining statements.
Letting y be a closed point of E; of maximal codimension, We have

0(Ey) —dim(Ey) = §(Ey) — codimg, (z) = 6(y) = d(p(y)) = 0.

Since the relative dimension of p; is at most dim(Ej), using [BBDGI18, 4.2.4]
and the fact that Z, g, lies in degree 6(Ey) with respect to the perverse t-structure,
we get that PHY? ((py)«Ze,E,) vanishes if ¢ is a negative integer.

Therefore, the only non-vanishing term of the spectral sequence of Lemma 3.3.2
such that p + ¢ < 2 is the term

EY? = @D H(ps). Ze s, ) (~1).
i€l

Now, if i ¢ Iy, we claim that PH?((p;)+«Ze¢,g,) vanishes.

Assume first that W; is of positive dimension. Then, no fibers of p; can be
of dimension dim(E;) because the map F; — W; is surjective and because F; is
irreducible. Therefore, the relative dimension of p; is at most dim(E;) — 1 and
therefore, the sheaf P H((p;)«Ze g,) vanishes.

In the case where W; = {x;}, we get as before that
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and therefore, the sheaf P H((p;).Ze,p,) vanishes.
The corollary then follows from Lemma 3.3.1. O

The following is the main result of our paper:

Theorem 3.3.4. Assume that S is an excellent scheme of dimension 2 or less and
¢ be a prime number which is invertible on S, then, the perverse t-structure induces
a t-structure on DA(S, Zy).

Proof. We can assume that S is reduced and connected. We proceed by noetherian
induction on S. If dim(S) = 0, the result follows from Corollary 3.1.2.

Assume now that dim(S) > 0. Using Lemma 3.3.5 below, it suffices to show that
if j: U — S is a dense affine open immersion with U regular, letting i: FF — S be
the reduced closed complementary immersion, for any object M of PerVA(F, Zy),
any object N of Perv*™4(U, Z,) and any map

f:M —PH(i*j,N),
the kernel K of f is an Artin ¢-adic complex on F.

If dim(S) = 1, the scheme F' is 0-dimensional. Thus, Corollary 3.1.2 implies that
the subcategory Perv? (F, Z;) of Perv(F, Z;) is Serre. Since K is a subobject of M,
it is an object of Perv®(F,Z;) and thus it is an Artin f-adic complex.

If dim(S) = 2, the scheme F' is of dimension at most 1.

Let Z — F be a closed immersion such that the open complementary immersion
is affine. Then, Z is of dimension at most 0 and therefore, by Corollary 3.1.2, the
subcategory Perv?(Z,Z;) of Perv(Z,Zy) is Serre. Furthermore, by Lemma 3.3.10
below, the perverse sheaf PH 1 (¢*PH~1(i*5,.N)) is Artin.

Finally, using Lemma 3.3.8 below, those two facts imply together that K is an
Artin perverse sheaf over F' which finishes the proof. O

Lemma 3.3.5. Let S be a reduced excellent scheme and ¢ be a prime number which
is invertible on S. Assume that:

(i) The perverse t-structure induces a t-structure on DA(F,Zy) where F is any
closed subscheme of S which is of positive codimension.

(i) If j: U — S is a dense affine open immersion with U regular, lettingi: F —
S be the reduced closed complementary immersion, for any object M of
Perv?(F, Zy), any object N of Perv®™ (U, Zy) and any map

f:M —PHY(i*j.N),
the kernel of f is an Artin £-adic complex over F'.

Then, the perverse t-structure induces a t-structure on DA(S, Zy).

Remark 3.3.6. The notation Perv? (F,Z;) in (i) makes sense because of (i) and
the notation Perv*™ (U, Zy) makes sense because of Corollary 3.1.3.

Proof. Step 1: Let j: U — S be a dense affine open immersion with U regular. Let
i: F'— S be the reduced closed complementary immersion. Let M be an object of
Perv?(F,Z), let N be an object of Perv*™*(U, Z;). Recall that the (-adic complex
.M is a perverse sheaf over S. Furthermore, recall that because of the Affine
Lefschetz Theorem, the ¢-adic complex 5V is also a perverse sheaf over S. Let
f:i.M — 51N be an arbitrary morphism of perverse sheaves. In this step we prove
that the perverse sheaves ker(f) and coker(f) are Artin /-adic complexes.
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The localization triangle (1.0.1) applied to j.N yields an exact triangle:
IN = 5N — i,i"j. N

which, since j is affine (and therefore therefore, the functors ji and j, are perverse
t-exact by the Affine Lefschetz Theorem), yields an exact sequence:

0 — i,PH (i*juN) = jN — j.N.

Since j*i, = 0, we have Hom(i, M, j.N) = 0, thus, the map f factors through
the pervserse sheaf i,P H~1(i*5,N). Since the functor i, is perverse t-exact, we get

ker(f) =i ker (M — PH'(i*j.N)).

Therefore, our second assumption implies that the ¢-adic complex ker(f) is Artin.
To finish the first step, let C' be the kernel of the map 51N — coker(f). We have
exact triangles:

ker(f) — .M — C
C — jiIN — coker(f).

The first exact triangle shows that C' is an Artin f-adic complex. Thus, using
the second exact triangle, coker(f) is also an Artin ¢-adic complex.

Step 2: We now prove the lemma. First notice that since D4(S,Z,) is a sub-
category of DY(S,Z), the objects of DA(S,Z,) are bounded with respect to the
perverse t-structure. Thus, by dévissage, it suffices to show that if P is an Artin
l-adic complex and n is an integer, then, the ¢-adic complex PH™(P) is Artin.

Using Lemma 2.4.2 we have j: U — S a dense open immersion such that j*P
is a smooth Artin f-adic complex. Shrinking U if needed, we can assume that U
is regular since S is excellent. Using Lemma 3.3.7 below, we may assume that j is
affine.

Let ¢: FF — S be the reduced complementary closed immersion of j. The local-
ization triangle (1.0.1) yields an exact sequence:

i PH"L(*P) S 4P H™(j*P) — PH™(P) — i,PH"(i*P) 5 jiP H" 1 (j* P)
which yields an exact triangle:
coker(a) — PH"™(P) — ker(f).

For any integer m, the f-adic complex PH™(i*P) lies in PervA(F, Zg) by our
first assumption and the f-adic complex P H™ (j* P) lies in Perv®™# (U, Z;) by Corol-
lary 3.1.3. Thus, using our first step, the f-adic complexes coker(«) and ker(f3) are
Artin and therefore, so is the f-adic complex P H"™(P) which finishes the proof. [

Lemma 3.3.7. Let S be a (noetherian) scheme. Let U C S be an open subscheme.
Then, there is a dense open subscheme V' of U such that the map V — S is affine.

Proof. The proof of the existence of affine stratifications on noetherian schemes
of [Sta23, 0F2X] provides a dense open affine subscheme W of S such that the
immersion W — S is affine. Since a composition of affine morphisms is affine, we
may replace S with W. Therefore we can assume that S is an affine scheme. By
the prime avoidance lemma [Sta23, 00DS], there is an affine open V' contained in
U which contains the generic points of S. The map V — S is affine and thus, we
are done. O
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Lemma 3.3.8. Let F' be a reduced excellent scheme and £ be a prime number which
is invertible on F. Assume that the t-structure on DY(F,Zy) induces a t-structure
on DA(F,Zy¢). Let M be an Artin perverse sheaf over I, let P be a perverse sheaf
over F' and let f: M — P be an arbitrary map of perverse sheaves.

Assume that for any reduced closed immersion  : Z — F such that the open
complementary immersion is dense and affine,

(i) The subcategory Perv(Z,Z¢) of Perv(Z,Zy) is Serre.
(ii) The perverse sheaf PH 1 (1* P) over Z is an Artin perverse sheaf.

Then, the kernel of f is an Artin perverse sheaf over F.
Remark 3.3.9. The notation Perv(Z, Zy) in (i) makes sense by Proposition 3.2.1.

Proof. Let K be the kernel of f.

Using Lemma 2.4.2 we have v: V' — F' a dense open immersion such that v*M
is a smooth Artin ¢-adic complex. Shrinking V if needed, we can assume that V' is
regular and that v*P is a lisse perverse sheaf. Using Lemma 3.3.7, we may assume
that v is affine.

Let v : Z — F be the complementary closed immersion of 7. By splitting the last
exact sequence of Proposition 3.2.3(4)in two pieces, we have commutative diagrams
with exact rows in the category of perverse sheaves over F':

0 — t,PH (VM) —— "M —— Q —— 0

Jees K s

0 —— LPH Y(*P) —— wy*P —— R —— 0

0 Q y M LPHY(*M) —— 0
A
0 >y R > P » 1,PHO(1*P) —— 0

which, by the snake lemma, yield exact sequences:
0 — o, ker(u) % v ker(v) — ker(g) Bt coker(u)

0 — ker(g) — K 5 1, ker(w).

Since by Corollary 3.1.3, the subcategory Perv™4(V,Z;) of Diisse(V, Zy)? is
Serre, the lisse perverse sheaf ker(v) is smooth Artin.

Moreover, the perverse sheaves PHY(:* M), PH~1(:* M) and P H ~1(.* P) are Artin
perverse sheaves over Z (the last one is by our second assumption).

Our first assumption being that the subcategory PervA(Z, Zy) of Perv(Z,Z,) is
Serre, the perverse sheaves ker(w), ker(u) and coker(u) over Z are also Artin. Since
we have an exact triangle:

1y ker(u) % v ker(v) — coker(a),

the perverse sheaf coker(a) is therefore Artin.
Furthermore, using [BBDG18, 1.4.17.1], the exact and fully faithful functor

ts: Perv(Z,Zy) — Perv(F,Zy)



ARTIN PERVERSE SHEAVES 33

maps Perv(Z,Z;) into a Serre subcategory. Thus, the image of ker(g) through b is
of the form ¢,.C, where C is a sub-perverse sheaf of coker(u) over Z and is thus an
Artin perverse sheaf over Z using our first assumption again.

Likewise, the image of K through ¢ is of the form ¢, K’ where K’ is a sub-perverse
sheaf of ker(w) and is therefore an Artin perverse sheaf over Z.

Thus, we get exact triangles:

coker(a) — ker(g) — 1.C

ker(g) = K — . K’

Thus, the perverse sheaf ker(g) is Artin and therefore, so is K which finishes the
proof. O

Lemma 3.3.10. Let S be a reduced excellent comnected scheme of dimension 2
and ¢ be a prime number which is invertible on S. Let j: U — S be a dense
affine open immersion with U regular. Let i: F — S be the reduced closed com-
plementary immersion. Let N be an object of Perv®™(U,Z;). Let 1: Z — F
be a reduced closed immersion of positive codimension. Then, the perverse sheaf
PH=L(*PH=L(i*j,N)) is Artin.

Proof. We use the convention that §(S) = 2. Using Corollary 2.4.4, it suffices
to show the same result with coefficients Q. Furthermore, replacing S with the
closure of a connected component of U, we may assume that U is connected. Thus,
since U is regular, Proposition 3.1.1 ensures that

Perv*™ (U, Z¢) = Sh*™(U, Z)[2).

Step 1: We show that we can assume that the image of N through the equiva-
lence of Proposition 1.5.4 is an Artin representation of 72™°*(I/) (throughout this
proof, we omit the choice of a base point to lighten the notations).

Assume the result for the objects whose image through the equivalence of Propo-
sition 1.5.4 is an Artin representation. Let Ag = Rep” (7P (U),Q;) and if n > 0
is an integer, let A, 41 be the full subcategory of Rep(m?™*(U), Q;) whose objects
are the extensions of objects of A,, in Rep(x?"°**(U/), Q,). There is a non-negative
integer n such that the image of N through the equivalence of Proposition 1.5.4 is
an object of A,,.

We now prove the result by induction on n. If n = 0, this is our assumption.
Suppose that the result holds for an integer n. Let N be an object of A,11. We
have an exact sequence

0N —-N-=N"=0
where N’ and N” are objects of A,,.
This exact sequence yields an exact triangle:

i*jN" — i*j.N — i*j . N".
Since i*j, is of cohomological amplitude [—1, 0], this yields an exact sequence:
0—PH '(i*j.N') = PH ' (i*j.N) = PH ' (i*.N").

Letting C be the image of the map PH1(i*j,N) — PH1(i*j,N") and C’ be
the cokernel of the map C — PH~!(i*j,N"), we get two exact triangles:

PH (%5, N") = PH 1 (i*j.N) = C
C - PH ' (i*j.N") = C'.
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Applying ¢* to the first exact triangle yields an exact sequence:
PH Y PH (% jN')) = PH Y (WPHY(i*j.N)) = PH 1 (:*C)

Furthermore, since ¢* has cohomological amplitude [—1,0], the second exact
triangle yields an exact sequence:

0—=PH'(,*C) = PH Y (W*PH (i*j.N"))

Since Z is at most 0-dimensional, Corollary 3.1.2 implies that PerVA(Z7 Q) is
a Serre subcategory of Perv(Z, Q). Furthermore, by our induction hypothesis, the
perverse sheaves PH 1 (t*PH~1(i*j,N")) and PH 1 («*PH~1(i* j,N')) are objects of
Perv?(Z,Qq). Thus, so is PH~(1*C)) and therefore, so is PH~ 1 («*P H~(i* 5. N)).

Step 2: In this step we prove that we can assume S to be normal and that we
can assume that N = Qg y[2].

Since the category Rep” (7P (U), Q) is semisimple by Maschke’s lemma, the
the image of N through the equivalence of Proposition 1.5.4 is a direct factor of an
object whose image is of the form

QG- P G

where Gy, ..., G, are finite quotients of 7" (U).

Thus, N is a direct factor of an object of the form f,Q,y where f:V = U is a
finite étale map. Therefore, we can assume that N = f.Qg v.

Let V be the relative normalization of S in V. Since S is excellent and noetherian,
it is Nagata by [Sta23, 033Z]. Thus, [Sta23, 0AVK] ensures that the structural map
v:V — S is finite. Furthermore, the scheme V is normal by [Sta23, 035L].

Consider the following commutative diagram

made of cartesian squares (the left-hand square is cartesian by construction of the
relative normalization). In particular, the map 1 is a closed immersion and the
map v is the open complementary immersion.

Now, we have

i*Ju N =i ju fx Qe v [2] = "7 Qo v [2] = (VF) )™ 7. Qe v [2].

Since v is finite, it is perverse t-exact. Thus,
PH N PH TN N)) = PH (¢ (ve)PH (" Qe v [2]).

Let vz : Z' — Z be the pullback of vg along the map ¢ and € : Z/ — F’ be the
structural map. Since vy is finite, we get

PH™ (S (vp) P H ™ (0 Qv [2]) = (v2)"H (e H ™ (¥ 7. Qe v [2]).
Therefore, we can replace S with V, U with V, Z with Z’ in order to assume
that S is normal and that N = Qg,v[2].
Step 3: In this step, we study the singularities of S. We want to prove that the
perverse sheaf PH 1 (.*PH(i*j,Qp 7)) is Artin.
First, notice that if ¥ — S is a closed immersion and Z NY = &, letting
&: F\(YNF) — F be the canonical open immersion, and letting u: Z — F\(YNF)
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be the canonical closed immersion, we have ¢ = £ ou. Since £ is an open immersion,
we get
PH N (PHY (i .Qeu)) = PH ™ (u*P HY (€0 5.Qu0))-

Notice that the immersion ¢ o £ induces a closed immersion F'\ (Y NF) — S\Y.
We can therefore remove any closed subset which does not intersect Z from S
without changing PH 1 (¢*PH(i*j.Qq.vr)).

Since S is normal, we can therefore assume that its singular locus is contained
in Z. Moreover, we can assume that the irreducible components of F' only cross at
points of Z.

Since S is excellent, Lipman’s Theorem on embedded resolution of singularities
applies (see [Sta23, 0BGP,0BIC,0ADX] for precise statements). We get a cdh-
distinguished square:

Pl

F—"5%3
such that the map f induces an isomorphism over S\ Z, the scheme S is regular
and the subscheme E of S is a simple normal crossing divisor. By removing a closed
subset from S which does not intersect Z, we can assume that crossings only occur
over Z.

Let v: U — S be the complementary open immersion of i. We have j = f o~.
Therefore, we get

i*j*QK,U = i*f*PY*QE,U = p*i*E’Y*QE,U-
We have a localization exact triangle:
. .l
(ip)+ipQ, 5 = Q, 5 = 1=Quu.
Applying p.i};, we get an exact triangle:
P*i!Eng = p«Qep = Qe u.
Since F is a simple normal crossing divisor, Corollary 3.3.3 ensures that the

1 -1 . P . . .
perverse sheaf PH' (p,izpQ &g) is trivial. Furthermore, since p induces an isomor-

phism over F'\ Z, the only irreducible components of E whose image through p
is 0-dimensional have their image contained in Z. Therefore, Corollary 3.3.3 also
ensures that

2/ .l
PH (psipQ, 5) = .M
where M is a perverse sheaf over Z.
Hence, we have an exact sequence:

0— PH' (p.Qep) = H'(i*5.Qev) = t. M.
Using [BBDG18, 1.4.17.1], the exact and fully faithful functor
s : Perv(Z,Qq) — Perv(F, Qy)

maps Perv(Z,Qy) to a Serre subcategory. Thus, the image of H'(i*j.Qg ) through
« is of the form ¢, M’ where M’ is an object of Perv(Z, Q).
Thus, we have an exact triangle:

PH (peQup) = H' (i*juQuv) = .M.
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Applying *, we get an exact triangle:
VPHY (p.Qup) — CH (% 5.Quy) — M.
Since M’ is placed in degree 0, we get:
PH™ (W HY (5. Qeu)) = PH™ (P H (p.Qe,p))-
Step 4: In this step we compute PH!(p.Qy g) and we finish the proof.

There is a finite set I and regular 1-dimensional closed subschemes E; of X for

1 € I, such that E = |J E;. Chose a total order on the finite set I. If i < j, write
il
Ei; = E; N E;. Consider for J C I of cardinality at most 2 the obvious diagram:

E; 2, B

l”
pJ

F
Proposition 1.6.4 then yields an exact triangle:

Qe.e — @(UEi)*(UEi)*QE,E - @(uEij)*(uEij)*Qe,E-
i€l i<y
Applying p., we get an exact triangle:
p-Qi.5 = P P)-Qup. = B Pij)-Qu.z,,-
iel i<j

Since crossings only occur over Z, the map p;; factors through Z for any ¢ < j.
Write p;; = ¢ o m;5. The morphism ;5 is then finite.

Let

Ip ={ieI|(p(E;)) =0}

If i € I'\ Iy, we have 6(E;) = 1 and p; is finite. If ¢ € Iy, the map p; factors through
Z and we can write p; = ¢ o m;. Finally, notice that 6(Z) = 0 and thus, for any
i < j, we have §(E;;) = 0. Hence, we get an exact sequence:

0— P =PH (p.Qrp) = R®1.Q — 0

where

P = coker EB pHO((m)*Qe,Ei) — @(Wij)*QéﬁEm )

i€lg i<j
Q — @le((ﬂ'i)*Q&Ei) and R = @ (pz)*QeEl [1]
icJ i€\Io

Therefore, we get an exact triangle:
1P — le(p*Qg,E) = R&1.Q
which yields an exact triangle:
P— 1 "PH (p.Qug) - "R Q.

Thus, the perverse sheaf PH =1 (t*P H! (p, Qg g)) over Z is a subobject of PH "1 (¢:* R).
Now, we have

PH'(*R) = EB pHO((Qi)*Qe,E?)

i€\ Ip
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where for all i € I'\ J, the map ¢; : E# — Z is the pullback of p; along ¢. Since p;
is finite, so is ¢; and thus, we have

pHO((Qi)*@e,Ef) = (Qi)*Qe,Ef-

Thus, the perverse sheaf PH~!(.*R) is Artin.
Hence, the perverse sheaf P H~1(:* H'(i*j.Qp ) is also Artin. O

3.4. The case of 3-folds with real closed or separably closed closed points.
In the case of 3-folds, we will show that the perverse t-structure can be restricted
to Artin f-adic complexes in some cases, and that it is impossible in other cases.

Proposition 3.4.1. Let S be an excellent 3-fold such that all the closed points
of S have a separably closed or real closed residue field and ¢ be a prime number
(which is automatically invertible on S). Then, the perverse t-structure induces a
t-structure on DA(S, Zy).

Remark 3.4.2. In the proof, we only use that the residue fields of the closed points
of S have finite absolute Galois groups. Recall that a field has a finite absolute Galois
group if and only if it is separably closed or real closed.

Proof. The proof is almost the same as the proof of Theorem 3.3.4 but we need to
use Lemma 3.4.3 below.

Using Lemma 3.3.5, it suffices to show that if j: U — S is a dense affine open
immersion with U regular, letting i: F — S be the reduced closed complementary
immersion, for any object M of PervA(F, Zy), any object N of PervsmA(U, Zy) and
any map

f: M —PH(i*j.N),

the kernel K of f is an Artin ¢-adic complex on F.

The scheme F' is of dimension at most 2. Let Z — F' be a closed immersion such
that the open complementary immersion is dense and affine. Then, Z is of dimen-
sion at most 1 and therefore, Lemma 3.4.3(2) below ensures that the subcategory
Perv?(Z,Zy) of Perv(Z,Zy) is Serre.

Lemma 3.3.8 shows that to finish the proof, it suffices to prove that the perverse
sheaf PH=1(,*PH=1(i*j,N)) is Artin.

Using Lemma 3.4.3(1) below, we only need to prove that if n is a generic
point of Z, and iy: {n} — Z is the canonical immersion, the perverse sheaf
iPH ' (PH™(i*j.N)) over k(n) is Artin.

We have a commutative diagram:

{n} — Spec(Or.,) — Spec(Os,,) +—— U x5 Spec(Os,y)

i | f | o | gﬁ

Z L C S J

made of cartesian squares and such that the vertical maps are filtering limits of open
immersions with affine transition maps. If f is such a filtering limit, the functor f*
is perverse t-exact by definition of the perverse t-structure. Thus, we have

-k —1/ % —1 /% - —1 ) -k —1/ % - -1 * —1 * ok .
iyPH™ ("PH™ (i"juN)) =PH ™ (up'PH ™ ("5« N)) = PH ™ (u, PH™ (" " j. N)).
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Now, since j is of finite type and since « is filtering limits of open immersions
with affine transition maps, Lemma 3.4.4 below yields

EPHT (P HT (7 GN)) = PH (P H (0. (3°)).

We can now apply Lemma 3.3.10: the scheme Spec(OQs,,) is of dimension 2, the
perverse sheaf $*N is a smooth Artin over U x g Spec(Qg,y,), the open immersion v
is affine and dense and the complementary open immersion of u, is also affine and
dense.

Thus,the perverse sheaf i;P H~! (*P H~'(i*j.N)) over k(n) is Artin. This finishes
the proof. O

Lemma 3.4.3. Let C be an excellent 1-dimensional connected scheme and ¢ be a
prime number which is invertible on C. Assume that the closed points of C have
finite absolute Galois groups. Then,

(1) Let M be a constructible {-adic complex over C. Then, the complex M is
Artin if and only if for any generic point n of C, the complex n* M is over
k(n) is Artin.

(2) The subcategory Perv®(C,Z) of Perv(C,Zy) is Serre.

Proof. We first claim that if F' is a O-dimensional scheme such that the residue
fields of F' have finite absolute Galois groups, then

DY(F, Zy) = DA(F, Zy).

To prove this claim, we can assume that F'is reduced and connected and therefore
that F' = Spec(k) where k is a field with finite Galois group. Since every continuous
representation of Gy, is in fact an Artin representation, Corollary 2.2.2 then implies
our claim.

We now prove the first assertion. The "only if" part follows from the usual
stability properties of Artin complexes of Corollary 2.3.3. We now prove the "if"
part.

Let M be a constructible ¢-adic complex over C'. Assume that for any generic
point i of C, the ¢-adic complex n* M is Artin. The above claim implies that the
l-adic complex M| is Artin for any closed subset F of C' of positive codimension.
Thus, using Proposition 2.4.1, it suffices to find a dense open subset U such that
the f-adic complex M|y is Artin. By Corollary 2.4.3, we can assume that M is
concentrated in degree 0 with respect to the ordinary t-structure of D4(C, Z;) i.e.
that it lies in Sh.(C, Z).

Let U be a dense open subset such that M|y is lisse i.e. lies in Locy (Zg). Since
C' is excellent, we can assume that U is regular. We now claim that M|y lies in
ShsmA(U7 Zy). To show this, we can assume that U is connected and therefore only
has one generic point 7. Since U is regular, by [BS15, 7.4.10], we have

ﬂ—i)mét (U7 ﬁ) = W?t (U’ ﬁ)

Let ¢ be the canonical group homomorphism G, — 7 (U,m). The fiber
functor associated to the separable closure 77 of 1 induces by Proposition 1.5.4 a
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commutative square

Locy (Zg) — Rep(n$(U,7), Z¢)

r 5

Locy(Zy) ——— Rep(Giy), Ze)

where the horizontal arrows are equivalences. By [GR71, V.8.2], the homomorphism
¢ is surjective. Thus, a continuous representation N of 7{*(U,7) is of Artin origin
if and only if ¢* N is of Artin origin as a representation of Gy (,). Hence, since n* M

lies in Sh*™*(n, Zy), the lisse sheaf M|y is smooth Artin which proves the first
assertion.
Finally, the first assertion implies the second one using that

Perv(C, Zy) = DA(C, Zy) N Perv(C, Zy),

that the functor * is perverse t-exact and that Perv® (k(n), Z,) is a Serre subcat-
egory of Perv(k(n),Z;). O

Lemma 3.4.4. Let £ be a prime number. Let

X -y

Pl
x “t,v

be a cartesian square of Z[1/l]-schemes such that f is a filtering limit of étale
morphisms with affine transition maps and q is of finite type. Then, the exchange
transformation

[ =P 4 = pug"q" ¢ — pig”
is an equivalence of functors from DY, Zy) to DX, Zs).
Proof. If S is a scheme and / is invertible on .S, the functor
— ®z, L)L DYS, Zy) — D(Se, Z/{Z)
is conservative. Thus, the result follows from [CD16, 1.1.14]. O

3.5. A counter-example.

Proposition 3.5.1. Let X be a normal scheme of dimension 3 with singular locus
a closed point x of codimension 3. Let { be a prime number which is invertible
on X. Assume that the field k(z) is finite. Let f : X — X be a resolution of
singularities of X and assume that the exceptional divisor E is smooth over k(x)
and has a non-zero first £-adic betti number.

Then, taking the convention that §(X) = 3, the £-adic complex P H?(Zy x ) is not
an Artin (-adic complex over X.

Proof. We have a cdh-distinguished square:

E 2, X

b

{2} —— X
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which by Proposition 1.6.2 yields an exact triangle:
Ly x — f*Z“} D i4Zpy — 1Dl |-

Letting j: U — X be the complementary open immersion of 4, the localization
triangle (1.0.2) associated to the immersions U — X and i g yields after applying
f+« an exact triangle:

’L'*p*iIEZe,g — f*Ze,g — j*Zg’U.

Now, since j is of relative dimension 0, the functor j, is perverse left t-exact.
Since U is regular and 6(U) = 3, the complex j.Zg  is in perverse degree at least
3. Hence, applying Corollary 3.3.3, the perverse sheaf pHQ(f*ZA}) is trivial and

pHQ(f*ZM?) = i*pHQ(p*iﬂEZw?).

Using [BBDG18, 1.4.17.1], the fully faithful exact functor i, maps Perv(k(x),Zs)
to a Serre subcategory of Perv(X,Zy). Therefore, we get an exact sequence:

0= i.PH' (p.Z¢,x)) = PH*(Zy.x) — ixM — 0
where M is a perverse sheaf over k(z).

Hence, once again using [BBDG18, 1.4.17.1], there is a perverse sheaf P over
k(z) such that PH?(Z x) = i, P. The perverse sheaf PH'(p,Z¢ x)) is a subobject
of P.

It now suffices to show that PH!(p.Z, x) does not correspond to representation
of Artin origin of Gy ;). By Proposition 1.4.7 and Remark 1.4.6, it suffices to show
that it is not of weight 0 as a perverse sheaf over k(x).

But by [BBDG18, 5.1.14, 5.4.4], the perverse sheaf PH'(p.Z x) is pure of
weight 1. Since the first f-adic Betti number b1 (E) is non-zero, the perverse sheaf
PHY(p.Zs x) is non-zero and thus, it is not of Artin origin. O

Example 3.5.2. Let E be an elliptic curve over a finite field k and X be the affine
cone over E x PL. Let ¢ be a prime number distinct from the characteristic of k.
The scheme X has a single singular point x and the blow-up X of X at x is a
resolution of singularities of X with exceptional divisor E x P}.

As bi(E xPL) = 1, the proposition applies and therefore, the perverse t-structure
does not induce a t-structure on DA (X, Zy).

Finally, notice that by Noether’s normalization lemma, there is a finite map X —
A3. Thus, the perverse t-structure does not induce a t-structure on DA(A3, Zy). As
A} is a closed subscheme of A} for n > 3, the perverse t-structure does not induce
a t-structure on DA (AR, Zy) if n > 3.

Remark 3.5.3. The condition that dim(S) < 2 or dim(S) < 3 and the residue
field of closed points of S are separably closed or real closed seems rather optimal:
loosely speaking, if X becomes more singular, the perverse cohomology sheaves of
Zy,x should become more complicated. Here, the simplest possible singularity on a
scheme of dimension 3 over a finite field already renders the cohomology sheaf not
Artin.

4. PERVERSE HOMOTOPY T-STRUCTURE

Recall (see Proposition 4.2.1 below) that we can formally define t-structures
on a presentable stable category by setting a certain set of objects to be the t-
negative objects of our t-structure. Thus, an other attempt to define a t-structure
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on DA(S, Zy) is to define it by generators on Di. (S, Z) and then to see when this
t-structure can be restricted to DA (S, Zy).

4.1. Cohomological /-adic complexes and the six functors for them.

Definition 4.1.1. Let S be a scheme and ¢ be a prime number invertible on S.
The category of cohomological (resp. ind-cohomological ) f-adic complexes over S is
the thick (resp. localizing) subcategory D°(S,Z;) (resp. DS, Zy)) of D(S, Ze)
generated by the objects f.Zs x for f: X — S proper.

In [Leh19b, 1.12], Pepin Lehalleur proved that (constructible) cohomological
motives are stable under some of the six operations when the base schemes have
resolution of singularities by alterations. In [CD16, 6.2], using Gabber’s method,
Cisinski and Déglise showed that constructible étale motives are endowed with the
six functors formalism when the base schemes are quasi-excellent. One can mimic
their proof in the case of cohomological ¢-adic complexes. We outline how to do
this:

(1) The fibred subcategory D (—, Zy) of D(—,Z) is closed under the tensor
product operation, negative Tate twists, the functors f* for any morphism
f and the functors f; for any separated morphism of finite type f.

(2) From the absolute purity property and the stability of D" under negative
Tate twists and Proposition 1.6.3, we deduce that if i is the immersion of
a simple normal crossing divisor with regular target X, the f-adic complex
i!Z&X is cohomological.

(3) We want to prove Gabber’s lemma for cohomological complexes: if X is
quasi-excellent, then for any dense open immersion U — X, the /f-adic
complex j.Z,y is cohomological. Notice that the fibred stable category
Db (—, Zy) has the properties [CD16, 6.2.9(b)(c)] replacing DMy (—, R)
with D(—,Z¢). It does not necessarily have property [CD16, 6.2.9(a)];
however, in the proof of Gabber’s lemma of [CD16, 6.2.7], we only need the
following weaker version: for any scheme X, the subcategory D" (X, Z;)
of D(X,Z,) is thick and contains the object Zy, x.

(4) Follow the proofs of [CD16, 6.2.13, 6.2.14] to prove that DM (—,Z,) is
stable under the following operations:

e tensor product and negative Tate twists.

e f* for any morphism f.

e f, and fi for any separated and of finite type morphism f.
e f' for any quasi-finite morphism f.

4.2. Definition for Ind-Artin /-adic complexes.

Proposition 4.2.1. Let C be a presentable stable category which admits small
coproducts and push-outs. Given a family £ of objects, the smallest subcategory
E_ closed under extensions, small coproducts and positive shifts is the set of non-
positive objects of a t-structure.

Proof. [Lurl7, 1.2.1.16]. O

In the setting of Proposition 4.2.1 we will call this t-structure the t-structure
generated by £. In the motivic setting, t-structures given by a set of generators
have been used to define the ordinary homotopy t-structure in [Ayo07, 2.2.3], the
perverse homotopy t-structure in [Ayo07, 2.2.3] or [BD17] and the ordinary motivic



42 RAPHAEL RUIMY

t-structure on 0-motives and 1l-motives in [Leh19b]. Our perverse homotopy t-
structure is similar to a "shifted" version of Pepin Lehalleur’s ordinary motivic
t-structure.

Definition 4.2.2. Let S be a scheme and ¢ be a prime number that is invertible
on S. Then, the perverse homotopy t-structure on Df}ld(s, Zy) is the t-structure
generated by the complexes foZ¢ x[0(X)] for f: X — S finite.

We use the notation hp to denote any object related to the perverse homotopy
t-structure. For instance, letting n be an integer, we denote by "PH™ the n-th
cohomology functor with respect to this t-structure.

Using the same method as in Proposition 2.3.1, the perverse homotopy t-structure
is also generated by the fiZy x[0(X)] for f: X — S quasi-finite. By definition, an
object M of Dis (S, Zy) lies in "PDA (S, Ze)>™ if and only if for any finite map
f:X — S and any integer p > —n, we have

Homp s 7,) (f«Ze,x [0(X) 4 p], M) = 0.

In other words, the object M lies in "D (S, Z¢)?™ if and only if the chain
complex Map(f.Z¢ x, M) is (n — §(X) — 1)-connected.
To study this t-structure, we need to introduce the Artin truncation functor:

Definition 4.2.3. Let S be a scheme and £ be a prime number that is invertible
on S. The adjunction theorem [Lur09, 5.5.1.9] gives rise to a right adjoint functor
to the inclusion of Ind-Artin £-adic complexes into Ind-cohomological complezes of
{-adic sheaves:

w’: DRA(S, Ze) = Ding (S, Ze).
We call this functor the Artin truncation functor.

Remark 4.2.4. In the motivic setting, this functor was first introduced in [AZ12,
2.2]. Ayoub and Zucker predicted that the £-adic realization of their functor was a
punctual weightless truncation of the (-adic realization functor.

Such a punctual weightless truncation functor wgiq was then introduced when S
is of finite type over a finite field in [NV15] by Vaish and Nair over the category
Db (S,Qp) of mived £-adic complexes of [BBDG18, 5]. Finally, by giving an explicit
description of Ayoub and Zucker’s functor which mimics the construction of [NV15],
Vaish showed in [Vail6] that the £-adic realization of Ayoub and Zucker’s functor
is the weightless truncation of its (-adic realization.

We will show that when restricted to cohomological £-adic complexes, our functor
coincides with Vaish and Nair’s (see Section 4.6 below).

Proposition 4.2.5. Let ¢ be a prime number. Let f be a quasi-finite morphism
of Z[1/¢)-schemes and g be morphism of Z[1/f]-schemes which essentially of finite
type. Then, with respect to the perverse homotopy t-structure,

(1) The adjunction (fi,w°f') is a t-adjunction.

(2) If M is t-non-positive, the functor — ®g M is right t-ezact.

(3) If dim(g) < d, the adjunction (g*[d],w°g.[—d]) is a t-adjunction.

Proof. The full subcategory of those Ind-Artin ¢-adic complexes N such that fiN,
g*N[d] and N ® M are perverse homotopy t-non-positive is closed under exten-
sions, small coproducts and negative shifts and contains the set of generators of the
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t-structure. Thus, by definition of the perverse homotopy t-structure, this subcate-
gory contains all perverse homotopy t-non-positive objects. Hence, the functors fi,
g*[d] and —® M are right t-exact with respect to the perverse homotopy t-structure
and the result follows. O

Corollary 4.2.6. Let ¢ be a prime number. Let f be a morphism of Z[1/f]-schemes.
Then, with respect to the perverse homotopy t-structure,

(1) If f is étale, the functor f* = f' = WOf' is t-ezact.

(2) If f is finite, the functor fy = f. = wf. is t-evact.

4.3. The smooth Artin case. Compare the following with Proposition 3.1.1.

Proposition 4.3.1. Let S be a reqular scheme and € be a prime number which is
invertible on S. Then, the perverse homotopy t-structure induces a t-structure on
DsmA(S, Zy) which coincides with the t-structure induced by the perverse t-structure.
When S is connected, it coincides with the ordinary t-structure shifted by 6(S).

Proof. Tt suffices to show that the inclusion functor
D™ A(S, Zg) — Diaa(S, Ze)

is t-exact when the left hand side is endowed with the perverse t-structure given by
Proposition 3.1.1 and the right hand side is endowed with the perverse homotopy
t-structure.

We can assume that S is connected. By dévissage, it suffices to show that

Sh"A(S, Ze)[8(5)] € DA(S, Ze) N P D1a(S, Ze)”

Let M be an object of Sh*™*(S,Z,)[0(S)]. The object M is in perverse degree
0 by Proposition 3.1.1. If f: X — S is finite, the complex f.Z, x is in perverse
degree at most §(X). Thus, the complex Map(f«Z¢, x, M) is (—6(X)—1)-connected.
Hence M is non-negative with respect to the perverse homotopy t-structure.

We now show that M is non-negative with respect to the perverse homotopy
t-structure. It suffices to show that M can be obtained from the set of generators
of the t-structure by successively taking negative shifts, coproducts and extensions.

Let £ be a geometric point of S. The sheaf M[—§(S)] corresponds to a repre-
sentation of Artin origin of 7P**(S, £) that we denote by N. We can assume that
N is an Artin representation, as representations of Artin origin are obtained as a
successive extensions of Artin representations.

Let G be a finite quotient of 7P"°¢°(S,¢) through which N factors. Then, by
Proposition 1.3.1, the complex N @& N[1] of Z;[G]-modules is quasi-isomorphic to a
complex

P=---—>0->P,—>P,_1—-—>PFP—>0—---
where each P; is placed in degree —i and is isomorphic to Z,[G/H1|®- - -®Z¢[G/Hp,]
for some subgroups Hy,...,H,, of G.

If H is a subgroup of G, there is a finite étale S-scheme f: X — S such that the

image of Z,[G/H] through the exact functor

U: D*(Rep(G, Z)) — D(S, Z)

is f«Z¢ x. Hence, the image @; of P;[6(S)] is t-non-positive with respect to the
perverse homotopy t-structure.
Furthermore, we have exact triangles

Quln] = M © M[1] = Q<p
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Qrlk] = Qi1 & Qe f0< k <n
where Q <x[—d(S)] is the image of the truncated complex

o= 0= Py > Pro—>- - —>FP—0—---

through W.
Since Q<1 = Qp, a quick induction shows that (), is t-non-positive with respect
to the perverse homotopy t-structure. Thus, the complex M @ M|1] is t-non-positive

and therefore, the complex M itself is.
O

4.4. Gluing formalism.

Proposition 4.4.1. Let S be a scheme. Let { be a prime number that is invertible
on S. Leti: F'— S be a closed immersion and j: U — S be the open complement.
Then, the sequence

Dira(F. Ze) > Diha(S8,20) 5 Diha(U, Ze)
satisfies the axioms of the gluing formalism (see [BBDG18, 1.4.3]), i.e
(1) The functors i, and j* both have exact left and right adjoints i*, w°i', 7
and w%j,.
(2) We have j*i, = 0.

(8) The functors i., j. and ji are fully faithful.
(4) We have exact triangles:

N7t =1 — 0"

and
it = 1 W0
Moreover, the perverse homotopy t-structure on Déd(& Zy) is obtained by gluing
the t-structures of Dit (U, Z¢) and Di\y(F,Zy), (see [BBDG18, 1.4.9]) i.e. for all
object M of DA(S,Zy), we have
(1) M >1p 0 if and only if *M >pp 0 and w%' M >y, 0.
(2) M <pp 0 if and only if j*M <np 0 and i* M <y, 0.

Proof. This follows from Proposition 4.2.5, Corollary 4.2.6 and the usual properties
of the six functors. d

Corollary 4.4.2. Let S be a scheme. Let ¢ be a prime number that is invertible
on S. Let M be an object of Di4(S,Z¢). Then, we have

(1) M 21, 0 if and only if there is a stratification of S such that for any
stratum i: T < S, we have w%' M Z>hp 0.

(2) M <np 0 if and only if there is a stratification of S such that for any
stratum i: T — S, we have i*M <ypp, 0.

In particular if S is excellent and M is an object of D*(S,Zs), then, M <pp 0
if and only if there is a stratification of S with nil-reqular strata, such that for any
stratum i : T — S, the l-adic complex i* M is smooth Artin and i*M <, 0.

Proof. Recall that an excellent scheme admits a stratification with nil-regular strata.
Therefore, the last point follows from Proposition 2.4.1 and Proposition 4.3.1. 0O
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4.5. The perverse homotopy t-structure and the perverse t-structure.

Proposition 4.5.1. Let S be a scheme and { be a prime number that is invertible
on S. Then,

(1) Let M be an object of DA(S,Zy), then M is perverse homotopy t-negative
if and only if it is perverse t-negative.

(2) Let M be an object of DA(S,Zy), then if M is perverse t-positive, then it
is perverse homotopy t-positive.

(8) If the perverse t-structure on DY(S, Zy) induces a t-structure on DA(S, Zy),
then the perverse homotopy t-structure on Df}id(S, Zy) induces a t-structure
on DA(S,Zy). When this is the case, both induced t-structures coincide.

Remark 4.5.2. We can reformulate the first point: when the perverse homotopy
t-structure induces a t-structure on DA(S,Zy), it is final among those t-structures
such that the inclusion DA(S,Z) — DE(S, Zy) is right t-ezact when the right hand
stde is endowed with the perverse t-structure.

Proof. The first point follows from Corollary 4.4.2(2). To prove the second asser-
tion, let be M a perverse t-positive constructible ¢/-adic complex. Then, it is in the
right orthogonal of the set of non-positive objects of the perverse t-structure. Thus,
it is in the right orthogonal of the set of non-positive objects of the perverse homo-
topy t-structure that are Artin f-adic complexes; in particular for any finite map
f: X — S and any p > —n, the complex M is right orthogonal to f.Z¢, x[0(X)+ p]
and hence M is perverse homotopy t-positive.

If the perverse t-structure induces a t-structure on D4(S,Z,), the objects of
D = D (S, Ze)S° NDA(S, Zy) are the t-non-positive objects of a t-structure. Fur-
thermore, the subcategory D of positive objects of this t-structure is contained
in the subcategory of perverse homotopy t-positive objects. But DT contains the
perverse homotopy t-positive objects since they are orthogonal to the elements of
D. This finishes the proof. (|

4.6. Comparison of w’ and wgjq for schemes of finite type over a finite
field and with coefficients Q. Let S be a scheme of finite type over a finite
field. In this paragraph and in the following ones, we set §(S) = dim(S) which is a
consistent choice for any such S. Recall that Vaish and Nair introduced in [NV15,
3.1.1,3.1.5] an exact functor

wgia : D2,(S, Q) — DL,(S, Q)

where D% (S, Qy) is the category of mixed f-adic complexes of [BBDG18, 5]. It is a
truncation functor with respect to a t-structure (DY, (S, Q,)S!, D (S, Qy)>14).

Furthermore, the subcategories D2, (S, Q)< and DY, (S, Q,)>'? are thick stable
subcategories of D (S, Qy). Therefore, the induced functor

wera : Dy, (9, Qr) = D, (S, Q)"
is exact and is right adjoint to the inclusion functor D%, (S, Q,)S — D2 (S, Qy).

Proposition 4.6.1. Let S be a scheme of finite type over Fy,. Let £ # p be a prime
number. Then, the functors w® and wgid nduce equivalent functors

Db(S, Q) — DA(S, Qy).
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Remark 4.6.2. A priori, the functor w® sends cohomological (-adic complexes to
Ind-Artin £-adic complexes. This proposition proves that in fact, it sends cohomo-
logical £-adic complexes to Artin €-adic complexes.

Proof. Recall that in [CD16, 5.1, 7.2.10], Cisinski and Déglise constructed a trian-
gulated category DM(S, Q) endowed with a realization functor

pe: DM(S,Q) — D(S,Qy)

that commutes with the six operations by [CD16, 7.2.24]. We can promote their
construction to a stable co-categorical one following [Khal6] and [Rob14].

Now, recall that Vaish constructed a functor (see [Vail6, 3.1]) wZf] from the
category of cohomological motives to the category of Artin motives over S.

Lemma 4.6.3. Keep the same notations, then, pgwgf’dt = WgIdPe

Proof. We follow the ideas of [Vail6, 4.2.4]. The proof of [Vail6, 4.2.4] tells us that
peDM© (S, Q)1 C DY (S,Q¢) <! and that p, DM (S,Q)>1 C DY, (S, Q).

Applying py to the canonical 2-morphism ™°t: wgﬁf — Id yields a 2-morphism
pee™Ot: pgwgf’dt — pg. Since pgwgﬁf factors through DL (S, Q,)S', the functor
pee™°t factors as

t o epe
POy — WLIdPe — P

where €: wgiq — Id is the canonical 2-morphism. Therefore, we have a commuta-
tive square:

mot
mot PeE
Py — P

la H '
€pPe

WLIdPe —— Pr

This yields a morphism of exact triangles:

mot mot
PeWLy — P — PLWoyq

N

WLIdPe — Pe — > W<IdPe

We want to show that « is an equivalence. It suffices to show that a is an
equivalence when applied to a set of generators of cohomological motives.

Now, if X is a scheme, let 1x be the constant object of DM(X, Q). The motives
f+«1x when f: X — S runs through the set of proper maps generates the category
of cohomological motives as a thick subcategory of DM(S, Q).

We have a morphism of exact triangles:

legﬂf*]lx —— f*QZ,X — pfw?ﬂf*]lX

b | |

wid f«Qe,x — fxQex —— w<ia f Qe x

As pgw’gﬁff*]lx lies in D(S, Q) and pow™ filx lies in D(S, Q)1 by
uniqueness of the truncation, the map a(f.1x) is an isomorphism. O
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Using the lemma, we see that if f: X — S is proper, the f-adic complex
wgid f«Q, x is Artin. Hence, the functor wgiq has its essential image included
in DA(S, Qg)

Recall that the functor w¢ia: DL, (S, Qr) — DL, (S, Qr)S is exact and is right
adjoint to the inclusion functor. Now, if g: Y — S is finite, the motive g,.Q y lies
in DM (S, Q,)S' by [NV15, 3.1.8], hence, if M is a cohomological f-adic complex,
the adjunction map

Map(g+Qe,y, wgiaM) — Map(g.Qe,y, M)

is an equivalence. Therefore, if N is an ind-Artin ¢-adic complex and M is a
cohomological ¢-adic complex, the adjunction map

Map(N, wgigM) — Map(N, M)
is an equivalence. Proposition 4.6.1 follows. O

Using the Artin truncation functor w®, we prove that there is a trace of the six
functors formalism on Artin /-adic sheaves with coefficients Q, over a finite field.

Corollary 4.6.4. Let £ # p be prime numbers. Then, on schemes of finite type
over F,, the siz functors from D" (—,Qq) (see Section 4.1) induce the following
adjunctions on DA(—, Qy):

(1) (f*,w°f.) for any separated morphism of finite type f,
(2) (fi,°f") for any quasi-finite morphism f,
(3) (®,w°Hom).

Remark 4.6.5. These functors have quite remarkable features. Let S be a scheme
of finite type over Fp,. Let { # p be a prime number. Let X be a scheme of finite
type over k.

First, Vaish and Nair used them to define the weightless intersection complex
ECx = w%,.Quu with j: U — X the open immersion of a regular subscheme of
X (see [NV15, 3.1.15]). This is an analog of Ayoub and Zucker’s motive Ex (see
[AZ12, 2.20]).

Furthermore, if f: X — X is a resolution of singularities, then we have ECx =
wof*(@zj (see [NV15, 4.1.2]). The proof amounts to the following fact: if i: F —

S is a closed immersion of dense complement and S is regular, the functor w%i'

vanishes on D*™A(S,Qy) (see the proof of [NV15, 4.1.1]).

4.7. The perverse homotopy t-structure for schemes of finite type over
a finite field and with coefficients Q,. We will now show that the perverse
homotopy t-structure induces a t-structure on D?(S,Q,) when S is of finite type
over a finite field. To show this, we will construct a t-structure on D4(S, Q) by
gluing the perverse t-structure on smooth Artin objects along stratifications and
show that it coincides with the perverse homotopy t-structure.

Proposition 4.7.1. Let S be a scheme of finite type over Fy,. Let £ # p be a prime
number. Then,

(1) The perverse homotopy t-structure induces a t-structure on D4(S, Qy).
(2) Leti: F — S be a closed immersion and j: U — S be the open complement.
The sequence

DAF, Q) 5 DA(S,Q0) L DAU, Q)
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satisfies the azioms of the gluing formalism (see [BBDG18, 1.4.3] and Propo-

sition 4.4.1) and the perverse homotopy t-structure on DA(S, Q) is ob-

tained by gluing the t-structures of DA(U, Qy) and DA(F,Qy), (see BBDGI1S,
1.4.9]).

Proof. We can assume that S is reduced. The first part of (2) is a direct consequence
of Proposition 4.4.1 and Corollary 4.6.4. To prove the rest of the proposition, we
need to adapt the ideas of [BBDG18, 2.2.10] to our setting.

We first need a few definitions:

e If S is a stratification of S, we say that a locally closed subscheme X of S
is an S-subscheme of S if X is a union of strata of S.

e A pair (S, L) is admissible if

— § is a stratification of S with smooth strata everywhere of the same
dimension.

— for every stratum T of S, £(T') is a finite set of isomorphism classes of
smooth Artin perverse sheaves (see Definition 3.1.5).

e If (S, L) is an admissible pair and X is an S-subscheme of S, the category
Ds,c(X,Qp) of (S, L)-constructible Artin £-adic complexes over X is the
full subcategory of D4(X, Q) made of those objects M such that for any
stratum T of S contained in X, the restriction of M to T is a smooth
Artin f(-adic complex and its perverse cohomology sheaves are successive
extensions of objects whose isomorphism classes lie in £(T).

e A pair (§',L') refines a pair (S, L) if every stratum S of S is a union
of strata of 8’ and any perverse sheaf M over a stratum T of S whose
isomorphism class lies in £(T) is (§’, L)-constructible.

If (S, L) is an admissible pair and X is an S-subscheme of S, the category
Ds.c(X,Qy) is a stable subcategory of DA(S,Q;) (i.e. it is closed under finite
(co)limits).

If (S,£) is an admissible pair and i: U — V is an immersion between S-
subschemes of S, the functors ¢ and * preserve (S, £)-constructible objects.

Now, we say that an admissible pair (S, £) is superadmissible if letting i: T — S
be the immersion of a stratum 7" of S into S and letting M be a perverse sheaf over
T whose isomorphism class lies in £(T'), the complex w’, M is (S, £)-constructible.

The proof of [AZ12, 3.16] yields equivalences w%i,w® ~ w%, and w%'w’® ~ W'
for any quasi-finite morphism 3.

We now claim that an admissible pair (S, £) can always be refined into a super-
admissible one.

Assume that this is true when we replace S with the union of the strata of
dimension n or more. Let i : T'— S and 7’ : T’ — S be immersions of a strata of S.
Let M be a perverse sheaf over T' whose isomorphism class lies in £(T). If T and T”
are of dimension at least n, then, the perverse cohomology sheaves of (i’)*w%i, M
are obtained as successive extensions of objects of whose isomorphism classes lie in
L(T") by induction.

If T =T’ then

(") *wi M = w%* Wi M = %" i, M = M

whose isomorphism class lies in £(T).
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Otherwise, if T is of dimension n — 1, we can always replace T" with an open

subset, so that the closure of T is disjoint from 7”. Then,
(i) *wi M = w°(i')*i. M = 0.

Assume now that T is of dimension at least n and that T’ is of dimension n — 1.
We can replace T” with an open subset so that for any M in £(T'), the complex
(i")*wY%, M is smooth Artin by Corollary 4.6.4 and Proposition 2.4.1. We can also
add all the isomorphism classes of the PH™ ((i')*w®i, M) to L(T") because there
are finitely many of them. This proves our claim when we replace S with the union
of the strata of dimension n — 1 or more.

Hence, any admissible pair can be refined into a superadmissible one.

If (S,L£) is a superadmissible pair and ¢ : U — V is an immersion between
S-subschemes of S, we claim that the functors w’i, and w%' preserve (S,L)-
constructibility. The proof is the same as [BBDG18, 2.1.13] using as above the
commutation of w® with the six functors.

Hence, if (S, £) is a superadmissible pair, we can define a t-structure on (S, £)-
constructible objects by gluing the perverse t-structure on the strata. By Corol-
lary 4.4.2, the positive (resp. negative) objects of this t-structure are the posi-
tive (resp. negative) objects of the perverse homotopy t-structure that are (S, £)-
constructible.

Thus, the perverse homotopy t-structure induces a t-structure over (S, £)-cons-
tructible objects. Therefore, (S, £)-constructible objects are stable under the trun-
cation functors of the perverse homotopy t-structure.

Any object M of DA(S,Qy) is (S, £)-constructible for some superadmissible pair
(S, L). Indeed, by Proposition 2.4.1, there is an admissible pair (S, £) such that
M is (S, L)-constructible. Such a pair is can always be refined into one that is
superadmissible.

Hence DA(S,Qy) is stable under the truncation functors of the perverse homo-
topy t-structure. Therefore, the perverse homotopy t-structure induces a t-structure
on DA(S,Qy).

Now, the second part (2) follows from Proposition 4.4.1. O

Definition 4.7.2. Let S be a scheme of finite type over F,. Let £ # p be a
prime number. We denote by PcrvA(S, Q¢)* and call abelian category of Artin

homotopy perverse sheaves over S the heart of the perverse homotopy t-structure
on DA(S,Qy).

Remark 4.7.3. When both are defined, the abelian categories PGYVA(S,Q[)# and
Perv*(S,Qy) coincide (see Definition 3.2.2). Recall that this is the case if S is of
finite type over Fp, and dim(S) < 2 according to our main theorem.

With the assumptions of the definition, there is a right exact functor
v : PervA(S, Q) * — Perv(S, Q).

It is exact if and only if the perverse t-structure induces a t-structure on Artin
{-adic complexes.

4.8. Weightless perverse t-structure. In the next section, we will study a func-
tor akin to the intermediate extension functor of [BBDG18]. To show that this
functor behaves nicely, one would like to restrict the perverse t-structure over
Deh(S, Qy) and to show that the functor w is t-exact.
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However, it is not known to the author of this paper whether the perverse t-
structure preserves cohomological motives. To circumvent this issue, notice however
that, using [BBDG18, 5.1.7], the perverse t-structure of D%(S, Q) induces a t-
structure on DY (S, Q) and that the heart Perv,,(S,Q,) of this t-structure is a
Serre subcategory of Perv(S, Q). Furthermore, notice that using [BBDG18, 5.1.6],
the fibered category D%, (—, Q) is endowed with the six operations. We will now
define a t-structure on a certain subcategory of weightless complexes such that the
inclusion of Artin complexes into this category is t-exact and the right adjoint
functor of the inclusion of weightless complexes into mixed complexes is t-exact.

Definition 4.8.1. Let S be a scheme of finite type over Fy,. Let { # p be a prime
number. We denote by D¥S?(S,Qp) and call category of weightless £-adic complexes
the subcategory of the non-positive objects of the t-structure (wgia, ws1a) of Vaish
and Nair.

Remark 4.8.2. We chose the notation DVSY(S, Q) rather than the notation D¥S'(S, Qy),
because as stated in Proposition 4.8.5 below, the punctual weight of the standard co-
homology sheaves of lisse weightless complexes are non-positive.

Since the functor wgiq of Vaish and Nair was proved in Section 4.6 to coincide
with w® over cohomological motives and is right adjoint to the inclusion of weightless
complexes into the category of mixed complexes, we will from this point on denote
the functor wgiq by WO,

We have an analog of Corollary 4.6.4:

Proposition 4.8.3. Let { # p be prime numbers. Then, on schemes of finite
type over Iy, the six functors from Db (—,Qu) induce the following adjunctions on
D’U)QO(_’ QZ):

(1) (f*,w°f.) for any separated morphism of finite type f,

(2) (fi,w°f") for any quasi-finite morphism f,
(3) (®,w"Hom).

Proof. The first stability assertion follows from [NV15, 3.1.10] while the third fol-
lows from [NV15, 3.2.3].

In the case when f is finite, the second stability assertion follows from [NV15,
3.1.8]. Using Zariski’s Main Theorem [Gro67, 18.12.13], it suffices to prove that
if j : U — S is an open immersion and M is weightless over U, then j M is still
weightless over S.

Recall that a mixed complex N defined over a scheme X is weightless if and only
if there is an adapted stratification X of X in the sense of [NV15, 3.1.6] such that
for each stratum Y of X', the perverse cohomology sheaves of the restriction of N
to Y are of weight at most dim(Y").

Take an adapted stratification of S such that U is a union of strata. Then,
perverse cohomology sheaves of the restriction of 1M to any stratum T contained
in U is of weight at most dim(7") since M is weightless, while the restriction of jiM
to any stratum disjoint from U vanishes. Therefore, the complex jiM is weightless,
which yields the result. O

Definition 4.8.4. Let S be a scheme of finite type over Fy,. Let £ # p be a prime
number.
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(1) We denote by Locg’@(@g) and call category of weightless lisse ¢-adic sheaves
the full subcategory of lisse mized £-adic sheaves over S that are of non-
positive weight in the sense of [BBDG1S, 5].

(2) We denote by Dlui’sfeo(S, Qy) and call category of weightless lisse ¢-adic com-

plexes the subcategory of D¥SY(S, Q) made of those objects which are lisse
as l-adic complexes.

Since representations of weight at most 0 of Z form a Serre subcategory of
Rep(Z,Qy), the category Locg’go((@g) is a Serre subcategory of Locs(Qy).

Proposition 4.8.5. Let S be a scheme of finite type over Fy,. Let £ # p be a prime
number. Then, the ordinary t-structure of Diisse(S, Qr) induces a t-structure on
DUSY(S,Qp). The heart of this t-structure is Locy~"(Qy). In particular, DsY (S, Qp)
is the subcategory of those complexes C of £-adic sheaves such that for all integer
n, the sheaf H™(C') is weightless and lisse.

Proof. Using Lemma 1.2.3, it suffices to show that
DS(S, Q) N Locs(Qr) = Lock<"(Qy).

Let M be an object of Lock<(Qy). Tt lies in Locs(Q¢) by definition. Further-
more, if a stratification S is adapted to M in the sense of [NV15, 3.1.6] and T is a
stratum of S, since M|z is lisse and T is smooth, for any integer n, we have

M|p[dim(T)] if n = dim(7T) .

0 otherwise

PH"(M|r) = {

Since the (-adic complex M | is of weight at most 0, the ¢-adic complex M | [dim(T")]
is of weight at most dim(7"). Therefore, for any integer n, the f-adic complex
PH™(M|7) is of weight at most dim (7). Hence, the complex M lies in D¥SO(S, Qy)

Conversely, if M is lies in D¥SY(S,Qy) N Locs(Qy), letting S be adapted to M
and T be a stratum of M, the complex P H¥™T) (M|7) = M|z[dim(T)] is of weight
at most dim(7). Thus, the sheaf M| is of weight at most 0 and therefore, the
sheaf M lies in Loc<"(Qy). O

Corollary 4.8.6. Let S be a smooth scheme over F,,. Let ¢ # p be a prime number.
Then, the perverse t-structure of Diisse(S, Qe) induces a t-structure on Dwgo(S, Qo).

lisse
If S is connected, the heart of this t-structure is Locs<%(Qg)[dim(S)].

If S is a scheme of finite type over [, and ¢ # p is prime, we now define a
t-structure on DVSY(S,Qy) by gluing the perverse t-structures over strata. Pro-
ceeding as in Proposition 4.7.1, we define the following:

o A pair (S, L) is admissible if

— § is a stratification of S with smooth strata everywhere of the same
dimension.

— for every stratum T of S, L(T) is a finite set of isomorphism classes of
weightless lisse perverse sheaves (see Corollary 4.8.6).

e If (S, L) is an admissible pair and X is an S-subscheme of S, the category
Ds,c(X,Qp) of (S, L)-constructible weightless £-adic complezes over X is
the full subcategory of D¥<%(X,Q,) made of those objects M such that
for any stratum T of S contained in X, the restriction of M to T is a
weightless lisse f-adic complex and its perverse cohomology sheaves are
successive extensions of objects whose isomorphism classes lie in £(T).
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e An admissible pair (S, L) is superadmissible if letting i: T — S be the
immersion of a stratum 7" of S into S and letting M be a perverse sheaf
over T whose isomorphism class lies in £(T'), the complex w%i, M is (S, £)-
constructible.

As before, an admissible pair (S, £) can always be refined into a superadmissible
one, replacing Proposition 2.4.1 with the fact that weightless complexes admit a
stratification over which they are weightless and lisse.

If (S,£) is a superadmissible pair and ¢: U — V is an immersion between S-
subschemes of S, the functors iy, i*, w’, and w%' preserve (S, £)-constructibility.

Hence, if (S, £) is a superadmissible pair, we can define a t-structure on (S, £)-
constructible objects by gluing the perverse t-structure on the strata.

Any object M of D¥SO(S,Qy) is (S, £)-constructible for some superadmissible
pair (S,L). If (8, L') refines (S, L), the t-structure defined on Dg (X, Q) in-
duces the t-structure defined on Ds (X, Q). Hence, we can define non-ambiguously
a t-structure on DYSO(S, Qy).

Notice that if M is Artin, we can chose (S, L) above to be such that the £(T')
are smooth Artin for any stratum 7' of S. Therefore, our t-structure induces the
perverse homotopy t-structure on D4(S, Qy).

Definition 4.8.7. Let S be a scheme of finite type over Fy,. Let ¢ # p be a prime
number.

(1) We call weightless perverse t-structure the t-structure defined above on
DYSO(S, Q).

(2) We denote by Perv’S°(S,Qy) its heart and call it the abelian category of
weightless perverse sheaves.

We use the notation wp to denote the objects related to the weightless perverse
t-structure.
By construction, we have:

Proposition 4.8.8. Let S be a scheme of finite type over Fy,. Let £ # p be a prime
number.

(1) Leti: F — S be a closed immersion and j: U — S be the open complement.
The sequence

DUSO(F,Qq) &5 DUSO(S,Qy) L DUSO(U, Qy)

satisfies the azioms of the gluing formalism (see [BBDG18, 1.4.3] and Propo-
sition 4.4.1) and the weightless perverse t-structure on D¥SY(S,Qy) is ob-
tained by gluing the t-structures of DYSO(U,Qy) and DYSO(F,Qy), (see
[BBDG1S, 1.4.9)).
(2) Let M be an object of D*SY(S,Qy). Then,
(a) M 2up 0 if and only if there is a stratification of S such that for any
stratum i: T < S, we have w9 M Zwp 0.
(b) M <wp 0 if and only if there is a stratification of S such that for any
stratum i: T — S, we have i*M <}, 0.
(3) The inclusion functor

DA(S, Q) — DUSY(S,Qy)
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is t-exact when the left hand side is endowed with the perverse homotopy
t-structure and the right hand side is endowed with the weightless perverse
t-structure.

Proceeding as in Proposition 4.5.1, this implies:
Corollary 4.8.9. Let S be a scheme of finite type over F,. Let { # p be a prime
number. Let M be a weightless £-adic complex. Then,

(1) The complex M is weightless perverse t-negative if and only if it is perverse
t-negative.

(2) The complex M be a weightless £-adic complex. If the complex M is perverse
t-positive, then it is weightless perverse t-positive.

Theorem 4.8.10. Let S be a scheme of finite type over F,,. Let £ # p be a prime
number.
Let
12 DSO(S,Qp) — DP,(S, Q)
be the inclusion. When the left hand side is endowed with the weightless perverse
t-structure and the right hand side is endowed with the perverse t-structure, the
adjunction (1,w°) is a t-adjunction and the functor w° is t-ezact.

Proof. Corollary 4.8.9 implies that the functor ¢ is right t-exact. Thus, the functor
WY is left t-exact. But by [NV15, 3.2.6], the functor w is perverse right exact,
i.e. it sends perverse t-negative objects to perverse t-negative objects. But any
such object is t-negative with respect to the weightless perverse t-structure using
Corollary 4.8.9. Thus, the functor w? is right t-exact and therefore, it is t-exact. [J

We can now define the weightless truncation functor over mixed perverse sheaves.

Definition 4.8.11. Let S be a scheme of finite type over F,. Let £ # p be a prime
number. We call weightless truncation the exact functor induced by w°:

w®: Perv,, (S, Q) — PervS°(S, Q).

Finally, Theorem 4.8.10 implies an analog of the affine Lefschetz theorem for the
perverse homotopy t-structure.

Corollary 4.8.12. Let S be a scheme of finite type over F,. Let £ # p be a prime
number. Let j : U — S be an affine open immersion. Then, the functors
jiyw’ji: DU, Q) = DA(S, Qo)
are t-exact with respect to the perverse homotopy t-structure on both sides.
Proof. The functor
wOj* . Dsm,A(U’ Q@) N Du)QO(S, QZ)

identifies with the composition of t-exact functors:

DmA(U,Qp) —- Db (U, Q) —2 Db (S, Q) —2 D¥<O(S, Qy)

and is therefore t-exact using Proposition 4.3.1 and Theorem 4.8.10. Since the
inclusion functor

DA(57 QE) - Dw§0(57 QE)
is t-exact by Proposition 4.8.8, the result follows for w%j,. The case of the functor
Ji is similar. O



54 RAPHAEL RUIMY

4.9. Artin intermediate extension and simple Artin homotopy perverse
sheaves. We now show that the abelian category of Artin homotopy perverse
sheaves shares some features with the category of perverse sheaves.

Let j: U — S be an open immersion of schemes of finite type over F,. Recall
(see [BBDGIS, 1.4.22]) that the intermediate extension functor j. is defined as
the image of the map PH"j, — PHCj,. In fact, whenever the gluing formalism
(see [BBDG18, 1.4.3]) is satisfied, [BBDG18, 1.4.22] provides an intermediate ex-
tension functor. Hence, Proposition 4.7.1 allows us to define an Artin intermediate
extension functor:

Definition 4.9.1. Let S be a scheme of finite type over Fy,. Let ¢ # p be a prime
number. Let j: U — S be an open immersion. The Artin intermediate extension
functor ji! is the functor which associates to an Artin homotopy perverse sheaf M
over U the image of the map

" HOjM — P H W, M.

Since the weightless truncation functor and the inclusion of Artin homotopy per-

verse sheaves into weightless perverse sheaves are exact, the following proposition
holds.

Proposition 4.9.2. Let S be a scheme of finite type over Fy,. Let £ # p be a prime
number. Let j: U — S be an open immersion. Then, we have j{t = w%ji..

Using [BBDG18, 1.4.23], we have the following description of the intermediate
extension functor (compare with [BBDG18, 2.1.9]):

Proposition 4.9.3. Let S be a scheme of finite type over Fp. Let £ # p be a
prime number. Let i: F — S be a closed immersion and j: U — S be the open
complementary immersion. Let M be an Artin homotopy perverse sheaf over U.
Then, the complex j{t(M) over S is the only extension P of M to S such that
i*P < 0 and w%'P > 0.

The following result is similar to [BBDG18, 4.3.1].

Proposition 4.9.4. Let S be a scheme of finite type over Fy,. Let ¢ # p be a prime
number.

(1) The abelian category of Artin homotopy perverse sheaves over S with coef-
ficients in Qg is artinian and noetherian: every object is of finite length.

(2) If j: 'V — S is the inclusion of a smooth subscheme and if L is an ir-
reducible object of ShsmA(V, Qy), then the Artin homotopy perverse sheaf
JiA(L[dim(V)]) ds simple. Every simple Artin perverse sheaf over S is ob-
tained in this way.

Proof. The proof is the same as in [BBDG18, 4.3.1] replacing [BBDG18, 4.3.2,
4.3.3] with the following lemmas. O

Lemma 4.9.5. Let V be a smooth connected F,-scheme. Let £ # p be a prime
number. Let L be an irreducible object of Sh*™*(V, Q). Then, if F = L{dim(V)],
for any open immersion j: U — V, we have F = j!fzj*F.

Proof. We use Proposition 4.9.3. Let i: I — S be the reduced complementary
closed immersion of j. Then, the f-adic sheaf i*L over F' is smooth Artin. It
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is therefore in degree at most dim(F) with respect to the perverse homotopy t-
structure. Thus, the ¢-adic complex ¢*F is in degree at most dim(F") —dim(V") < 0.

Finally, the functor w®i' vanishes over D*™4(V, Q) since V is smooth (see the
proof of [NV15, 4.1.1]). O

Lemma 4.9.6. Let V be a smooth connected F,-scheme. Let £ # p be a prime
number. Let L be a simple object of Sh*™*(V,Qy). Then, the Artin homotopy
pervserse sheaf L{dim(V)] is simple.

Proof. The proof is exactly the same as [BBDG18, 4.3.3]. d

Proposition 4.9.7. Let X be a scheme of finite type over F),. Let £ # p be a
prime number. Recall the construction of the weightless intersection compler ECx
of Vaish and Nair (see Remark 4.6.5). Let j: U — X be an open immersion with
U regular. Then, we have

(1) ECx = j{}Quu[dim(U)].

(2) ECx is a simple Artin homotopy perverse sheaf.

(8) If X is a surface, ECx is an Artin perverse sheaf; in particular, it is a
perverse sheaf.

Proof. Let ICx = ji.Qg,u[dim(U)] be the intersection complex, then
EOX = wOIC’X

by [NV15, 3.1.13]. This proves (1) by Proposition 4.9.2; (2) follows by the de-
scription of simple objects given in Proposition 4.9.4 and (3) follows from the com-

parison between Artin perverse sheaves and Artin homotopy perverse sheaves of
Remark 4.7.3. U

However, when X is a surface, the weightless intersection complex FCx need
not be simple in the category of perverse sheaves:

Example 4.9.8. Let X be a normal surface with a single singular point i: {x} —
X. Let f: Y — X be a resolution of singularities such that the fiber of f above x
is a simple normal crossing divisor with components of positive genus. Then, ECx
is mot simple as a perverse sheaf.

Indeed, let ig: E — X be the pull-back of i along f and p: E — {x} be the
pull-back of f along 1.

We have exact triangles:

ECx — £.Quv[2] = wsta f+ Qe v [2]
and
ws1a)1 Qe = w>1a f+Qry — w1470 Qo E-

But as jiQq,u is Artin, we have ws;qfiQe v = 0.
In addition, by [NV15, 3.1.8, 3.1.10], the functor i, is t-exact with respect to the
t-structure (DS(—, Qq), D> (—,Qy)). Thus, is commutes with ws1q. But over

Db(k(z),Qr), the functor w1q is defined as Morel’s weight truncation functor wsi
(see [Mor05, 4.1]).
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Now, write E = |J E; where E; is reqular. If J C I, write Ey = (,c; Ei and
icl
py: By — {x} the structural morphism. Proposition 1.6.4 gives an exact triangle

pQee = P Pi)Que, - P (2)Qup,
icl JCL,|J|=2

If|J| = 2, the £-adic complez (ps)«Qe g, is pure of weight 0. Therefore, applying
Morel’s truncation functor wy1, we get an isomorphism:

wx1P+Qer = @ w31 (i)« Qe B,

el
=P R (i)« Q.. [-1] © P R*(pi)«Qu.i,[-2].
el el

Hence, we have

WsiqtsD« Qe g = 1 (@ RY(pi)« Qe 5, [-1] @ @RQ(pi)*QZ7E,;[2]) .

el el
Now, using [DCMO09, 1.8.1], we have

f+Qey = ICx @iy (@ RQ(pi)*Qé,Ei) [-2].
iel

Hence, we have an exact sequence of perverse sheaves:

0 — 2y (@Rl(pi)*Qg,Ei) — ECX — ICX — 0.

iel

Therefore, since one of the E; has positive genus, i <@ Rl(p,-)*ngEi> 8 non-
il
zero and thus ECx is not simple.

5. EXPLICIT DESCRIPTION OF ARTIN PERVERSE SHEAVES OVER 1-DIMENSIONAL
SCHEMES

5.1. Perverse sheaves as gluing of representations over 1-dimensional
schemes. The material in this section is a variation on Beilinson’s method de-
scribed in [Bei87a]. Let M be a perverse sheaf over an excellent base scheme S.
Recall that there is a stratification S of S such that for all T € S, M| is lisse.
We want to recover M from the M|r and additional data. This is possible using
the nearby and vanishing cycle functors in general. However, in the case when S is
1-dimensional, we have another way of doing this.

We take the convention that §(S) = 1. Assume for simplicity that S is reduced.
The scheme S is then the disjoint union of two regular strata U and F' over which
M is lisse and such that U is open and dense. Shrinking U, we can also assume
that the open immersion j: U — S is affine by Lemma 3.3.7. Write ¢: F' — S the
closed immersion. The ¢-adic complex M|y is a lisse perverse sheaf and the ¢-adic
complex M |p lies in perverse degrees [—1,0] by [BBDG18, 4.1.10].

By localization, we have an exact triangle:
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which gives rise to an exact sequence:
0= i,’H 'M|p — jM|y - M — i,?H°M|p — 0.

Hence, we can recover M as the cone of a map i.M|rp[—1] — 51M|y such that
the induced map i,PH *M|r — jiM |y is a monomorphism.

Applying the localization triangle (1.0.1) to the functor j., we have an exact
triangle:

I P S P A
Moreover, we have j*i, = 0. Therefore, we have
Hom(i, M|p[-1], jiM|v) = Hom(M|p,i"j. M|v)

and we have an exact sequence:

0— i ,’PH Y (i*j.M|y) = iM|v — j M|y — i.PH(i*j.M|y) — 0.

Therefore, a map i,PH 'M|r — jiM|y is a monomorphism if and only if the
PH~1 of the corresponding map M|r — i*j, M|y is a monomorphism.

Conversely, a lisse perverse sheaf My over U, a (lisse) ¢-adic complex Mp over
F which lies in perverse degrees [—1,0] and a map Mr — i*j, My such that the
induced map PH~Y(Mr) — PH~1(i*j.M|y) is a monomorphism, give rise to a
unique perverse sheaf M over S.

Since 6(S) = 1, an f-adic complex N is a lisse perverse sheaf over U if and
only if N[—1] is a lisse sheaf. Moreover, since §(F) = 0, the perverse and ordinary
t-structures coincide over DY(F,Z;). Hence, the following data determine a unique
perverse sheaf over S:

(1) A dense affine open immersion j: U — S with U regular. Denote by
i: F' — S the complementary reduced closed immersion.
(2) A locally constant f-adic sheaf My over U.
(3) A (lisse) ¢-adic complex My over F placed in (ordinary) degrees [—1,0].
(4) A map ¢: Mg — i*j. My such that PH~1(¢) is a monomorphism.
We can compute i*j,. My more explicitly. The first case to consider is the case
of a regular 1-dimensional scheme. We first need some notations:

Notations 5.1.1. Let C be a regular connected 1-dimensional scheme and K be
its field of functions. Then, if U is an open subset of C' and x is a closed point of
C.
o We let K, be the completion of K with respect to the valuation defined by
x on K.
o We let ¢,,: Spec(K,) — Spec(K) be the induced map.
o We let Go(x) be inertia subgroup of Gk, .

The following lemma is classical (use [GR71, V.8.2,X.2.1]):

Lemma 5.1.2. Let C' be a regular connected 1-dimensional scheme of generic point
n, U an open subset of C and = a closed point. Let K = k(n) be the field of regular
functions on C'. Then,

(1) We have an exact sequence of groups:

1— Go(.Z‘) — GKI — G}C(w) —1
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(2) If x ¢ U, the map
GKm — GK — 7T(13t(U7ﬁ)
1s injective.
In this setting, we have a morphism of sites (BGk, )prost — (BG(a))proet given
by M — MS®)  This morphism then induces a functor
D%g—perf(Sh((BGKm)proéta ZZ)) - D%g—perf(Sh((BGk(z))proét7 ZZ))
that we will denote by 0.
Proposition 5.1.3. Let C be a regular connected 1-dimensional scheme of generic
point n and field of regular functions K. Let i: F — C be a reduced closed immer-
sion and let j: U — C be the open complement. If x € F, let i,: {x} — F be the

closed immersion. Finally, let £ be a prime number which is invertible on C'.
Then, the diagram

Locy (Ze) g, » DY(F, Ze)
7|
Rep(n{*(U, 7). Ze) 18
[ II ¢: I1 -
Rep(Gr,Zg) —— mg[F Rep(Gr,,Z¢) “—— xg[Fngerf(s}l((ggk(x))pmét,Zm

is commutative.

Proof. First, note that i*j. = @ (iz)«i%i*j.. We can therefore assume that F has
zEF
a single point z.
Then, by [AGV73, VIIL5], if n is an integer and M lies in Locy(Z,), the étale
sheaf H"(i*j. M) over {x} identifies with the G},(,)-module:

He (Spec(L), ¢ M) = H" (Go(x), 6,7 M)

where L is the maximal unramified extension of K,. This yields the result. O

We will now tackle the case of a general 1-dimensional scheme.

Notations 5.1.4. Let C be an excellent 1-dimensional scheme. Let v: C — C be
the normalization of C'. Let I' be the set of generic points of C. Let U is an open
subset of C, let y be a closed point of C and let n € T'.

We let U, = {n} nv='(U) C C.

We let K, be the field of regqular functions on C,,.

We let n(y) be the unique element of I' such that y € Cy ).
We let K be the completion of K,y with respect to the valuation defined
by y on Ky

o We let ¢, : Spec(Ky) — Spec(K, () be the induced map.

o We let Go(y) be the inertia subgroup of G, .

The following lemma follows from Lemma 5.1.2.
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Lemma 5.1.5. Let C' be a 1-dimensional excellent scheme. Let v: C — C be the
normalization of C. Let T' be the set of generic points of C. Let U be a nil-reqular
open subset of C, let y be a closed point of C and let n € I'. Then,

(1) We have an exact sequence of groups:
1= Go(y) = Gk, = Gy — 1
(2) If y & Uy, the map

GKy — GK

S Wft(Un(y)vn(y))
1s injective.
In this setting, we have a morphism of sites (BGr, )prost —+ (BG(y))proct given
by M +— MSW)  This morphism then induces a functor

D%g—pcrf(Sh((BGKy )proét; ZZ)) - D%g—pcrf(Sh((BGk(y))proéta ZZ))
that we will denote by 0.

Corollary 5.1.6. Let C be a 1-dimensional excellent scheme and let £ be a prime
number which is invertible on C. Letv: C — C be the normalization of C. LetT be
the set of generic points of C. Leti: F — C be a closed immersion and j: U — C
be the open complement. Assume that U is nil-reqular.

Then, the diagram

Locy (Ze) R s DO(F, Zy)
I17
ner
[1 Rep(n{"(Uy, 7). Z¢) @ (io)-
nel zeF
[T Rep(Girc,, Ze) [T D%, —pere (Sh{(BGio) onosrs Z0)
ne T€e
IT II ¢Zl
nel yennv—1(F)
11 11 Rep(Gk,, Ze) ) Imlg“y)
T]GFyemﬂ,,pr) zEF v(y)=x k)
H M e
zev—1(F)
[1 Rep(Gk,Z) [T D} pers(Sh((BGry))prost, Ze)) == T1 I1 D4, pext(Sh((BGr(y))prost; Ze))
yev=1(F) yev—1(F) TEF v(y)=z

is commutative.

Proof. Let vy: Upea — U (resp. vp : F - F) be the inverse image of v along j
(resp. ©). Let j (resp. i) be the inclusion of Uyeq (resp. F) in C.
Recall that v; is an equivalence of categories. Thus,
e = 1 G (V0)atify = vy = (Vp)ad " Jur.
The result then follows from Proposition 5.1.3 and Proposition 2.3.5. O

This discussion leads us to the following definition:

Definition 5.1.7. Let C' be a 1-dimensional excellent scheme and let £ be a prime
number invertible on C. Let T be the set of generic points of C. Let v: C — C be
the normalization of C. We define an abelian category P(C,Ze) as follows:
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o An object of P(C,Zy) is a quadruple (U, (My)yer, (Mz)zec\v, (fz)zec\v)
where

(1) U is a nil-reqular open subset of C' such that the immersion U — C' is
affine,

(2) for allm € T, M, is an (-adic representation of 75 (U,,n),

(3) for allx € C\U, M, is a complex of {-adic representations of Gy
placed in degrees [—1,0],

(4) for allxz € C\U, f; is an element of

G .
Homp (Rep(Gr(a) 20)) | M @ IndGzEyi (9y [0y (Myy()])
v(y)==
such that H=1(f,) is injective.

o An element of Hompc,z,) (U, (My), (M), (fz)), (Vi (Ny), (Ne), (92))) is a
couple ((®y)ner; (Pz)re(c\v)n(c\v)) where &2 My — Ny is a map of rep-
resentations of G, , where ®,: M, — Ny is a map of representations of
Grz) and such that the diagram:

fZ? G x E3
M, — & IndG’;Ey; (9y [85(My)])

v(y)=z
G
|‘Pz D nde; ) (9u(45(@ne)))

v(y)=o

N, —% (6)9 Indg’;g; (9y [0 (Nyw))])
v(y)=x

18 commutative.
Our discussion then yields the following proposition.

Proposition 5.1.8. Let C' be an excellent 1-dimensional scheme and ¢ be a prime
number invertible on C. Then, the category Perv(C,Z;) is equivalent to P(C,Zy).

5.2. Artin perverse sheaves over 1-dimensional schemes. Let M be an Artin
perverse sheaf over an excellent 1-dimensional base scheme S. Recall that there is
a stratification S of S such that for all T € S, M|y is smooth Artin. We want to
recover M from the M|r and additional data. This is possible in the case when S
is 1-dimensional using the method of the previous paragraph.

We again take the convention that 6(5) = 1.

Definition 5.2.1. Let S be a 1-dimensional excellent scheme. Let £ be a prime
number invertible on S. Let T' be the set of generic points of S. We define the
full subcategory PA(S,Z¢) of P(S,Z¢) as the subcategory made of those quadruple
(U, (My)ner; (Mz)wec\vu, (fe)eec\u) such that for all n € T', the representation M,
is of Artin origin and for all x € S\ U, the representations H~'(M,) and H°(M,)
are of Artin origin.

Proposition 5.2.2. Let S be an excellent 1-dimensional scheme and £ be a prime
number invertible on S. Then, PervA(S, Zy) is equivalent to PA(S, Zy).

Remark 5.2.3. It is possible that the nearby and vanishing cycle preserve the Artin
condition over 1-dimensional schemes which would give a description of Artin per-
verse sheaves which is more in the spirit of [Bei87a|. In the case of Artin homotopy
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perverse sheaves, it may even be possible to have a similar description for every
scheme of finite type over a finite field by using the Artin truncation of nearby and
vanishing cycles.

Example 5.2.4. Let k be an algebraically closed field of characteristic 0. A perverse
Artin (-adic sheaf over P} is a quadruple (PL\F, M, (M) zer, (fz)zer) where F is a
finite set of points of P}, where M is a representation of Artin origin of n$*(PL\ F),
where M, is a perfect complex of Z¢-modules placed in degrees [—1,0] and where

is a map in the category D(Z,) such that H='(f,) is injective.

We can always assume that the point at infinity is in F. Write F = {oo} U F".
Let m = |F'|.

Let x € F', then, the field k(X — z)) is the completion of the field k(X) of
regular functions on P}, with respect to the valuation defined by z.

On the other hand, the field k((1/X)) is the completion of the field k(X) with
respect to the valuation of the point at infinity.

Furthermore, recall that the absolute Galois group of the field k((X)) is 7 since
k is algebraically closed and of characteristic 0.

The étale fundamental group of the scheme PL\ F is the profinite completion of
the free group over F'; we denote by g, for x € F' its topological generators. The
map

Gr((x ) — T (PL \ F)

is the only continuous map that sends the topological generator on to g.. Moreover,
the map

Gria/x) = 11 (BL\ F)
is the map that sends the topological generator to a certain product (gz, -+ Ga,, )~
where F' ={x1,...,2m}.

Now, the action of T$"(P}\ F) on M factors through a finite quotient G and is
therefore uniquely determined by the representation of a finite group with m marked
generators which are the images of the g, for x € F'.

Finally, let

1

d: Rep(Z,Zy) — D°(Zy)

be the functor that sends a continuous Z;g [Z] module M to the derived module of
fized points under the action of the topological generator.

A perverse Artin (-adic sheaf over P}, is equivalent to the following data:

o A finite number of distinct points x1, ..., zm of AL (i.e of elements of k).

A finite group G generated by m elements g1, ..., gm; let ¢;: 7 — G be the
map given by g; and pso: 7. — G be the map given by goo = (g1 -+ gm) L.
A Zg-linear representation M of G which is finite as a Zg-module.
Perfect complexes of Zg-modules My, . .., My, Mo placed in degrees [—1,0].
Maps fi: M; — 0(¢f M) fori=1,---,m, o0, such that the maps

H7Yf;) : HY(M;) — M9

are injective.

Example 5.2.5. Let S = Spec(Z,). A perverse Artin (-adic sheaf over S is given
by a triple (M, N, f) where M is a representation of Artin origin of Gq,, where
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N is a complex of continuous representations of Z placed in degrees [—1,0] with
cohomology of Artin origin and where f: N — 9(M), where O is the map

D}, pext(Sh(BGa,) proets Ze)) —= D, —pext(Sh((BL)prost Ze))
induced by the map M — MG and H~'(f) is injective.

Example 5.2.6. Let k be an algebraically closed field of characteristic 0. Let A be
the localization of the ring k[X,Y]/(XY) at the prime ideal (X,Y). It is the local
ring at the intersection point of two lines in P3.

Let S = Spec(A). The scheme S has two generic points of residue field k(X)
and the residue field at the only closed point is k. the normalization of S is given
by the scheme

Spec(k[X](x) x k[Y](v))-
Let O : Rep(Z, Z¢) — D*(Zy) be the derived functor of fized points and let

¢: L= Gix) — Gix)
be the inclusion.

Now, an Artin perverse sheaf over S is given by a quadruple (M, Mo, N, f) where
My and Ms are representations of Artin origin of Gy(x), where N is a compler of
Z¢-modules placed in degrees [—1,0] and where f: N — 0(¢*(My @ Ma)) is such
that H=Y(f) is injective.

Example 5.2.7. Let S = Spec(Z[\/g](Q)). This scheme has two points: its generic
point has residue field Q(\/g) and its closed point has residue field Fo. The normal-

ization of S is Spec (Z {HQ—‘/?’L )) which is a discrete valuation ring. The residue
2

field of its closed point is the field Fy with 4 elements. The completion of Q(v/5)
with respect to the valuation defined by 2 is the field Qo(\/5).
Let O be the map

D%gfperf(Sh((BGQ(\/g) )PrOét7 Ze)) - D%gfperf(Sh((BZ)pYOéU ZZ))

induced by the map M — MGo.
Let ¢: 7, — 7 be the multiplication by 2 map. The map ¢* has right adjoint
functor.

Indg: Sh((BZ)proct, Ze) — Sh((BZ)prost, Ze)
Thus an Artin perverse sheaf over S is the same as a triple: (M, N, f) where M
is a representation of Artin origin of GQ(\/g), where N is a complex of continuous

representations of 7 placed in degrees [—1,0] with cohomology of Artin origin and
where

F: N = Ind(8(M))
is such that H=1(f) is injective.
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